Geometry Through the Circle ©1996 Key Curriculum Press The Geometer’s Sketchpad 1






Chapter 1: Arc Angles and Turns

You must be using
Version 3 (or later) of
Sketchpad for the
investigations in this
chapter.

An angle BAC is usually defined as a figure made of the two rays AB and
BC, but angles also appear as arcs of circles or as angles of a rotation. This
chapter explores some relationships between angles and rotations, and
between turning, exterior angles, and arc angles.

A key result is that the total turn around many geometric figures is 360
degrees, and you can use this fact to explore a number of important angle
relations.

Exploration 7.1 — Arcs and Rotation

This exploration begins with drawing arcs as paths of

rotated points and ends with the geometry of pie

charts. It makes connections between the shape and

length of an arc and its central angle. A multiple of i1

appears as the slope of a graph. _arclengthal

m OE

=0.391

Exploration 7.2—Turtle Turns and Change of
Direction

Directions in the plane at different locations are
compared by translating the rays representing the
directions.

The change of direction of moving rays is applied to
study the sum of the exterior angles of a polygon,
using an animated direction ray as a “turtle” traveling
the polygon. (The idea of the turtle comes from the
Logo programming language.)

Exploration 7.3 —Turns of Arcs

The total turn of an animated turtle ray is ex-
tended to circles and sectors, leading to the inter-
pretation of arc angle as a turn. The idea of the
turn of an arc is applied to rounding off corners
of a polygon and constructing bends in highways
and printed circuits.
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Teaching Notes

The chapter begins by viewing an arc angle as a central angle of rotation and
ends with the idea of arc angle as a turn angle.

Exploration 7.1 — Arcs and Rotation

+

This is the key inves-
tigation of this
exploration.

Investigation 1. The key result is that two arcs are similar if they have the
same central angle. The study of ratios in these similar figures provides a
discovery introduction to I, arc length, and area formulas that you can ex-
pand by using examples and more details from a textbook. Different groups
of students can work with different angles of rotation.

Investigation 2. The area and length properties of arcs are explored further in
pie charts, which you can augment with charts from newspapers and
magazines.

Exploration 7.2 —Turtle Turns and Change of Direction

The concept and tech-
nique for comparing
angles between rays
by translating one or
both of them is a key
tool.

+

Investigation 2 is the
key investigation of
7.2, but it depends on
a brief introduction to
the ideas in Inves-
tigation 1.

Investigation 1. You can shorten this lab by saving the more reflective ques-
tions at the end of the experiment for pencil-and-paper investigation and
class discussion.

This investigation is accessible to students who have not seen translations
before, but in this case a few more simple examples may be enlightening.
This is a good, simple application of translations.

Investigations 2. The travel of the ray around a triangle or a polygon is
striking to watch as a demo even without the rest of the investigation. The
triangle case is done in detail; the important generalization to general
polygons is left as an Explore More.

These investigations work well using demo sketches rather than the full
construction. If students do the constructions, the Turtle Meter script can
shorten the repetitive work.

The Explore More about trapezoids is a short supplementary exercise. The
Explore More about star polygons is substantial and includes project ideas.

Exploration 7.3 —Turns of Arcs

A quick tour of the
animation of Investi-
gation 1 gives the best
picture of the idea of
arcs and turning. The
constructions with
tangent rays in Inves-
tigation 2 will be used
in later work.

Investigation 1. This works well with the demo sketch; students can analyze
the turns for travel around a sector using various choices of arc angle.

Investigation 2. The mathematical ideas of this investigation are the same as
in Investigation 1, but the constructions use tangent rays.

Investigation 3. The main value of this investigation is to reinforce central
ideas through interesting construction problems that connect to real-life
applications.
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Exploration 7.1—Arcs and Rotation

Turning and changing direction is an important part of daily experience.
You turn a corner, turn around, or turn your bicycle. You turn a steering
wheel to change a car’s direction. In this section you will examine how

turning and the geometry of arcs are related.

But first, you need a couple definitions.

An arc is the part of a circle on
one side of a secant line cutting
the circle. Any two points C and
D on a circle define two arcs. If
CD is a diameter, the two arcs
are semicircles. Otherwise there
are two arcs, the shorter of which
is called the minor arc defined by
C and D and the longer of which
is called the major arc defined by
C and D.

Investigation 1—Rotations and Arcs

In Version 3, a short-
cut for marking A as
center is to double-
click it.

To rotate the points
by the marked angle,
select them and
choose Rotate from
the Transform menu.
Before pressing the
OK button, make sure
that the By Marked
Angle option is
chosen.

Construction — Arcs

Minor arc

\

Major arc

In this investigation you will rotate points using the Rotation command and

construct arcs using the Arc on Circle command.

e Construct rays AB and AC to form an angle. Select points B, A, C in that
order and choose Mark Angle BAC from the Transform menu.

e Place a free point and label it
O. This point will be the
center of rotation. Mark
point O as center using the
Mark Center command in
the Transform menu.

Place four additional points
E, F, G, and H. Rotate them
all by the marked angle.
This should produce four
new points E’, F’, G’, and H'.
Construct an arc by selecting
center points O, E, and E’ (in
that order). Then choose Arc
on Circle from the Construct

Geometry Through the Circle
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Exploration 7.2—Turtle Turns and Change of Direction continued

mendu.

Do this for the points F, G, and H as well to get four arcs.

Experiment
Drag point C to change the angle of
rotation. c
Observe how the arcs grow along the —o5——
path of the points E’, F, G’, and H” as A
point C is dragged counterclockwise
from ray AB. Also observe how the arcs o5

Which arc is bigger? e
One measure of an

arc’s size is its arc

length. Arc length .
measures the length

of a tape measure

pulled tight against ~ +
the outside of the arc.
Arclengthisa

distance and its units

are distance units like
inches and

centimeters.

behave if C is dragged clockwise until it A
lies below ray AB, as shown in the

lower figure at the right. How do you

explain what you see?

Select an arc and choose Arc Length from the Measure menu. Measure
the arc length for the other arcs in this way as well.

Also measure the four distances from point O to each of the points E’, F/,
G’,and H'.

Notice which arcs have the greatest arc length. Look for a relation
between the distances and the arc lengths.
v For example, move point F so that the distances OE and OF are
approximately the same. Observe and write down what happens to
the arc lengths for the arcs with end points E and F.
v Write down what happens to the lengths of the arcs with endpoints
E and G if you move point G so that the distance OG is approxi-
mately twice OE.

Construction — Sectors

Continue with the same sketch. For further visual com- g ot
parison, you will add some radii to the arcs to form pie-

shaped figures called sectors.

e Construct segments that connect point O to each of 0 E

the eight points E, E', F, F, G, G’, H,and H'.
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Exploration 7.1 — Arcs and Rotation continued

Experiment

e First, drag the points E, F, G,
and H so that they are at differ-
ent distances from each other
but all four points are
approximately on a line through

point O.
+ Observe how the points E’, F’,
G’, and H’ and point O are m¢BAC =25.2°
related in this figure. m/EOE’ =25.2°
arc angle al =25.2° c

The angle measure of e Measure angle BAC and angle
;m arcis ””;’Zhef way EOE’. Then select the arc that A >
t;)lg;iswe ¢ size of has endpoints E and E” and

choose Arc Angle from the Measure menu.

e Measure the arc angle of the other arcs in this way as well.

+ Which arcs have the biggest arc angle? Observe how all the angle
measures are related.

These sectors seem to What does it mean for two figures to be similar if the figures are not
have the same shape i3 noles? For one thing, corresponding ratios of distances should be the

but different sizes. In . .
other ]Zords they are ~ SAMe, SO check this for these figures.

similar. e For each sector calculate the ratio of the radius
and the arc length. For example, in the figure at
right, the ratio of the arc length a1 and the length
OE has been calculated. You should also calculate
the ratio of distances OE and OE’.

arc length al

m

+ Observe that the corresponding ratios of all the
sectors are the same.

e There is another very important interpretation of o
this ratio. Using the Preferences command in the
Display menu, change the angle measure to radians and then measure
the arc angle of the arc.

+ Observe how this measure is related to the ratio of lengths that you just
computed.

Construction — Graphing Measured Data

In the preceding construction you calculated ratios to see the relationship
between the radii and the arc lengths for the four sectors. You can see this
relationship visually by graphing the measurement data.
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Exploration 7.2—Turtle Turns and Change of Direction continued

Select the measures
printed on the screen,
not the geometric
objects.

Use the Slope com-
mand in the Measure
menu to measure the
slope of a line.

If the sketch starts to
seem a little sluggish
or cluttered, hide
some of the less im-
portant measure-
ments of distance and
arc length.

Begin with the sketch that includes 1 H
the four sectors and the measure- +
ments of arc length and radius for +
each arc. 1

a4

Select the measure of distance OE
and then the measure of arc length of
the arc from E to E’. Then choose
“Plot as (x,y)” from the Graph menu.

Coordinate axes will appear, and the 1
program will plot a data point. Re- 1 -
peat this process for the other three 4 Slope PT =0.44 c
arcs. Be sure to keep the order the | awclengthal .,
same: radius first (the x-coordinate) - mOoE
and then arc length (the y- .

coordinate). :

Now construct a line through two of > p———+——1
the four data points. The other two
points should be on this line, and it
should pass through the origin of the axes. Measure the slope of this line.

Experiment

=+

Drag point C to make the line and its slope change.

Observe the relationship between this slope and the ratio of the arc
length and the radius. Also notice the relationship between the arc angle
measured in radians and this slope.

v" Drag point C so that angle BAC becomes 90 degrees. (Holding the
Shift key down will make this easy.) Write down the slope of the
line.

v" Drag point C so that angle BAC becomes 180 degrees. Write down
the slope of the line.

v" Explain the special values of these slopes. (See if you can compute
the ratio precisely for these cases.)

Conclusions

Q1.

Q2.

Why is it that the points plotted in the above experiment all lay on a
straight line? What interpretation do you give to the slope of this line?

