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Chapter 1: Orthogonal Circles
and Inversion

Orthogonal circles are circles that meet at right angles. The study of such
circles leads to a wealth of surprising geometry and applications.

A fundamental construction in the study of orthogonal circles is the
construction of the point A’, called the inversion of a point A in a circle.
Inversion is a lot like line reflection: A” is the image of A on the far side of a
circular mirror.

Exploration 9.1 —Introduction to Orthogonal Circles

This exploration explains how to measure angles
between circles and justifies the definition by zooming
in on a circle intersection until it grows very large.

You will try out some basic constructions of orthogonal
circles.

Exploration 9.2 —Families of Orthogonal Circles

Some families of circles are given the name of pencils. At
right is a picture of a two-point pencil of circles.

In this section you will see that families of orthogonal
circles are also pencils, and this fact motivates the
definition of inversion. You will meet the radical axis,
the line of centers of circles in a pencil.

Exploration 9.3 — Inversion of a Point in a Circle

Using what you learned about secants and tangents in
Chapter 8, you will derive a formula that defines
inversion. You will undertake a several constructions of
inversion and save them as scripts.

Exploration 9.4 — Constructing Orthogonal Circles
Using Inversion

You will use inversion and the radical axis to construct
orthogonal circles, for example, a circle through a point
orthogonal to two given circles.

Families of such circles lead to a new kind of pencil of
nonintersecting circles. Two pencils of orthogonal circles -
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fit together to form a striking pattern.
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Error! Reference source not found. continued

Teaching Notes

The heart of the chapter is the definition of inversion in Exploration 9.3 and
the application to constructions of circles in Exploration 9.4.

To get there, the important steps are the constructions of orthogonal circles
in 9.1 Investigation 3, especially the last construction, and the tracing of
orthogonal circles in 9.2, Investigation 2. The pencil terminology of 9.2,
Investigation 1 is also needed.

Exploration 9.1 —Introduction to Orthogonal Circles

Students need this
construction later in
the chapter.

Investigations 1 and 2 develop the concept of an angle between circles,
surprisingly subtle for many students.

Investigation 3 presents several constructions of orthogonal circles. The last
one is particularly important for defining inversion.

Exploration 9.2 — Families of Orthogonal Circles

+

This key activity can
be done as a demo.

Investigation 1 introduces the name pencil for some of the families of circles
studied in previous chapters.

In the second investigation, tracing orthogonal circles through a point
provides the key picture for inversion. The construction used is one from
Exploration 9.1, Investigation 3. If students have already done this, they can
begin with a demo sketch or their saved sketch.

Exploration 9.3 —Inversion of a Point in a Circle

+

The key investigation
of this chapter.

In the first investigation students meet the definition of inversion and
explore its important properties using results from Chapter 8. They also
construct and define the radical axis.

The remaining investigations present various constructions for the inversion
of a point and the radical axis, and students use them to create scripts.

Exploration 9.4 — Constructing Orthogonal Circles Using Inversion

Key constructions
using scripts as
power tools.

A spectacular figure.

Students apply inversion and radical axes to construct orthogonal circles.
The first construction is short, but the investigation asks probing questions
to make sure that students understand why the method works.

The second investigation uses the same method as the preceding one, but
the interaction between pairs of orthogonal circles is subtle to think about
and pretty to watch. Tracing these circles leads to new families of circles.

Investigation 3 is devoted to constructing two families of orthogonal circles
covering the plane. The first construction of the first part of the investigation
features a simple construction and tracing. The second construction is more
complex and constructs a Sketchpad locus.

To save time you may ask students to do the first construction and then use
a demo sketch for the second one.
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Exploration 9.1—Introduction to Orthogonal Circles

This chapter begins with a visual study of the meaning of the angle between
circles. Orthogonal circles are defined as circles that meet at a right angle.

In the second investigation, orthogonal circles are constructed and traced to
arrive at a surprising, but familiar, picture.

