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Chapter 1: Right Angles, Circles,  
and the Carpenter’s Construction 

With the Carpenter’s Construction you can construct a circle using a right-
angle tool such as a carpenter’s square. It is especially useful when the cen-
ter is inaccessible or not known and for constructing right angles using 
circles. It is also an important special case of the general theory on inscribed 
angles that you will see again in Chapter 8.  

Exploration 4.1—Carpenter’s Construction of a Circle 

The Carpenter’s Construction is introduced, by the tra-
ditional method using a square tool and also as the 
Sketchpad trace of a moving right angle. 

 

Exploration 4.2—Folding Right Triangles with 
Scissors and Sketchpad 

A paper-folding exercise explains the connection be-
tween a right triangle and a circle. The paper-folding is 
modeled with Sketchpad using line reflections. 

 

Exploration 4.3—Triangles Defined by Spokes 

An inscribed angle is built from “spokes” that are 
dragged to change the angle. This leads to discoveries 
about the relationship between the inscribed angle and 
an angle formed by the spokes.  

Exploration 4.4—Construction Solutions Using the 
Carpenter’s Ideas 

The Carpenter’s Construction is applied to construct 
the tangent from an external point to a circle and to 
construct a right triangle, given the hypotenuse and a 
leg. 
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Teaching Notes 

The main idea of this chapter is the theorem that the locus of points C for 
which angle ACB is a right angle is the circle with diameter AB. This 
theorem makes possible the Carpenter’s Construction of a circle. 

While this theorem is a special case of the general inscribed angle theorem, it 
is useful, simple, elegant, and worth understanding by itself well before 
students tackle the complexities of inscribed angles. 

If students do go on to the general theory in Chapter 8, they will understand 
it better if they have mastered the Carpenter’s Construction.  

Exploration 4.1—Carpenter’s Construction of a Circle and 
Exploration 4.2—Folding Right Triangles with Scissors and Sketchpad 

In both Explorations 4.1 and 4.2, the first investigation is hands-on and the 
second uses Sketchpad. The hands-on investigations are good preparations 
for the Sketchpad investigations and are worthwhile in their own right. The 
Sketchpad investigation in 4.1 is quite brief, so you could combine it with 
Investigation 2 of Exploration 4.2. 

Note that 4.2 is about a special case of the circumcenter construction 
presented in Chapter 3. 

Exploration 4.3—Triangles Defined by Spokes 

This Sketchpad investigation on inscribed “spoke” angles provides a con-
verse to the Carpenter’s Construction and allows students to discover on 
their own some of the relations about inscribed angles studied later in 
Chapter 8. While its goals are clear, it is a more open-ended inquiry than the 
earlier ones. 

Exploration 4.4—Construction Solutions Using the Carpenter’s Ideas 

Here students make connections between the Carpenter’s Construction and 
the explorations of midpoints of chords in Chapter 2 and learn how to use 
these ideas in geometric constructions. 

If you prefer, you may proceed directly to the construction of external tan-
gents and right triangles without going through all the steps of the explora-
tion. The creation of a script from the tangent construction is also optional, 
but it does not take long, and it gives students a chance to learn about 
scripting, a tool they will use frequently later in the book. 

The Explore More section has shorter problems, including an important one 
about circles and altitudes, and also some open-ended investigations 
suitable for projects, including the non-square carpenter construction and a 
pedal curve project. 

‡ 
These are the key in-
vestigations of the 
Chapter. 

This is the main 
application of the 
Carpenter’s Con-
struction to the con-
struction of tangents. 
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Exploration 4.1—Carpenter’s Construction of a Circle 

There is an interesting way to draw a circle using only a right-angle corner, 
called the Carpenter’s Construction of a circle. (Carpenter’s are fond of this 
method of drawing a circle because it does not require them to know where 
the center of the circle is located.) You can accomplish this construction with 
a carpenter’s square, with an index card or the corner of a piece of paper, or 
with Sketchpad. 

Investigation 1—Carpenter’s Construction with Pencil and Paper 

Construction 

 Mark two points on a piece of paper.  

 As shown at right, place an index card so 
that two adjacent sides of the card each 
touch one of the two points. 

 Make a dot at the corner of the card with a 
pencil. 

 Do this repeatedly until you have many 
dots. This is easier and quicker if you slide the card by placing guides at 
points A and B. A carpenter might use two nails in a piece of wood, but 
on paper you can have a partner hold two pencil points, one at A and 
one at B.  

Conclusions 

Q1. The corner of the card appears to move along the arc of a circle. Where 
does the center of this circle appear to be? 

Q2. How can you use this method to draw a complete circle? 

Investigation 2—Simulation of the Carpenter’s Construction with Sketchpad 

Now you will carry out the same construction with Sketchpad. You will 
need to construct the moving right-angle corner of the card. 

Construction 

 Start a sketch with a point A and a line BC.  

 Construct the perpendicular line to BC 
through A and let D be the intersection of 
the two lines. 

 Now leave A and B fixed and move C about 
the plane. The angle ADB is a moving right 
angle, like the corner of the index card or of 
the carpenter’s square.  

A
B

 

A B

C
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Experiment 

 Trace the path of point D as point C moves around in the plane. What 
does this trace appear to be? 

 Conjecture the shape that you think the trace produces. Then construct 
this shape as an object with Sketchpad. (Do not use D in the construction, 
because you need to move D).  

If your conjecture is correct, then when you move C again, point D 
should move along the object, and its trace should lie on top of the 
object, even if you change the locations of points A and B. 

Conclusions 

Q1. What kind of shape is the trace? How did you construct it? 

Q2. Why do you think the trace has this shape? (Give your best explanation 
now; reasons may become clearer after the next exploration.) 



Geometry Through the Circle ©1996 Key Curriculum Press The Geometer’s Sketchpad • 5 

Exploration 4.2—Folding Right Triangles with Scissors and 
Sketchpad 

In seeking to explain how the Carpenter’s Construction results in a circle, 
you will find out more about right angles, first by folding them physically 
with paper and then figuratively with Sketchpad. 

Investigation 1—Paper-Folding Experiment 

Experiment 

 Cut out a paper right triangle 
(for example, by cutting the 
corner off a sheet of paper). 
Label the three vertices as 
shown at right. 

 Fold and crease the paper 
triangle so that the vertex point B is folded onto the right-angle vertex 
point A; then fold again so that vertex C is also folded onto A.  

+ Notice the shape of the folded triangle and observe where the edge BC 
lies after the folding. 

+ Unfold the triangle and observe the fold lines. 

 Sketch dotted lines in the triangle to represent the fold lines. Also sketch 
where the edge BC lies when the triangle is folded. 

Conclusions 

Q1. At what point do the fold lines meet edges AC and BC? 

Q2. The lines you sketched divide the original triangle into smaller poly-
gons. What are these polygons, and how are they related to each other 
in terms of size and shape? Are any shapes congruent? 

Investigation 2—Folding Right Triangles with Sketchpad 

The goal of this investigation is to use paper-
folding techniques, modeled in Sketchpad, to 
construct a right triangle. In Sketchpad, the 
equivalent of paper-folding is line reflection. 

Construction 

 Place a point A in a new sketch. Draw a line 
BC. Relabel point B as O. Hide point C. 

 Construct a line perpendicular to line OC 
through point O.  

 Make both lines dashed using the Line Weight command in the Display 
menu. Show the labels, j and k, of the lines. 

A

BC

 

j

k

A

O

C
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 Reflect point A across line j and then 
reflect point A again across line k so 
that you have three points: point A 
and two points named A’. Change the 
names of the A’ points to B and C as 
shown at right. 

 Connect points A, B, and C with solid 
segments to form a triangle.  

Experiment 

 Measure angle BAC. Drag point A. 

+ Observe your measurement of angle BAC as you drag point A. 

Look for relationships in your sketch that explain the measure of angle 
BAC.  

+ Observe where point O is located on triangle ABC. How can you explain 
where O is located? 

 Construct segment OA. Measure distances OA, OB, and OC. 

+ Drag point A around (or point B or point C) and observe the triangles 
AOB and AOC. In particular, notice what kind of triangles they are and 
how the lengths of segments OA, OB, and OC are related. 

 Construct the midpoints of segments AB and AC. Label the midpoints M 
and N. Where are these midpoints in relation to the other objects in the 
figure? 

 Construct the interiors of triangles 
BMO and CNO as shown at right.  

 Now reflect each triangle across a line 
in such a way as to fill in the rest of 
triangle ABC. Color or shade the 
small triangles differently so that it is 
easy to tell them apart.  

+ Look for reasons to explain whether 
or not the four small shaded triangles 
are congruent. 

Consider what the relationships among the four small triangles say 
about the distances OA, OB, and OC. 

 Construct the circle with center O through the point A. 

+ How is this circle related to points B and C? 

Conclusions 

Q1. What kind of triangles are AOB and AOC?  

j

k
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 Are triangles AOB and AOC congruent? 

 Explain the relationship among the lengths OA, OB, OC based on what 
you know about triangles AOB and AOC? 

Q2. Are the four small triangles congruent? Give reasons for your answer. 

Q3. What is the shape of the quadrilateral AMON? Justify your answer. 

Q4. The point O appears to be on the segment BC. Demonstrate that this is 
true by explaining why angle BOC is a straight angle. 

Q5. a. Explain why circle OA passes through B and C. 

 b. What special name does this circle have? (Refer, if necessary to 
Chapter 3.) 

 c. What term best describes the role of segment BC in relation to this 
circle?  

 d. In Chapter 3, the circumcenter of a triangle ABC was found to be the 
intersection of three perpendicular bisectors. Explain which lines are 
the perpendicular bisectors in this right triangle ABC and tell which 
point is the circumcenter. 

Explore More 

In this investigation you started with a point and two perpendicular lines. 
What happens if the two lines are not necessarily perpendicular? What is the 
same and what is different? 
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Exploration 4.3—Triangles Defined by Spokes 

In the preceding exploration, you built a right triangle by folding paper and 
then fitting it in a circle. This exploration provides another point of view: 
You start with a circle and make some right triangles. 

Investigation 1—Spokes and Right Triangles 

You will make some spokes of equal length sticking out from point A and 
then study the situation when the angle formed by the endpoints of the 
spokes is 90 degrees. This will help explain the Carpenter’s Construction. 

Construction 

 Draw circle AB. Hide point B. 

 Place three points C, D, and E on the circumference of 
the circle and draw segments (radii) AC, AD, AE.  

 Make the circle and radii dashed. 

This leaves three segments of equal length with a 
common endpoint A, which you can drag around. 

