Chapter 1. Inversion as a
Transformation

Inversion of a point is a geometric construction, but it is also a
transformation of the plane. In this chapter you will study the properties of
the inversion transformation.

Exploration 10.1 — The Inversion Images of Geometric
Objects

The first investigation looks at the inversion images of
many shapes using the Sketchpad Locus command.
Dragging these images and experimenting with various
cases will show you the basic properties of this
transformation.

Exploration 10.2 —Inversion of Lines

The section reveals the nature of line and segment
images under inversion. The main goal is to explain
why the image of a line is generally a circle and the
image of a segment is generally an arc. The proof
comes as a consequence of the Carpenter’s
Construction.

Exploration 10.3 —Inversion of Circles

The study of images continues with an explanation of
why the image of a circle is generally a circle. This
chain of reasoning is more complex than that of the
line, but this is the key fact about the inversion
transformation.

Exploration 10.4—Inversion of Angles

Here you investigate whether the measure of angles is
preserved by inversion. You will establish that it is for
the special, important case of 90 degrees by

constructing the images of orthogonal pairs of objects.

Exploration 10.5 — Figures in the Inversive Plane

The point at infinity joins the Euclidean plane and
helps to predict whether an image is a circle or a line.
You will see that any pair of orthogonal pencils can be
inverted to a standard pencil of concentric circles and
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the pencil of their diameters.
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Teaching Notes

This chapter contains a number of experiments that are accessible to and
interesting for students at many levels.

Exploration 10.1 — The Inversion Images of Geometric Objects

+

This investigation is
for everyone.

Investigation 1 provides a wide-open opportunity to experiment with the
inversion images of many geometric shapes. High school students can
investigate some advanced mathematics in an experimental way.

College students can develop some intuition about inversion before
proceding to the realm of rigorous proofs.

It is fun for anyone to drag a shape and watch the changes in its inversion
image.

Investigation 2 is also mostly experimental, but the experiment is more
controlled and concerns the details of a single important example, the
inversion of a segment.

Exploration 10.2 —Inversion of Lines

+

This a key proof for
understanding
images are circl

This two-part exploration of the inversion image of a line includes an
examination of a simple proof using the Carpenter’s Construction. It gives
insight into why lines invert into circles.

ﬁ){yploration 10.3—Inversion of Circles

This covers for images of circles the same ground as 10.2 does for lines. The
tirst investigation provides a qualitative investigation of circle images using
a Sketchpad locus. The second investigation contains the proof that the
image of a circle is usually a circle. This proof is more complex than the one
for lines.

Exploration 10.4 —Inversion of Angles

Examples using loci
as tools.

A very important property of inversion is that it preserves angles; it is
conformal.

This is proved in this exploration for simple but important examples of
orthogonal circles and lines. In addition to being a proof, this provides a key
example for understanding the behavior of inversion.

Exploration 10.5 — Figures in the Inversive Plane

More examples using  The discussion before Investigation 1 is an important explanation and

loci as tools.

exercise for understanding inversion as a transformation of the plane with
Infinity included. Investigations 1 and 2 carry this discussion forward by
examining specific examples with Sketchpad.

Investigation 3 concludes the chapter by inverting the many circles of a pair
of orthogonal pencils and turning them into concentric circles and
diameters.




Exploration 10.1—The Inversion Images of Geometric Objects

Inversion is a geometric construction, but it is also a rule that defines a trans-
formation. Given a circle AB, for every point P in the plane (except the cen-
ter point A of the circle), the inversion of P is another point P’ in the plane.

Inversion resembles line reflection in some ways. You choose a circle as a
mirror. Then the inversion P’ of a point P lying on the mirror is just P itself,
and if you invert an inversion P’ you get back P” = P.

One important, problematic difference is that inversion is not a transforma-
tion of the whole plane, since the inversion of the center point of the mirror
circle is not defined. This problem can be overcome if you add a point at
infinity to the plane. Then define the inversion of the center A to be the point
at infinity and define the inversion of the point at infinity to be A. While this
may seem a little unsettling, it will become evident during the investigations
of this section that this is a very useful way to think about inversions.

Since inversion is a transformation, for any set S in the plane it is
possible to define S’, the inversion of S, or the image of S under
inversion to be the set of points P’ for which P isin S.

In this chapter you will construct the inversions of a number of familiar
geometric objects and, in so doing, make the abstract idea of inversion
nearly as intuitive as reflection in a mirror.

