Chapter 1. Introduction

About This Book

Teachers and students alike will benefit from reading this section.

What Is Geometry Through the Circle?

This book leads you through the study of some topics in plane geometry,
featuring the use of The Geometer’s Sketchpad software. The title involves a
play on words.

v" The book is about the geometry of circles.

It presents most of the geometry of circles taught in a high school
geometry course. Several more advanced topics, such as conics and
inversion in a circle, are included as well.

v" This book is also about geometry by means of circles.

Circles are useful as visual representations of more abstract concepts
such as distance. A number of topics, such as the geometry of parabolas
and ellipses, are presented with circles used as tools for construction and
as tools for thinking.

v" This book is also about geometry across the circle.

The book concludes by introducing the use of a circle as a mirror to
define a transformation called inversion. With inversion you can
transform a difficult construction or problem into an easy one.

Why the Circle?

The circle was chosen as a theme partly because the geometry of the circle
includes some of the most beautiful parts of geometry and also because
circles are so important.

You could argue that the circle is a more fundamental object than the line.
Although a circle has no beginning and no end, you can draw a circle and
hold it in your hand or view a whole circle on a computer screen, whereas a
line, being infinite in extent, is a concept you can never fully encompass. Or
if you let the radius of a circle become infinite, you get a line; so, a line is a
special case of a circle.

Circles are useful; they are fundamental in science and technology. Natural
objects and mechanical devices are full of circular devices and circular
motion.

Circles are also beautiful; they pervade art and design, from cathedral
windows to business logos.
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In mathematics, circles are at center stage in geometry, but they also have
important connections to algebra (through quadratic equations) and
calculus (through distance minimization, parameterized curves, and
rotations, for example).

A pedagogical advantage of circles is that one can teach interesting and
useful geometry which is accessible but which also reveals hidden ideas and
facts that may genuinely surprise and intrigue you.

You will find that the geometry of the circle provides a rich opportunity to
use dynamic geometry software such as Sketchpad to explore ideas that
previously seemed inaccessible or advanced, but are now made visual and
concrete through computer technology.

How Is the Geometry Presented?

While many of the topics in this book are familiar, for example, circum-
scribing a circle around a triangle, this book looks at these topics in unusual
ways that lead to new and deeper insights.

The power of Sketchpad allows richer and more effective approaches to
thought and inquiry than were possible without this software. For example,
the method for circumscribing a triangle with a circle grows out of
experiments with tracing sets of circles and with constructing loci of points
with certain distance properties. In the end, the circumscribed circle emerges
from a context of visual experiments and explorations of the important idea
of distance to a point.

The tools used include the following:
v" The dragging of figures to formulate conjectures
v Measuring, comparing, and graphing

v" The extensive use of the trace and locus features for discovery and
visualization

v" The frequent use of transformations — for moving figures around to
make comparisons, for linking objects in constructions, and for
reasoning by symmetry

v" The creation of scripts for saving constructions to use as tools, and
also for better understanding the logic of constructions

v" The animation of figures for visualization and presentation, as well
as for pleasure.

How Is Geometry Through the Circle Structured?

The book consists of chapters, each devoted to a topic of interest. The topic
is developed through a series of guided explorations using Sketchpad.

The explorations are as independent as possible, so that the book can used
flexibly. You can often skip topics or rearrange them.
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Explorations typically consist of a series of investigations. Each investigation
leads you further along the path of exploration, and each depends on the
investigations that have come before.

Typically, the first investigation in an exploration is a visual experiment that
illustrates a key idea or raises a question in a visual and interactive manner.

The visual experiment provides a picture that serves as a conceptual anchor

during subsequent investigations.

* Subsequent investigations ask for more detailed constructions and
experiments. During the course of the computer experiments, you are
asked to construct, measure, compare, observe, and take note of geo-
metric relationships. Paragraphs, like this one, preceded by a bullet
character generally ask you to do something in Sketchpad.

+ A paragraph like this one, with the pointing hand, usually asks you to
think about something you are observing. Be prepared to make
conjectures —educated guesses about relationships that exist within the
construction. The same questions you find in such paragraphs may
reappear in the numbered questions of the Conclusions.

The Conclusions section asks a set of numbered questions based on the
computer investigations. You will usually answer these in writing, but
sometimes you will make a drawing or a Sketchpad construction.

An Explore More section asks open-ended questions or proposes projects for
further investigation. Here you will also find occasional artistic or design
problems that provide a break from the more formal and verbal problems.

Although you will find purely narrative sections that introduce a new idea
or summarize what has gone before, most of the book guides you through
investigations that are best done with Sketchpad at hand.

You will encounter proofs of key results, but the focus here is on suggesting
explanations that spring from the visual logic of your sketches which you
can use to find reasons and proofs of your own. For axioms and basic
theorems, consult a standard text, and view this book as a supplement.

Using This Book

This section is of interest to all readers of this book, especially teachers.

Do-lt-Yourself Construction or Demo Sketches?

Most investigations include step-by-step constructions of Sketchpad
sketches. If you do them, you will soon become a proficient Sketchpad user.
Most sketches are also provided in finished form as demonstration sketches
on the CD-ROM that accompanies the book. Therefore, you can often choose
to shorten an activity by using the demo sketch.
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While you will learn a lot from constructing the sketches, the demos may be
the best choice if you are a teacher doing demonstrations for your class, or if
your computer time or access is limited, or if you want to make the material
accessible to younger students or students who are unfamiliar with
Sketchpad. The chapter introductions offer some guidance about which
investigations work particularly well as demonstrations.

Where Can This Book Be Used?

This book assumes some basic terminology from geometry and some basic
principles, in particular the criteria for congruence and similarity of
triangles and the Pythagorean theorem.

Geometry Through the Circle also assumes some acquaintance with the basic
operations of Sketchpad, in particular, how to draw shapes with the tools
and how to carry out basic construction steps with menus.

Beyond this, you can use this book to learn the use of Sketchpad, since
constructions are spelled out in step-by-step detail, especially in the
beginning chapters. Those who are more familiar with the software can pick
up the pace a bit and use the book more effectively.

Here are some examples of ways you can use Geometry Through the Circle:
v" For class computer lab activities supplementing a geometry course
v' As a source of ideas for investigation by students working in small
groups
v' As a source of material for a teacher’s visual presentations

v As a text in a college geometry course, especially one concerned with
ways of using computer technology to teach geometry

v" For individual study by teachers or students as a means to become
better acquainted with Sketchpad, or to encounter new ways of
thinking about familiar geometry, or to learn new aspects of
geometry.

What Is the Level of the Book?

Chapters 2-8 were written with the topics of a high school geometry course
in mind. Chapters 9 and10 are an introduction to inversion in a circle, a topic
normally found in college geometry courses. However, because of its novel
approach, this book is appropriate for a broader range of students than this
description would suggest.

The experiments in the early chapters are easily within the grasp of middle
school students, provided that you have reasonable expectations for
responses to questions. Similarly, high school students will be intrigued by
demonstrations and the simpler explorations from the later chapters. The
investigations in the first few chapters, because they introduce fundamental
ideas of geometry and because they involve students in a way of doing

4 * Chapter Chapter 1: Introduction



mathematics new to most, are relevant and challenging to college students,
making the book as a whole suitable as a college level text.