 Draw segments CD and DE and measure angle CDE.  

Experiment 

 Move the points C, D, and E around and look for configurations in which 
angle CDE is approximately 90 degrees.  

+ What do you observe about the points C, A, and E when angle CDE is 90 
degrees? Think about why this is true in the light of earlier explorations. 

 Start with the figure in a position in which angle CDE is approximately 
90 degrees. Leaving points C and E fixed, move the point D. What 
happens to the angle? 

Conclusions 

Q1. From your observations, write a conjecture describing the relationship 
among the points C, A, and E when angle CDE is 90 degrees. 

Q2. How can you use the results of the previous paper-folding experiment 
to explain why your conjecture is true? 

Q3. Use your conjecture to explain why the 90-degree angle CDE does not 
change when point D is moved and points C and E are stationary. 

Explore More—Other Spoke Angles 

In the preceding experiment you studied the figure ACDE when angle CDE 
is a right angle. 

AC

D
E

m CDE = 110.6°
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An angle CDE, where the points C, D, and E are on a circle, is called 
an inscribed angle in the circle. 

Continue the experiment with the same figure when the inscribed angle 
CDE is some angle other than a right angle. Here are some questions to 
investigate. 

Q1. If you move point D and leave the others fixed, how does angle CDE 
change? 

Q2. Label the equal angles in the triangles ACD and ADE and show how 
relations among the angles can help explain the behavior of angle CDE 
in Q1. 

Q3. Conjecture how angle CDE is related to angle CAE. Explain why your 
conjecture is true using the relations in Q2. 
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Exploration 4.4—Construction Solutions Using the Carpenter’s 
Ideas 

Now that you have explored some of the relationships that explain the 
Carpenter’s Construction, you will look at some situations in which you can 
use these ideas to solve construction problems. 

Investigation—Adding a Circle to the Carpenter’s Construction 

You may have noticed that the Carpenter’s Construction bears some resem-
blance to the tangent explorations of Chapter 2. In this investigation these 
ideas come together to provide a construction for tangents to a circle 
through an external point. 

Construction 

The figure at right repeats the basic 
Carpenter’s Construction from page 3 with 
the addition of a circle. 

 Start with a point A, a line BC, and the 
perpendicular to the line through point A. 
Let point D be the intersection of the two 
lines. 

 Draw a circle with center at point A 
through a new point E. Make sure point B 
is outside the circle. 

Experiment 

 Move point C so that line BC cuts the circle in a chord. 

+ What relationship does point D have to this chord? Where is point D 
when the line is tangent to the circle? 

 Trace point D as you drag point C. (This is the Carpenter’s Construction 
of a circle.) 

+ How is this trace related to the trace of the midpoint of a chord traced in 
Chapter 2 on page Error! Bookmark not defined.? 

Observe the position of line BC as point D crosses the circle. 

 Now you will create a slightly different trace by animation. Animate this 
figure by selecting both point C and the circle and then creating an 
animation button.  

 Double-click the button.  

+ Observe the trace of D created by this animation. How is it related the 
previous trace?  

How is this trace related to the midpoint trace of Chapter 2. 

A

B

C

D

E

 

Animate  
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 Drag E to enlarge the circle so that B is inside the circle. Double-click the 
animation button again to see the trace in this case. 

An Aside 

+ Why is it that the animation button does not produce the full trace you 
observe when you drag point C by hand? See if you can create a second 
animation button that gives the full trace. 

Conclusions 

It will be helpful if in a new sketch you 
repeat the construction from Error! 
Reference source not found. on page 
Error! Bookmark not defined.. The figure 
at right shows the essentials. Point G is the 
midpoint of chord EF, and the arc is the 
trace of point G as point C is dragged. 

Q1. Comparing your two sketches, explain 
why the midpoint of a circle’s chord is 
the same as the intersection of the 
chord with the line perpendicular to the chord through the circle’s 
center. 

Q2. Use your work in this chapter to create a new explanation of why the 
trace of chord midpoints shown above is either an arc or a circle. 

Q1. The thick circle in the figure at right is 
the trace of point D as point C is 
dragged. Explain why it happens that 
when D lies at the intersection of the 
trace and the original circle, the line 
BC is tangent to the circle. Pay par-
ticular attention to how right angles 
are involved. 

Q2. The drawing below shows a circle 
with center A and an exterior point C. 
Use the corner of an index card to construct the tangents to the circle 
that pass through point C. 
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A
C

 

Construction Problem 1—Tangent Construction Script 

 In a new sketch construct a circle with 
center A through B and also place a 
point C outside the circle. The con-
struction problem is to construct two 
points E and F on the circle such that 
lines CE and CF are tangent to the 
circle. 

 Using what you have learned, con-
struct a second circle that intersects the original circle at the desired 
points E and F and then use these points to construct the tangent lines. 

Making a Script 

 Hide all the auxiliary objects in your sketch so that what you have left 
looks similar to the figure above. 

 Select all the objects in your sketch and choose Make Script from the 
Work menu. If you selected all the objects and if your construction is cor-
rect (a true construction), then the script will have three givens, the 
points A, B, and C. 

Trying Out Your Script 

 In a new sketch, construct a circle and a point outside the circle. 

 Select the three points in the same order as the givens in the script. Bring 
the script window forward by choosing it from the Work menu and click 
on the Play button. This should construct the tangents. 

 Place a second point exterior to the circle. Use your script to construct a 
pair of lines tangent to the circle through this new point. 

 Drag everything around to make sure the constructions hold together. 

 If your script works, congratulations! Save it by bringing the script win-
dow to the front and choosing Save. Give the script a descriptive name 
such as External Tangent (Mac) or ExtTan (Windows). 

Construction Problem 2—Hypotenuse-Leg Right Triangles 

If you know the length of the hypotenuse of a right triangle and the length 
of one of the other sides (a leg), you can use the Pythagorean Theorem to 

A

B C

E
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compute the length of the third side. This fully determines the shape of the 
triangle. But how can you construct this triangle without using a calculator 
or ruler? 

 Begin with two segments, AB and CD. (CD should be 
dragged so that it is shorter than AB.).  

 Construct a right triangle whose hypotenuse is seg-
ment AB such that the length of one leg is equal to the 
length of segment CD. 

Explore More—Altitudes and Circles 

Since an altitude of a triangle is the perpendicular from a vertex to a side, it 
is not surprising that the right angle of the Carpenter’s Construction appears 
in the study of altitudes. 

A Triangle of Diameters 

Given triangle ABC, construct the three circles whose diameters are the sides 
of this triangle.  Where are the points of intersection of the circles? How is 
this related to the triangle’s altitudes? 

Construct the figure on the right, 
consisting of  two circles, their 
intersection points and the diameter 
lines FG and FH.  Investigate how point 
E is related to line GH.  Then explain 
why this is true and how this figure is 
related to the previous figure of a 
triangle of diameters. 

Explore More—Extensions of the Carpenter Construction 

You saw in Exploration 4.3—Triangles Defined by Spokes that the whole 
story of right angles and circles is a special case of a more general story 
about inscribed angles. So what happens to the Carpenter’s Construction if 
the lines don’t meet at 90 degrees?  

Carpenter’s Method with an Nonsquare Wedge 

What happens if you try the Carpenter Construction with a wedge of card-
board whose sides meet at some angle other than 90 degrees? 

Sketchpad Simulation of the Wedge 

Create a simulation of this wedge method in Sketchpad? What do you see 
and what is the explanation? 

The Motion of D and a Pedal Curve 

Watching the point C go around a circle suggests some other questions.  

A

B
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Hint: You can use the 
Rotate command in 
the Transform menu 
to construct two lines 
intersecting at some 
angle other than 90 
degrees. 
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First, as you run the point C once around the 
circle, observe that point D travels around the 
trace more than once. Why is this true? To help 
understand this phenomenon, construct a re-
lated curve called a pedal curve (because it is 
traced by the foot of a perpendicular line). 

Construct a small circle AF around A, and con-
struct a point H by intersecting line BC with a 
tangent to circle AF perpendicular to line BC. Trace H or construct the 
locus of H and observe the shape of this curve. Explain how this pedal 
curve is related to the circle traced by D as the radius of AF approaches 
zero. 

Does D travel around its circle at a constant rate if C travels at a constant 
rate? How can you tell? 

Design Challenge 

Animation 

Make an animation using the idea of a point moving in a 
circle as the vertex of a changing angle. For example, in 
this animation, the rectangle sides are always parallel to 
the same fixed line, so the shape changes as one vertex 
travels around the outer circle. 

A

B

C

D
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G
H

 

To see the rate of D 
better as it traces, 
double click on D 
with the ?-tool and 
check the box Trace 
Discretely. 

 

   

   

Animate
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Chapter 2: Strips and 
Inscribed Circles 

This chapter proceeds in a manner very similar to that of Chapter 3. Instead 
of circles through points, it deals with circles tangent to lines. Instead of 
points equidistant from two given points, it investigates points equidistant 
from two given lines. Instead of leading to the circumcircle of a triangle, it 
leads to the incircle of a triangle. And, in a new development, you will en-
counter three additional special circles belonging to triangles, called 
excircles. 

Exploration 5.1—Circles Tangent to Two Lines 

Sliding a circle tangent to one line with its center 
on another leads to a second tangent line by 
reflection.  

Exploration 5.2—Coins, Distance to Lines, and 
Tangent Circles  

Starting with two intersecting lines, the investiga-
tion of circles tangent to both lines begins in an ad 
hoc manner by moving circles so that they appear 
tangent and observing their positions. The mean-
ing of the distance from a point to a line is pursued 
by experiment. One observation is that for circles 
tangent to two lines, the center points are equidis-
tant from the two lines. Explorations show that 
this means the centers lie on one or the other of the 
two angle bisectors of the lines. 
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Exploration 5.3—Intersecting Strips and Centers 
of Tangent Circles 

The connection with distance leads to the question 
of what points are located at a certain distance 
from a line. 

Experimenting with this idea shows that these 
points form the two parallel edges of a strip. Inter-
secting strips provide centers of inscribed circles 
just as intersecting ripples produced centers of 
circles through two or three points in Chapter 3. 
The centers of circles tangent to three lines are 
located where the strips overlap. This leads to the 
construction of the inscribed circle and the 
excircles of a triangle. 
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Teaching Notes 

An important goal of this chapter is to explain the method for constructing a 
circle inscribed in a triangle. This construction appears in a  context of 
important ideas about distances to lines, presented using tracing and strips 
in a way that would be difficult without dynamic geometry software. 