Investigation 1—Inversion of Basic Geometric Shapes

]

You can use any of
the four scripts from
Chapter 9. Inversion
of Pt by Dilation
(Mac) or InverPt3
(Windows) will work
particularly well in
this chapter.

In Sketchpad, it is very simple to trace the images under inversion of a
geometric object or to construct it as a locus. In this investigation, you will
experiment with the images of simple geometric shapes and take the first
steps toward understanding these images. Complete explanations for the
shapes of images will be given later, but many properties can be discovered
or conjectured by experiment.

Construction —Triangle Image by Tracing an Animation

e In a new sketch, construct a circle

R :|_‘_£ Animate segment I |¢ Animate triangle |
AB and a point C. Relabel C as P. = Anmateoircle |
Using a script, invert P in the circle

to create a new point P’. Trace point
P’

e Draw a triangle as a polygon
interior.

e Create an animation button that
animates P around the figure.

Experiment
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

Select P’, P, and the
polygon. Hold down
the Option key (Mac)
or Shift key
(Windows) and
choose Locus from the
Construct menu.

+ Experiment with tracing the triangle by using the animation buttons.

Move the triangle or the circle and observe various positions to see the
changes in the trace.

Construction — Triangle Image by Locus

The tracing shows how the image is created from inversion, but it does not
give a good idea of how the image changes dynamically as the triangle
moves. For most purposes, it is more helpful to use a locus rather than a
trace.

Turn off the tracing on P".

Use Sketchpad’s Locus command to construct the inversion of the
polygon.

Then construct the locus of the edges of the polygon, not the interior. To
make the polygon shape match the image, you can construct the seg-
ments connecting the vertices and then hide the polygon interior. Also,
you can invert the vertices of the triangle to put vertices in the image.

Experiment

Observe the image of the triangle. Try out cases when vertices of the
triangle are inside and outside the circle.

Move one of the vertices to the center of the circle. Check the case when
the triangle is inscribed.

Check the case where two of the triangle vertices are collinear with A.

Notice the shape of the image of a triangle. Are the sides of the image
always the same kind of geometric object?

Drag your triangle so that the figure looks approximately like the one at

right. Make a rough sketch of the inverted triangle on paper.
o

o

Construction —The Image of a Circle

In the same sketch, construct a circle VIV.
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

Construct both an *

animation button and 4
a locus. To see how P’
moves on the locus,

Construct an animation button for P on the circle.

Construct the locus of P’ as P moves on the circle, as you did for the
triangle. This is the image of the circle under inversion.

run the animation. Experiment

=+

Notice the shape of the image of a circle. Is the trace always the same
kind of geometric object?

Observe the image for many positions of the circles AB and VIV. Try out
cases where the circles intersect, when circle VIV is inside or outside cir-
cle AB, and when the center of circle AB is inside or outside circle VIV.

By running the animation, notice that the direction of P on the original
circle is opposite the direction of P” on the image. Also, P is in the far-
thest part of the original when P’ is in the nearest part of the image.

Move circle VIV so that the circle passes through the point A, the center
of inversion. What does the image appear to be in this case?

Find a position of the circle for which the inversion of the circle is the
circle itself. Explain why this works and decide whether there could be
other such positions.

Construction — Other shapes

Continuing with the same sketch, construct other shapes such as a line, a
segment, and an arc.

In each case construct an animation button to animate P on the shape.

Also for each shape construct the locus of P” when P moves on the shape,
as above.

Experiment

For each object, experiment by dragging and make conjectures about the
shape of the image.

What can you conclude about the image if the object is inside circle AB?
What can you conclude about the image if the object intersects circle AB?

What can you conclude about the image if the object passes through the
center point A?

Conclusions

Q1. What do you conjecture is the image of the inversion of each of the

following shapes? In each case describe any special cases that are
exceptions.

a. A segment
b. A circle

c. An arc
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

d. A triangle

Q2. In each of the following figures, the dashed circle is the circle of
inversion AB. Roughly sketch the images under inversion of each of the
objects in the following figures. For the shaded triangle interiors, you
should sketch the image of the triangle.
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

Explore More —Face Fun

Draw a simple face with
polygons and other shapes and
construct the inversion as a
locus. Once you have your
face, experiment with moving
the circle to see the change in
the shape of the inverted face,
or experiment with changing
the shape of the face.

You might also try constructing half a face on the outside of a circle and then
constructing the inversion to form the other side of the face.

Investigation 2—Inversion of a Segment or an Arc

In this investigation you will continue experiments to get insight into the
nature of the image of a segment.