Investigation 1—Angles Between Circles

In Chapter 7, Investigation 3 — Directions Along an
Arc, the idea of a tangent direction at a point P on a
circle or arc was introduced. This tangent direction
can be represented as a ray PQ lying in the tangent
line to the circle at P.

If two circles intersect at point P, and a tangent
direction has been picked on each circle, the angle between the circles is
measured as the angle between the two tangent directions at P.

If the tangent direction has not been picked, then there is
a choice of two angles, just as there is in defining the
angle between two lines. E

Why does this way of measuring make sense? In this
first exploration you will zoom in on two arcs and see
the tangent directions appear.

Construction —Magnifying an Angle
G =

and CB and arcs ending in oo mHl
point B on each circle.

i G mFG
e Construct two circles AB o=—o —= =049 10 -( | 7492

e Hide the two circles and all
the points except B.

e Construct two segments.
Now create a dynamic
magnification factor by
measuring measure the
ratio of these two segments and multiplying this ratio by 10.

e Select the measurement and choose Mark Scale Factor from the
Transform menu. Also mark the point B as center.
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Exploration 9.1 — Introduction to Orthogonal Circles continued

Experiment

e Dilate the arcs by the
marked scale factor. Color
the new dilated arcs a

bright color such as red. “F °c
o—0
For much greater e Drag the endpoints of the H !
Z“Z‘?Sf the “;CS l’l””y segments to make the
enave errancaty. scale factor 10 or 40 or 100 B

and see what happens to
the dilated arcs.

+ Observe the appearance of
the dilated arcs when the
scale factor is large. Note
what geometric objects the
arcs resemble when the scale is large.

Construction —Limiting Tangents

e Construct the tangent lines to the circles at point B.

+ Describe the behavior of the dilated arcs as the ratio of dilation becomes
very large.

Explore More

e Zoom in on point A in the figure at right. What
does the figure look like near A when greatly

magnified? ‘
Conclusions
Q1. If two circles intersect, they will generally

intersect at two points. Is the angle of intersection necessarily the same
at the two points? Why or why not?

Two circles are said to be orthogonal if they intersect and if the
angle between the circles at a point of intersection is a right angle.

Q2. Does it matter which tangent directions are MLCBA =90.0°

chosen to measure the angle at the point of
intersection in order to say that two circles
are orthogonal? Explain your answer.
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Exploration 9.1 —Introduction to Orthogonal Circles continued

Investigation 2—Rotate a Circle

Here you construct a demonstration of the possible angles between circles.

Construction
e Asshown at right, construct m{DBA =118.4°
circles AB and BC. mFBE =118.4° | E

e Construct circle DB, where point
D is a point on the circle BC. Hide
circle BC and point C.

e Measure angle DBA.

e At point B, construct the tangents
to each circle. Place points E and F
on the tangents so that you can
measure angle FBE.

e Construct the rays BE and BF and make the lines (but not the rays)
dashed. Drag points E and F so that the tangent d1rect1on on each circle
points in a counterclockwise direction.

Experiment

e Rotate circle DB by dragging point D and observe the behavior of the
tangent direction.

Conclusions

Q1. For what measures of angle
DBA are the circles tangent? m/DBA :59.0°°
Orthogonal? m/FBE =121.0

Q2. How are points A and D related
to the tangent lines when the
angle FBE is 90 degrees?

How are the tangent lines
related?

Q3. How is the angle between the
tangent directions related to
angle DBA? Can you rotate one of the angles to coincide with the other?
Explain.

Q4. Slide E so that the tangent direction is the opposite ray on the tangent
line. How is the angle between the tangent directions related to angle
DBA now? Can you rotate one of the angles to coincide with the other?
Write an explanation of what has changed.
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Exploration 9.1 — Introduction to Orthogonal Circles continued

Explore More

Ray AB indicates a direction on line AB, and ray BA indicates the opposite
direction.

The angle between a line and a circle. Give a reasonable definition of the angle
between a ray (or a line with a direction) and a circle. Also define what it
means for a circle to be orthogonal to a line.