Write a definition of the radian measure of angles based on your
experiment with arc lengths and radii.
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Exploration 7.1 — Arcs and Rotation continued

Investigation 2—Central Angles and Pie Charts

Be sure your prefer-
ences are set to
measure angles in
degrees.

Another way to cal-
culate with 360
degrees is to put that
quantity in the figure
by opening the calcu-
lator and entering
360 degrees
(including the degree
unit). Then you can
use this quantity to
calculate each ratio.

Construction — Two Arcs on a Circle

Using the Preferences command in the Display menu,
set the angle measurement unit to degrees.

Construct a circle AB and points C and D on the circle.

Select, in order, the points A, C, and D. Choose Arc on
Circle from the Construct menu. This should give you
an arc between C and D, lying on top of the circle.

To make the arc more visible, select it and choose Thick from the Line
Width hierarchical menu in the Display menu. Also color the arc a dark
color (e.g. blue) and color the circle a light color (e.g. yellow).

Finally, select the arc and choose Arc Sector Interior from the Construct
menu.

Now construct a second arc by selecting points A, D, and C in that order.
Construct the sector interior of this second arc just as you did for the
tirst. Make this arc and its sector different colors than the first one.

Experiment

Angle CAD is a central angle of a circle provided that the vertex A is
the center of a circle and points C and D are on the circle.

There are two ways of measuring the central angle CAD.

Measure the angle CAD and angle DAC.

Select the arc and measure the arc angle for each of the arcs that you
constructed.

Observe which angle measures are the same and which are different.
What happens to the measures if you drag point D around the circle?

Based on what you observe, make a conjecture about the sum of the arc
angles.

m{CAD =31.1°
m{DAC =31.1° D
arc angle al =31.1°

arc angle a2 =328.9°

Calculate the ratio of each of these arc
angles to 360 degrees.

Be sure to include the degree unit as

part of the denominator. (Use the Units ~ 360° =360.0°

pop-up menu to enter the desired %gieal ~0.09 B
units.) The answers should be ratios arcanglea2

with no units, as in the figure at right. 360° =091

Observe the ratios when the angle is a
right angle, a straight angle, and when the angle measure has other
special values such as 120 degrees.

Geometry Through the Circle

©1996 Key Curriculum Press The Geometer’s Sketchpad ¢ 9



Exploration 7.2—Turtle Turns and Change of Direction continued

Because the arcs lie
on top of the circle,
you may have trouble
selecting the object
whose length or cir-
cumference you want
to measure. Each time
you click in the same
place, you will select
the next object at that
place.

You may also want to
construct arc sector
interiors and color
them.

—+

Calculate the sum of the ratios and the sum of the arc angles.

Observe these sums as you drag points C or D. Look for an explanation
of what you observe.

Measure the arc length of each arc and the circumference of the circle.
Compute the ratio of each arc length to the circumference.
Observe how these ratios are related to the other ratios.

Next, measure the areas of the sectors and the area of the circle. Compute
the ratio of each sector area to the area of the circle.

Observe how these ratios are related to the other ratios.

Conclusions

Q1

Q2.

Q3.

. What is the sum of the two arc angle measures? Write an explanation of

why this is the sum.

If the ratio of the first arc angle to 360 degrees is .2 (20 percent of a
whole turn), what are the angles of the arcs?

Why does the ratio of the sector area to the area of the circle equal the
ratio of arc length to circumference?

You can interpret this figure as a pie chart that represents the division of
some whole into two parts. For example, 20 percent of the students in a
geometry class prefer vanilla ice cream and 80 percent prefer chocolate.
The pie chart represents these proportions.

Construction —Pie Chart Drag

In this first of two pie chart constructions, you will construct a pie chart
representing three quantities and drag its defining points to fit some data.

Construct a circle AB and construct _arcangleal _ - <
points C, D, and E on the circle. 360

. . K arc angle a2
Hide the circle and point B. —3g0° =037 D
Construct the three arcs with center arcangleas _ o

A and endpoints Cand D, D and E, 360° E

and E and C using the Arc On Circle command.

Measure the arc angles of the three arcs and compute the ratio of each
angle to 360 degrees.

106 * Chapter 7

Key Curriculum Press Arc Angles and Turns



Exploration 7.1 — Arcs and Rotation continued

Constructing the pie
chart means that the
angles are made to be
exactly what they
should be rather than
approximate values
obtained by dragging
points.

Use the Rotate
command in the
Transform menu.

Experiment

Suppose you make a table of the favorite kinds of music of a group of
twenty geometry students. The second column shows the number who
prefer each kind of music.

Jazz 5
Classical 3
Rock 12

Compute the fraction of students who prefer each kind of music.

Drag points C, D, and E until the ratios in your sketch are equal to the
ratios you computed from the table.

Observe that the sum of the ratios is 1 (or 100%). For pie charts, the sum
must include everyone. (There could be a sector representing those
undecided in their music preference, but the sectors still must add up to

the whole.)

Drag point B to change the size of the circle. Observe whether the ratios
change. Think about whether this larger pie chart is geometrically similar
to the smaller one.

Conclusions

Q1.

Q2.

Q3.

What angles in a pie chart represent three quantities whose percentages
are 35%, 20%, and 45%?

What are the percentages represented by a pie chart whose angles are
70°,100°, and 190°?

Suppose you decide to make the ratio of areas match the data instead of
the ratio of angles. How will this affect the pie chart? Explain.

Construction —Pie Chart from Data

c . . 360° = 360.0°
This time you will construct a chart from the 0.25:360° = 90.0°
data in the table above. 0.15¢360° = 54.0°

Construct a circle AB and place a point C on
the circle. Hide the circle.

Mark point A as a center using the Mark
Center command in the Transform Menu.
Here is the table again, this time with the
ratios included.

Jazz 5 25
Classical 3 15
Rock 12 .60
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Exploration 7.2 —Turtle Turns and Change of Direction continued

Select point C and rotate it by 90 degrees, which is 25 percent of 360
degrees. This point will correspond to the Jazz preference.

Construct the arc from C to C’ and the sector from this arc.

To construct the next sector, the rotation angle should be 15 percent of
360 degrees corresponding to the Classical preference. The first compu-
tation was easy to do in your head; you can use Sketchpad to do this one.
First compute (.15)x360° with the Sketchpad Calculator. (You must in-
clude the degree unit.) Then select the angle measurement printed on the
screen and choose Mark Angle Measurement from the Transform menu.

Rotate point C’ by the marked angle; then construct the remaining two
arcs and sectors.

Conclusions

Q1.
Q2.

What is the remaining angle in this pie chart?

If you were using Sketchpad to make several pie charts for a report,
which construction method (dragging to fit the data or constructing
angles from the data) would you choose? Explain.

Construction Challenge — Dynamic Pie

The illustration at right shows a pie chart B=46
whose angles are governed by the lengths of Sum = 142
the three line segments above points A, B, and

C. As the points at the top of the line segments I I
are dragged, the numeric values update and -

A=35

C=61

B C

the pie chart changes to reflect the new values.
Create a sketch similar to this one.
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Exploration 7.2—Turtle Turns and Change of Direction

What is a direction? This concept comes up frequently in ordinary descrip-
tions. If a person walks west toward the setting sun, the word west indicates
direction. If another person walks two blocks west, the two trips are in the
same direction. A trip north and a trip south are in opposite directions. Trips
can have different starting points and still have the same direction.

In the first investigation, you will see how to express ideas about direction
and the angles between directions in the language of geometry. You will
look at the representation of direction by rays and find the angles between
direction rays.

A walking boy, a girl riding a bicycle, a falling raindrop, and a flying bird
are all moving and all have a direction of motion. If you are walking along a
straight line, your direction does not change, but following a more compli-
cated path causes you to change direction. In the second and third investi-
gations you will use these ideas to explore some interesting facts about
change of direction as an animated ray travels around a triangle or more
general polygon.

Investigation 1—Measuring Angles Between Directions

When you measure an angle BAC, you are measuring the difference in
direction of two rays that have a common vertex at point A. How can you
measure a difference in direction at different locations in the plane? In this
investigation you will see how to use Sketchpad to answer this question.

What geometric object can you use to represent direction? One choice is a
ray. You can think of a ray as a geometrical model of something like a flash-
light beam that points in a particular direction.

Construction —Rays in the Same Direction

e Inanew sketch, draw a ray AB and a point C.

What ray with endpoint C has the same direction as ray AB? To construct
this ray, you need to translate ray AB so that its endpoint is at point C.

e Select points A and C (in that order).
e Choose Mark Vector from the Transform menu.
e Select the ray and point B.

e Choose Translate from the Transform menu and choose the “By Marked
Vector” option. Pressing the OK button should result in a new ray from
point C whose direction matches that of ray AB.

+ Drag point B and observe the motion of the two rays. Notice the direc-
tion in which ray AB crosses point C. Notice the direction in which the
ray from point C crosses point A.
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Exploration 7.2—Turtle Turns and Change of Direction continued

The reason for not
selecting A is that the
translation of A by
vector AE will
produce a point A’
right on top of E,
which may be con-
fusing. If you do
accidentally produce
A’, you can either
delete it or hide it.

Slope provides an-
other way to measure
direction, but it is
hard to use in the
computation of angles
between directions.
Also, rays with oppo-
site direction have the
same slope.

Construction —Rays and Direction

e Inanew sketch, draw rays AB and CD.

The two rays do not have a common vertex. To measure the angle between
them, you need to translate them so that they do have a common vertex.

e Place a point E in the sketch. Mark the vector from point A to point E.

e Select ray AB and the point B (but not
A). Then choose Translate (by Marked M{BED’ =54.1°
Vector) from the Transform menu.

e Repeat this process for the other ray.
Mark the vector CE and then translate
the ray CD and the point D by this
vector.

Experiment

The result of this construction is an angle
B’ED’. The original rays AB and CD may
intersect or they may not.

e Measure angle B'ED".

e Drag the original rays to positions
where they intersect and construct the
point of intersection F.

e Measure angle BFD.

e Drag the ray CD (drag the ray, not the
points, so that the slopes of the rays are
unchanged).