Exploration 5.1—Circles Tangent to Two Lines 

The investigation is a quick visual exercise of tracing a sliding circle to 
provide a mental picture of the circles tangent to two lines. The questions 
follow this up by probing for congruent triangles and angle bisectors in the 
figure. 

Exploration 5.2—Coins, Distance to Lines, and Tangent Circles 

In Investigation 1 students position circles by hand with Sketchpad or on 
paper. This is simple, but important for understanding the relationship 
between tangent circles and intersecting lines, including the fact that there 
are four angles in which to place the circles. 

By measuring the distance from a given point to a sliding point on a line, 
students in Investigation 2 define and explore the idea of distance from a 
point to a line and see how this idea is related to circles. In Investigation 3, 
two concentric circles tangent to two different lines coincide when the center 
is moved to a point of equal distance from the lines, which turns out to be a 
point on an angle bisector. 

Exploration 5.3—Intersecting Strips and Centers of Tangent Circles 

Investigation 1 is a simple but rich and enjoyable visual experiment that 
traces a “car” that is trying to find a location for a fast food restaurant. This 
reveals the  set of points at a certain distance from a line is i as a Sketchpad 
trace. 

A key to thinking of distance to a line is this idea of a strip, defined to be the 
set of points within a certain distance from a line. Sketchpad can construct 
these strips with scripts. After working through some constructions to 
ensure understanding, you can use the scripts to save time. 

In Investigation 2, strip “ripples” around two lines or the three sides of a 
triangle form a complex but rich geometry environment that generates 
questions about rhombuses as well as about inscribed circles. 

It is possible to work with the demo sketches here rather than carry out all 
the constructions. The construction of the inscribed circles of a triangle and 
the excircles appears as a culmination of the strip constructions. 

The Explore More section at the end contains several open-ended problems 
and also some construction methods for tangents, including the common 
tangents to two circles. 

It is important to see 
this picture, at least 
briefly as a demo. 

An important inves-
tigation with connec-
tions to neighborhood 
constructions in later 
chapters. 

‡ 
This is a key 
investigation. 
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Exploration 5.1—Circles Tangent to Two Lines 

Investigation 1—Sliding Circles Tangent to a Line 

In this investigation you will view the circles tangent to a given line j as you 
slide the centers along a second line k. This will help you see how to carry 
out constructions of circles tangent to more than one line. 

Construction 

 Start with two lines AB and CD. Construct 
a point E on line CD. Point E should slide 
along its line. 

 Construct the circle with center E tangent 
to line AB at point F. (Point F is the 
intersection of line AB with the line 
through point E perpendicular to line AB.  

 Construct point G, the intersection of the 
two lines. 

Experiment—Trace the Circles 
 Drag point E along line CD observing 

what the circle does in order to remain 
tangent to line AB.  

+ Trace the circle and drag point E back and forth to fill up the traced 
region. What do you observe about the edges of the shaded region? 

Experiment—Reflect line AB  

Now you will reflect line AB across line CD and see how this new line is re-
lated to the trace of the circles. 
 Select line CD and choose Mark Mirror from the Transform menu. Then 

select line AB and choose Reflect from the Transform menu to get a new 
line. Also reflect point F to get point F’. 

+ Observe how the reflected line is also tangent to the circle. Drag point E 
to trace the circles again and observe how the reflection of line AB is 
related to the trace of the circles. 

 Construct segments EF and EF’. Measure the lengths and angles in 
triangles EFG and EF’G. 

+ What conjecture can you make about triangles EFG and EF’G? Justify 
your conjecture. 
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You may use the 
Script Tool, Circle 
By Center + 
Tangent Line (Mac) 
or CircCTan 
(Windows) for con-
structing this circle.  

A Sketchpad Version 
3 shortcut for mark-
ing a line as a mirror 
is to double-click on 
the line with the selec-
tion arrow. 
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Conclusions 
Q1. In the figure at right, shade in the region that is 

filled in by the trace of the circle as point E slides 
along line CD. Draw the edge of this shaded 
region as accurately as you can. What geometric 
objects define the edges of the circle trace and 
where are they located. 

Q1. In the figure at right, the points are constructed as in 
the exploration. Mark the equal angles and equal 
distances. 

 Angle EFG was constructed as a right angle and 
point F’ was constructed by line reflection.  Based on 
this, explain why the equal angles and distances you marked are equal. 

 How is line GE related to angle FGF’? What is this ray GE called? 

Q1. Continuing with the same figure, 
construct segment GE and point 
H, the midpoint of segment GE. 
Then you can construct a circle 
with center H, tangent to line GF 
at point I. 

 If the radius of the circle with 
center E is r, what is the radius of 
the circle with center H? Explain. 
Check your answer using Sketchpad (or a ruler). 

Q2. In the exploration so far, the starting point has been two lines and the 
center of the circle placed on one of these lines.  

 Consider beginning with different geometri-
cal data—lines AB and AC and a point D on 
line AB. 

 Now, using the relations that you discovered 
in your exploration, construct with 
Sketchpad (or on paper) the circle that is 
tangent to line AB at D and is also tangent to 
line AC.  

 Explain why your method works. 
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E
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Explore More—Parallel Lines 

In this investigation, you started with two 
intersecting lines. Repeat the investigation 
and answer the same questions (at least 
those that still make sense) when you 
begin with two parallel lines instead. 
What do you discover that is the same in 
these two cases and what is different? 

 

A B

CD
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Exploration 5.2—Coins, Distance to Lines, and Tangent Circles 

There is more to discover from circles tangent to two lines. Draw two inter-
secting lines on paper and slide identical coins to positions where they are 
tangent to both lines. How many coins can you place this way? What is the 
arrangement of coins? 

Investigation 1—Visualizing Circles Tangent to Two Lines 

Before beginning this investigation with Sketchpad, try out the version on 
paper with the coins described above and then make some conjectures. 

Construction—A Stack of Coins 

You need a stack of coins which you can make by copying and pasting. 

 In a new sketch, draw a circle with center A through B. 

 Hide point B. Then select the circle and point A at the same time and 
choose Copy from the Edit menu. 

 Choose Paste from the Edit menu several times until you have a number 
of copies. 

 Draw two intersecting lines in the sketch.  
 

Experiment 

 Take one of the circles 
and drag it around 
the screen looking for 
a place where the 
circle is tangent to 
both lines. When you 
find such a position, 
leave the circle there 
and move another 
duplicate circle to 
another position 
tangent to both lines. 
Continue until you 
have found all the 
positions where you 
can put the circle tangent to both lines.  

+ Observe how many tangent circles there are and how they are arranged. 

 Connect the centers of these tangent circles with segments to form a 
polygon. What is the name of a polygon of this shape? (Remember that 
since the circles were not constructed, this figure will only be 
approximate.) 

Hiding point B will 
help you to avoid 
accidentally changing 
the radius of your 
coins. 

A
A

A
A

A

A

M

N

O

Drag this circle into 
place. It is not 
constructed; it is 
just placed here.

The stack of coins.

 

Be sure that you drag 
the circle by its cir-
cumference, not by its 
center. 
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 Drag the intersecting lines until they are (approximately) perpendicular 
and move the circles so they are tangent again.  

+ Observe what shape is formed by the centers of the circles in this case. 

Construction—Parallel lines 

 In a new sketch construct two parallel lines and a stack of circle “coins” 
by cutting and pasting as before.  

Experiment 

 Repeat the preceding experiment by dragging a circle to make it tangent 
to both parallel lines. 

 How many other circles of the same size can you place tangent to both 
lines? 

+ Observe the centers of these tangent circles. What geometric object is 
formed by the center of these tangent circles? 

Construction and Experiment—Rays 

 Repeat the experiment beginning with a pair of rays AB and AC. How 
many circles can be placed tangent to both rays? 

Conclusions 

Q1. In the experiment with two intersecting lines, how many circles could 
be placed tangent to both lines? 

Q2. How were the tangent positions for the coins related? What geometric 
object was formed by the centers of the tangent circles? Explain why. 

Q3. Answer the same questions for parallel lines. How many circles of a 
given radius can be placed tangent to two parallel lines? (You may need 
to explain two cases.) What geometric shape is formed by the centers of 
the tangent circles? Explain why. 

Investigation 2—The Distance from a Point to a Line 

You know from experience how to pick the shortest path across the street, 
but consider the geometry of the situation. 

Construction—Distance Slider 

 Start with a line AB and a point 
C. Construct a point D on the 
line so that D slides along the 
line. 

 Construct the segment CD and 
measure its length. 

You will almost cer-
tainly have to adjust 
the distance between 
the parallel lines to 
accomplish this. 

A
B

C

D

m CD = 0.75 inches
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Experiment 

 Slide point D along line AB and find the position of D at which length 
CD is smallest. 

+ Observe how the segment and the line are related when the length of 
segment CD is minimal.  

 Make a conjecture about the angle between the segment and the line 
when the length of CD is minimal. Make measurements to support your 
conjecture. 

Conclusions 

Q1. Write down your conjecture about the angle between segment CD and 
line AB when the length of segment CD is minimal.  

Q2. Describe the measurements you made in support of your conjecture. 

Q3. State at least one reason to support the truth of your conjecture. 

Construction—Other Measurements 

 Construct the line through point C perpendicular to line AB and 
construct point E as the intersection of these lines. 

 Measure 
distance CE. 

 Construct the 
circle with 
center C 
through E. 
Also construct 
the circle’s in-
terior and 
shade or color it lightly. 

 Select point C and line AB and choose Distance from the Measure menu 
to measure the distance from point C to the line. 

Experiment 

 Slide point D along the line again and make a table of some distances.  

+ Observe which of the three measurements are always the same and 
which are larger than others. 

Conclusions 

Q1. Which distance measurements are equal regardless of the position of 
point D?  

Q2. Which of the three measurements are always equal to the radius of the 
circle?  

A
B

C

DE

m CD = 0.75 inches
CE = 0.60 inches
Distance C to AB = 0.60 inches

 

To make a table, select 
the measurement and 
choose Tabulate from 
the Measure menu. 
Add new entries to 
the table by double-
clicking on the table’s 
cells. 
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Q3. To lie within the interior of the circle, a point P must be positioned so 
that the distance CP is less than the radius of the circle. Which points of 
line AB satisfy this criterion and are thus in this interior? 

 Write down some of the measurement data you collected and point out 
how the data fits with the measurements of distance CD you recorded? 

Q4. What kind of triangle is CDE? Use this fact to to find an inequality 
explaining the relationship between distance CD and distance DE. 