Construction — The Image as a Trace
e Construct a circle AB and a segment CD.

e Construct a point on the segment and
relabel it as P.

e Construct the point P’ by inverting P in
the circle, using your script for inverting
a point. Trace the point P’".

e Make an animation button that animates
point P on the segment.

Experiment

e Double-click the animation button to
trace the locus of points P” as P moves
along the segment. The trace shows the image of the segment under the
inversion transformation.

+ Is the trace of P’ a segment? What kind of geometric object do you
conjecture the trace of P’ to be?

+ Experiment by moving the segment to various locations, animating and
tracing each time.
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

e Construct the rays AD, AE, —
A
and AP (dashed and in a light

color). The rays will help you
visualize the inversion.

Construction—The Image as a
Locus

e Make the inversion image
using Sketchpad’s Locus com-
mand. Select point P’, point P,
and choose Locus from the Construct menu. This object is the inversion
of the segment in the circle.

Experiment

+ Drag the segment around and observe the locus that is its inversion. You
can use the animation button to watch how point P moves along the
inverted segment.

+ In particular, experiment with the following cases and note the results.
The segment is barely outside the circle.

The segment is far outside the circle.

The segment is tangent to the circle.

The segment intersects the circle at two points.

The middle of the segment is near the center of inversion A.

The center of inversion A is on the segment.

The segment is on a ray from A.

DN NI N RN

Construction — The Image of a Segment as a Constructed Object

The image of the segment appears to 5
[o]
P

be an arc, at least in most cases. This
construction will check this by
constructing the image as an arc.

e Continuing with the same
sketch, select the locus of P” and
create Hide/Show buttons for
the locus.

e Construct the midpoint M of
segment DE.

e Invert points D, M, and E to obtain D’, M’, and E".
e Construct the arc through D', M’, and E".
Experiment

+ Use the Hide/Show buttons to make the locus appear and disappear.
Check that the locus coincides with the arc.
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

Drag the segment so that point A, the center of inversion is on the
segment.

What happens to the arc? What happens to the locus?

Create an animation button for P on the arc.

Run the animation and observe how P’ traces the image of this arc. What
is the image of the arc?

Construction — The Image of an Arc as a Locus

Draw three points F, G, and H and construct another arc. Use P’ to
construct a locus representing the image under inversion of this arc.

Experiment

—+

Drag the arc FGH and observe its image. In most cases, what kind of
geometric object appears to be the image of this arc?

Look at the image for special cases when the center of inversion A is at
an endpoint of the arc FGH or is on the arc.

Notice the relationship between the image and points of intersection of
arc FGH and the mirror circle AB.

Search for positions of the arc for which the image is a segment.
Conjecture what special property of the arc makes the image a segment.

As you did with a segment, construct a new arc that is the inversion (in
most cases) of arc FGH.

Scripts for Inversion Images

You can make scripts from the constructions in this investigation. For exam-
ple, you can make a script that constructs the inversion locus of a segment or
an arc. You can also make a script that constructs an arc as the inversion
image of a segment or an arc. Here are instructions for two of these scripts.

The figure at right shows the result of constructing :

the inversion image of a segment as an arc. Recreate
this figure, select all, and make a script. Save the
script as Inv Seg to Arc (Mac) or InvSeg2A
(Windows).

The lower figure at right is similar to the
tirst, but this time the inversion image of
the segment is a locus instead of an arc.
Construct a point Q on the segment and
invert it to get Q’. Construct the locus of
Q’. Hide Q and Q’. Select everything except
the segment endpoints and make a script. D
Save the script as Inv Straight to Locus

(Mac) or InvStoL (Windows).
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

Conclusions

Q1. What kind of geometric object do you conjecture is the image of a seg-
ment under the inversion? What is the typical case. What are the special
cases? Write an explanation for the behavior of the special cases.

Q2. If the segment intersects the circle AB, what do you observe about the
inversion image? Write an explanation for this based on the definition
of inversion.

Q3. How is the inversion image related to circle AB if the segment is
tangent to the circle? Why is this true?

Q4. If the segment is dragged farther away from the circle, what is true of
the inversion image? What is the reason for this?

Q5. Sketch the image under inversion of the segment in each figure below.

Q6. If the image of a segment is an arc, then it appears that the image of this

arc is the original segment. Explain why you can predict this from the
properties of inversion.

C

Q

Q7. What do you conjecture is the image of a random arc? What other kinds
of objects can be the image of an arc, according to your experiments?
For each kind of object, sketch an arc with the object as image.