+ Observe that angle BFD has more than
one possible measure for various M/ B'ED’ =54.1°
positions of the rays. Investigate how mLBFD =54.1°
many angle measures are possible for
BFD provided the slopes of the rays do
not change.

+ Find the relation between the measures of angles BFD and B’ED".

e Measure the slopes of the two rays. (Select the rays and choose Slope
from the Measure menu.)

+ Drag points B and D so that angle B'ED’ becomes 0 or 180 degrees.
Observe how the slopes of the rays are related when the angle is 0 or 180
degrees.
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Exploration 7.2—Turtle Turns and Change of Direction continued

Conclusion

Two rays have the same direction if the rays can be translated so that
the two translated rays coincide.

Two rays have the opposite direction if the rays can be translated
so that the two translated rays form opposite rays on the same line.

The measure of the angle between the direction of two rays is the
measure of an angle formed by translating the two rays so that they
have the same end point.

Q1. In the above construction, if angle B'ED’ is 0 degrees, what can you say
about the direction of the two rays?

Q2. If the angle B’'ED" is 180 degrees, what can you say about the direction
of the two rays?

Q3. What if two students are given copies of the same figure with two rays
and are asked to measure the angle between the directions, but each
student translates the rays to a different point. Will the angle be the
same? Explain why or why not.

Hint: Try drawing both students’ translated rays on the same figure.

Q4. On a piece of graph paper draw the ray through (1,2) and (2,3) and the
ray through (3,0) and (5,-2). Measure the angle between the directions
and explain how you did it.

Investigation 2—Exterior Angle of a Triangle

You can use geometric ideas to think about direction; likewise, ideas about
traveling objects and changes of direction can help you to understand
geometry. This point of view was especially well developed in Turtle
Geometry, an approach to geometry usually studied using the Logo
programming language. The moving drawing pen with a direction is called
a turtle because originally the drawing was done by a robot that looked like
a turtle.

In this investigation, you will animate a ray around a triangle and study its
change of direction. This moving ray will be called a turtle, because these
ideas originate in Turtle Geometry from the computer language Logo.
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Exploration 7.2 —Turtle Turns and Change of Direction continued

A finished
demonstration sketch
for use in this investi-
gation is Turtle
Triangle (Mac) or
TurtTri (Windows).

If the ray appears to
vanish, it is because
D and E jumped to
the same spot on the
triangle. Drag the
points apart and aim
the ray roughly
parallel to the side so
this will not happen.

Construction — Animating a Turtle on a Triangle

Construct a triangle ABC as a polygon [ Animate | A
interior.

Construct the ray DE with the points pretty
close together, as in the figure. This ray is the
turtle.

Select points D and E and the triangle interior
and choose Animation from the Action
Button submenu of the Edit menu to create
an animation button.

Experiment

Double-click the animation button to run the turtle ray around the
triangle. If the ray appears to be running backwards, stop the animation,
drag E to the other side of D, and start again.

Notice that the turtle only changes direction at the corners.

Turn on tracing for the ray and run the animation again. See how the ray
traces the turns at the corners.

To see the turns better at the corners, create a new animation button for
the points D and E on the triangle with the Slow speed for both points.
Choose the option for the animation to run once (for both points).

Observe how the ray traces fill in

angles at each corner. Notice that ~ —~<
the directions swing around so that

the turtle points in every direction

as it passes around the triangle.

& Animat

Notice that the turtle, like a car or a
bike, does not turn instantly; the
front feet (or wheels) turn the cor-
ner first, followed by the rear feet.
This rounds off the corner, giving
only an approximation of the
triangle.

Experiment with increasing and decreasing the distance between D and
E before running the animation. When the distance is close, the corner is
sharper, but the number of traced rays is smaller (why is this?), so there
is a trade-off between accuracy at the corners and visibility of the
directions at the turn.
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Exploration 7.2 —Turtle Turns and Change of Direction continued

]

Use the script Turtle
Meter (Mac) or
TurtMetr (Windows)

for this if you prefer.

Construction — Adding a Turtle Direction Meter

In order to compare the changing

directions of the turtle, you can
-,_

build a direction meter from a

circle. Construct a circle FG to one A

side of the triangle. Relabel point

F as O. Hide point G.

Mark the vector DO and translate
the turtle ray by the marked
vector.

Intersect the new ray with the
circle to get point H. Construct

segment OH and trace the segment. Color the two rays and the segment
blue.

Experiment

—+

Run the animation and notice that the turtle direction points in each
direction one time, except that the direction is constant when the turtle is
marching along a side of the triang]e.

Construction — Adding the Triangle Directions to the Meter.

To avoid confusion, drag ray DE
so that it is not parallel to any of
the sides.

Construct rays BA, AC, and CB.
Color these rays red.

Add the directions of these rays to
the turtle meter as you did for the
direction of the turtle. For exam-
ple, for ray AC, mark the vector
AO. Translate ray AC by the
marked vector.

Construct the segment from O to the point of intersection of the ray with
the circle. Then hide the ray. Make this new segment thick and red.
Repeat this operation for B and C.

Experiment

These red segments make the direction meter a pie chart with three sectors.

—+

—+

Measure each of the angles in the pie chart and calculate the sum.
Observe the sum and look for a reason in the figure.

Run the animation again. This time observe that the change of direction
at each turn is equal to one of the angles in the pie chart. What is the sum
of the changes of direction of the turtle?
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Exploration 7.2—Turtle Turns and Change of Direction continued

One way of thinking
about this is that in-
stead of imagining the
triangle shrinking,
imagine that it stays
the same size on the
ground as you rise in
a helicopter while
looking down at the
triangle. The angles
don’t change as you
rise.

+ Drag the triangle and try this experiment again. Is the sum the same for
every triangle?

Construction —The Exterior Angles of a Triangle

e Drag the blue turtle ray so that it points in a different direction from the
red rays. Construct the three arcs of the pie chart defined by the red

segments and also construct the sector interiors of each arc. Color or
shade the sectors differently.

e Translate each of three sector interiors so that O translates to a triangle
vertex and the sides of the translated sectors line up with the rays on the
sides of triangle ABC, as shown for one vertex in the following figure.

Experiment

The exterior angle (or turn) BAC is the angle
between the directions of ray BA and ray AC.
The exterior angle at A of triangle ACD is
defined to be this angle.

+ Observe that the pie-shaped sectors fit exactly the
exterior angles of the triangle.

+ What is the sum of the exterior angles at the three vertices of a triangle?
Experiment — Shrinking the Triangle

As a final way to see that the sum of the exterior angles is the same as the
sum of the angles in the pie chart of the direction meter, dilate the triangle
until it is very small.

e Do this by marking point A as a center and then choose the Dilation
Arrow tool from the tool box. Select points A, B, and C and then drag
towards A to shrink the triangle.

+ Observe that as the triangle shrinks, all the exterior angles stay the same,
and the direction meter stays the same. When the triangle is so small it
looks like a point, the three rays appear to have a single vertex, and the
figure looks like a pie chart itself.

Conclusions

Q1. What is the sum of the angles in a pie chart? So what is the sum of
exterior angles of a triangle? Summarize the reasoning that the sum of
the exterior angles of a triangle is 360 degrees.

Q2. You have found that the sum of the exterior angles of a triangle is 360
degrees. Show how to use this fact to figure out the sum of the interior
angles of a triangle. Hint: How is the exterior angle at a vertex related
to the interior angle?
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Exploration 7.2 —Turtle Turns and Change of Direction continued

A finished demonstra-
tion sketch for use in
this investigation is
Turtle
Quadprilateral (Mac)
or TurtQuad

(Windows).

Q3. When the length of the turtle is increased so that the corners of the
triangle are rounded, does this change the total amount of turning of
the turtle? What does total turning mean in this case?

Explore More — Trapezoids and the Internal and External Angles of a
Triangle

Add to the triangle a ray MN
parallel to ray CB but opposite in
direction

to form a trapezoid CBMN in-
side triangle ACB. Construct the
polygon interior BCNM (in that
order) and then animate the tur-
tle points D and E on the trape-
zoid (moving in the same
direction as the animation on the
triangle).

Determine whether the sum of
the turns of the trapezoid
appears to be 360 degrees. Study
the new turns added at M and N
and explain why they add up to one of the old turns. Study these new turns
again and explain why each is equal to an interior angle of triangle ACB.

Put these two relationships together to deduce an equality between an
exterior angle of a triangle and the sum of interior angles.

If the ray MN is dragged close to A, the trapezoid approaches the shape of
the triangle ACB, and ray MN approaches a ray at A. Use this information to
explain how the turns at M and N are related to the turn at A.

Explore More — Sums of Exterior Angles of Polygons

The formula for the sum of the interior angles of an n-
sided polygon is hard to remember, but the formula
for the sum of the exterior angles of a polygon is very
simple —it is always the same for any number of sides. B D
The reason for this is that the sum of the exterior
angles has a natural interpretation as the total amount
the turtle turns as it moves around the polygon.

Repeat your turtle constructions but this time animate the turtle on a
quadrilateral or a polygon with even more sides. Observe whether the total
turn by the turtle is the same for any quadrilateral (so long as the sides don’t
cross one another).

You should be aware of a few fine points in the construction.
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Exploration 7.2—Turtle Turns and Change of Direction continued

A convex polygon is a
polygon which inter-
sects any line in at
most two places. A
nonconvex polygon
intersects some lines
in more than two
places.

]

The script is
ArcArrow.

e  When you construct the polygon interior from the four vertex points,
select them in the opposite order from the direction in which you wish the
animation to proceed.

e Set the angle unit to Directed Degrees in Preferences. (See the note about
non-convex polygons below.)

e Recall that you can use the script Turtle Meter (Mac) or TurtMetr
(Windows) for transferring rays to the direction meter.

Extend the sides of a quadrilateral to be rays and
measure the exterior angles. Again the angles add up to
360 degrees, except for one complication. What happens
when, as in the figure, the polygon is not convex?

Set the angle unit to Directed Degrees in Preferences.
Drag one of the vertices so that the quadrilateral is not
convex and observe the sign of the angles and the angle
sum.