Q1. The figure at right shows a 
line and a point. Measure the 
distance from the point to 
the line in inches and explain 
your method. 

Q2. Sketchpad’s Measure menu 
contains a command for 
measuring the distance from a point to a line. Write an explanation of 
what this concept means and how this distance can be computed with 
Sketchpad by measuring a distance between two points. 

Investigation 3—Coincident Tangent Circles 

Your goal is still to construct circles tangent to two lines. In this investiga-
tion, you will consider the question, “When is a point the center of a circle 
tangent to two lines?” 

You will construct a partial solution to the question by starting with a center 
point and constructing a circle tangent to each of two lines and then drag to 
find under what conditions the circles coincide. 

Construction—Two Lines, Two Tangent Circles 

 In a new sketch draw two intersecting lines AB and CD. 

 Construct two circles each with 
center at free point E, one tangent 
to line AB and the other tangent 
to line CD. You may wish to color 
the two circles different colors.  

 Label the points of tangency F 
and G as in the figure at right. 
Construct point H as the intersec-
tion of the two lines. 

 Construct radius segments EF and EG and also segment EH.  

A

 

 
Consider using the 
Script Tool, Circle 
By Center + 
Tangent Line (Mac) 
or CircCTan 
(Windows) to con-
struct this circle.  
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 Measure the lengths of segments EF and EG and the distance from point 
E to each of the lines. Also measure distance EH and angles EHF and 
EHG. 

Experiment 

If a point E is the center of a circle tangent to a line, you know that the 
radius of the circle is equal to the distance from E to the line.  

The two circles constructed above are different for most positions of point E 
but sometimes the two circles will coincide, and the distances to the lines 
will be equal. 

 Drag point E around and look for positions where the circles coincide. Be 
sure to move E around to test all parts of the plane, not just the region inside 
one angle. 

+ Compare the triangles EHF and EHG when the circles coincide. You may 
want to measure some distances and some angles. 
 Look for distance measurements that are equal when the circles 

coincide. 
 Look for angle measurements that are equal when the circles 

coincide. 
 Look for triangles that are congruent when the circles coincide. 

Construction—Angle Bisectors and Tangent Circles 

 Continue with the same sketch. 
Construct the angle bisector of 
angle AHD. Make this ray dashed 
using the Line Weight command in 
the Display menu. 

Experiment 

 Drag point E to a location on the 
bisector. 

Observe what happens to the circles 
and measurements when point E is located on the bisector. Look for 
reasons to explain what you see. 

 The line through point H perpendicular to the bisecting ray looks like it 
might prove useful. Construct it and make it dashed. 

 The bisecting ray needs continuation on the other side of point H. Find a 
way to accomplish this and make it dashed. 

+ Observe what happens to the circles if E is dragged to a location on any 
of the dashed lines. Look for reasons to explain what you see. 

Conclusions 

Q1. What kind of triangles are EHF and EHG?  
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 When the circles coincide, how are these triangles related? 

 Write down a reason that explains why this is true. 

Q2. Complete the following conjecture:  
“If a point E is the center of a circle tangent to both line AB and line CD, 
E is located  .” 

Q3. What happens to the circles if point E is located on ray n, the bisector of 
angle AHC. What is the reason for this? 

Q4. Explain what happens to the circles if point E is located on line o, the 
perpendicular through H to ray n. What is the reason for this? How is 
this reason related to your answer to Q3? 

Q5. Use your conjecture about the location of the centers to construct (using 
either Sketchpad or paper) several circles tangent to intersecting lines 
AB and CD. 

Explore More—Coins of Different Sizes 

Repeat the Sketchpad experiment of fitting circles so 
that they are tangent to intersecting lines but use two 
sets of circles with two different sizes. The figure at 
right shows two such circles correctly placed. 

Investigate how the ratio of the two sizes of the coins 
affects the relationship between the other lengths in 
the figure. 

Explore More—Parallel Lines 

This exploration has ignored the case of parallel lines. If two lines are 
parallel, where must the center of a circle be located if it is to be tangent to 
both lines? Show this in a sketch. 
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Exploration 5.3—Intersecting Strips and Centers of Tangent 
Circles 

Investigation 1—Within an Inch of a Line 

The distance from a point E to a line is the radius R of the circle with center 
E tangent to the line. The points inside the circle are precisely the points 
whose distance from E is less than R. 

Suppose that instead of being given a point, you are given a distance, say 1 
inch, and you want to find all the points located at that distance or less from 
a line. The purpose of this investigation is to find these points. 

Construction and Experiment (on paper) 

 With the straight edge of a ruler, draw a line from edge to edge on a 
piece of paper. Using your ruler for reasonably accurate measurements 
and a pencil for shading, shade in the region in which all points are 1 
inch or less from this line. 

Construction (with Sketchpad)—The Strip 

Imagine that you want to build a drive-in restaurant near a straight road. In 
order to be successful, the restaurant must be located within 100 feet of the 
road so that customers can see it. What are all the possible locations for the 
restaurant? 

You decide to drive down the road and note which locations are 100 feet or 
less from your car at each point. Then the set of all the locations is the col-
lection of possible sites for the restaurant. 

 Construct a line AB. 
This is the road. 

 Construct a point C 
on the line to repre-
sent the car. (In the figure, this point is relabeled as Car.) 

 In the figure (think of it as a map) use a distance of 1 inch to represent 
100 feet. Draw a segment DE and measure it in inches. Then drag an 
endpoint so that the segment is 1 inch long (or as close as you can get). 

A

B
Car

D E

m DE = 0.99 inches

 

Though the answer to 
the question may 
seem obvious, 
modeling the situa-
tion will lead to new 
insights. 

A

B
Car
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 Construct the circle whose radius is equal to the length of segment DE 
and whose center is at point C. Then construct the interior of this circle. 
The points on and in this circle represent some of the possible restaurant 
locations.  

Experiment 

+ Slide the point Car along the line to see how the circle interior slides over 
the possible restaurant locations. 

 To see this better, select the circle and its interior and choose Trace 
Objects from the Display menu. Now drag point Car again, dragging it as 
far as possible from side to side. 

+ Observe the shape of the shaded region that is traced. What geometrical 
objects are defined by the edge of this region? 

Conclusions 

Q1. Write a complete and precise description of the region traced by the 
circles. Similarly, describe the edges of this region. 

Q2. With Sketchpad, construct the objects that form the edge of the traced 
region. 

Q3. The set of points between two parallel lines is called a strip. The dis-
tance between the lines is called the width of the strip. Is the traced 
region in this experiment a strip? If so, what is its width? 

Explore More—Distance to a Segment 

When you created the car and traced the circle interior, you assumed that 
the road was a line that was straight and infinite. This is not always a realis-
tic assumption. What would happen if you wanted to locate your restaurant 
within a certain distance of a city block. In this case you would create the 
point Car on a segment not a line. 

Investigate this with Sketchpad to discover the shape of the set of points that 
are distance d or less from a segment. 

Once you have traced the shape and decided what this shape is, construct 
the edge of the shape as a geometric object. 

Investigation 2—Scripts for Strips 

In the preceding exploration you saw how to get a strip by tracing 
(smearing?) a circle interior along a line. The result suggests that if you want 
to locate your drive-in restaurant in a visible location along a straight road, 
you should place it within a strip close the road. 

To continue with the geometry of strips, you need some constructions, at 
least two of which are worth turning into scripts.  

You will find you 
have considerable 
freedom to make some 
of your own defini-
tions. Don’t rely on 
Sketchpad’s meas-
urement of distance 
from a point to a 
segment! 

This is in fact the 
reason for strip malls 
and strip develop-
ment along roads in 
many cities. 
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Construction—A Strip and Its Midline  

You can use either of two methods to construct a strip—one based on 
parallel lines and one based on perpendiculars.  

Parallel Construction 

 Start by constructing a line AB and a point C not on the line. Then con-
struct the line through C parallel to line AB. These lines form the edges of 
a strip.  

 Measure the distance from point C to the line. This is the width of the 
strip. 

Perpendicular construction 

 Construct segment AB and the two 
lines perpendicular to the segment 
through A and through B. These lines 
are parallel and form the edges of a 
strip.  

 Next, construct the midpoint C of the 
segment and the line through C perpendicular to segment AB. This is 
called the midline of the two parallel lines (or the center line of the strip). 
Make the midline a dashed line. 

Construction—Constructing a Strip from the Midline and a Point 

Recall the idea of the road in the center of the strip. You will begin with a 
line and construct a strip with this line as midline. You will turn the two 
constructions you create into scripts.  

 In a new sketch, start with a line AB and a point C. Construct the line 
through C parallel to line AB.  

The line through C will be one edge of the strip, and line AB will be the 
midline. 

 Now reflect the line 
through C across line AB. 
The line through point C 
and its reflected image 
form the edges of a strip 
with line AB is the midline. 

m

k

l

A

B

C

 

The scripts you’ll be 
creating here are al-
ready furnished with 
the book, so you can 
use those if you 
prefer. 

A

B

C
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  Label line AB midline. Then hide the label (not the line). 

 The next step is to make a script from this construction.  

Select all three lines and point C. (Do not select points A or B.) Choose 
Make Script form the Work menu. The script should have two givens, 
Point C and Straight Object midline. If you have additional points as giv-
ens, you probably had extra points selected; your script should work, but 
the givens will be different. 

Save the script as Strip By Center + Pt (Mac) or StripCP (Windows). 

Construction—Constructing a Strip from the Midline and a Length 

The preceding construction produces a strip from a line midline and a point 
on one edge. Do you see the resemblance between this script and the “Circle 
by Center+Pt” command in the Construct menu? 

The construction you will do next is analogous to Sketchpad’s “Circle by 
Center+Radius” command. You will construct a strip from a center line and 
a segment whose length is the half-width of the strip. 

 In a new sketch, start with a line AB and a segment CD  

 Place a point E on line AB. Construct a line through point E perpendicu-
lar to line AB.  

You need points whose distance from line AB is equal to the length of seg-
ment CD. These points will define the edge of the strip. 

 Select point E and segment CD and 
choose Circle By Center+Radius. 
Intersect this circle with the perpen-
dicular through point E to get points 
F and G. 

 Finally, construct the lines through F 
and G parallel to line AB. 

 Hide E, F, G, the perpendicular line 
through E, and also the circle. 

 To produce clear, descriptive labels in the script, relabel line AB as 
MidLine and segment CD as Half-Width. Also relabel the two lines 
parallel to the center as Edge 1 and Edge 2. 