This is a book for anyone who loves the doing of mathematics, because
Sketchpad is such a wonderful tool for this doing.

Geometry Through the Circle and the NCTM Standards

The Curriculum and Evaluation Standards of the National Council of Teachers
of Mathematics guides the mathematics education reform movement in the
United States. This book embodies the spirit of the NCTM Standards and
supports the aims of the Standards in the classroom as expressed in the
following quotation:

The 9-12 Standards call for a shift in emphasis from a curriculum
dominated by memorization of isolated facts and procedures and
by proficiency with paper-and-pencil skills to one that emphasizes
conceptual understandings, multiple representations and
connections, mathematical modeling, and mathematical problem
solving.

This book is particularly strong in the following topics recommended by the
Standards for increased attention:

v Computer-based explorations of two-dimensional geometry

v" The use of computer utilities to develop conceptual understanding
Using geometry in solving problems
Transformation approaches

The development of short sequences of theorems

D N N NN

Deductive arguments expressed orally and in sentence or paragraph
form

v" Real-world applications and modeling.

Geometry Through the Circle is written in the spirit of this approach. It is
based on student investigation and the serious and innovative use of
technology. Students are encouraged to write and to investigate open-ended
problems. The book lends itself well to group learning, discussion, and
mathematical modeling projects.

The geometry is presented in a manner that connects well with other
mathematics, with technology, and with advanced math topics.

The book fulfills the recommendation to employ multiple approaches to and
representations of mathematics problems. Visual understanding is always
stressed, but measurement and data gathering are also included, and
students make computer models routinely.

In addition, the exploration problem sections often pose art or design
problems that are based on the geometry of the investigation. The provides
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another sort of challenge that should appeal to students with a more artistic
and less formal or verbal bent.

Answers to the Numbered Questions

You will find answers to the numbered questions in a text file named
Answers on both the Macintosh and Windows disk in the back of this book.

A Word for Teachers

Perhaps start with
Chapter 2, which
introduces a number
of the techniques and
ideas of the book.

This book intends to provide geometry investigations that are intriguing
and enjoyable for you and your students. At the same time, the nonstandard
presentation may require some extra attention from you, the teacher. The
geometry is not any harder than in more traditional presentations, but topics
may feel unfamiliar until you see where the investigations are going.

You will probably want to work through some investigations yourself to get
the spirit and intent of the experiments before trying them out with your
students. You may learn some new theorems or new ways of looking at
familiar geometrical facts from this book (the author certainly did!). But that
should be a plus. Why should students have all the fun of new mathematical
experiences?

For an overview of each topic, read through the brief introductions to the
chapters. Each gives a brief outline of the chapter, the main mathematical
ideas, and connections with standard topics in a geometry course. Though
these introductions are mainly for you, the teacher, they also serve students
well as summaries of their work in a chapter.

Strategies and Issues in Teaching with Sketchpad

Version 3 of Sketchpad

Version 3 of Sketchpad introduced many new features, particularly locus
construction and arcs, that are used throughout this book. The sketches and
scripts on the disks in the back of the book will not work with earlier
versions of Sketchpad.

Demonstration Sketches

Most investigations are written so that the student can start with a new
sketch and construct everything that is needed by following the directions.
Usually a demo sketch is also provided; students therefore have the
alternative of using the demo sketch instead of carrying out the
construction.

A few investigations and additional activities rely entirely on demo
sketches. In these cases the construction is usually complex and the benefit
of the activity arises more from the manipulation of the sketch than from
creating it.
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Installing Scripts as Script Tools

]

This icon indicates
you will be using a
script.

Beginning with Version 3 of Sketchpad, you can use scripts much as you
would drawing tools by placing them within a special folder or directory
that you designate as the one containing script tools.

The following are some advantages of using script tools instead of the
previous method of opening a script and playing it through the buttons in
its window.

v" Once the scripts are in place, it is much easier to find them when you
need them.

v" Script tools are quick and easy to use and give immediate feedback. They
feel more “built-in” as part of the Sketchpad environment.

v Under Windows, the actual file name for a script may be cryptic, but the
name of a script tool is taken from the first line of the script’s comment, if
it exists, not from the file name.

You can copy the Circle Tools folder (Macintosh) or CircTool directory
(Windows) onto your hard disk and designate it as the location of your
script tools, using the Preferences command in the Display menu. Press the
More button in that dialog. Then press the Clear button to erase any
previous location, and the Set button to set the new location.

Another possibility is to start with an empty folder or directory. As you
proceed through the book, you will create your own tools. Just as you
extend your understanding of geometry, you extend Sketchpad’s geometric
vocabulary.

Investigation 1.1— From Drawing and Dragging to Construction

Several Sketchpad themes and techniques appear so frequently in this book
that they deserve special mention.

Construction — Drawing Two Tangents

One technique is investigation by drawing-and-dragging followed by con-
struction and verification. Here is a simple example to illustrate the
difference between these two concepts.

Suppose you are investigating when a circle is tangent to two parallel lines.

e With Sketchpad, draw a circle AB, a line CD,

and a point E. Then construct the line -

through E parallel to line CD using the
Parallel Line command in the Construct °
menu. e
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This procedure is not
precise, but it gives a
good enough picture
of the relationship
between the circle and
the tangent lines to
formulate a
conjecture.

Check constructions
with the drag test.

From a conjecture,
you can carry out a
construction.

e Now drag the lines so that they touch the
circle, so they both appear to be tangent.

e In this case you could conjecture that the
points of tangency are on a diameter per-
pendicular to the two lines. You could then
check this by constructing the line through A
perpendicular to line CD and intersecting the
line with the circle to construct points F and
G.

This figure may look good, but it isn’t well be-

haved. Its pieces are not held together with any logical or geometric glue. It
does not pass the drag test. Move anything and the figure falls apart, no
longer showing the desired relationships, making further conjecturing
difficult. From the mathematical point of view, the problem with the figure
is that the construction rests on extra givens, five instead of three (or even
two).

For student work, the drag test is a very important criterion for whether a
construction is successful. Students should know that a construction should
be built so that if someone is invited to drag any object, the essential
relations are maintained.

Construction — First Method

To complete the construction, one uses the insight gathered from the draw-
and-drag phase to carry out a construction.

e In a new sketch, construct a line AB
and a line through C parallel to line
AB.

e Construct point D on the line AB and
construct the line through D
perpendicular to line AB.

e Let E be the intersection of this line
with the line through C. Hide the line
DE.

e Construct F as the midpoint of
segment DE. Then construct the circle
FD.

e Hide segment DE.

+ Try dragging the various objects in
this sketch. Note the behavior of the
sketch in each case.
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This is an example of how an experiment with drawing and dragging can
lead to a conjecture and then a genuine construction.

The drawing-and- Notice that the drawing-and-dragging stage did use some constructions (the
dragging stage can 1 arale] lines), but the sketch didn’t pass the drag test because the critical
employ constructions. . .

tangency was produced by dragging rather than construction.