Using directed degrees, a counterclockwise turn is positive and a
clockwise turn is negative.

This makes sense in many uses for angles,
especially with rotation. For example, if you turn
your steering wheel 70 degrees to the left and then
40 degrees to the right, the end result is that the
steering wheel has been turned 30 degrees to the
left; in other words,

70 + (-40) = 30

Another way to visualize this turning is to use a
script that draws an arc with an arrowhead
indicating rotation.
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Exploration 7.2 —Turtle Turns and Change of Direction continued

Explore More — Star Polygons

The polygons investigated in this section all have sides -A

that do not cross each other. Investigate the sum of the £
turns for polygons where the sides do cross, such as the N

two pentagonal figures at the right. You can produce ’Q
some of these polygons by dragging the vertices of con- ¢

vex polygons; others cannot be formed by dragging and
must be created by selecting the vertices in a different s K
order. Does this difference have any connection with the o‘ "’
total turn? Also, investigate the connection between the

total turn and the exterior angles of regular star poly- ' \
gons, which are star polygons with equal sides that can Q T
be inscribed in a circle. :
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Exploration 7.3—Turns of Arcs

If a person (or a turtle) walks along an arc, the direction in which the person
is facing changes continually. How much does the direction change from
beginning to end?

In Investigation 1 you will take a look at this question using animation, and
in Investigation 2, you will explore the same question using tangent con-
structions. The idea of change of direction, or bending, will be applied to a
number of interesting constructions in Investigation 3.

Investigation 1—Turtles on a Circle or an Arc
You continue here to study turns by animating a ray around an object.

Construction — Turtle on a Circle

e Construct a turtle from ray AB

Use the Script Turtle and also a direCtiOH meter using |;_|I- Animate on Circ'e Once Norma“yl
Meter (Mac) or the Turtle Meter script.
TurtMetr . A
(Windows). e Draw a circle FG. Then create an B oG
animation button for A and B on
the circle.
Experiment

e Traceray AB and segment CE.
Run the animation. D

+ Observe how the turtle turns
continuously and steadily, in-
stead of making jumps in direc-
tion at the corners. The traces of segment CE in the meter are equally
spaced.

E

+ Again the turtle points in all directions during the trip about the circle.
What do you conclude is the total turn of the turtle as it goes around the
circle?

e Experiment with running the animation for different distances between
the points A and B.

+ When chord AB is very short, it approximates a tangent. In Investigation
4, a tangent will represent a turtle of length 0.
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Exploration 7.3 —Turns of Arcs continued

Set the animation to
once and slow for
both points. The
direction of the sector
animation is the
opposite of the

direction on the circle.

Construction — Turtle on the Sector of an Arc

e Now construct points H and [ on | Animate on Sector Once Slowly|
the circle and construct the arc on
the circle from H to I.

e Construct a sector interior from
this arc. Create an animation but-
ton for A and B on this sector
interior.

e Measure the arc angle.

Experiment

arc angle al =139.5°

e Trace the ray AB and run the
animation.

+ Observe that the turtle turns continuously when it is on the arc, but
elsewhere it turns corners as on a polygon.

+ What is the total turtle turning as the turtle goes around the sector?

e Construct rays that form the exterior angles at the “corners” of the sector,
points H, F, and 1.

e Translate these rays to the direction meter to form a pie chart for which
each sector is a corner turn or the turn along the arc. Measure the angle
of each sector of the pie chart.

+ Investigate the corners the turtle turns as it travels around the sector.
How many corners are there? What is the measure of the turn at each
corner? What is the measure of the turn resulting from travel along the
arc?

Construction — Turtle on the Segment of an Arc

e Hide the sector interior and use the same arc to construct an arc segment.
Make an animation button for the turtle on the arc segment.

Experiment

+ Run the animation and find the measures of the turns at the corners and
along the arc. Look for relations between the turns on the arc and the
turns at the corners.

Conclusions

Q1. If the turtle turns 360 degrees as it travels around a circle, how much
should it turn if it travels part of the way, (1) around a semicircle, (2)
around a quarter-circle, (3) around an arc of 72 degrees arc measure,
and (4) around an arc of arc measure m degrees?
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Exploration 7.3 —Turns of Arcs continued

To answer Q2, you
must ignore the dis-
crepancy introduced
by the finite size of
the turtle. Think of
the turtle as very
small.

Q2. If the measure of an arc angle is m, give the measures of the turtle’s
turns at each of the sector’s corners.

How much does the turtle turn as it travels along the arc?

What is its turn at the corner F? Is this true if the arc angle m is greater
than 180 degrees? Explain.

What is the sum of all the turns as the turtle travels around the arc
segment?

Q3. Describe how you can construct rays that form the exterior angles at the
corners of the sector.

Q4. When the turtle travels around the arc segment with arc angle measure
m, where are the corners, and what is the turn at each corner? What is
the turn along the arc? What is the total turn?

Investigation 2—Directions Changing Along an Arc

As you saw in the animations in the preceding investigation, if a person (or
turtle) walks along an arc, the person’s direction changes continually. In this
investigation, imagine that the turtle is so small that it can be modeled as a
moving point with a direction. The direction will be a tangent direction of
the circle. How much does the direction change in one trip around the
circle?

Construction

e Construct a circle AB and points C and D on
the circle.

e Construct the arc with center A from C to D.

e Construct the radius segments AC and AD.

A ray at C pointing in the direction along the arc
must be tangent to the circle, that is, perpen-
dicular to radius AC.

e Mark C as a center and rotate point A by 270
degrees to get A". Rename this point C". Now
construct ray CC’.

e Carry out the same construction for a tangent ray to the circle at D.
Experiment

What is the relationship between the angle of the arc and the angle between
the directions CC"and DD"?

e Set Sketchpad’s angle unit to Directed Degrees.

e Measure the arc angle of the arc and also measure angle CAD.
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Exploration 7.3 —Turns of Arcs continued

e To measure the angle between the directions, you will translate the two
rays to a common vertex. Place a point E in the plane to be this vertex.

e Mark vector CE and translate point C’ and ray CC’ by c”
this vector.

e Mark vector DE and translate point D" and ray DD’ by
this vector.

The translation of point C” will be called C”, and the E
translation of point D’ will be called D”.

e Since the long rays are distracting, hide the translated rays and construct
segments EC”" and ED”’. Measure angle C"ED”.

+ Observe the relationship between the angle measures. Which measure
equals the measure of angle C’ED” even if you drag C all around the
circle?

e Drag point E so that it coincides with point A.

+ Notice the angle and length relationship between segments AC and EC”
and the relationship between segments AD and ED". Explain why this is
true.

Investigation 3—Rounding Off Corners

In the real world corners with sharp points like
those of angles in geometry are difficult to
manufacture, and they have some other draw-
backs. (A sharp angle will hurt if it pokes you.)

In the real world, therefore corners are usually
rounded off. In this exploration you will con-
struct a geometrical model of a rounded-off
corner. The geometry combines some knowl-
edge about tangent circles with what you have
just learned about turning and arcs.

Construction

e Begin by constructing points A, B, and C and T c
segments AB and BC to form an angle.

e Then construct a point D as a point on segment
BC. This will be the transition point between the
straight segment and the arc. D

The goal is to construct an arc with endpoint D so
that the transition to the rounded corner is as smooth
as possible. This means that the arc should be tangent
to the segment.
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See Exploration 5.1:

Exploration 7.3 —Turns of Arcs continued

Circles Tangent to

Two Lines.

You learned earlier that circles tangent to two rays lie on the angle
bisector of the rays. Construct the angle bisector of angle ABC.

Construct the line through point D perpendicular to segment BC.

Construct the intersection point E of this line and the angle bisector. This
will be the center of the arc.

Point D will be one endpoint of the arc. Reflect D across the angle
bisector to construct D’, the other endpoint.

Now select E, D, and D’ and choose Arc on Circle from the Construct
menu.

Hide the line and the angle bisector.

Experiment

=+

Slide point D up and down the segment to see how the tangent arc looks
at various sizes.

Measure the angle of the arc by measuring angle DED’.

Does angle DED’ change as you drag D? Find an explanation for what
you see.

Find how this angle DED’ is related to angle CBA.

Construction

Here are some additional steps to make the figure look like the original.

Hide point B and the segments.

Now the straight part of the figure is missing. Construct segments CD
and AD".

Hide points E and D".

Check that the figure allows for different amounts of rounding (It also
may run one end of the arc off the segment if AB is shorter than BC.)

You can use this figure to define a script. Select c
the whole figure and choose Make Script from
the Work menu. Save the script as Round Corner
(Mac) or RndCrnr (Windows).
D
A
g
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Exploration 7.3 —Turns of Arcs continued

Explore More—Arcs and Bends
Curved Polygons

Create “polygons” with rounded corners similar
to the one shown at right. Then add up the angles
of the arcs and see whether it is still true that the
sum of the angles is 360 degrees. Explain your
result.

Exterior Angles — Arc Meets Arc, Arc Meets
Segment

Suppose you have a figure made
up of two arcs or an arc and a seg-
ment. How can you measure the

exterior angle at the corner where
they meet? What is the “exterior

é angle” here?

Sum of Exterior Angles for Curved Polygons

Construct some examples of “polygons” made up of straight line segments
and arcs.

Investigate in one of your examples whether such polygons still obey the
law that the sum of the exterior angles (counting arc angles) is 360.

The Highway Bend

Construct a Sketchpad sketch that is a good model for a
highway bend. In this case the width of the road has to
stay constant so that the traffic is not all squeezed
together.

A multiple-lane version of this highway geometry is also
used to run traces on circuit boards or systems of pipes.
Try extending your highway to multiple lines like this.

Triangle Neighborhood

Starting with a triangle ABC and a segment of length d, C o

the set of points that lie within distance d of the triangle is

called a neighborhood of the triangle. You can trace the neighborhood by
tracing a circle interior of radius d centered at a point P as P is animated on
the interior of triangle ABC.