 To make a script, select the visible lines and the segment, but do not 
select any of the points. Then choose Make Script. Save the resulting 
script as Strip By Center + Hwidth (Macintosh) or StripCH (Windows). 

Conclusions 

Q1. If a segment is drawn between two parallel lines, what is the relation 
between the midpoint of the segment and the midline of the two lines? 

 Draw a picture that makes this relationship clear. 

If a script has a com-
ment, the first line of 
that comment will be 
the title of the script 
as it appears in the 
script tool menu. Es-
pecially under 
Windows (where 
name length is 
restricted), it is help-
ful to comment the 
script with a descrip-
tive title. 
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 Write an explanation why this relationship is true. 

Q2. If you are given two parallel lines on a piece of paper (for example, two 
lines on a piece of notebook paper), show in an example how you could 
construct the midline. 

 Explain how you can construct the midline of two opposite edges of a 
sheet of notebook paper as a fold line by folding the paper in half. 

Q3. Start with two parallel lines in a Sketchpad sketch and construct the 
midline of the two parallels. 

Investigation 3—Ripples, Strips, and Inscribed Circles 

Given a line and a distance, you now know how to construct a strip with the 
line as its midline and the distance as its half-width. You have also seen that 
the edge of the strip consists of two lines parallel to the midline. Points on 
the edge are exactly the half-width distance from the midline. 

Now suppose you are given a second line and a strip for it with the same 
half-width as the first strip. Convince yourself of the truth of the following 
assertion. 

A point equidistant from two lines must lie on the edge of strips for 
both lines whose half-width is equal to the distance. 

The following construction models this situation. 

Construction—Strips for Two Intersecting Lines 

 In a new sketch, construct line AB and line AC. Also construct a segment 
DE whose length will be the half-width of the strips. Label this segment 
d. 

 Measure the length of d. 

 Use your script to construct two 
strips, each with half-width equal to 
length d, one having midline AB and 
the other having midline AC. In the 
figure at right the edge lines are 
dashed and the center lines thick for 
clarity. 

 Construct the four points of intersec-
tion of the dashed lines and connect the points with segments to form a 
quadrilateral. 

 
The script is Strip By 
Center + Hwidth 
(Macintosh) or 
StripCH (Windows). 
Use yours or the one 
provided with this 
book. 

d
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D E
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Experiment 

 Drag an endpoint of the segment DE and see how the strips grow and 
shrink.  

+ Observe that this is a kind of ripple effect that resembles the earlier 
ripple experiment with circles, but this time the ripples are straight lines, 
like waves being reflected from a straight shore.  

 For one of the four edge intersection points that are being traced, 
measure the distance to each line.  

+ Notice how these distances compare with the length d. Think about a 
reason for this. What would you expect to find if you measured the dis-
tances of the other intersection points to the lines? 

+ Look at the quadrilateral defined by the points of intersection. What kind 
of quadrilateral do you think this is? 

Notice how the center lines are related to this quadrilateral. 

 Make some measurements that test your conjecture about this 
quadrilateral. 

Tracing the intersection points. For each of the four intersection points, 
choose Trace Point. If you have a color monitor, your sketch will be 
clearer if you make these points a color different from the color of the 
lines. 

 Drag an endpoint of 
the segment d to trace 
the intersection points 
as the half-width grows 
from small to large. 
Repeat this tracing for 
a different angle 
between the two lines. 

+ This trace is a picture of 
the set of all points for 
which the distances to the 
two lines are equal. 
Conjecture what geometric objects this trace consists of. How can you 
collect evidence for your conjecture? 

 Construct the angle bisector of angle BAC. Then drag an endpoint of 
segment d to trace the intersection points. 

+ Observe how the angle bisector is related to the traces. 

d
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B

C

D E
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Construction—Adding Diagonal Lines to the Figure 

 Construct the diagonal lines of the quadrilateral by constructing lines 
through the opposite vertices. (Be sure to construct lines, not line 
segments.) 

Experiment 

+ Observe how the diagonal lines are related to the angle bisector. Look for 
reasons why this should be so. 

 Drag an endpoint of the segment d again and watch the relationship 
between the traces of the intersection points and the diagonal lines. 

+ Observe whether the diagonal lines move as the length d changes. Think 
about an explanation for this. 

Construction—Adding Circles to the Figure 

 For each of the four edge intersection points, construct a circle with cen-
ter at that point tangent to line AB. 

Experiment 

 Drag an endpoint of segment d and observe how the circles and their 
centers move. Also, drag points B and C to change the angle between the 
center lines and observe the appearance of the circles and traces for vari-
ous choices of angle BAC. 

+ Observe whether the circles are tangent to line AC. 

 Measure the radii of each of the four circles.  

+ Observe how these radii are related and look for reasons why this rela-
tionship holds. 

Conclusions 

For each question, assume that you are given lines AB and AC and two 
strips of half-width d as above. 

Q1. For a particular value of d, how many points are there whose distance 
from both lines is exactly d? Explain why this is true. 

 How can you construct these points?  

Q2. What is the shape of the quadrilateral formed by the points of intersec-
tion of the edges of the strips? Justify your answer. 

 Where do the midlines intersect the sides of this quadrilateral? 
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Q1. In the figure at right, draw the trace of the four 
points at distance d from the two lines (as d 
varies). 

 State what geometric objects are formed by the 
four traces and explain the relationship of these 
objects to certain angle bisectors. 

Q2. Why are the four circles in the preceding 
experiment congruent? 

Explore More 

In the preceding exploration you began with strips 
and found an interesting quadrilateral. Investigate 
what happens when you reverse this process. 

Begin with a special quadrilateral and construct 
lines and strips of equal width so that the vertices of 
the quadrilateral that you began with are the inter-
section points of the edges of the strips.  

What kind of quadrilateral do you need to make 
this work? 

Construction—Three Strips from a Triangle 

Given the observed connections between strips and angle bisectors, the time 
has come to see what happens with strips surrounding the three lines of a 
triangle. 

 Begin with points A, B, and C. 
Construct lines (not seg-
ments) through each pair of 
points to form a triangle with 
extended sides. 

 Construct a segment DE and 
label the segment d. 

 Construct the strip with half-
width d for each of the three 
lines as midlines. 

 Construct the three intersec-
tions P, Q, and R of edge lines 
for which the points are in-
side the triangle and turn on tracing for each of these intersections. 

 Measure the distance from point P to each of the sides of triangle ABC. 

 

 

You may either follow 
the construction steps 
provided here or use 
the sketch, TriStrip, 
provided with this 
book. 

d

A

B

C

P

R

Q
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Experiment 

 Drag an endpoint of segment d to trace the three points and see how the 
triangle PQR changes. Find a length of d such that the three traces pass 
through the same point. 

+ Investigate where this point is located inside the triangle. What happens 
to the three distance measurements where the three traces coincide? 
Think of a reason why this should be so. 

Construction—Intersection of Angle Bisectors and the Incircle 

 You saw in the experiment with two strips that the trace of an intersec-
tion point draws an angle bisector. Construct the angle bisectors of the 
three angles of triangle ABC. 

+ Observe that the bisectors, which coincide with the traces, appear to be 
concurrent. 

 Construct the point of concurrence by constructing the point of intersec-
tion of two (not three) of the bisectors. Label this point I. 

 Measure the distance of I from each side of the triangle. 

 Construct the circle with center I that is tangent to one of the sides of the 
triangle. This circle appears to be tangent to all three sides of triangle 
ABC, so it is called the inscribed circle of triangle ABC, or the incircle of 
triangle ABC. Point I is called the incenter of the triangle. 

Experiment 

+ Drag an endpoint of d again and study how the trace is related to the 
angle bisectors. 

+ Look for equal angles in the figure to explain why the trace and the angle 
bisectors are related. 

+ Observe how the three distances from I to the triangle sides are related. 
How does this explain why the incircle is really tangent to all three sides 
and not just one? 

 Move points A, B, and C around to form triangles of different shapes and 
repeat the tracing experiments. 

Construction—More Lines and More Concurrence 

So far you have traced three of the twelve points where edges intersect. In 
this construction you will trace the rest and look for more points where 
three edges come together.  

 Construct the remaining nine intersections of edges and choose Trace 
Point for each one. You may wish to color the points in a distinctive way, 
since the pattern of traces will be complicated. 

Experiment 

 Drag an endpoint of segment d and observe the new pattern of traces.  
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+ Notice how the four traces at each vertex are the same as in the two-line 
strip example that you did before, so you have a total of six lines drawn 
by the traces. 

 As you drag, look for points where three edge lines come together. 
Record the number of such points.  

Construction—Exterior Bisectors and Excircles 

You have seen in the two-strip exploration 
how to construct the lines corresponding to 
the traces of the intersection points. In con-
structing three angle bisectors you have al-
ready constructed some of these for the 
triangle sketch. 

 At each vertex A, B, and C, construct the 
line perpendicular to the angle bisector 
of the vertex.  

You have seen these lines before; they bisect 
the external angles of the triangle ABC. 

 These three lines form the (extended) sides of a new triangle. Construct 
the three vertices X, Y, and Z of this new triangle as intersections of pairs 
of these three external bisector lines. 

 Measure the distance of point X from each of the sides of triangle ABC. 

Experiment 

 How are the three distance measures from X to the sides related? Do you 
expect that the same is true of Y and Z? 

 Drag an endpoint of segment d and see how the twelve traces are related 
to the triangle XYZ. 

+ Notice how points X, Y, and Z are related to the three angle bisectors that 
you constructed earlier. How can you explain this in terms of distances 
from points to lines? 

+ Look again to find the points of concurrence of the three traces. How are 
these points related to points that you have constructed in the figure? 

Construction—Excircles 

You are about to put more circles in the figure. Whenever you have a point 
that is the same distance from each of three lines, then the circle tangent to 
one of the lines must be tangent to the others. You should have found three 
more such points in addition to point I. 

 For each of the points X, Y, and Z, construct the circle with center at that 
point tangent to line AB. These circles are called the excircles of triangle 
ABC. The points X, Y, and Z are called the excenters of triangle ABC. 
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Experiment 

 Drag the points A, B, and C to reshape the triangle and observe the 
extent to which the tangency properties of the incircle and the three 
excircles are preserved. 

 To complete the construction of the lines formed by the traces, you still 
need to construct the lines containing the three angle bisectors. Construct 
these lines as lines at A, B, or C perpendicular to the external angle 
bisector at that vertex. 

+ Observe the relationships in this whole complex figure and think about 
how the pieces fit together. 

Conclusions 

For each question, assume that you are given triangle ABC as in the above 
exploration. 