Construction — Second Method

You may have been surprised by the preceding con-

c

struction. Perhaps you had in mind a construction °

starting from the circle such as the one shown at right.

e In a new sketch, draw a circle AB.

e Construct line AB and construct point C as the o
intersection point of the line and circle opposite point B
B.

e Construct the lines through B and C perpendicular to line AB. Hide line
AB.

+ Observe the behavior of your sketch as you drag each of the objects in it.
Compare this behavior to that of the previous construction.

The two constructions produce figures that satisfy the criterion of containing
a circle tangent to two parallel lines. But the methods of construction and
the behavior of the sketches are quite different from each other.

A construction depends on its starting point —its givens. The first con-
struction solves the following problem: Given two parallel lines, construct a
circle tangent to both lines. The second construction solves this problem:
Given a circle, construct two tangents to the circle which are parallel.

Math teachers have always appreciated this distinction, but find it difficult
to explain to students and difficult to check in student drawings. Sketchpad
reinforces this mathematical point with practical points: (1) the two
constructions behave very differently when they are dragged and (2) if you
convert each construction to a script, the givens in each script will be
completely different.

You can usually construct a desired figure by several different methods, all
of which pass the drag test. Which method you use may be immaterial or
may depend on the uses you have for the completed figure.

Numerical Experimentation with Sketchpad

Measurements will aide conjecturing, but in a draw-and-drag experiment,
they will be inexact.
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For example, in the previous example of a
circle and parallel lines dragged to appear
tangent, you can measure the distance
from A to each of the two lines. These two
distances should be equal, but, as shown at
right, they will not be exactly equal in a
draw-and-drag sketch.

This is not a flaw in the software; it is a bistance Ao 5= 040t inches
consequence of dragging points on a Distance Atok = 0.395inches
computer screen, which must have a cer-

tain screen resolution. Nor should this inexactness prevent you from making
conjectures. The lines appear tangent and the measurements are nearly equal,
so a reasonable conjecture is that if the lines are exactly tangent, the

distances of the center to the two lines are exactly equal.

When the figure is a construction, the
points in the figure are constructed to
high precision, so numerical quantities
are very accurate, as in the example

shown at right.
A

Distance F to k :(_) 0.436 inches
Distance F to AB = 0.436inches

Constructing an Object in Place of a Trace or Locus

The result of a draw-and-drag investigation is often a trace or a locus of
points and a conjecture about what object this trace or locus really is. If the
shape seems to be a line, line segment, circle, or other object that Sketchpad
can construct, the final step of the investigation is to construct the object on
top of the trace or locus to confirm that the construction is correct. Then the
trace or locus can be hidden or deleted. Examples of this type of
investigation are given, with instructions, in Chapter 2.

Labels, Script Comments, Colors, Buttons and Other Amenities

In simple constructions, the step-by-step instructions usually use the labels
for objects provided automatically by Sketchpad. Of course, a change in the
order of steps or the use of Undo will change the labels. They can be
changed back by relabeling if desired, but this is often not be necessary.

In more complex constructions late in the book, you will often want to
choose your own descriptive labels rather than use the automatically
generated labels, especially as they will often not turn out as they appear in
the book’s illustrations.
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When you make a script from a sketch, descriptive labels can improve the
clarity of the givens. You can change these labels either by changing the
labels of the objects in the sketch or directly in the script window by double-
clicking on the line for the given. Scripts included on the disks that come
with this book generally have renamed givens and comments that describe
what the script does. It is worthwhile to encourage comments and
descriptive naming for scripts that will be saved and used.

If you have a color monitor, you can make most Sketchpad sketches clearer
and more enjoyable with color. Most of the time the use of color is left to the
initiative of the reader, but in several places, color is suggested where it
would be particularly helpful. If you do not have a color monitor, you can
produce similar effects by varying line thickness and by using Hide/Show
buttons to group objects and reveal them selectively.

Hide/Show buttons are an insufficiently appreciated feature of Sketchpad.
If you wish to hide some objects, provided you create a Hide/Show pair,
you can hide the objects but bring them back at will. This is particularly
important for sketches constructed with scripts that use many hidden
objects. In this case showing all the hidden objects may be overwhelming.

The step-by-step instructions never ask you to add descriptive text or titles
to a sketch, but for presentations, homework, or personal sketches, such text
can add a lot to the appearance of a sketch and make it communicate more
effectively.

In this and other areas, the step-by-step instructions provide a minimal
starting point. They should not limit the scope of your imagination, but
should serve as a springboard for your creativity.
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Chapter 2: Introduction to Tangents

This chapter begins with simple visual explorations that involve dragging
lines up to and across circles to develop a sense of what tangency means.
This leads to explorations concerning the locus of midpoints of chords of
circles. Discoveries and conjectures from these explorations provide the
means to solve some problems about constructing tangent objects.

Exploration 2.1 —Visualizing
Tangents and Secants by

/
/

the cases of parallel lines and
lines through a point.

of dragging lines across circles to

find secants and tangent lines for

Exploration 2.2 —Midpoints of
Chords

Exploration 2.1 is extended to an
investigation of the locus of the
midpoints of the chords in the
case of parallel lines and for
lines through a point. The reader
is asked to conjecture what the
locus is and to construct it.

Exploration 2.3 — Constructing
Tangent Objects

This section presents several
problems that require the con-
structing of circles tangent to
lines or other circles. Tangency
of circles is explored by a visual
investigation of the limiting case
of a common chord extended.

Geometry Through the Circle ©1996 Key Curriculum Press =~ The Geometer’s Sketchpad ¢ 13



Teaching Notes

One role of this chapter is to introduce students to exploration, conjecturing,
and construction with Sketchpad, while providing the beginnings of a
mental picture to accompany the idea of tangency.

Exploration 2.1, Investigations 1 and 2

A short visual experiment to get acquainted with the “feel” of what a
tangent is and to develop some terminology. This can be done quite rapidly
or in a classroom demonstration.

:I: Exploration 2.2, Investigation 1

This is the key
investigation of the
Chapter.

Students experiment with parallel chords and their midpoints, and then
construct the locus of midpoints.

The major mathematical ideas (not independent of one another) follow:

v The midpoint of a chord lies on the diameter perpendicular to the chord,
so the locus of midpoints of parallel chords is this diameter.

v" Given a circle, for every line there are two tangents to the circle parallel
to the line. The points of tangency are at the opposite ends of the
diameter perpendicular to the given line.

v' If aline m is tangent to a circle at point P, the diameter of the circle
through P is perpendicular to the line.

To prove these results, students must un-
derstand the basic geometry of an isosceles
triangle, in particular the fact that if line AD
is the altitude , then segment AD is the
median.

Exploration 2.2, Investigation 2

Students are asked to discover that the locus of midpoints of chords which
(extended) pass through a given point P lie on an arc (or a circle, if P is
inside the given circle.

Chapter 4 explores the reason for this in depth. At this point, it may be
valuable to have students discuss possible reasons, but they may not be
equipped to give a real proof at the beginning of the geometry course.

Exploration 2.3

This section is devoted to construction problems. Students are asked to
construct circles tangent to a line, given the center or given a point on the
line (the answer to this one is not unique). They are also asked to construct
circles tangent to circles.
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Exploration 2.1—Visualizing Tangents and Secants by Dragging
Lines

Lines tangent to circles have interesting properties that you can reveal by
dragging a line across a circle and leaving a trace.