Construct the boundary of this neighborhood using segments and arcs.
Once you have the outer boundary, construct the boundary inside the
triangle as well.

Try your construction method with some other polygon.
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Exploration 7.3 —Turns of Arcs continued

Design Challenge

Make some designs by rounding corners with arcs.

/
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Chapter 2. Inscribed Angles

The fact that the measure of an angle inscribed in an arc is related to the
measure of the arc angle leads to a variety of relationships among figures
inscribed in circles.

Exploration 8.1 —Inscribed Angles in Arcs

Consider a navigation question: If a person in a boat
measures the angle between the directions of two
lighthouses, where is the boat? You can answer this
by modeling the situation with Sketchpad to find a
locus of constant ang]les.

Since an arc appears in the answer to the first ques-
tion, the next investigation looks at angles inscribed
in arcs uses data collection and graphing to discover
the relationship between the measure of the arc and
the inscribed angle.

Inequalities of angles lead to a division of the plane by %@ 7
arcs. A demonstration sketch shows the geometry of

the inscribed angle from the point of view of the angle.

Exploration 8.2 —Why the Inscribed Angle Relations
Are True

This section presents three visual proofs of why the
relationship between inscribed angles and arcs is true:
a proof by rotations, a proof by dissecting right
triangles, and a proof by turtle turns.

Exploration 8.3 —Inscribed Angles and Similar
Triangles

The exploration begins with similar triangles defined
by the diagonals of a quadrilateral inscribed in a circle.
All the cases reduce to one case that can be dragged
into various configurations.

Investigation 2 looks at the product of secant and
chord lengths as a function in the plane. The section
ends with a general result about sums of angles
defined by a moving circle—a result that combines all
the angle facts of the chapter into one moving picture.
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Teaching Notes

The main point of this section is that all angles inscribed in a given arc have
the same angle measure, which is equal to 180 minus one-half the arc angle
(in degrees). This is equivalent to saying that the measure of an inscribed
angle equals one-half its included central angle.

However, the discussion at the beginning stresses the converse: for fixed
points A and B, if the angle ACB is constant, then C lies on an arc. Also,
inequalities are emphasized as well as equalities.

Exploration 8.1 —Inscribed Angles in Arcs

+

A key visual
exploration.

+

The other key inves-
tigation of this
chapter.

Investigation 1. The first part of Investigation 1 is a nice example of modeling
a problem with Sketchpad and shows how arcs come from constant angle
loci. This can be done as a demo sketch, but the construction of the model
provides some good practice with rotations. The later parts extend the same
ideas quite a bit deeper and make a good investigation, but they are not
necessary for the continuity of the rest of the chapter.

Investigation 2. The manipulation of an angle in an arc instead of in a circle at
the outset may help students who get confused by the two arcs associated
with an inscribed angle in a circle. Conjectures about the relationship
between the angle and the arc can be derived not only with tabulation but
from dynamic graphing as part of the sketch.

Investigation 3. Dragging and measuring allow a hands-on approach to angle
inequalities as well as equalities. The final demonstration sketch shows how
angles can be equal even though they may appear equal.

Exploration 8.2 —Why the Inscribed Angle Relations Are True

Three visual proofs show why the inscribed angle theorem holds, some
details being left to the reader. The second proof is probably the most
standard, but the other two come through quite vividly with Sketchpad.
Students appreciate the fact that mathematicians are interested in more than
one proof of a theorem if each proof adds another bit of insight and
understanding to the whole picture.

Exploration 8.3 —Inscribed Angles and Similar Triangles

+

The first investiga-
tion is the key activity
in this section.

Investigation 2 supplements Investigation 1 with a look at the secant prod-
ucts from the point of view of secants and chords sweeping across a circle.
The general angle sum relationship in the last investigation is quite effective
as a demo sketch. The construction is more complex than the earlier ones in
the chapter. The equality OPxOQ = OT? of Question 3 at the end of Investi-
gation 1 will be needed again in Chapter 9.
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Exploration 8.1—Inscribed Angles in Arcs

In the last chapter you saw connections between angles and rotation and the
turning of an arc. In this chapter, you will see that arcs and angles are
related in other surprising ways.

Investigation 1—Twin Lighthouses

Imagine that you are in a sailboat and can see two lighthouses in the dis-
tance. You don’t know exactly where you are, but you can measure the
angle between your lines of sight toward each lighthouse. If you know the
positions of the lighthouses, can you use this angle to figure out where you
are? You can investigate this situation by modeling it in Sketchpad.

Consider the figure below. The lighthouses are at A and C, and you are
looking at them from G. What you measure is angle AGC.

Since your location is unknown, you must construct the model by starting
with the lighthouses. From the point of view of the lighthouses, the view
towards you is a lighthouse beam in the direction of ray AG. At the other
lighthouse at C, if you construct a ray by translating AG, the direction of ray
CG is obtained by rotating this translated ray by angle AGC. So, to model the
possible locations of G, you need to intersect rays from A with rotated rays
from C. You will do this in the construction.

Construction — Two Turning Rays

You have seen similar - Begin by constructing a model of two lighthouses with lights pointing in the

problems in different oo e direction. You will use the method of translating rays introduced in

words in the Explore
More problems of the Chapter 7.

Chapter 3. e Construct aray AB and a point C.
Mark the vector AC and translate ray AB by this marked vector.

Now introduce a “controller” for the angle
between the directions of the light rays. G

e Construct circle DE and point F on the circle.

e Construct the arc on the circle from E to F and
measure this arc. Make the angle of the con-
troller more visible by constructing the sector
of this arc, as shown in the figure at right.

e Measure angle EDF. Mark this angle using
Mark Angle in the Transform menu.

e Mark point C as the center of rotation and 3 F
rotate the ray at point C by the marked ang]le. . .
Hide the earlier ray from point C, the one
parallel to ray AB.

e Construct point G as the intersection of the
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Exploration 8.1 —Inscribed Angles in Arcs continued

If either of your angle
measurements are
negative, set Sketch-
pad’s angle unit pref-
erence to degrees.

Since the angle is
measured in degrees,
there are two posi-
tions where angle
EDF is 45 degrees:
one where the arc
angle measure is 45
degrees and one
where the arc angle is
315 degrees.

original ray AB and this new, rotated ray.

Color point G some bright color such as red. Trace it.

Experiment

—+

Drag point B, causing ray AB to rotate around A.

Observe the path traced by point G. Conjecture what geometric object
the trace is depicting.

Measure angle AGC and observe this measurement as you drag.

Observe the relationship between the two angle measures.

Drag point F to change the control angle to 90 degrees.

Observe the shape of the trace of point G as you drag B. Conjecture what
the shape of the trace is for this special control angle.

Experiment with some other special angles such as 45 degrees or 60
degrees. Also check angles greater than 90 degrees.

Observe and note the shape of the traces for these angles EDF; check
each of the two positions of F that give the same angle measure and
compare the results.

v' Angle EDF = 45 degrees.

v' Angle EDF = 60 degrees.

v Angle EDF =120 degrees.

There are positions of G with angle AGC equal to 45 degrees on each side of
line AC. If you are in a boat, you may know which side is the water, but in
general (for example, in a desert), you should include all these positions.
You can trace both at once by reflections.

Construct segment AC and reflect point G across the segment to
construct point G’. Trace this point.

Observe the trace of points G and G’ together as you check again some of
the special angles above. Note the shape of this trace.

Before continuing to the next construction, hide point G’.
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Exploration 8.1 —Inscribed Angles in Arcs continued

The two opposing
rays make up a
rotating line.

Construction — A Turning Ray and a Turning Line

Another way to think about the
geometrical model of the light-
houses, is that G is tracing the
crossing point of two light bea-
cons rotating at the same rate.
You used rays to represent
rotating light beacons. However
some lighthouses have two-
sided beacons which send out
light in opposite directions.

Before adding a second beam to
the first lighthouse in the model,
you will construct an animation
button to automate the dragging
of point B, which will make it easy to draw the lighthouse trace evenly.

e First construct a circle AH.
e Create an animation button that animates point B around this circle.

+ Double-click the animation button and verify that point G traces the
same path as before.

Now construct the opposite light beam.

e Mark the point A as a center and rotate the ray AB by 180 degrees to pro-
duce the opposite ray. Use a different color for this ray and make it thick
as well.

e Drag point B until this new ray intersects the ray from point C. Construct
the intersection. Color the intersection point I a bright color different
from the color of point G.

e Trace point I.
Experiment

+ Double-click the animation button and observe the traces. Conjecture
what geometric object is traced by I and conjecture how the traces of
points G and I are related.

e Measure angle AIC.

+ Conjecture how angle AIC and the controller angle EDF are related. Use
the Sketchpad calculator to verify this conjecture. Look for a reason in
the geometry that explains this relationship.

+ For some directions of ray AB, the intersection point G exists, and for
some it does not. What is special about at least one direction at the ends
of the trace of point G?
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Exploration 8.1 —Inscribed Angles in Arcs continued

Since point B is not a
point on a circle, to
construct the locus of
G, select three objects,
the two points G and
B and the circle with
center A. Then hold
down the Option key
(Mac) or Shift key
(Windows) while
choosing Locus from
the Construct menu.

Conclusions

Q1.

Q2.

Q3.

Q4.

What geometric object is traced by both point G and point I together?
Which part of the total object comes from the trace of G and which part
comes from the trace of I?

How can you construct this object if you are given the points A, C and
G?

Recall the Carpenter’s construction from Chapter 3. Tell how the
Carpenter’s construction can be considered as a special case of this
experiment.

What are the shapes of the trace of G and the trace of I that you ob-
served for the controller angles listed below? For each, state what the
shape is and something about its size. (Sketch the shape if that helps
describe it.)

a. 45 degrees
b. 60 degrees
c. 90 degrees
d. 120 degrees

a. What is the relationship between the controller angle EDF and angle
CGA? How can you explain this by the geometry of the figure?

b. What is the relationship between the controller angle EDF and angle
AIC? How can you explain this by the geometry of the figure?

Explore More

Locus Construction

In place of the trace of G and I, construct the Sketchpad locus of each point
and see how the loci change as you change the controller angle EDF.