Q1. Given three lines that form the sides of an extended triangle, how many 
points are there for which the distances to each of the three lines are 
equal? 

 Based on your explorations, write a convincing explanation for your 
conclusion.  

Q2. Suppose you are given a point P and three lines. If the distances from P 
to each of the lines are all equal, is the circle with center P that is con-
structed tangent to one of the lines automatically tangent to the others? 

 Will this still be true if you are given a point P and four lines (and the 
distances from P to the lines are all equal)? Explain why or why not. 

Q3. Use the idea of distance to a line to explain why the angle bisectors 
(interior and exterior) are concurrent at the incenter and excenters of a 
triangle. 

Explore More—Strips and “Graph Paper” 

With a ruler draw a number of parallel lines so that the distance between the 
lines is the width of the ruler (in other words, they form strips of equal 
width). Now in the same figure and with the same ruler, draw another set of 
strips in this way (not parallel to the first ones). This figure looks like slanted 
“graph paper.” The lines divide the paper into quadrilaterals.  

Investigate what kind of quadrilaterals are drawn and also investigate how 
the diagonal lines of one of the quadrilaterals are related to the other ones. 
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Explore More—Quadrilaterals and Inscribed Circles 

You have investigated figures formed from two lines and three lines. If you 
form a quadrilateral from four sides, what happens if you have four strips 
and trace the loci of the intersections of edges?  

In general, will there be points that are equidistant from all four sides? If 
not, can you construct quadrilaterals that have such a point? 

Explore More—Circles Inscribed in Kites 

Construct a kite figure ABCD in Sketchpad. Then construct an inscribed 
circle in ABCD. Does the circle continue to be inscribed when you drag 
ABCD into other kite shapes? For what kites can you inscribe a circle? What 
happens in the other cases? 

A

C

D

B

A

C

D

B

 

Extended kites. If the sides of ABCD are extended, that is, if you consider 
the lines AB, BC, CD, and DA instead of the corresponding segments, is 
there more than one circle tangent to the four sides? 
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Explore More—Ripples and Strips 

In this chapter, centers of circles 
were found as points equidistant 
from two lines by intersecting strips 
of equal width. In Chapter 3, centers 
of circles were found as points 
equidistant from two points by 
intersecting ripples (circles of equal 
radius). Combine these ideas and 
make Sketchpad models using a 
combination of ripples and strips to 
find points that are centers of circles 
(1) passing through two given points 
and tangent to one given line or (2) 
passing through one given point and 
tangent to two given lines. (Here you 
will solve the problems visually by 
dragging, but not with a true con-
struction. The next section provides a 
construction for one of these prob-
lems; the other will be solved in 
Chapter 8. Some of the traces that 
you find will appear again in the 
next chapter.) 

Explore More—Construct a Circle Through a Point and Tangent to Two Lines 

Given two rays BC and BD and a point A inside angle CBD, construct a 
circle that passes through A and is tangent to the two rays. 

One method for solving this problem uses the idea of dilation. To see dila-
tion in action, in a new sketch draw a circle MN and a point P. Mark P as 
center and trace the circle by dragging with the dilation arrow tool. The 
trace of circles is the same one you see when dragging circles tangent to two 
lines. Trace a point on the circle as it is dilated. This trace lies on a line, and 
this is a key to this construction—objects in the solution circle are dilations 
of corresponding objects in any circle constructed tangent to the two rays. 

k

A B

 
(1) The circle pass through points A 
and B, and is tangent to line k. 

j

k

D

 
(2) The circle passes through point D 
and is tangent to the two lines. 
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Take any point T on ray BC and con-
struct the circle through T tangent to 
both rays. Construct line AB and inter-
sect it with the circle to obtain points 
U and V. Drag T so the circle passes 
through A; this is a dilation of the cir-
cle with center B even though it is not 
done with the dilation tool. There are 
two such circles through A, depending 
on whether U or V is the point dilated 
to A. Solve the construction problem 
by constructing the points of tangency T’ and T’’ of the solution circles. 
These points are on lines through A parallel to TU and TV. 

Carry out the rest of this construction and explain the details of why it 
works. 

Explore More—Construct Common Tangents to Two Circles 

Given two circles AB and CD, find 
the common tangent lines.  

The key to this problem is to find 
the point J where the tangent lines 
intersect. But this point J can be 
viewed as the center of a dilation 
that takes one circle to the other, 
so J is collinear with any points in 
the two circles corresponding by 
the dilation. Thus take any line 
through A and intersect with circle 
AB and intersect a parallel line 
through C with circle CD. Intersect 
the line of centers with a line con-
necting a pair of intersection 
points to find J. 

Once J is constructed, just con-
struct the tangents to either of the 
circles through J, and they will 
automatically be tangent to the 
other circle. 

Note: By connecting a different 
pair of the intersection points, you can find another point that is the center 
of a dilation and is the intersection point of the common internal tangents, if 
they exist. If one circle is interior to the other, the two centers of dilation 
exist, but there are no common tangents. 

A

B

C

D
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V
T’’
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Carry out this construction and study the situations when no common 
tangents exist, two common tangents exist, or four common tangents exist. 

Design Challenge 

Construct some designs using inscribed circles together with other con-
structions. Use these designs as models or think of your own ideas. 
Consider creating and using scripts or using transformations to save time on 
repetitive tasks. 
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Chapter 3: Circle Constructions 
with Conic Connections 

Here you will encounter the strategy of divide-and-conquer and the tool con-
cept of a locus in geometry, and you will use them to summarize the geomet-
ric properties covered in the first five chapters. 

New strategies allow for new constructions, and at the end of the chapter, 
you will discover some surprising connections between circle constructions 
and the curves called conic sections. 

Exploration 6.1—Sets and Loci and Strategy for 
Constructions 

This section reviews problem-solving tools and tech-
niques, with a step-by-step review of the circumcir-
cle as an example. 

 

Exploration 6.2—Special Case: Looking for 
Diameters 

In this section, a new construction of a circle is 
carried out step-by-step as an example of general 
problem-solving strategy. The example is the con-
struction of the circle through a point A that is tan-
gent to a line at a given point T. 

 

Exploration 6.3—What Is Known About Loci of 
Centers 

The section presents a summary table of the loci of 
centers of circles introduced up to this point and 
some new loci that have not yet been discussed. The 
investigation inquires into the nature of the new or 
less familiar loci. The questions apply some of these 
loci to construction problems. 

 

Exploration 6.4—Conic Connections 

It is revealed that the locus of centers of circles con-
structed in Exploration 6.2 is a parabola. Parabolas 
and the other conics—ellipses and hyperbolas—are 
introduced. The second Investigation explores a 
locus of centers of tangent circles that is either an 
ellipse or a hyperbola, giving the “paper-folding” 
construction of these conics.  
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Teaching Notes 

The focus of the first three explorations is to review and strengthen under-
standing of methods of construction, from a new vantage point. The last ex-
ploration contains surprising applications of these circle constructions to the 
study of conic curves. 

Exploration 6.1—Sets and Loci and Strategy for Constructions 
Exploration 6.2—Special Case: Looking for Diameters 

The construction problem in 6.1 is all review, so the focus is on thinking 
about the reasons for the steps. Depending on what has gone before during 
computer lab time, this construction can move quickly or be omitted, and 
the focus can be on the new construction in 6.2 and the problems. The con-
structions can be reviewed afterwards and can also be carried out on paper. 

Exploration 6.3—What Is Known About Loci of Centers 

This section, being a table of results, will occupy a great deal of time if stu-
dents review all the cases together. This would be a good section to divide 
up among groups of students who can produce examples, discover the na-
ture of a locus, and report on the results. Alternatively, a class could focus 
on a few main results together to begin with and possibly return to more of 
the ideas in the section at a later time. 

Exploration 6.4—Conic Connections 

The investigation of conic loci depends more heavily on the use of Sketch-
pad exploration than the other activities of this chapter. The manipulation of 
the loci is a powerful introduction to conics. 

The constructions used are already familiar from 6.2, but understanding the 
nature of the loci of centers is a new development. The tangent lines of the 
conics can also be constructed by paper-folding; the folds are the perpen-
dicular bisectors that form the tangent lines. 

You can conduct this exploration informally, just to get a look at ellipses and 
hyperbolas, or you can use it as the beginning of a deeper study of conics. 
The questions and the Explore More sections suggest a number of directions 
for student inquiry or projects. 

The construction in 
6.2 is needed in 6.4. 

This is the most sub-
stantial guided explo-
ration of this chapter. 
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Exploration 6.1—Sets and Loci and Strategy for Constructions 

In previous chapters you have in-
vestigated geometric situations and 
developed an understanding of 
them using visualization techniques. 
With this understanding you have 
discovered constructions for certain 
sets of circles and points. 

For example, you found the unique 
circle passing through three points 
using your understanding of the set 
of centers of the circles passing 
through two points.  Similarly you 
found circles tangent to three lines through an understanding of the set of 
centers of circles tangent to two lines. 

These two examples illustrate a problem-solving technique that is useful in 
geometry and other areas of mathematics: To find a particular object, first 
investigate the properties of the collection of objects to which it belongs; 
then ask what is special about the object you want. 

Discussion 

The Word Locus in Geometry 

In mathematics, the word set and the general concept of a set of objects are 
only a little more than one hundred years old. However, the idea of sets of 
special points was used in geometry more than two thousand years ago by 
the Greek geometers. 

The word used for this ancient idea in geometry is the Latin word locus. A 
locus of points is a set of points. 

For example, consider the following rephrasing, using locus terminology, of 
a fact you discovered in Chapter 3.  

The locus of centers of the circles through points A and B is the 
perpendicular bisector of the segment AB. 

Sets of circles and lines are useful geometric concepts. The Sketchpad Locus 
command will draw both these sets, but in this book the word locus will 
always refer to a set of points in the plane. 
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A locus of points is simply a set of points. One often speaks of the 
locus of points in the plane, in three dimensions, or on the sphere. 
The word locus is an ancient word used to express the idea of this 
kind of set. Because of its Latin origin, the plural form of the word 
locus is loci (pronounced “low sigh”; one locus, two loci). 

Investigation—The Circumcircle Using the Language of Loci 

Consider how using the language of loci helps solve the problem of con-
structing a circumcircle of a triangle. Here is the problem: Let A, B, and C be 
three points in the plane. Construct a circle that passes through A, B, and C. 

Restating the Problem by Divide-and-Conquer 

Break down the problem into two subproblems: 

1. To construct a circle through points A and B 

2. To construct a circle through points B and C 

This is an example of the divide-and-conquer method. Any solution of the 
original circumcircle problem is automatically a solution of (1) and (2). Also, 
if you have a solution for both (1) and (2) simultaneously, then you have a 
solution to original problem. (Can you say why?) 