Investigation 1—Two Ways to Drag a Line

The figures below show two different ways to drag a line.

\

Dragging in a parallel manner Dragging with point A fixed
Experiment
e In a new sketch, draw a line AB.

e Select the line and choose Trace Line from the Display menu.

+ Now experiment with ways of dragging the line so that you can produce
both a parallel line trace and a fixed-point line trace.

Conclusion
Explain your technique for each kind of dragging.

Q1. How do you drag a line to get parallel line traces?

Q2. How do you drag a line to get line traces through a fixed A?

Investigation 2—Dragging a Line Across a Circle in a Parallel Manner
Now you will use your line-dragging technique to experiment with a circle.
Experiment

e In a new sketch, draw a line AB and a circle
CD, as shown at right.

e Drag the line in a parallel manner.

+ Observe how the line meets the circle as you
move the line.

+ Notice the following positions of the line:
v" The line does not intersect the circle,
v" The line intersects the circle in two points,
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Exploration 2.1 — Visualizing Tangents and Secants by Dragging Lines continued

v" The line intersects the circle in one point.

A line is called a secant line of a circle if the line intersects the circle
in two points. A line is called a tangent line of a circle if the line
intersects the circle in one point.

e Now repeat the experiment by dragging the line with point A fixed. Do
this several times, with point A inside, outside, and on the circle.

Conclusions
For the problems below, draw your solutions on this page.
A A
B B
Q1. Sketch several secant lines Q2. Sketch as many tangent lines as
parallel to line AB. you can that are parallel to line AB.
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Exploration 2.1 — Visualizing Tangents and Secants by Dragging Lines continued

Q3. In each figure below, sketch Q4. In each figure below, sketch as
several secant lines through many tangent lines through point
point A. A as you can.

o A o A
A A
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Exploration 2.2—Midpoints of Chords

Investigation 1—Midpoints of Parallel Chords

Trace the midpoints of chords in Sketchpad as you drag a line in a parallel
manner. To do this, you must first construct the midpoints. Then use
information about this locus of midpoints to shed light on tangents parallel
to a line and to answer questions and make constructions.

Construction

Continue with the Sketchpad sketch of line AB
and the circle CD.

Construct the two
points of intersection
by selecting the circle
and the line; then
choose Point at
Intersection from the
Construct menu.

Since the segment lies
on the line, it is a bit
tricky to select it. You
may accidentally
select the line on your
first click. If so, click
again and the seg-
ment will be selected.
(If you are using
Version 3 of
Sketchpad, the tool
status box indicates
which object you are
about to select.)

Move the line so that it crosses the circle at
two points; then construct E and F, the
points of intersection of the line and the
circle.

A segment connecting two points on a circle is called a chord. In this
figure, the segment EF is the chord of the circle on the secant line
AB.

Construct segment EF and its midpoint G.

Trace the point G by selecting it and
choosing Trace Point from the Display
menu. (To see a color trace, select the point
and choose a color for it from the Display
menu.)

Add segments CE and CF to the figure.

Experiment

Now drag the line in a parallel manner.

+ Study the figure to see the relation of its parts. In particular, think about

the following questions:
v What kind of geometric object does point G trace? How is this trace
related to line AB?
v What is the measure of angle CGF? What kind of triangle is CGF?
v What kind of triangle is ECF? How can you explain this?
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To construct the
perpendicular line,
select point C and
line AB. Then choose
Perpendicular Line
from the Construct

menu.

Exploration 2.2—Midpoints of Chords continued

Construction

Construct the line p through C perpen-
dicular to line AB. Construct the points H
and | by intersecting the circle with this
new line. This perpendicular line is a
diameter because it is constructed to pass
through point C.

A line is a diameter (line) of a circle
if it passes through the center of the
circle. A chord is a diameter (chord)
of a circle if it passes through the
center of the circle.

Thus a diameter may be either a line or a chord.

Conclusions

Q1.

Q2.
Q3.
Q4.

Q5.

Q6.

What kind of geometric object is traced by
point G?

How is the trace of G related to line EF?

What is the measure of angle CGF?

What kind of line is line AB when it passes
through H or J?

Explain why the midpoint of the chord EF is on the diameter per-
pendicular to line AB. Hint: How is line HJ related to triangle ECF?

Draw a line and a circle. How many lines parallel to the given line are
tangent to the circle? Show how you can find the points where these
lines are tangent to the circle.

Problems — Quadrilaterals

Construct a circle and two parallel lines

intersecting the circle at points P, Q, R, S,
as in the figure.

Q1.

What is the relationship between
distances PS and QR? Justify your
answer.

Construct the quadrilateral PQRS.
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Exploration 2.2—Midpoints of Chords continued

Q2. What is the shape of the quadrilateral PQRS? State a reason for your
answer.

Q3. Suppose that the lines are dragged so that PQRS becomes a parallelo-
gram. What more can you say about the shape of PQRS in this case?
State a reason for your answer.

Investigation 2—Tracing the Chord Midpoint by Dragging with a Fixed Point

This is a technique
that will prove useful
in many
investigations in this
book.

Another way to see
the trace of G is to
construct its locus.
Select point G, point
B, and the circle.
Hold down the

Option (Mac) or Shift

(Windows) key and

choose Locus from the

Construct menu.

The preceding investigation focused on the trace of a chord’s midpoint as
the chord is dragged parallel to itself. In this investigation you will look at
the trace of a chord’s midpoint as the line on which the chord lies is dragged
through a fixed point. You will then have the tools necessary to construct
tangents to a circle passing through a given point.

Experiment

Continue using the construction from
Investigation 1, as shown at right. (Notice
that the radii CE and CF are hidden.)

e Trace point G as you drag point B, thus
ensuring that line AB will pass through
fixed point A.

+ Study the trace carefully. What geometric
object does the midpoint trace?

Animation!

Movement...

Animation...

Action Button

Because the trace of point G may depend on

the location of point A, it will be helpful to use | feecta! A Hide/Show
elect Parents #U| Sound...
Select Children #D| Movie...

an animation button to accomplish the
dragging. Here is how.

Sequence
Hide Toolbox
Show Clipboard

Film Button...
Do Button #B

e Select the point B and the circumference of
the circle. As shown below, choose Action Button in the Edit menu, and
from its popup menu choose the Animation item.

You will get a dialog box.

20 ¢ Chapter Chapter 2: © 1996 Key Curriculum Press

Introduction to Tangents



Exploration 2.2—Midpoints of Chords continued

e Choose “once” in the first menu and then
click OK. Now double-click the button.
You should see point B jump to the circle
at point F, then move around the circle.
You should also see the trace of point G.

— i
= Animate

e Use your animation button to experiment
with the trace of point G for different
locations of point A.

Conclusions

The questions below ask you to make a
conjecture about the trace of point G for each
of the three possible locations of point A. Be as precise as you can about the
name of the object and its size and location.

Q1. What geometric object is the trace when A is outside the circle?

Q2. What can you say about line AB when point B coincides with point H or
point J?

Q3. What geometric object is the trace when A is on the circle?
Q4. What geometric object is the trace when A is inside the circle?