A Second Beam

Add an opposite beam to the lighthouse at C. This will produce two more
intersection points to trace. What is the trace of these new points?

Tie it all together by constructing all four loci. Describe the relationships
among the four loci and write an explanation of these relationships.

34 ¢ Chapter Chapter 2: ©1996 Key Curriculum Press

Inscribed Angles



Exploration 8.1 —Inscribed Angles in Arcs continued

An Oil Tank Instead of a Lighthouse

Suppose that instead of a light-
house at A, there is a fat, cylindrical
oil tank. You can measure the angle
between the direction towards C
and the direction towards the visi-
ble edge of the tank. The ray from
the boat to the edge of the tank (a
circle when viewed from above) is
tangent to the circle.

You can add a rotating tangent to
the sketch by constructing one of
the tangent lines parallel to ray AB,
as shown in the figure.

Construct the intersection points of
this tangent line with the two rays
at C and trace them or construct the
locus. Notice how this locus
approaches the previous one as the radius of the circle becomes very small.
Does this help explain how the four traces from the lighthouses fit together?

Two Beams, Two Rates

It would be rare for the rays from two lighthouses to rotate at the same rate.
Construct a model in which the two beams have different rates and investi-
gate the trace of their intersections.

Investigation 2—Measure of an Angle Inscribed in an Arc

For this exploration,
set the unit of angle
measure to Degrees
using the Preferences
command.

A
If A and C are the endpoints of an arc and D is N
a point on the arc, then the angle ADC is
said to be inscribed in the arc. D
Whereas in the preceding investigation you B
generated arcs from the intersection of sweeping m{CDA =32.5°
rays, here you will start with an arc and study arc angle CBA =294.9°

properties of angles inscribed in it.
Construction — Vertex Sliding on an Arc

e Using the Arc Through 3 Points command, construct arc ABC and point
D onit.

e Construct segments AD and DC; then measure angle CDA and the arc
angle of the arc.

e Construct the polygon interior of triangle CDA.
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Exploration 8.1 —Inscribed Angles in Arcs continued

Experiment

e Drag point D and observe the measurement of the inscribed angle CDA.

+ Look for a relationship between the results of this experiment and the
lighthouse locus of Investigation 1.

After dragging points e  Drag points A, B, or C and observe how the angle measures change.

A, B, or C, the meas- . . .

ure of angle CDA + Make a conjecture about the relationship between the measure of angle
may be temporarily CDA and the measure of the arc angle CBA.

] tuntiiD h . .

Zzzzr;er; gzgdlas w e‘ﬁ Collecting and Graphing Data

The figure at right shows

how you can use Sketch- Angle(CDAY e Anle(ad)
pad to collect and analyze ;iig 2?3'::
data concerning the rela- 6.46 327 09
tionship between the arc 33.08 293.44
angle and the inscribed 53.45 253.10
angle. You can create this 79.69 200.62
sketch yourself using the 120.32 119.35

hints below to get over the

tricky parts, or you can A

C
simply study the figure.
Hints
e To create a two-column

D

table, select two meas-
urements and use the
Tabulate command in
the Measure menu. You
can add measurements

B

m{CDA =32.3°
arc angle al =295.4°

0.01" =0.01 inches

to the table by double-
clicking on the body of —7%
the table. \
e To graph the data from the table, you will % Calculator : t

need units for your graph appropriate for i
values that range from zero to 360. You can | el

do this by using the calculator to create a s roae
measurement of 0.01 inches, being sure to [(Baives w] [Functions w] | Units
include the unit in the calculation. Then Degrees
select the measurement and choose Define Fat e

Unit Length from the Graph menu. This will give you a pair of axes with
a scale of 100 units to the inch.

e To plot values from the table, select the body of the table and use the Plot
Table Data command in the Graph menu.

36 * Chapter Chapter 2: ©1996 Key Curriculum Press Inscribed Angles



Exploration 8.1 —Inscribed Angles in Arcs continued

e You can get the equation of a line directly from the Equation command
in the Measure menu.

Conclusions

Q1. Suppose that a quadrilateral PQRS is inscribed in g
a circle. How are the opposite angles of the quad-
rilateral related?

Q2. You can construct an arc in Sketchpad from a
center and two points on a circle or from three
points on the arc. If you construct an arc as a
three-point arc in Sketchpad, show how to find
the center of the circle on which the arc lies.

Suppose that you have three points on a piece of paper. How can you
construct an arc through these points?

Q3. Write an explanation of the relationship between the results of this
experiment and the lighthouse locus of Investigation 1.

Q4. Write down the slope and y-intercept from the graph and show how
you derived the equation of the line that gives the relationship between
the measure of an inscribed angle and the arc angle in which it is
inscribed.

Use this relationship to complete the following table:

Inscribed Angle Arc Angle
10°
160°
80°
105°

Investigation 3—Arcs and Comparison of Angles

You have seen that if two points are vertices of angles inscribed on the same
arc, then the angles are equal. In this investigation you will study the rela-
tionship between these angles as one vertex moves off the arc.
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Exploration 8.1 —Inscribed Angles in Arcs continued

Be sure the preference
for Angle Unit is set
to degrees.

m{ CDA =60.5°

~—
o . arc angle CBA =238.9°
e Construct a sketch similar to the figure m{CEA =91.9°

shown at right. (Note that B is a point on
the arc ABC.)

Experiment

Construction —Free Angle Vertex

+ Compare angles CEA CDA for various
positions of point E. Conjecture under
what circumstances angle CEA is greater
than, smaller than, or equal to angle CDA. D

Conclusions

Q1. Write out the results of your experiment; that is, describe when angle
CEA is greater than, smaller than, and equal to angle CDA.

Construction — Reflecting the Arc

You may have concluded that there are other points E for
which angle CEA = angle CDA in addition to those on the
arc. This construction will yield them.

e Construct segment AC and mark it as mirror. Reflect the
arc and point D and segments AD and DC.

e Measure the reflected angle CD’A.

Experiment

+ What relationship exists between angles CDA and CD’A? Explain why
this is true.

+ Now carry out again the experiment of comparing angles by dragging
point E and comparing angle CEA to angle CDA.

+ Make any necessary amendments to your answer to Q1 from the
previous experiment.

Conclusions
Q1. Write an explanation of why angle CDA = angle CD’A.

Q2. In each of the figures below, tell whether angle CEA is less than, equal
to, or greater than angle CDA.
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Exploration 8.1 —Inscribed Angles in Arcs continued

Q3. In the figure at the right, what is the relationship
between angle CFA and angle CDA?

From what you know about triangles (not results
from this exploration), what inequality holds
between angle CFA and angle CEA?

Combine the two relationships to produce a
relationship between angle CEA and angle CDA.

Use your conclusion to explain the relationship
between angle CDA and angle CEA when E is outside the double-arc
shape.

Q4. Explain why this is true: If ABCD is a quadrilateral such that the
sum of angle A and angle C is 180 degrees, then ABCD can be inscribed
in a circle.

Application — Solving the Problem of the Lost Boat

You have seen that if you are in a boat at point G, knowing the angle be-
tween the direction towards A and the direction towards C does not locate
you precisely. It only located you on a figure made of two arcs.
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Exploration 8.1 —Inscribed Angles in Arcs continued

However, if you have a sighting of a third lighthouse at point L, then you
can measure the angle between this direction and the direction towards A,
so you are now located at the intersection of two of the double-arc figures.

Carry this out as an example to see whether this second angle pins down
your location to a single point, or only almost. If not, can you use more
information about the three lighthouses to find your precise location?

Demonstration—Views of the Inscribed Angle

er Drag (or animate) point D on the arc.

You have Observed that the mea- Notice that the measure of angle CDA

sure of an angle inscribed on an arc stays constant.

remains constant as the vertex iS Double-click the Translate button when
to go on.

dragged along the arc. Even so, the

. arc angle(ﬁ-\ =273°
angle may not appear to remain mZ CDA =44°

constant because the vertex is mov-
ing. In fact, you may find it diffi-
cult to believe in spite of the
measurement!

Working with a demonstration

sketch, you will see how trans- 5 c

formations of the inscribed angle [&2_AnimateDonarc_|

can make it easier to see the con-

stant angle. First you will translate the inscribed angle so that the vertex can
be held in a fixed position. Then you will rotate the angle so that one side
remains fixed in direction.

e Open the sketch Inscribed Angle Demo (Mac) InscAngD (Windows).

e Drag point D on its arc. Double-click the Animate button. As expected,
the measurement of angle CDA does not change.

Experiment— Translation

e Double-click the Translate button. You should see the angle translated to
a new point, E.

One way to think about this new figure is that it is the same figure but
observed from the point of view of a person standing on the sliding point D,
looking in a constant direction.

This changes the way things look, just as the view of an amusement park
ride is very different if you are standing outside on the ground than if you
are inside during the ride.

+ Notice that the rays appear to be rotating in unison by the same angle
about center E.

+ Trace the points A" and C’ and describe the shapes of the traces of these
points. Look in the figure for an explanation of why the traces are these
shapes.
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Exploration 8.1 —Inscribed Angles in Arcs continued

e Translate the arc by the vector DE.
+ Observe how the translated arc is related to the traces.

Experiment — Rotation
e Double-click the Rotate button. You should see the angle rotated so that
ray EC” is vertical. The animation begins again.

The figure now models the point of view of a person constantly looking in
the direction of ray EC”.

+ Explain what the person standing at point E and looking constantly at
point C” sees.
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Exploration 8.2—Why the Inscribed Angle Relations Are True

In the various parts of Exploration 8.1, you found through experiment that
all angles inscribed in an arc have the same measure and also that there is a
relationship between the angle measure of the arc and the measure of the
angle.

A

Given angle ABC inscribed in arc al, the <

measure of angle ABC is equal to [180 — (1/2)
arc angle al] degrees and is also equal to
one-half arc angle a2, the arc of the circle
included in angle ABC.

al C

B

In this exploration you will construct three visual

proofs of the theorem that all angles inscribed in a given arc have equal
measure; one uses rotation, one uses right triangles, and one uses turtle
turns. The second and third proofs include the result that the measure of an
angle inscribed in an arc is half the measure of the included arc angle.