Explore More —Inversion Images of a Square

Similarity is not preserved under inversion, since an image is not the same
shape as the original. What about symmetry? Construct a square and its
inversion using your script for inverting a segment. Does the inversion
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Exploration 10.1 —The Inversion Images of Geometric Objects continued

image of the square always have lines of symmetry? Does it ever have lines
of symmetry? How many can it have? Draw examples.
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Exploration 10.2—Inversion of Lines

In previous investigations, you performed experiments that provided a
good idea of what the inversion of a line or a segment looks like. In this
exploration, you will use geometric constructions and reasoning to actually
understand and construct the inverted objects.

Investigation 1—Inversion of a Line

You will construct the image of a line using a different locus. This will lead
into an explanation of why the image of a line under inversion is a circle.

Construction

You can construct the image of a line by

using the locus of a point on the == Animate

inverting circle.

In a new sketch construct a circle AB
and a line CD. Change the labels of A
and B to O and R.

Construct a point E on the circle.
Then construct ray OE and point F as
the intersection of the line and the
ray.

Create an Animation button for E on
the circle.

Construct F’ as the inversion of F and trace F’.

Experiment

+

+
Select points F' and E e
to construct the locus.

[}

[}

+

+

Animate E around the circle to trace F’.

Notice that the trace of F’ is the image under inversion of the line CD in
circle OR.

The trace of F" appears to be a circle. Look at the figure and find a point
on this image circle that is not in the image of a point on the line. Which
point? What is the reason?

Construct the locus of point F” as E moves on the circle. Turn off tracing
for F'.

Construct the line through point O perpendicular to line CD.

Construct point G as the intersection of this line with line CD, and invert
Gto get G'.

Observe that line OG is a line of symmetry for the original figure con-
sisting of the circle and line. Is it a line of symmetry for the inversion
image of the line also?

What is the relationship between the line OG and this image shape?
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Exploration 10.2—Inversion of Lines continued

Conclusions

Q1. What do you conjecture is the image of a line under inversion?

Q2. If you consider the point at infinity to be part of the line, how does the
image of the line under inversion become simpler? What is the new
image?

Q3. How could you use O and G’ to construct this image?

Investigation 2—Why a Line Inverts to a Circle

Why is angle OF' G’ a
right angle?

Construction

e Construct segment F'G’ in the
previous sketch.

— i
> Animate

e Measure angle OF'G".

Experiment

e Drag point E to trace F’.

+ Observe angle OF'G’ as you drag
E. Notice how this angle measure
and the Carpenter’s Construction
fit with the shape of the trace of F’.

+ Measure the ratios OF/ OG” and OG/OF'.

+ How are these ratios related? What does this say about the relationship
between triangles GOF and F'OG"?

Reasons

Angle OF'G’ is a right angle wherever E is dragged. Since the two points O
and G’ are not moving, this is enough to explain why the locus of F"is a
circle, by the Carpenter’s Construction (see Chapter 4).

Why is the angle a right angle? Recall from an exercise in Exploration 9.3,
Investigation 1 that triangle GOF is similar to triangle F’OG’. This means
that angle OGF equals angle OF'G, so both are right angles.

Conclusions
Q1. If you have not done so previously, use the definition of inversion to

show that triangle GOF is similar to triangle F'OG’.

Q2. The discussion of the image of a line has not considered the possibility
that the line passes through O, the center of the circle. What is the
image of the line in this case?

Q3. In the preceding section, you were told that the Carpenter’s Construc-
tion explains why the locus of point F’ is a circle. Fill in the details.

14 ¢ Chapter Chapter 1: ©1996 Key Curriculum Press Inversion as a Transformation



Exploration 10.2—Inversion of Lines continued

Q4. Create a script that inverts a line in a circle. The givens should be the
center and radius of the circle and a “straight object.” The result of the
script should be a true circle, not a Sketchpad locus. Save the script as
Inv of Line (Mac) or InvLine (Windows).

Summing Up

The following expresses the findings of this investigation:

Under inversion in circle OR, the image of a line is a circle through O,
unless the line passes through O; in that case, the image is the line
itself.

Explore More — The Inversion Image of a Segment

Consider a circle AB and a segment CD. Since segment CD is contained in
line CD, the image of the segment is contained in the line. Use this observa-
tion to explain why the image of a segment is usually an arc, and explain
how to determine precisely which arc this is from the image of the line.
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Exploration 10.3—Inversion of Circles

In Exploration 10.1, you performed an experiment suggestion that the image
under inversion of a circle is a circle. Based on that conjecture, the first
investigation shows how to construct this circle and the second investigation
gives an outline of why the image of a circle is a circle.