Construction Problems

An object for the trace of point G. In Investigation 1 the line HJ, the chord’s
perpendicular bisector, proved to contain the trace of the chord’s midpoint
G as the chord was moved parallel to itself. Consider the the three
possibilities for point A: outside the circle, on the circle, and inside the circle.
For each case construct an object on which the trace of G as B is dragged lies.

Tangents. Move point A outside the circle. Use the object you constructed
above to construct lines that are tangent to the circle and that pass through
point A.

Conclusions

Q1. What is your best explanation for why the trace of midpoint G has the
shape it does when all the lines pass through A? (Later investigations
will bring more information to bear on this question.)
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Exploration 2.3—Constructing Tangent Objects

In the Midpoints of Chords investigation you made some observations
which you will now use to solve a set of construction problems focused on
lines tangent to circles and circles tangent to each other.

Construction Problem 1—A Line Tangent to a Circle at a Point on the Circle

Given a circle and a point C on the circle, construct the tangent to the circle
at C.

Construction

¢ In anew sketch draw a circle with center A through B. Then construct a
point C on the circle. You should be able to drag point C around the
circle without changing the size or location of the circle.

e Construct the line through C tangent to the
circle.

Hint: First construct segment AC. Then use the
relationships that you discovered in the
previous investigation.

A construction is different from a drawing that
has been dragged to look good. See
“Investigation 1.1 — From Drawing and
Dragging to Construction” beginning on page
7 for a detailed discussion of this difference.

e Check your work. See that your construction passes the drag test.

A construction passes the drag test if it holds together with the
correct relationships when you or someone else drags on objects in
your sketch.

In this case, the line should remain tangent at C whether you drag C, A,
or B.

Construction Problem 2—A Circle Tangent to a Line, Given the Line and the
Circle’s Center

Given a line and a point C off the line, construct a circle tangent to the line
with center C. If the point C or the line is dragged, the circle should remain
tangent.

Some objects needed

for the construction
are hidden in the °c

figure at right.
\OA\O\
B
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Exploration 2.3 — Constructing Tangent Objects continued

€ Start with this.
End with this. =»

Construction Problem 3—A Circle Tangent to a Line at
a Point

Given a line and a point C on the line, construct a circle tangent to the line at
C as in the figure below. More than one circle is possible. You should be able
to drag the center of the constructed circle to see the range of solutions.

\OA\D\O\ € Start with this.
c End with this. =»

B

Two circles are said to be tangent at a point C if they intersect at C
and at no other point. The point C is called the point of tangency of
the circles.

Visual Investigation—Tangent Circles

e Construct two circles, c1 and ¢2, and
their two points of intersection, E and cl
F, as shown at right. Point D controls
the radius of circle c2.

e Construct the line EF.

+ Now drag point D so that the points E
and F get closer and closer until they
seem to almost coincide. What does c2
the line EF appear to be when E and F
almost coincide?

N

+ Experiment with dragging point D.
v" How many circles c2 can you find tangent to circle c1?
v How are the points of tangency related to the centers of the two
circles?
v' Repeat this with the center of circle 2 inside circle c1. Observe the
differences.
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Exploration 2.2—Midpoints of Chords continued

Conclusion

Q1. If two circles, one with center A and the other with center C, are tan-
gent, on what line is the point of tangency located? How must the
distance AC be related to the radii of the circles for there to be a point
where the circles are tangent?

Q2. If two circles are tangent at point P, what can you say about the tangent
line to each circle at point P?

Construction Problem 4—A Circle with a Given Center Tangent to a Given
Circle

As shown below begin a sketch by drawing a circle and a point C. Construct
as many circles as you can which have C as center and which are tangent to
the first circle.

€ Start with this.

End with this. = ‘
o
"B

Construction Problem 5—Circles Tangent to a Given Circle at a Given Point

As shown below, given a circle and a point C on the circle, construct a circle
tangent to the first circle at C.

Qc € Start with this. q
End with this. =
B

+ If you drag the point C or the points A or B, the circles should remain
tangent. More than one circle is possible. You should be able to drag D,
the center of the constructed circle, to see the range of solutions.
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Exploration 2.3 — Constructing Tangent Objects continued

+ Trace the new circle as you drag the center D
and note the trace of the family of circles
tangent to the original circle at C, as shown at
right.

Construction Problem 6—Lines Tangent to a Given Circle Through a Point
Exterior to That Circle

Begin with a circle and a point C outside the circle, as in the first figure, and
construct the two tangent lines to the circle through C, as in the second
figure.
If you completed
Exploration 2.2 —
Midpoints of Choyds,

you have already
this construction.

€ Start with this.
° End with this. =

Design Challenge

Use what you have learned about tangents to construct one or more of the
following designs with Sketchpad. (You can also construct them by
arranging pennies on a table!)
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Exploration 2.2—Midpoints of Chords continued

Arcs on Circles

Given the center of a circle and two points on the
circle, the Arc on Circle command in the Construct
menu allows you to construct an arc from an already
constructed circle.

Arcs can be used to make additional interesting
designs, such as the one at right, from your circle
designs.
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Chapter 3: Families of Circles
Through Points

The perpendicular bisector of a segment is the set of points equidistant from
the segment’s two endpoints. Embedded in this locus theorem are the
stories of circles passing through two and three given points. Because
another wording of the theorem equates the perpendicular bisector with the
set of centers of circles passing through the endpoints of the segment, circles
get linked with the concept of distance. The perpendicular bisector as mirror
brings in the ideas of line reflection and mirror symmetry.

Exploration 3.1 — Circles Through Two Points

A trace introduces the family of circles through
two points. Then the connection between the line
of centers and the perpendicular bisector is made.
This exploration ends with an introduction to line
reflection and the connection between mirror
lines and perpendicular bisectors.

Exploration 3.2 —Ripples

The perpendicular bisector appears as the trace of
intersections of two ripples, circles of equal
radius centered at A and B, as their radius grows.
The next stage adds a third point and ripple, and
the trace of the intersections depicts the
concurrence of perpendicular bisectors.

Exploration 3.3 —Perpendicular Bisectors in a
Triangle

This section completes the previous exploration
by constructing instead of tracing. Circumcircles
are constructed from perpendicular bisectors,
and connections are made with perpendicular
bisectors of chords and polygons inscribed in
circles.
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Teaching Notes

At the heart of the chapter is a visual representation of certain key ideas
underlying the circumcircle of a triangle. These visual representations will
help students utilize powerful, abstract ideas such as equal distance and sets
of centers of circles—ideas that can dramatically improve their geometrical
thinking.

Exploration 3.1 — Circles Through Two Points

The first part of Investigation 1 creates a quick and easy, but beautiful,
tracing of a family of circles that serves as a useful mental picture for
students. The second part, Well-Placed Circles, consists of placing circles by
hand to discover that the locus of centers of circles through A and B is the
perpendicular bisector. These are elementary but powerful activities.

:I: Investigation 2 begins by using the perpendicular bisector to construct
circles through A and B, motivated by Investigation 1. The same trace of

This is one of two key  jrcles then appears as before but from a different starting place.

investigations of the

chapter. Investigation 3 introduces line reflection (which will be used frequently in
later chapters) by making the important connection that the perpendicular
bisector of AB is the mirror line that reflects point A to B. Several futher
explorations of line symmetry are suggested.