Investigation 1—A Proof of the Inscribed Angle Theorem Based on Rotations
and Trapezoids

In this proofS you will show that angles inscribed in the same arc are equal.
It uses the properties of inscribed trapezoids, so the main construction is
preceded by a quick discussion of trapezoids. You can make a sketch to
follow along if you like.

Discussion of Inscribed Trapezoids

As you saw in Chapter 2, if two parallel lines in-
tersect a circle, defining parallel chords MN and
PO, then the diameter perpendicular to the two
parallel lines is a line of symmetry for the
chords and also for the circle. This means that
the reflection of segment MP in this line is
segment NO and also that the reflection of the
minor arc MP is the minor arc NO. Thus the
segments and the arcs are congruent. In the same way, angle PMN is
congruent to angle ONM.

This means the quadrilateral MNOP is an isosceles trape-
zoid, and the central angle MAP is congruent to central
angle NAO.

$ Based on Kapraff, Jay, Connections — The Geometric Bridge Between Art and
Science, McGraw-Hill, NY, 1990, ISBN 0-07-034251-2, pp. 65-67.
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Exploration 8.2—Why the Inscribed Angle Relations Are True continued

A quadrilateral ABCD with two parallel sides AB and CD and a line of

Because of the line of symmetry perpendicular to the parallel sides is called an isosceles
symmetry, the two trapezoid.

sides BC and DA

must have equal .

length. Construction

This proof begins with two inscribed angles with the
same endpoints.

e Make a figure like the one at right.

The goal is to prove that angle CDE equals angle CFE.
The method is to rotate angle CFE so that one side is
parallel to the corresponding side of angle CDE. Then
show that the other sides must also be parallel.

e Place a point G on the circle. The position of this point will determine the
amount of rotation.

e Mark point A as a center of rotation. Mark angle
EAG (order is important).

e Rotate points F and C, as well as segments FC
and FE by the marked angle.

Experiment

+ Drag point G until segment F’G is roughly par-
allel to segment DE. Notice other relationships
that appear to exist.

+ What insight does dragging point G give you into why the two inscribed
angles must be equal?

Conclusions
The goal of these questions is to lead you through a proof.

Q1. Let A, B, C, D be points on a circle. Suppose that ABCD is a
quadrilateral and length AB = length CD. Show that ABCD is an
isosceles trapezoid.

Q2. Justify the assertion that segment EG has the same length as segment
cc.

Q3. Assuming that segment F'G is parallel to segment DE, justify the
assertion that segment DF” has the same length as segment EG.

Q4. Justify the assertion that quadrilateral CC’F’D is a trapezoid.

Q5. Finally, justify the assertion that the two inscribed angles have equal
measure.
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Exploration 8.2— Why the Inscribed Angle Relations Are True continued

Investigation 2—A Proof for the Inscribed Angle Theorem Based on Right

Triangles
In the preceding e Make a sketch similar to the one at right.
investigation, you got .
some insight into why + Convince yourself of the reason that angle
all angles inscribed in C’CE must be twice angle C’AE. (You will
a given arc have the need to use facts you developed in the

same measure. This
proof shows what the
angles are equal to.
Though making the
sketch is not strictly .
necessary, it may help + To what extent can you use the preceding
you understand the theorem to extend this result to a more

angle relationships. general case such as the one on the right?

Carpenter’s Construction in Chapter 4.

+ Are there any general cases you cannot
cover?

+ One difficult case is shown at right. In this
case the center A is not inside the angle
DCE. How can you show that the measure
of angle DCE is equal to half the arc angle of
the arc from D to E inside the angle? Hint:
Measure the angles with directed degrees.

Investigation 3—A Proof for the Inscribed Angle Theorem Based on Turtle
Turns

As you saw in Chapter 7, the angle of an arc is the total turn of a turtle
traveling along the arc, or in other words, it is equal to the angle between
the directions of tangent rays at the beginning and the end of the arc. This
idea showed that the tangent-chord angle was one-half the angle of the arc.

This construction begins with this idea and applies it to inscribed angles.

Construction
e Construct a circle AB and triangle CDE on the al
circle.
D
e Hide the circle and construct by Arc On Circle the c
three arcs from Cto D, D to E and E to C. Make A
the line weight of each arc different. a2

e Rotate point A by 270 degrees around point C.
Label the rotated point C’". Construct ray CC'". E a3
Repeat this construction at points D and E so that
each of the three points has a corresponding tangent ray.
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Exploration 8.2—Why the Inscribed Angle Relations Are True continued

Recall the key result about the tangent-chord angle from Chapter 7. The
angle between ray CC” and ray CD is equal to the angle between ray CD and
ray DD’, and this is equal to one-half arc angle al.

Experiment

e Place a point F onray CD as in the figure.
Measure angle FDD’ and also measure
angle C'CD and arc angle al.

+ Compare the three angle measures and
confirm the statement from Chapter 7 in
this case.

e Measure angle D'DE and arc angle a2.

+ Check the relation between these two
angles and explain how this also follows
from the tangent-chord angle result of Chapter 7.

+ Now put together the following relationships to conclude the inscribed
angle relation: angle CDE = (1/2) arc angle a3.

v Angle FDD’ = one-half arc angle a1.
v Angle D’'DE = one-half arc angle a2.
v Angle FDE is equal to the sum of angles FDD’" and D'DE.
v" The sum of angle FDE and angle CDE = 180 degrees.
v" The sum of the measures of the arc angles a1, a2 and a3 equals 360
degrees.
Conclusion

Q1. The tangent line at D along with the rays DC and DE form three angles
that add up to 180 degrees. Explain why these three angles are equal to
one-half the arc angles of a1, a2, and a3 (in some order).

Q2. Write out a complete proof of the inscribed angle theorem (the one in
the box on page 42).
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Exploration 8.3—Inscribed Angles and Similar Triangles

When a polygon is inscribed in a circle, the inscribed angle theorem makes
relationships hold which are not true for general polygons. This leads to
some remarkable instances of triangle similarity and also to a property of
the product of secant distances that will be very important in Chapter 9.

Investigation 1—Similar Triangles in a Circle

The lines will be
needed later.

[ ]

The scripts are
Angle-Marker First
(Mac) or AngMrk1
(Windows).

Construction —Triangles Formed by Intersecting Chords.

e Construct a circle AB and construct four
points on the circle. Relabel the points P1,
P2, P3, and P4.

e Using lines, construct the quadrilateral
P1P,P3P4 with extended sides. Also con-
struct the diagonal lines P;1P;and PP,

e Construct O as the intersection of the
diagonal lines.

e Select all the lines and create a pair of
Hide/Show buttons. Hide the lines to reduce visual clutter and then
construct all six line segments connecting the vertex points of P1P2P3Ps.

Experiment

The vertices of the quadrilateral divide the circle into
four arcs. The quadrilateral itself is divided into four
triangles by the intersecting diagonals. There are eight
inscribed angles formed by the sides of the triangle
and the diagonals, and two pairs of vertical angles at
O. The goal of the experiment is to understand how
the angles and the triangles in the figure are related.

e Look for inscribed angles inscribed in the same arc and mark them as
equal using the angle marker scripts. Also mark on paper the figure in
the Conclusions section below.

e Measure angles (using degrees, not directed degrees) to confirm that the
angles marked the same are equal.

Conclusions

Q1. Each vertex angle of the quadrilateral P,P,P;P, is
divided into two angles by the diagonal segments
for a total of eight angles. In this figure, or a similar
drawing on paper, mark with numbers 1, 2, 3, 4
each angle of the four pairs of equal angles you
discovered above. For each pair, label with the same
number the corresponding included arc.
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Exploration 8.3 —Inscribed Angles and Similar Triangles continued

In terms of angles 1, 2, 3, and 4, what is the sum of two of the opposite
angles of the quadrilateral? How many degrees is this sum?

Construction — Similar Triangles Formed by Chords and Secants.

e Continuing with the same sketch, construct as
polygon interiors two opposite triangles in the
quadrilateral, as in the figure. Shade and color
the triangles differently.

e Also, for visualization, draw two points M and N
and translate one triangle and its two vertices
from the quadrilateral by vector OM; translate N
the other triangle in the same way by ON. oM
© o
Experiment

+ If two triangles have two corresponding angles equal, they are similar.
Observe that this is true of the triangles that you have constructed.

e Construct a segment from M to one of the other vertices of the triangle at
M to form a side of this triangle. Also construct the side of the triangle at
N so that the sides correspond under the similarity relation between the
two triangles. Make these segments thin and color them red.

e Construct the segment from M to the other vertex of the triangle at M
and construct the corresponding side of the triangle at N. This time make
the segments thick and color them blue.

e Measure the ratio of the corresponding segments and check that the ratio
stays constant as the vertices of the quadrilateral are dragged.

e Also measure the distances from O to the vertices of the original quadri-
lateral. These should equal the lengths of sides in the triangles at M and
N.

Calculate two ratios of these distances that equal the ratios of segments
that you measured previously.

Now the triangleis e Drag one of the vertices of the quadrilateral so that its sides intersect.
formed byt mtersect- Now point O will be outside the circle. Use the Show button to make the
g sectts. lines visible again to see that O is the intersection of two secants.

+ Observe that the triangles continue to be similar, but now the triangles
with vertex at O overlap.

e Drag the vertices to produce two kinds of relations between the shaded
triangles. In the first case, one triangle contains the other; in the second
case, neither triangle contains the other.
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Exploration 8.3 —Inscribed Angles and Similar Triangles continued

+ Note that the triangles remain similar and that the ratios remain equal.

+ Observe that the triangles now share a common angle instead of having
vertical angles at O. Also notice that some of the inscribed angles are
now exterior angles.

e With the original lines showing, drag a vertex of the quadrilateral so that
two vertices almost coincide and one of the sides becomes approximately
a tangent line.

+ Check that the triangles remain similar as the line becomes approxi-
mately a tangent.