Investigation 1—Inversion Image of a Circle

If the locus appears
lumpy, you can im-

prove its smoothness.

Increase the number
of points by double
clicking with the ?-
tool and increasing
the number of
samples.

Construction

Construct a circle AB, a

circle CD, and a point E on
circle CD. Relabel A and B
as O and R. Relabel E as P.

Invert point P in circle OR
to construct P’.

Select P’ and P and choose
Locus from the Construct
menu.

Make a script from this
sketch and save it as Inv Circle to Locus (Mac) or InvC2L (Windows).
You will need this script in Exploration 10.5.

Construct the line of centers OC.

Experiment

—+

Drag the circle CD slowly to a position where it passes through point O.

Observe that as circle CD approaches point O, its image, apparently also
a circle, grows larger and larger. What does the image appear to be
(approximately) when circle CD passes through point O? Think about
the relationship of this result to that of the preceding exploration in
which you observed the image of a line as the line approached point O.

Notice that the line of centers OC is a line of symmetry for this figure
made up of circles. Therefore it is a common diameter. Construct the
intersection of this diameter line with circle CD to construct points F and
G. Invert both points in the circle OR to obtain points F” and G”.

Observe how these points F”’ and G” are related to the image circle.
Construct midpoint H of segment F'G” and then construct circle HF".

Observe that this circle coincides approximately with the Sketchpad
locus.

Delete the locus and leave the circle HF'.

This circle is the image of circle CD under inversion in circle OR. Drag
circle CD around and observe how the image changes.
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Exploration 10.3 —Inversion of Circles continued

Construct point I as a point of intersection of circle OR and circle CD and
measure angle OIC.

Drag circle CD to a position where
it coincides with its image circle.
Conjecture what is special about
circle CD that makes it coincide
with its image under inversion.

Hide all objects in the sketch except
those shown in the figure at right.
Make a script from this sketch,
naming it Inv Circle (Mac) or InvCirc (Windows).

Conclusions

Q1.

Q2.

Q3.

Q4.

Suppose you know that the image of a line under inversion in circle OR
is a circle through O. Use this fact to explain why the image under
inversion in circle OR of a circle through O is a line.

Check by experiment and/or from the formula whether or not the
inversion of the center of circle CD is the same as the center of the circle
that is the image under inversion of CD. Report on the examples in
your experiments or show your calculations.

If circle CD is interior to circle OR and center point O is exterior to circle
CD, how is the image of circle CD related to the tangent lines to circle
CD through point O?

Suppose that circle CD is orthogonal to circle OR. Explain why the
image of circle CD is circle CD itself. Hint: If a point P is on circle CD,
what is the other point of intersection of line OP with circle CD?
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Exploration 10.3 —Inversion of Circle continued

Investigation 2—Why a Circle Inverts to a Circle

Measure slope to
check for parallelism.

Construction

In Investigation 1 you found by experiment that if a
circle CD is orthogonal to circle OR, then the image
of circle CD is circle CD itself. In this special case,
therefore, the image of a circle is a circle. The
method for investigating the general case is similar
to that used for investigating the image of a line.

e Construct a circle OR and a second circle CD.
Construct a point P on circle CD.

e Construct points F and G as the intersections of P
line OC with circle CD.
e Invert points P, F, and G across circle OR to get
P’,F’,and G'. D
G
Experiment

You know that angle FPG is a right angle because it is inscribed in a
semicircle. If you can show that angle F'P’G’ is a right angle, then it must
also be inscribed in a semicircle, and by the Carpenter’s Construction, as P
goes around circle CD, the trace of P’ is a circle with diameter F'G".

The proof that the image of a line is a circle followed from noticing that cer-
tain triangles were similar. The proof for a circle is not so simple.

e Check by measurement that (in general) only one angle in triangle FPG is
equal to an angle in triangle G'P’F’.

+ Though these triangles are not similar, triangle OFP is similar to OP’F’
and triangle OGP is similar to OP’G’ by a result from Chapter 4.

e Construct the angle bisector of angle POC. Reflect segment P'F” across
the angle bisector to get a new segment F”"P”.

+ Check that segment F”’P” is parallel to segment PF. Look for an explana-
tion in the ratio equalities between the similar triangles OFP and OP’F’.

e Reflect segment P'G” across the angle bisector to get a new segment
G”P”. Measure the slope to check that this segment is parallel to PG.
Again, explain why these segments should be parallel.