If time is limited, consider performing the experiments in Investigation 1
quickly without answering all the questions, then moving on to
Investigation 2.

Exploration 3.2 —Ripples

-_T_- The connection between points at equal distances from points A and B and

the intersections of circles provides a powerful picture for understanding
the concurrence of the perpendicular bisectors of a triangle. If time is
limited, students may explore the sketches from Investigations 1 and 2 as
demo sketches, or the teacher can present the demo sketches.

This is one of two key
investigations of the
chapter.

Exploration 3.3 —Perpendicular Bisectors in a Triangle

This construction is the big payoff of the chapter, but the explorations in this
section lend themselves well to paper-folding and constructions with
compass and straightedge on paper, so if you are short of computer time,
devote what you have to the earlier explorations, and do this one with
manipulatives.

There is a passage in Conclusions — Locus Property on page 41, that
summarizes the logical reasoning connected with thinking of the
perpendicular bisector as a locus.
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Exploration 3.1—Circles Through Two Points

Consider a circle constrained to pass through a fixed point while its center
moves along a line. In this section, you will investigate this situation in three
different ways. In the process you'll discover some important relationships
between circles, perpendicular bisectors, and line reflections.

Investigation 1—Circle Family Built from a Point and a Line
In this investigation you'll discover a special point.

Construction — The Moving Center

¢ Inanew sketch, draw a point A and line

BC.
Check that the circle e Construct point D on the line, and a circle
is constructed to go with center D through point A.
through point A by )
dragging. e Trace the circle.
Experiment

e Drag point D along line BC. The circle traces out a striking family of
circles.

After you have traced o  Trace the circle for some other positions of point A, including A on line

the circle, try BC. For each position of A, dragging point D traces a family of circles.
constructing its locus

by selecting the circle  + Notice that all the circles in each family pass through point A and

and the point D; then through another point as well. Call this second point A".

Cchoolfjfrizfﬁ;; Zm the v Observe where point A’ is located when point A is not on the line.
' v Observe where point A’ is located when point A is on the line.

If you constructed the o  Construct two more members of the circle family. Do this by placing
circle’s locus, you points E and F on the line and using these new points as centers of two

should hide or delete . . ,
it before carrying out new circles that pass through point A.
these steps. e At how many points do these three circles intersect? Where are they

located?

e Construct the line through point A perpendicular to line BC. Drag point
D so that it is on this perpendicular line.

+ Observe how this perpendicular line is related to the three circles and the
special point A” that you have been investigating.
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Exploration 3.1 — Circles Through Two Points continued

Conclusion

Q1. In the drawing below, the line through point A is perpendicular to line

BC. Draw circles with centers B, C and D passing through point A.
Though your drawing is rough, it should accurately reflect the ways in
which objects intersect.

Construction —Well Placed Circles

Experiment

Be sure to drag the °
circle by its circum-
ference, not by its

center or radius point.

In a new sketch, draw segment AB,
and then draw five or six circles of
various sizes anywhere in the sketch
you like.

Drag each circle, without changing its
size, so that it appears to pass
through both points A and B.

Observe whether there are circles
which cannot be dragged to pass
through A and B. (If none can, make
a couple of big circles.) Notice the
size of these circles.

By changing sizes if necessary, drag all the circles so that each one passes
through points A and B.

Observe the relationship of the centers of the circles that pass through A
and B.

Construct a line through the centers of two of the circles.

Observe how the centers of the circles are related to the line. What do
you conjecture is the relationship of the line to segment AB?

The line constructed through the centers will not move if A and B are
dragged. Construct a line that will move as points A and B move such
that any circle passing through A and B has its center on this line.
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Exploration 3.1 — Circles Through Two Points continued

Conclusions

Q1. What do you conjecture is the line containing the centers of the circles
through A and B? Justify your conjecture.

Q2. Some circles are too small to pass through both A and B. What is the
smallest circle that passes through both A and B? Where is its center?

Investigation 2—Circle Family on a Perpendicular Bisector

The situation is similar to that of Investigation 1, except that the line is the
perpendicular bisector of segment AB. Point B turns out to have a special
relationship to the family of circles.

Construction

e In anew sketch, construct segment AB and its
perpendicular bisector k.

e Construct point D on this line and, as before,
construct the circle with center D through A.

e Trace the circle.

Experiment

e Drag point D along line k.

+ Observe how point B is related to the family of circles.

+ Construct the segments DA and DB to form the triangle ADB.
+ Drag point D and observe the triangle ADB.

Conclusion

Although circle DA was constructed to pass through A, it always seems to
pass through point B as well.

Q1. What kind of triangle is ADB? Explain why.

Q2. How are the distances DA and DB related? How does this show that
circle DA always passes through point B as you drag point D?

Q3. Remember Investigation 1 in which a circle was constructed through a
point A with its center on a given line. When the center of the circle
was dragged, the circle always passed through A and one other point
A’. How is that construction related to the construction of this
investigation?

Investigation 3—Circle Family and Line Reflection

Given a point A and a line, there is a special point called the reflection of the
point A in the line. In this investigation, you will see how reflection relates
to the family of circles.
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Exploration 3.1 — Circles Through Two Points continued

To reflect point A in
the line, first select
the line, and choose
Mark Mirror from the
Transform menu.
Then select point A
and choose Reflect
from the Transform
menu.

Construction

Begin a new sketch with a point A and a
line BC.

Now construct a new point A’, which is
the reflection of A in the line.

+ Experiment with this figure by dragging
point A. Drag A across the line and see
what happens to point A’. Drag the line and observe the movement of A’.

e Construct a point D on the line and construct the circle with center D
through point A. Drag point D along the line.

+ How is the reflection point A’ related to the circle? What does this mean
about the distances DA and DA"?

e Construct segment AA’". Segment AA” is a chord of the circle. Drag point
D until it is on segment AA’.

+ Where is point D on the segment? What kind of chord is AA” when D is
in this position?

e Construct the midpoint E of segment AA”.
Drag the point A to various positions (including positions on the other
side of the line and on the line) and observe.

+ What is the relation between the midpoint of AA” and the line BC?

+ What is the angle between segment AA” and the line BC?

Conclusion

Q1. Beginning with a point A, a line m, and point A’ (the reflection of point

A in line m) how is line m related to segment AA’? (Use any geometrical
terminology that helps describe this relationship.)
Q2. Sketchpad has a menu command to construct the line reflection of a

point. Based on your explorations, how would you define the line
reflection of a point? Show how to use your definition to construct the
line reflection of point A in the figure below. (You may be able to think
of more than one way!)
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Exploration 3.1 — Circles Through Two Points continued

Explore More — Lines of Symmetry

A line is a line of symmetry of a figure if the reflection of the figure in
the line lies exactly on top of the original figure.

Investigate lines of symmetry with Sketchpad and write about your find-
ings. Here are some ideas to consider as you undertake your investigation.

Reflect-a-Doodle. First trace a point and its reflection. Now drag either point.
You get a free form drawing and its reflection.