Conclusions

Q1. Write careful explanations of why the shaded triangles are similar in
each of the three pairs below.

P4
P1
P2 P3
o)
o)
P4 Pl o
P4

P2 P3 P2 p3

o) 0
P1
P1
5 P
P3 P3
P4

Q2. Write an equality of ratios of the distances OP1, OP2, OP3, and OP4,

and explain how this follows from triangle similarity. Then use this
equality to derive the equality of products

OP1 x OP3 = OP2 x OQ4.
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Exploration 8.3 —Inscribed Angles and Similar Triangles continued

Q3. Mark the equal angles in the triangles in the
figure at right, made from a secant and a tan-
gent. Then explain why the two triangles are
similar and why this shows that

OP x 0Q = OT?

Construction — Circle Through Two Points
Tangent to a Line

You can use this relationship between the tangent length and the product of
secant segment lengths for a new tangent circle construction.

Given two points P and Q and a line m, construct the circle through P and Q
tangent to m.

The solution to this problem looks like the figure in the problem above. The
line PQ intersects line m at a point O (If O is between A and B, is there a
solution? What if the lines are parallel?).

If the point of tangency is T, then OPxOQ = OT?. In the construction prob-
lem, T is not given. If T can be found, then the circle is just the circle through
the three points P, Q, and T.

But the equality of products of distances is
true for any circle through P and Q. Ignoring
m, construct any circle at all through P and Q
and construct the external tangent OS. But
OPxOQ = 052, so OS = OT. Construct the
circle through S with center O. This circle
intersects line m in two points, T and T".
Show that for each of these points there is a circle solving the problem, so
there are two solutions to the construction problem in the typical case.

Investigation 2—A Dynamic Relation Between Products of Lengths

The similarity results of the preceding investigation led to an equality of
products. This equality can be interpreted in a striking way by beginning
with the point O.
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Exploration 8.3 —Inscribed Angles and Similar Triangles continued

To construct T, inter-
sect circle AB with
the circle whose di-
ameter is OA. This is
the Carpenter’s Con-
struction explained in
Chapter 4.

Construction

Construct a circle AB and a point C.
Relabel this point O.

Construct a point D in the plane; then
construct lines OD and OA.

Intersect these lines with the circle to
form points labeled PQ and RS.

Measure the distances OP, OQ, OR,
and OS. Calculate the products
OPxOQ and ORx OS.

Experiment

—+

According to the previous investigation, these products are supposed to
be equal. Observe that they remain equal as you drag point O or D,
although one of the products will disappear when line OD does not
intersect the circle.

With O located outside the circle, construct a point T on the circle so that
OT is a tangent segment.

Measure OT and calculate OT2.

Observe that this quantity is equal to the two products. Explain why this
seems natural as a limiting condition when line OD approaches OT, and
the intersections R and S both approach T.

Instead of dragging O or D, drag the circle (the circle itself, not points A or
B) and observe the quantities as the line OD becomes tangent.

Measure distance OA and the distance AP, which is the radius.
Calculate OA? - AP2.

Drag the point O both inside and outside the circle and observe the
relationships between the four calculated quantities.

Look for a relationship between OA2 - AP2 and OPxOQ.

Conclusions

Q1. If you denote OA by d and the radius of circle AB by r, then what rela-

tionship do you observe between the products ORxOS and OPxOQ and
the quantity d? - r2?

If the product ORxOS is taken to be negative and the directions OR and
OS are opposite, then what would the relationship be?

Q2. Write the distances OP and OQ in terms of d and r. Use this expression

to write the product OPxOQ as an expression in d and r.
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Exploration 8.3 —Inscribed Angles and Similar Triangles continued

Does the case when O is interior to the circle have to be treated
differently from the exterior case?

Q3. Let t be the distance OT. What relationship among d, r, and t is given by
the Pythagorean Theorem? Does this fit with the product relations
explored in this investigation?
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Exploration 8.4—When an Angle Meets a Circle

The inscribed angle theorem is a special case of a remarkable theorem about
angles and circles. In this exploration you will develop the general theorem
and come to understand why it is true.

Investigation 1—A Dynamic Relation Between Angles and Arcs

(]

Be sure to set your
angle unit in
Preferences to
Directed Degrees.

You will find a remarkable general relationship between angles and arcs —a
supercharged inscribed angle theorem.

A particular property of an isosceles trapezoid will be important later in this
exploration.

Construction-Arc Arrows Between Parallel Lines

¢ Construct a circle and intersect it with two parallel lines to form an
isosceles trapezoid.

e Use the ArcArrow script tool to draw arcs
from line CD to the other line. Begin with
an arc from point G to I and then draw an
arc from F to H.

+ The ArcArrow script tool also computes
the central angle. Observe that in this case
the measure of the each arc is the negative
of the other, so the sum is zero.

M/ GAl =66.6°
Conclusion MEFAH =66.6°
m{ GAl + n/ FAH =-0.0°
Q1. What happens if you use the ArcArrow
script tool to connect F to I and G to H? These are still arcs from the in-
tersection points on the first line to those on the second. Is the sum of

the central angles still zero? Show by an example.

Construction — Two Lines and the Arcs on the Circle
e Draw two lines AB and AC.
e Draw a circle DE.

e Measure £ BAC in directed degrees.
Also calculate two times this angle.

e Drag the circle so that the two lines AB
and AC each intersect the circle at two
points. Label these points P1, P2, Q1,
and Q2 as shown in the figure.

e Use the ArcArrow script tool to con-
struct arc arrows with center D from P1
to Q1 and from P2 to Q2.

e The ArcArrow tool also measures the
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Exploration 8.4 —When an Angle Meets a Circle continued

arcs. Add the two measures.
Experiment

+ Drag the circle across the lines. Observe the relationship between the
sum of arcs and the doubled angle. Try this for various angles ABC.

So long as the four points of intersection exist, the sum of the arc
angles equals twice the angle BAC (provided angles and arc angles
are treated as directed ).

Conclusions — Special Cases

By dragging, you can use the very general sketch you have constructed to
illustrate the special cases you have already met. Verify each statement be-
low using your sketch. Make a drawing on paper corresponding to your
sketch and describe how the general case covers the particular special case.

Q1. Central angles. An arc angle is equal to the measure of its
corresponding central angle.

The arc angle in- Q2. Inscribed angles. An inscribed angle has measure equal to half the

cluded by an

inscribed angle is the
arc inside the sides of

the angle.

included arc angle.

Q3. One tangent line. When one side of an angle is tangent to a circle and
the other side intercepts it at two points, the measure of the angle
equals one-half the sum of the directed arc angles from the intersection
point to the tangent point.

Q4. Two chords. The angle between the chords is an average of two arc
angles. It is one-half the sum of the arc angles included in the vertical
angles defined by the given angle.

Q5. Two secants. The angle between two intersecting secants of a circle is
one-half the difference of the arc angles of the two arcs included in the
angle.
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Exploration 8.4 — When an Angle Meets a Circle continued

Construction —Why This Relation Is True

The plan is to reduce the general rela-
tionship to a special case that can be
understood clearly.

e Construct the lines through the center
D that are parallel to the lines through
A. Construct the intersection points of
these new lines with the circle.

+ Observe that these two pairs of
parallel lines create two isosceles
trapezoids.

e Drag the point A so that the line AC is approximately a diameter but A is
not at the center.

Observe that one trapezoid is visible.

e Construct arc arrows from P1 to one
of the intersections of this new line
with the circle and from P2 to the
other intersection. \HH

+ Observe that the two arcs in the
isosceles trapezoid are equal but of
opposite sign, so the sum of all four
arc angles is the same as the sum of | il

o |
the original two. i

Convince yourself that the sum of the
four arc angles is the same as the sum of the two arc angles created by a
pair of central angles at point O. You should already be convinced of the
arc-angle formula for this special case. Why?

e Now add two more arc arrows for the isosceles trapezoid created by the
other two parallel lines. These also contribute a total of 0 degrees to the
sum of all six arc arrows. But again, the sum of the six arc angles is the
same as the sum of the two arc angles created by a pair of central angles
at point O.

+ Putting this together gives the following;:

If two of the lines are diameters, the arc-angle formula must be true
because the angles are central angles. In the general case, the sum
of the oriented angles defined by the arcs is the same as the sum of
the two central angles defined by diameters parallel to the lines
through A, since the difference between the arc measures from the
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Exploration 8.4 —When an Angle Meets a Circle continued

two cases is the sum of four oriented arcs defined by two isosceles
trapezoids.

Explore More

If One Line Is Not a Diameter

Continue the above argument to cover the case in which neither line is a
diameter of the circle. (Hint: do the translation process twice.)

Application — Best Picture-Viewing Angle

Imagine a picture hanging high on the »,
wall of a museum. You are looking up

at the picture and want to get the best
view. P

miP,JPq = 26.51°
mlP2EyeP1 = 20.60°

In the figure you see a side view of
the wall. The top of the picture is at b
P2 and the bottom at P1.

The horizontal ray from A represents ~ # ’
the floor, and the ray from D is the height of your eye.

The best viewing position is the one for which the angle P2-Eye-P1 is the
greatest.

Problem 1. Find the best viewing position by dragging and experimenting.

Problem 2. Construct the arc P2-Eye-P1. What is the relation of this arc to the
other objects in the figure when the Eye is at the best viewing position. How
can you explain this?

Problem 3. Find a construction of the best viewing position that will stay the
best when the picture or the eye height is changed.

Inscribed-Circumscribed Quadrilaterals from Rotators

Start by constructing a rotator. This is a pair of perpendicular lines inter-
secting at A that are animated to rotate around A.

Next take any circle PQ; move it so that it intersects each line in two points.
Construct the four points of intersection of the lines with the circle.
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Exploration 8.4 —When an Angle Meets a Circle continued

Now construct the tangent lines to the
circle at the four points of intersection
to form a quadrilateral whose sides are
the tangent lines.

Now construct the four vertices by
intersection and trace the vertices as
you run the rotator.

What is the trace of the four vertices?
Why?
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