+ Since the segments PF and PG are perpendicular, and since F”’P”" and
G”P” are parallel to these segments, then F”’P”” and G”P" are per-
pendicular too. Explain why this means that the segments F'P" and G'P’
are also perpendicular and so that angle F'P’G” is therefore a right angle.

Conclusions

Because angle F'P'G’ is a right angle, point P’ is on a circle with diameter
F'G’. This proves the following theorem.
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Exploration 10.3 —Inversion of Circles continued

The image under inversion in circle OR of circle CD is a circle, except
in the special case where circle CD passes through O, in which case
the image is a line.

Q1. Now that you know the image under inversion of a circle is a circle,
explain why the image of an arc is an arc or a segment, and for which
arcs the image is a segment.

Q2. What is the image under inversion in circle OR of a circle OS that has
the same center as OR?

Q3. Make a script to invert an arc in a circle. Your script should make use of
the Arc by 3 Points command in the Construct menu. Under what
circumstances does the construction not work?

Q4. Suppose that a three-point arc ABC has endpoints A and C on circle OR
and suppose that this arc is orthogonal to OR. What is the image of this
arc? Show this construction with Sketchpad.
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Exploration 10.4—Inversion of Angles

Quite obviously, inversion does not preserve distance. The distance between
the images of two points is not likely to be equal to the distance between the
two original points. But what about angles? Does inversion preserve the
angle between intersecting objects? This property of some transformations,
that they conserve angles, is important enough that it gets a name.

A transformation is conformal if the angle between the tangent
directions of two objects intersecting at point P is equal to the angle
between the tangent directions of the images of those objects
intersecting at point P’.

The question is, “Is inversion conformal?” In this investigation you will look
at the special case in which the two intersecting objects are orthogonal and
find out whether their images are orthogonal.

Investigation 1—Inversion of Perpendicular Lines

]

You have a script for
this, Inv of Line
(Mac) or InvLine
(Windows).

Construction

e Construct circle OR and line CD.
Construct the line perpendicular to
CD at point D. Label these two
lines m and n.

e Construct the two circles m” and n’
which are the images of lines m
and n under inversion in circle OR.

e Construct the lines m1 and n1
through O parallel to m and n.

Experiment

+ Observe that the image circles intersect at O and that lines m1 and n1 are
tangent to the image circles. What does this mean about the image
circles?

Conclusions

Q1. Think about how the image circles m” and n” were constructed from the
lines m and n and then write an explanation of why the tangent lines to
m’and n” at O are parallel to m and n, respectively.

Q2. What do the images look like if line m passes through O. Are m”and n’
still orthogonal? Explain.
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Exploration 10.4 —Inversion of Angles continued

Investigation 2—Inversion of a Line Orthogonal to a Circle
Construction

e Asshown at right, construct
line FG (labeled p) and
points H and I on this line.

e Construct circle HI with H
on line FG. (Call the circle c.)

e Construct the two circles p’
and c¢’, which are the images
of p and ¢ under inversion in
circle OR.

Experiment

+ Observe that the original line p and circle c are orthogonal.

+ Check that the two image circles are orthogonal.

Conclusions

Q1. What do the images look like if line m passes through O. Are m”and ¢’
still orthogonal?

You have seen that for the special case of orthogonal objects, images of these
objects under inversion are also orthogonal The measure of other angles is
preserved under inversion as well. In fact this general case can be proved
from the orthogonal case.

Inversion is conformal.

Explore More
Inversion of Tangent Objects

Make a sketch that shows what happens when a circle and a line tangent to
it are inverted in a circle. Do the same for two tangent circles. Write up your
results and explain them.

Inversions of Families of Lines and Circles

Invert a set of several parallel lines and see
what kind of figure results. Also invert sev-
eral lines perpendicular to the first set of

lines. What does the combined figure look
like?

Given a set of concentric circles with center
at A, invert them in a circle OR. What does
the set of images look like? What if you add the images of some diameter
lines through A? Which of the objects are orthogonal?
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Exploration 10.5—Figures in the Inversive Plane

So far in this chapter you have studied inversion in the Euclidean plane,
where there is no point at infinity. In this exploration, you will extend your
study of inversion beyond the Euclidean plane to a plane in which the point
infinity is a full member, the inversive plane.

The inversive plane is the Euclidean plane plus one more point
called Infinity.

For example, for circles and lines, you have carried out experiments and
followed reasoning to arrive at the following table of the images of inversion
of lines and circles in a circle AB.