Solving (1) is easy because you know that the locus of centers of circles through 
points A and B is the perpendicular bisector of segment AB. These circles are 
precisely the solution circles of (1). 

By the same token the locus of centers of circles solving (2) is the perpendicular 
bisector of segment BC. 

Construction—Constructing the Two Loci 

 Begin a new sketch. Construct triangle ABC and the perpendicular 
bisectors of segments AB and BC. 

The center of the solution circle must be the point 
of intersection of the perpendicular bisector of AB 
and the perpendicular bisector of BC. Label this 
intersection point X.  

You saw earlier that if the circle solves (1), then 
|AX| = |BX|, and if the circle solves (2), then 
|BX| = |CX|, so all three distances are equal, and 
this distance is the radius of the circle. 

 Construct the circle with center X through point B. 

Experiment 

+ Observe that the circle passes through the other two points A and C.  

The two loci of 
centers are two 
perpendicular 
bisectors. The center 
of a circle solving (1) 
and (2) must have its 
center at the intersec-
tion of the two loci. 

A

B
C

X
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+ Observe what happens to the center of the circle (and the circle) when 
you drag some of the points A, B, and C so that they are approximately 
collinear. 

Construction—Circumcircle Script 

Carry out this construction with Sketchpad and use your work to create a 
script Circle Through 3 Points (Mac) or 3PtCirc (Windows) that will take 
three points as givens and construct the circle through the points. You may 
want the script to hide the construction lines. 

Conclusions 

Q1. Write an explanation of why the circle through point B with center X 
also passes through points A and C. 

Q2. Why does this construction not work if the points A, B, and C are 
collinear? 

Q3. Explain why the perpendicular bisectors of segments AB and BC must 
intersect if points A, B, and C are not collinear. 

Reflection—Analysis of This Strategy for Constructing a Circle 

The first step in constructing a circle is often to find the circle’s center, and 
you can often find the center by using the divide-and-conquer strategy to 
work on subproblems. Typically, each subproblem provides an infinite set 
of circles as solutions, and the locus of the centers of these circles is a simple 
geometric object such as a line or circle. 

The circle that solves the original problem must be a solution to all the sub-
problems, and thus its center must be contained in each of the loci of centers 
coming from these solutions. In set language, the center must lie at the 
intersection of these loci of centers. 

In the circumcircle case, the locus of centers solving subproblem (1) was the 
perpendicular bisector of segment AB, and the locus of centers solving sub-
problem (2) was the perpendicular bisector of segment BC. The center of the 
solution of the circumcircle had to be X, the only point of intersection of 
these two perpendicular bisector lines. 

Conclusions 

Q1. Circumscribing a circle about a quadrilateral. Draw points A, B, C, 
and D in a new sketch and construct line segments to form 
quadrilateral ABCD. Try using the divide-and-conquer strategy to 
construct a circle passing through all four points. Divide the problem 
into two subproblems: (1) the circle must pass through points A and B, 
and (2) the circle must pass through points C and D. 

You may already have 
made this script in 
Exploration 3.3. 
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 a. Where must the center of a circle be if it solves both (1) and (2)? 
Describe this location as the intersection of two lines. 

 b. Can you construct a circle with this center which circumscribes the 
quadrilateral in all cases? What do you observe when you try this 
experiment? 

 c. Explain why this approach works or does not work. What are the 
differences between this problem and the problem of circumscribing a 
triangle? 
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Exploration 6.2—Special Case: Looking for Diameters 

Look again at the circumcircle construction, and note that the two sub-
problems each limit the desired center to a certain line—a perpendicular 
bisector. But if a line passes through the center of a circle, it is a diameter 
line for that circle. What’s more, two distinct diameter lines must intersect at 
the center of the circle. 

In the circumcircle construction, subproblems (1) and (2) each implied that a 
certain line was a diameter line. Knowing two diameters, you know that 
only one point could be the center of the desired circumcircle. 

Summarizing, you discover a simple rule for constructing a circle that is a 
special case of the general locus method. 

Method of Diameters. To construct a circle, try to find and identify 
diameter lines. Two diameter lines intersect at the center of the circle, 
so the center of the desired circle is known if two distinct diameters of 
it can be constructed. 

Investigation—Constructing a Circle Through a Point A and Tangent to a Line 
at Point T 

You are given a point A and a point T on a line. 
The problem is to construct a circle passing 
through point A tangent to the line at point T.  

Construction Using the Method of Diameters 

 In a new sketch draw a point A and a line BC. 
On the line place a point and relabel it as T. 

The method of diameters suggests  two 
subproblems:  

(1) How to find a circle through point T tangent to the line 

(2) How to find a circle through points A and T. 

Each fact about the circle tells you that a certain line is a diameter. 

A

B

C

T

 

A

B

C

T

 
Solutions to (1) yield circles whose 
centers are on the line through T 
perpendicular to line BC. (This 
perpendicular line is the thick line in the 
figure.) 

Solutions to (2) yield circles whose 
centers are on the perpendicular bisector 
of AB. (The perpendicular bisector is the 
thick line in the figure.) 

T

A
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 Putting solutions to the two subproblems 
together, the center of the desired circle is the 
intersection of the perpendicular to BC 
through T and the perpendicular bisector of 
AT. Construct these lines. 

 Let P be the intersection of these lines. 
Construct the circle with center P through A. 

+ Observe that this circle also passes through 
T. 

Experiment—Interesting Traces 

The preceding figure will be explored in depth in Exploration 6.4—Conic 
Connections, but in the meantime you can discover some interesting prop-
erties of this figure by tracing some of the points, lines, and circles as you 
drag point T along the line. 

 Trace the midpoint of segment AT as you drag T. Conjecture what 
geometric object describes this locus. 

 Trace the point P as you drag T. Make a conjecture about the locus of 
point P. 

Conclusions 

Q1. Why does the circle constructed through point A also pass through 
point T? 

Q2. What is the trace of the midpoint of AT as T is dragged? Write down a 
conjecture and then give a reason why it is true. 

Q1. Circle tangent to a circle. Let T be a point on a 
circle and let A be a point in the plane. Con-
struct the circle through point A tangent to the 
circle at point T. Hint: Use the method of 
diameters. 

 Trace the center of the new circle as you drag 
point T. Describe this trace. 

A

B

C
T

P

 

A

B
C

T  
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Exploration 6.3—What Is Known About Loci of Centers 

Explorations 6.1 and 6.2 used several facts about centers of circles. This sec-
tion summarizes some of the knowledge developed in earlier chapters about 
centers of circles and expresses it in the language of loci. Though these 
statements may seem complicated, they are worth understanding. 

Investigation—Revisiting Some Loci of Centers 

The summary is in the form of a table. Entries in the left column describe a 
family of circles, and the right column contains a statement describing the 
locus of centers of such circles. 

Some statements on the right exclude some special points. For example, a 
circle tangent to line m at T has its center on the line through T perpendicu-
lar to line m; but point T itself is on this line but is not a center of a circle (for 
the circle would have radius 0). 

This exploration asks youto draw and explore the figures that correspond to 
the statements in the table. Instructions are not given in step-by-step 
fashion, since you have already studied some of these figures.  

 The Circle The Locus of Centers 

1. Circles passing through two 
points A and B 

The locus of centers is the 
perpendicular bisector of 
segment AB. 

2. Circles tangent to line m at 
point T 

The locus of centers is the 
line through T perpendicular 
to m except for the point T 
itself. 

3. Circles tangent to a circle at 
point T 

The locus of centers is the 
diameter line of a circle 
through T except for point T 
itself. 

4. Circles with radius r and 
passing through point A 

The locus of centers is the cir-
cle of radius r with center A. 

5. Circles with radius r and 
tangent to line m 

The locus of centers is the 
edge of the strip of half-
width r with center line m. 

6. Circles tangent to two lines m 
and n intersecting at point O 

The locus of centers is the 
two perpendicular lines bi-
secting the angles defined at 
O by m and n except for point 
O itself. 
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Exploration 

 Make a sketch that illustrates the 
circles and the locus of centers 
described in each row of the table. 

As examples, two figures are given 
here. Which rows of the table do 
they illustrate? 

+ Observe and note why the state-
ments about the centers are true in 
each case. 

+ Observe whether in each case there 
are special points that are not 
centers. 

Conclusions 

Q1. Discuss and write down reasons 
why the statements about the loci 
of centers are true. Where have 
you studied these loci (with differ-
ent words, perhaps) earlier in the book? 

Q2. For each locus that has special, excluded points, explain why those 
points must be excluded from the locus. 

Q3. Can you reverse the process? If P is a point in a locus in the right col-
umn, explain, for each row of the table, how you can find a circle with 
the property on the left.  

Q4. Add two rows to the table by completing the following entries. 

7. A circle with center P is tan-
gent to two parallel lines m 
and n. 

The locus of centers P is … 

8. A circle with center P is 
tangent to two rays m and n 
with the same endpoint O. 

The locus of centers P is … 

Construction Problems 

Q1. Circle through points A and B with given radius. Use the locus method to 
solve this problem with Sketchpad: Let A and B be points and let CD be 
a segment of length d. Construct a circle through A and B whose center 
is distance d from C. (Construct all such circles; how many are there?) 
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Q1. Tangent circles of 
radius d. Given lines 
AB and AC and a 
segment of length d, 
show how to con-
struct all the circles 
with radius equal to 
d that are tangent to 
both of the two 
lines. How many such circles are there? 

Q2. Tangent circles through A with fixed radius. Given a line j, a point A, and a 
segment of length d, construct all the circles of radius d through A 
tangent to j.  

 After you have made the construction, trace the center(s) of the tangent 
circle(s) as you change the length of segment d. Describe the resulting 
trace. 

Q3. Center of a coin. With Sketchpad, construct a circle with center A 
through B and then copy the circle (but not A or B) and paste it in a new 
sketch to get a “coin” circle with no visible center. Show how to con-
struct the center of this “coin” circle. 

Circle orthogonal to a circle. Two circles are 
said to be orthogonal (this means “at 
right angles to each other”) if the tan-
gents at the points of intersection are 
perpendicular. In other words, circle 2 is 
orthogonal to circle 1 at point C if the 
center of circle 2 is on the tangent line to 
circle 1 at C. The figure shows a trace of 
circles orthogonal to circle AB at point C. 