Finding lines of symmetry. Reflect a figure in a line and then drag the line
around until the figure and its image lie on top of each other. Then you
know you have found a line of symmetry. Try this with triangles, including
isosceles and equilateral, and also with quadrilaterals, including squares,
parallelograms, and rectangles.

Circle symmetry. This book is about circles. What lines are the lines of
symmetry of a circle? If a figure is made of two circles, what are the lines of
symmetry of the whole figure?
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Exploration 3.2—Ripples

Circles growing from fixed points look like ripples on water. In this
exploration you'll study the intersection points of such circles and discover
how to construct the circumcircle of a triangle.

Investigation 1—Two Ripples

To construct a circle
given its center and
radius, select the
center, select the
segment, and choose
Circle by Center +
Radius from the
Construct menu.

As two ripples of equal radii grow from two separate points, their inter-
sections produce an interesting trace.

Construction

Experiment

Draw segments AB and CD, as shown below. Label the segment CD as d
(for distance).

Construct a circle with center A and radius d.

Construct a second circle with center B and radius d. Drag point C or
point D and observe how the circles move.

Construct and trace points E and F,
the intersection points of the two
circles.

Begin with point D close to C and
then drag D to stretch segment d to a
long length. What geometric object
gets traced?

Starting from points A and B (and not €
using points E and F) construct the
object which you conjecture is the trace of points E and F.

Construct segments to form polygon AEBF. Look for relationships in this
polygon. (Measuring may help.)

Conclusions

Q1.

Q2.
Q3.

Q4.

What object did you conjecture would be formed by the trace of points
E and F? How did you construct it?

Explain why you think that your object really corresponds to the trace.

What kind of polygon do you conjecture AEBF is? What reasons can
you give for your conjecture? What special relationships did you find?

In the figure, the circles AE and BE both pass through points E and F.

Construct the circles FA and EA. These circles pass through point B as
well as through point A. Explain why.
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Exploration 3.2 — Ripples continued

Show how you can apply the results of Exploration 3.1 to the pair of
circles AE and BE and the pair of circles FA and EA. to explain the
relationship between segment EF and segment AB.

Investigation 2—Three Ripples
This investigation continues by adding a third ripple to the figure.
Construction

e Add a third point and a third ripple.
All three circles should have a
radius equal to the length of
segment CD.

e Then construct the intersection
points of the new circle with the
original two circles. Trace these four
new points.

Experiment

e Drag point D and observe the trace
of the six points. Describe what you
see.

e There is one choice of length CD for which the three circles appear to
pass through the same point. Measure distances FA, FB, and FG. What
do you observe about these distances when the three circles appear to
intersect at a common point?

Conclusions

Q1. Must there always be a radius such that the three ripples come together
at a common point? What happens to the intersection points when this
happens?

Q2. Explain why it must be that, if the three ripples intersect at a common
point, the distances FA, FB, and FG are equal.

Explore More —Radius 1 = Twice Radius 2

The figure at right is similar to the one you
have been working with, except that the
radii of the two circles are not equal. In fact,
the radius of one circle is twice the radius of
the other. Figure out how to do this con-
struction in Sketchpad and then trace points
E and F as the radii change. Make a
conjecture about what this trace is and
attempt to construct the geometric object along which it lies.
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Exploration 3.2 — Ripples continued

Explore More — Four Ripples

Investigate what happens when you add a fourth ripple to the three-ripple
sketch. Trace all the intersection points of ripples. Use colors to distinguish
traces if you have a color monitor.

How many intersection points will you be tracing? How many lines will
appear in the traces and how are they related? Can you construct them? If
you connect the four centers by segments to form a quadrilateral, how are
these segments related to the ripple traces?
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Exploration 3.3—Perpendicular Bisectors in a Triangle

Investigation 1—Intersection of Two Perpendicular Bisectors

In this investigation, you will construct two perpendicular bisectors of a
triangle and examine a trace of their intersection.

Construction

As shown at right, draw a triangle ABC
and construct the perpendicular bisectors
of sides AC and BC.

Let point F be the intersection of the two
perpendicular bisectors. Trace it.

+ Observe the trace of point F as you drag
point C. What do you conjecture the trace
of Fis?
+ Measure the distance from F to other points. What relationships do you
find among the distances?
e Construct the object which you conjecture is the trace of point F. (Do the
construction using points A, B, and C, without using point F.) Check that
F travels along this object as you move point C.
e Construct the circle with center F through point C.
+ What do you observe? What lines in the figure are diameters of the
circle?
e Trace the circle as point C is dragged.
+ How is this exploration related to the earlier investigations in this
section?
To make the circle e Make the circle dashed. Now select the three points A, B and C and
dashed, select it and choose Arc Through 3 Points in the Construct menu. Make the arc solid.
choose Dashed from
the Line Weight + Observe how the arc is related to the circle. Notice how the center of the
meni. arc can be constructed.
Conclusions
The circumcircle of a triangle is the circle passing through all three
vertices of the triangle. The center of this circle is called the
circumcenter of the triangle.
Q1. State your conjecture about the shape of the trace of point F and explain
why you think it is true.
Q2. The circle FC appears to be the circumcircle of triangle ABC. Write your

explanation for why this is true.
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Exploration 3.3 —Perpendicular Bisectors in a Triangle continued

]

Use the script Circle
Through 3 Points
(Mac) or 3PtCirc
(Windows).

Q3. Write a definition for the word arc that describes the object that
Sketchpad constructs with either of its two Arc methods in the
Construct menu.

Sketchpad can construct an arc from three points. Explain why three
points determine an arc.

Describe a method for constructing the center of the arc created by Arc
Through 3 Points in Sketchpad.

Show an example of a method for drawing on a paper, with a compass
and other tools, the arc determined by three points.

Construction — Circumcircle Script

e In your sketch of the circumcircle, hide your con-
struction lines and extra objects so that the figure looks
like the one at right.

e Select all the objects and choose Make Script from the
Work menu.

e The script should have three points A, B, C as Givens.
Try out the script in a sketch and then save it as Circle Through 3 Points
(Mac) or 3PtCirc (Windows).

Explore More — Quadrilateral Challenge

Now try some of the same ideas with a quadrilateral ABCD. Construct the
perpendicular bisectors of the sides and construct the circle through ABC.
What relationships do you see when point D is dragged so that this circle
passes through it? How are the perpendicular bisectors of the sides related
in general? Why don’t they behave like the perpendicular bisectors of a
triangle?

Explore More — Corner Circles

In a triangle ABC construct the midpoints A’, B’, C’, as in
the figure at right.

Use a script to construct the three corner circles through
points A, B’, C’, through points A’, B, C’, and through
points A’, B’, C. Also construct the circumcircle of the
triangle ABC.

Compare the size of three corner circles with the size of the circumcircle
ABC.

Observe that there is a point P common to all the corner circles. Conjecture
what this point is.
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Exploration 3.3 —Perpendicular Bisectors in a Triangle continued

Construct the triangle formed by the centers of the corner circles. How is
this triangle related to triangle ABC? What is the relationship between the
two triangles and point P?

Write reasons for the relationships that you have discovered.
Explore More — Nine-Point Circle

Construct the circle through the midpoints of the sides of a triangle ABC.
Then construct the altitudes of the circle and observe where the altitudes
intersect this circle. This circle is called the nine-point circle and has many
remarkable properties. What is the relationship of the center of this circle to
the triangle of centers of the corner circles in the preceding exploration?