Line Circle
Passes through A, the Image is a line. Image is a line.
center of inversion
Does not pass through | Image is a circle. Image is a circle.
A, the center of
inversion

A unifying point of view has been suggested earlier. If you add the point at
infinity to the plane, then a line becomes a circle that passes through
Infinity.

Also, for any object through the center of inversion, A, the image of this
object must pass through Infinity, since the image of point A is the point at
infinity.

From this point of view of the inversive plane, the four cases in the previous
table become one.

Circle

Image is a circle.
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Exploration 10.5—Inversion of Angles continued

Including Infinity in your thinking will help you understand the effect
inversion can have on a figure. For example, if the figure on the left below, is
inverted in a circle with center at A, the image looks like the figure on the
right.

7 B
O

=» under inversion in a

circle with center A =»

But including Infinity does much more than help you to think.

First, as you have already seen, circles and lines are unified. Circles in the
inversive plane are either ordinary Euclidean circles or Euclidean lines with Infinity
attached.

Second, you can succinctly summarize the work you have done with
inversions. Inversions are transformations of the inversive plane that carry circles
to circles.

Third, the inversive plane introduces a new and powerful kind of
congruence.

Figures are inversively congruent if one can be transformed to the
other by a sequence of inversions.
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Exploration 10.5 —Figures in the Inversive Plane continued

Some thinking about intersections will help develop this congruence theme.
The table below classifies figures made from two circles, a line and a circle,
and two lines by their number of intersections.

Two points One point Zero points

But wait, it looks like the entries in the last row are in the wrong columns,
since the number of intersections is 1 and 0.

This may be true from the Euclidean point of view, but as you'll explore in
the next investigation, the figures in each column are inversively congruent.

Investigation 1—Inverting Pairs of Circles

You will begin with two circles and use inversion to transform the two
circles into the other figures in the table above.

Construction |
1

e Construct a circle AB and two circles CD
and EF, which you should rename as d1
and d2. Make circle AB thick and the other
two dashed.
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Exploration 10.5—Inversion of Angles continued

Use the script Inv
Circle to Locus
(Mac) or InvC2L

(Windows).

Invert circles d1 and circle d2, through circle AB. Be sure to use the locus
construction rather than the construction of the image as a circle. (The
locus construction lets you look at the image under inversion of circles
that pass through the center of the inversion circle.)

Experiment

=+

Move the circles CD and EF so that they intersect at two points.

Move circle AB, searching for positions at which the images correspond
to each of the figures in the first column of the table of intersections
above. Note the location of points A and B needed to obtain each figure.

Construct a point G as the point of intersection of circles d1 and d2. Meas-
ure angle CGE and move the two circles so that this angle is 90 degrees.

Repeat the experiment again. This time when the images appear to be a
line and a circle, how are the line and the circle related? When the image
consists of two lines, how do the lines appear to be related? How can you
explain this by what you know about inversions?

Now move circles d1 and 42 so that they appear to be tangent.

Then move A or B so that the images look like the figures in the second
column of the line-circle table above. Note where you need to put A and
B to obtain each kind of figure.

Now move circles d1 and 42 so that they do not intersect.

Move A or B so that the images look like the figures in the third column
of the line-circle table above. Note where you need to put A and B to
obtain each kind of figure.

Conclusions

Q1.

Q2.

Q3.

In each of the five cases, explain where the point A must be located in
order to convert the figures in the first row of the table (on the
preceding page), made of two circles, into the figures below it in the
second row of the table.

If the original circles are orthogonal and the images are a line and a
circle, how are the image line and circle related? Why is this true?

Why is there no figure in the last column of the last row of the table?
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Exploration 10.5 —Figures in the Inversive Plane continued

Investigation 2—Images of Three Concurrent Circles

]

Inv Circle to Locus
(Mac) or InvC2L
(Windows).

Construction

e Construct a circle AB and three circles

through the center point A: CA, CD, CE. Make
the latter circles dashed and of different
colors.

e Construct the inversions of each of the three
circles through A as a locus, using a script.
Color the loci to match the originals.

Experiment

+ What does the image figure look like?

+ Move the circles through A so that they appear to be in the following
positions and then draw a sketch and describe the image figure.
v' All three circles through A are tangent.
v Two of the three circles are tangent.
v" The three circles all pass through a second common point of
intersection.
v" The general case; that is, none of the above special conditions hold.

Conclusions

Q1. Figures made of three concurrent circles can be inverted in a circle so
that the images of the circles are three lines. Write a summary of what
you have learned about the relationship between the circle figures and
their images. Explain why this relationship holds.