 

 In a new sketch, construct a circle 
with center A through B. Let C be 
a (random) point on the circle and 
let D be any point in the plane. 
Construct the circle through D 
orthogonal to the circle at point C.  

 Given two points C and D on a 
circle, construct a second circle 
orthogonal to the first circle at 
both C and D. 

d

A

 

A

B
C

 

A
B

C

D
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Exploration 6.4—Conic Connections 

In exploration 6.2 you constructed a circle through a point A tangent to line 
BC at point T. The locus of centers of this circle as T moves along the line 
contains some surprises. 

Investigation 1—Circles Through a Point Tangent to a Line 

Construction 

 Begin with the construction from exploration 
6.2, shown again at right. If you have a color 
monitor, color the lines PT and the perpen-
dicular bisector m different colors. 

Experiment 

 Trace the circle as you slide point T to see a 
picture of the set of all circles through point 
A tangent to line BC. 

 Now turn off tracing for the circle and turn on tracing for the center of 
the circle. Drag point T to see the trace of the centers. 

+ Observe the shape of the trace. Is it a familiar object? What features do 
you notice about this trace. 

 Measure the distance from P to A and the distance from P to line BC. 

+ Observe the relationship between the distances as you drag point T. 
Look for a geometric explanation of what you see. 

 In order to see the locus of centers more dynamically, turn off Trace for 
the center and construct the locus of centers with Sketchpad: first select 
point P, then select point T, and then choose Locus from the Construct 
menu. 

 The constructed locus does not disappear when you click, so you can 
drag point A or line BC and see how the shape of the locus changes as 
the locations of A and BC change. 

+ To complete the picture, observe how the perpendicular bisector m is 
related to the locus of centers. Drag T and watch how the line m slides 
along the locus. Does the locus ever cross line m? 

 Another way to see the relationship between line m and the circle locus 
is to trace the perpendicular bisector m. Select line m, turn on tracing for 
it, and drag point T. 

+ Observe the edge of the pattern of lines to see how it is related to the 
locus of the centers of the circles. 

A

C
T

P

 

If dragging feels slow, 
you can speed things 
up by reducing the 
number of points in 
the locus. Double-
click on the locus with 
the Info (Question 
Mark) Tool and enter 
the number of points 
you want in the locus. 
If your locus does not 
look as smooth as you 
want, you can 
increase the number 
of points. 
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Conclusions 

The parabola with point A as focus and line BC as directrix is the 
set of points Q for which the distance QA equals the distance from Q 
to line BC. 
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Q1. Given the definition, explain from the geometry of the figure why the 
locus of centers of circles through point A tangent to line BC is a 
parabola. 

Q2. Tangents to a circle have been defined earlier. Write your definition for 
a tangent to a parabola and state whether the perpendicular bisector m 
is a tangent to the parabola. 

Q1. As shown at right, a circle with center P 
passes through point A and is tangent to 
a line at point T. Line m is the perpen-
dicular bisector of segment AT. A second 
circle with center Q also passes through 
point A and is tangent to the line at U. 

 Why must point Q be on the same side of 
line m as A? 

 Hint: Since m is the perpendicular bisector of segment AT, then point Q 
is on the same side of m as A when |QA| <|QT|. 

Q2. If the parabola is drawn on graph paper, and the directrix is the x-axis, 
and the focus is the point (0, a) on the y-axis, what is the equation of the 
parabola? (If you like, you can choose Create Axes from the Graph 
menu and move the focus and directrix into the given positions to 
study this problem.) 

Explore More 

Graphs 

Construct a parabola by graphing quadratic functions such as 

y  cx2  

in Sketchpad (where c is a measurement of a length) and then use geometry 
to construct the directrix and the focus. 

Ripples, Strips, and Parabolas 

A parabola is defined as the set of points that are equidistant from a point 
and a line. You can express this equality geometrically another way by say-
ing that a point on the parabola is the intersection of a ripple, a circle of 
radius d, and the edge of a strip of half-width d. Model the locus of such 
intersections with Sketchpad, in the spirit of earlier ripple and strip sketches. 

m
A

T

PU

Q

 

Ripples were defined 
in Chapter 3, strips in 
Chapter 5. 
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Let the directrix line in the model be the x-axis of the coordinate system and 
see how to derive the equation of the parabola from the coordinates of the           
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focus point. How does this model differ as a Sketchpad locus from the con-
struction given in this section? 

Optics 

Mirrors in the shape of parabolas are used to focus light from very distant 
objects such as stars. Imagine light rays parallel with line PT and explore 
how they reflect from the parabola. (Hint: Use the tangent line to the parab-
ola to find the direction of the reflected light.) 

Investigation 2—Circles Through a Point Tangent to a Circle 

This investigation parallels the parabola construction, but this time you will 
get some other interesting curves. 

The problem is this: Given a point A and circle BC, if T is a point on the 
circle, construct a circle through A tangent to circle BC at T. (You may al-
ready have done this construction as a problem.) 

Construction 

 Begin with point A and circle BC. Place A outside 
circle BC. Construct a point on the circle and re-
label it T. 

Since the desired circle will be tangent to circle BC at 
T, its center must be on line BT. (In other words, line 
BT is a diameter line.) The center of the desired circle 
is also on the perpendicular bisector of AT, since the 
circle passes through both A and T. 

 Construct line BT and the perpendicular 
bisector of AT. Construct point P as the 
intersection of these two lines. 

 Construct the circle with center P through A. 

 Select the point T and circle BC. Create an 
animation button by choosing Action Button 
from the Edit menu.  

Experiment 

This experiment is similar to the experiment for 
the parabola. This time you can double-click the Animation button to move 
point T instead of dragging it. 

 Trace the second circle as point T moves around the original circle. 

+ Under what conditions is the second circle inside the first circle? Simi-
larly, under what conditions is it outside the first circle? Under what 
conditions does the second circle not exist? 

 Turn off tracing for the circle and trace the midpoint of segment AT as 
point T moves around its circle. What do you conjecture this trace is? 

A

B
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 Trace point P as point T moves around its circle. 

+ Observe the trace of point P, the locus of centers. Notice how the per-
pendicular bisector of AT is related to this locus. 

+ Observe the relationship between the trace of the midpoint of segment 
AT and the trace of point P. 

 Measure the distance from P to A, the distance from P to B, and the 
radius BC. 

+ Observe these three distances as you drag point T. Conjecture a relation-
ship among the distances and look for a geometric explanation of what 
you see. 

 Turn off tracing for the center and construct the dynamic locus by 
selecting points P and T and choosing Locus from the Construct menu. 

 Drag point A around outside the circle and then move it inside the circle. 

+ Observe how the locus changes as point A moves inside the circle. 

+ Observe the difference in the relationship among the three distances 
when point A is inside the circle and to when it is outside the circle. 

 Trace the perpendicular bisector of segment AT when A is inside the 
circle and when it is outside. 

+ What relationship does the perpendicular bisector have to the locus? 

 It is possible to use the Locus 
command to construct a picture 
of the set of perpendicular 
bisectors. Turn of the tracing of 
the line. Select the line and 
point T. Choose the Locus 
command from the Construct 
menu. 

+ Observe the shapes this locus of 
lines forms for various positions 
of point A. 

Conclusions 

The locus of centers in this con-
struction is also a conic curve, but in this case it is either a hyperbola or an 
ellipse. 

A hyperbola with focus A and focus B is the locus of points P for 
which the difference of distances |PA| – |PB| is a constant.  

A

B

C

T

E
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This construction of a 
conic as an envelope 
of lines is called the 
paper-folding con-
struction of the con-
ics. Draw a point A 
and a circle on paper. 
The perpendicular 
bisector lines can be 
formed as the creases 
of folds that superim-
pose point A onto a 
point of the circle. 
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An ellipse with focus A and focus B is a set of points P for which the 
sum of distances |PA| + |PB| is a constant.  
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The three kinds of conic curve are the hyperbola, the parabola, and 
the ellipse. 

Q1. Explain why the locus of centers in this figure is either a hyperbola or 
an ellipse. What is a geometric interpretation of the constant relating 
the two distances to the foci? 

Q2. When point A is outside the circle, there are two positions for point T 
such that as T approaches these positions, the center point P heads off 
towards infinity and becomes undefined. What are these two positions 
for T?  

 Explain this behavior for P at these special points. 

Q3. What is the locus of midpoints of AT? 

 What is the size of this locus? 

 How is this locus related to the locus of P? What light does this rela-
tionship shed on the size or shape of the P locus? 

Explore More 

Other Properties of the Ellipse 

The conics are a whole field of study worthy of a book in themselves.* The 
paths of the planets and other physical paths are described by conics. Here 
are two of the many directions in which to explore these curves. 

A Conic Through a Point 

Instead of starting with a circle, begin with two points A and B and a point 
C. Is there an ellipse through C with A and B as foci? Show how to construct 
this ellipse. Is there also a hyperbola through C with the same foci? Hint: 
Think how to construct the circle used in constructing the conics.  

Optical Properties 

If you consider the ellipse as a mirror, light shining from one focus is 
reflected by the ellipse to the other focus. You can model this with Sketch-
pad using the tangent line you constructed in the preceding investigation.  

Graphing 

You can graph ellipses and hyperbolas using (x, y) coordinates or polar co-
ordinates. Explore the connection between the graphs and the geometry. 

                                                 
* Scher, Daniel, Exploring Conic Sections with The Geometer’s Sketchpad, Key Curriculum 
Press, 1995. This entire book deals with ways to construct conics and explore their 
properties. 
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Circles Tangent to Two Circles 

In this section you have constructed circles 
through a point and tangent to one circle. Fig-
ure out how to construct circles tangent to two 
given circles. Determine the locus of centers of 
these circles. 

If you examine the demonstration sketch of 
this that accompanies the book, you will see 
that it uses a trick. The smaller circle is shrunk 
to a point, and the bigger circle is shrunk by the radius of the smaller circle. 

 Investigate the locus of centers in this case. Is it still a conic? 

 The demonstration only works when the two circles are exterior to each 
other. Can you make a construction that will work in other cases? 

Curve Stitching 

The curve outlined by this curve stitching is a conic 
curve. Which kind is it? The stitching was made in the 
equilateral triangle as a locus of a segment constructed 
from D, a point on AB. Begin with D and construct 
three congruent circles at A, B, and C and construct 
the smaller triangle as shown. The three loci of the 
segments that are the sides of this triangle form the last figure. 
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Design Challenge 

Make a design with multiple conic loci or loci of segments, lines, or circles. 
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Circle Tan to 2 
Circles (Mac) or 
CircTan2 (Windows) 
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