Investigation 2—Perpendicular Bisectors of Chords

Draw a circle with center A through point B and
construct a chord CD. You should be able to slide C or D
around without changing the circle.

e Construct the perpendicular bisector of CD and
observe the relation of this line to the circle as you
move C and D around.

+ What do you see? What is your explanation of what you see?

e Now construct a second chord DE and its perpendicular bisector.

+ How are the two perpendicular bisectors related? How do you explain
this?

e Next, draw chord EC to form a triangle and construct the perpendicular
bisector of this segment. What relationship do you observe and how is
this related to earlier explorations?

e Hide or delete chord EC and its perpendicular
bisector and continue creating new chords EF, FG,
and GC to form a pentagon. Select points C, D, E, F,
G and choose Polygon Interior from the Construct
menu to visualize the polygon better.

e Construct the remaining perpendicular bisectors.

e How are all the perpendicular bisectors related?
Why must this be true?

Conclusion

A polygon is inscribed in a circle if all the polygon’s vertices lie on
that circle.

Q1. Make a general conjecture about perpendicular bisectors of sides of
polygons inscribed in circles.
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Exploration 3.3 —Perpendicular Bisectors in a Triangle continued

Q2. Is there a polygon in the figure below? Can you write a conjecture that
includes this figure?

Conclusions—Locus Property

e Consider the following two statements about perpendicular bisectors.

(1) If A and B are points and P is a point with distance |PA| =
distance |PB]|, then P is on the perpendicular bisector of AB.

(2) If Qis on the perpendicular bisector of segment AB, then
distance |QA| = distance |QB|.

Q1. Do these statements say the same thing? Explain.

Q2. What reasons would you give to convince someone that these
statements are true?

Q3. For each exploration in this section, write whether the exploration is
based on, or illustrates, Statement 1, Statement 2, both statements, or
neither statement and briefly explain why.

Statements (1) and (2) together make up what is called the Locus
Property of Perpendicular Bisectors.

Problems

Here are some problems, questions, or constructions from the work of this
section. In each case, answer the question and explain whether you are
using statement (1) or (2), both, or neither.

Q1. Let ABC be a triangle. If there is a circle that passes through A, B, and C,
how do you construct it? When is there such a circle and when is there
not?
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Exploration 3.3 —Perpendicular Bisectors in a Triangle continued

Investigate the
sketches dirich3p,
dirichdp, and
dirich5p.

Q1. Quadrilateral ABCD is a kiteif |AB| = |AD |
and |CB| = |CD|. How is segment AC
related to segment BD? Explain.

Q2. Jar Lid Problem: Find the center of a circle. Draw a circle on a piece of
paper by tracing around a jar lid or some other circular object. How can
you find the center of this circle? You can create a Sketchpad “jar lid”
by drawing a circle, selecting the circle’s circumference, copying it, and
pasting it into the sketch. Construct the center for such a circle.

Explore More — Dirichlet Domains

You can think of the perpendicular bisector of segment AB as a fence
separating the points in the plane closer to A than B and the ones closer to B
than A.

If you add a third point and want to fence in the three
parts of the plane closest to A, to B, and to C, the fences
will follow along the perpendicular bisectors but not all
along their whole length. In fact the fences will be rays
those shown at right.

The first figure on the right shows the fences, and the
second also shows the triangle ABC and its midpoints,
as well so that you can see the connection with the
perpendicular bisectors and the circumcenter.

The fences can appear a little surprising, even for three
points. Can you construct these fences in Sketchpad?

The picture gets even more interesting and
complex for four or more points. Given a set of
points, if you break up the plane into regions so
that each region is the set of points closest to one o C
of the given points, these regions are called

Dirichlet domains. Dirichlet domains have many

applications. (See Connections, by Jay Kapraffs, for

more information on Dirichlet domains.)

OA

You can explore the Dirichlet domains of three points, four points, and five

points drawn as ripple intersections using demo sketches included with this
book.

§ Kapraff, Jay, Connections — The Geometric Bridge Between Art and Science, McGraw-Hill, NY,
1990, ISBN 0-07-034251-2, pp. 220-224.
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Exploration 3.3 —Perpendicular Bisectors in a Triangle continued

Challenges

Here are some optional challenge questions, some worthy of projects, which
extend ideas from this section.

Inscribing Kites

Construct a kite ABCD with Sketchpad. Now experiment and conjecture an
answer to this question: What kites can be inscribed in a circle?

Circle Through a Point Tangent to a Line

If A is a point and j is a line, how do you construct all the circles passing
through A tangent to j?

Triangle Vertices with the Same Circumcenter

What triangles can share a common circumcenter? A point has two degrees of
freedom if it can be moved freely about the plane. If a point can only move on
a line or a circle, it has only one degree of freedom. In Exploration 3.3,
beginning on page 38, the triangle’s vertex C has two degrees of freedom,
but the circumcenter F, which depends on C, has only one degree of
freedom. This means there must be an infinite number of points C which
produce the same F.

Choose a particular A, B, and F. (Be careful; F cannot be just anywhere.)
Construct the set of possible locations for C.

Radius 1 = k xRadius 2

In Exploration 3.2, beginning on page 35, you examined the set of points E
for which the distance | EA | equals the distance |EB |. Then in the challenge
at the end, you asked about points E for which |EA| =2 x |EB|. Create a
Sketchpad sketch to explore the set of points E with |EA| =k x |EB| for
some constant k. What do you conjecture this set is? Construct it.

From Perpendicular Bisectors to Triangle ABC

Draw three lines through the same point. Is there always a triangle ABC
with these lines as perpendicular bisectors? If so, where must A be located?

Hint: A line is a perpendicular bisector of a segment AB if B is the line
reflection of A, so if you start with A and then line-reflect across one of the
lines, you will find where B must be. Continue this to get three line
segments. Now drag A around to see if there are locations for A at which the
line segments form a triangle.

Design Challenge

These designs were made by constructing circumcircles from points chosen
three at a time from points constructed from polygon vertices, midpoints,
midpoints of segments connecting these points, and so on. The design with
the shading and its neighbor show how the polygon can be hidden after the
construction.
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You can draw an even greater variety of designs if you replace some of the
circles with three-point arcs, as in the following examples.

&

Construct some of these designs with circumcircles or three-point arcs or
make some designs of your own using these tools.
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Animation

You can combine the circumcircle construction with animation to create a
show with a mathematical point or strictly for fun.

For example, construct a point A, a circle BC, and a
point D on the circle. Construct the circle through
the three points A, B, D and animate D on the circle
with an animation button. Notice when and how the
circle blows up. You can make this animation quite
spectacular by constructing more points on the
circle and constructing the circles through A, B, and
each of these new points. Animate all the points on the circle, but at various
rates.

If you animate any three points on paths, you can construct a circle through
the three points and get an animation. For example, construct three points,
one on each side of a triangle ABC, and animate them. In this case there is an
interesting mathematical puzzle. If you trace the center of the circle, the
centers can be scattered far, but most of them (the darkest part of the trace)
seem to lie in a special region bounded by arcs.
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