Explore More — Problem Solving Using Inversion

Sometimes you can simplify a difficult problem by inverting a figure to a
simpler one. For example, in Chapter 9 a tricky and important question was:
Given two disjoint circles cI and c2, are there two circles d1 and d2
orthogonal to the given circles that intersect at two points?

The answer was needed to prove that the pencil orthogonal to c1 and c2 was
a two-point pencil. It seemed true in a Sketchpad experiment, but it was
difficult to justify.

The problem can be made easier by inversion. Invert

c2 so that its image is a line. The images of c1 and 2 |
look like the solid line and solid circle at the right.

Construct the dashed perpendicular line and the

dashed circle with center at E, orthogonal to the circle

at two points. Invert the dashed objects to obtain
orthogonal circles d1 and 42, which intersect at two
points.

c1’. Clearly the dashed line and dashed circle intersect ky
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Exploration 10.5—Inversion of Angles continued

Carry out this construction with Sketchpad using inversion and summarize
your results.

Investigation 3—Inversions of Orthogonal Pencils

This construction was
introduced in
Exploration 9.4.

Loci can’t be traced,
so the inversion
images must be con-
structed as lines or
circles.

In Chapter 9 you constructed orthogonal pencils of circles. Beginning with
two points A and B, you constructed the pencil of circles through A and B
and a second pencil of circles orthogonal to the circles through A and B. In
this exploration, you will see what these pencils look like from the point of
view of inversive geometry.

Construction-Tracing the Images of the Pencils

e Construct the circle c1 through points A, B,
and C. Then construct circle c2 through C
orthogonal to the first circle with center on
line AB.

e Draw a point R and construct the circle AR
(thick circle in the figure).

e Construct the inversion in circle AR of the
two circles through C as objects, not as
loci. The circle c1 through A will invert to
a line c1’; the image of circle 2 is a circle
c2’. Color the line and the circle different
colors and trace them.

Experiment

e Trace the two image objects and drag C to get the flavor of the images of
the two pencils of circles.

+ What set of lines is traced by c1"?
+ What set of circles is traced by c2"?

+ The original circles are orthogonal, so the images must be also. Explain
what it means for a circle to be orthogonal to two intersecting lines.

Construction-The Images of the Pencils as Loci

It is possible to construct the inversion images of
the pencils using the locus construction. This
requires some additions to the sketch.

e Turn off tracing for the line and the circle.

e Hide the circle c1 through A, B, and C and
hide line c1".

e Draw a point D and construct the circle ¢3
through A, B, and D.
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Exploration 10.5 —Figures in the Inversive Plane continued

Hold down the
Option key (Mac) or
Shift key (Windows)
as you choose Locus
from the Construct
menu.

Again, hold down the
Option key (Mac) or
Shift key (Windows)
as you choose Locus
from the Construct
menu.

Change the number of
objects in a locus with
the ?-tool if you want
more points for
smooth appearance or
fewer for speed.

e Invert this circle in circle AR to get a line c3’.

e Construct the locus of the line ¢3” by selecting c3’, point D, and circle c2
as path.

e Construct Hide/Show buttons for this locus and hide it while you
continue your work.

e Construct the locus of the circle c2” by selecting ¢2’, point C, and circle ¢3
as path.

e Construct Hide/Show buttons for this locus. Hide the second locus.

e Hide everything except circle AR and points A and R. Show both loci.

Experiment

+ Observe what the pencils have become under inversion.

+ Move B close to A and observe what happens to the pencils.

Conclusions

Q1. Why must a set of circles orthogonal to two intersecting lines must be
concentric?

Q2. What is the image under inversion of a two-point pencil of lines if the
center of inversion is one of the base points?
What is the image of the orthogonal pencil to this pencil under this

inversion?

Q3. What is the image under inversion of a double-point pencil of lines if
the center of inversion is the base point?

Q4. Show how to invert any two disjoint circles to concentric circles.

Explore More —Inversion Congruence

Is it true that you can invert any two circles to congruent circles (in the
Euclidean sense, with the same radius)? Investigate.
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Exploration 10.5 —Inversion of Angles continued

Explore More — Coming Full Circle

Since a circle has no beginning and
no end, it seems appropriate to end
this book on circles with a puzzle
based on the very first investigation.
In Chapter 2, you dragged a line
parallel to itself across a circle and
discovered that the midpoints of the
chords trace a diameter. When you
invert this figure, the images of the
parallel lines form a double-point
pencil of circles tangent at a point,
the image of the circle is a circle, and
the image of the diameter line is a circle. These images are shown at right,
where point O is the center of the circle of inversion (not shown).
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