Angle cut. In the figure at right, what is the
relationship between the angle between the circle
and the ray CD and the arc angle cut from the circle
by the line?

Investigation 3—Constructions of Orthogonal Circles

This investigation asks you to figure out how to accomplish a number of
useful constructions of orthogonal circles. If you get stuck, solutions appear
on the accompanying disk.

Construction — Circles Orthogonal to a Circle at a Given Point

Point C is a point on circle AB. Construct
point D so that circle DC is orthogonal to
circle AB at point C.

Experiment

e Trace circle DC and Drag point D.

+ From the trace, observe how the circles
DC are related.

Conclusions
Q1. Explain your construction method. How does it guarantee that circle

DC will always be orthogonal to circle AB?

Q2. If circles DC and EC are orthogonal to circle AB at C, how are circles DC
and EC related? Give a reason for your answer.

Construction — Circle Orthogonal to a Circle at Two Given Points on the
Circle

In the figure at right, points C and D are points
on circle AB. The circle with center E is
constructed to be orthogonal to circle AB at both
points.

Experiment

+ Drag Cand D around and observe the nature
of circle EC.

+ Observe whether there are any positions for C
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Exploration 9.1 — Introduction to Orthogonal Circles continued

and D at which circle EC is not defined. If so, look for an explanation of
what happens at these positions.

e Construct segment AE.

+ Notice that you can use the Pythagorean Theorem to calculate the radius
of circle EC when you know the distance AE and the radius of circle AB.

Conclusions
Q1. For what positions of C and D is there no circle orthogonal to circle AB

at Cand D?

Q2. If the distance AE is d and the radius of circle AB is r, what is the radius
of circle EC?

Q3. Suppose that a circle MN is orthogonal to circle AB. Must the center M
of MN be exterior to circle AB? Give a convincing reason for your
answer.

Explore More

On circle AB, with points C and D on the circle as before, use Sketchpad to
construct an arc from C to D that is orthogonal to circle AB at C and D.

Use these arcs to construct some symmetric designs based on the circle.
Here are some examples.
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Exploration 9.1 — Introduction to Orthogonal Circles continued

Construction — Circle Orthogonal to a Circle Through Two Given Points,
One Off the Circle

Given a point A and a circle BC, for any
point D on the circle construct a circle
(1) through A and (2) orthogonal to
circle BCat D.

The figure at right shows the basic idea,
with circle FA being the desired circle.
When you have completed the
construction, hide everything except
the circles and points A, B, C, D, and F.

Conclusions

Q1. The center F is constructed as the intersection of two lines. Explain why
each of conditions 1 and 2 leads to the construction of one of these lines.

Construction —Make an Orthogonal Circle Script
It will be useful to make a script of this orthogonal circle construction.

e Rename the points B and C with more
descriptive names, as in the figure at right.

e Select All. Then choose Make Script in the
Work menu.

e Save the script as Orthocircle by Pt (Mac)
or OCirc1Pt (Windows).

This should produce a script that takes 3
points like O, R, and A and produces circle OR
and a circle through A orthogonal to circle OR at a random point D as in the
figure.

Experiment

e Apply your script several times to the same set of givens. Each time you
apply the script, you should get another circle passing through point A
and orthogonal to the original circle.

+ Experiment with dragging point A, the circle, and the points where the
new circles intersect the original circle. Make conjectures based on what
you observe.

Conclusions

Q1. Write out your conjectures based on the above experiment.

Q2. Your conjectures should lead to two new objects. What are these?
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Exploration 9.2—Families of Orthogonal Circles

You have seen sets and families of circles many times in this book, used for
visualization and for constructions. More families appear in this section —
families of orthogonal circles. Before beginning the exploration of
orthogonal families, some new geometrical terminology will be introduced
and explored briefly.

Investigation 1—Names of Families of Circles

You have already encountered a set of circles that
looks like the one at the right. Now you will learn
the name for this set.

A two-point pencil of circles with base
points A and B is the set of all circles that
pass through A and B.

Another set of circles that you have seen several times
appears at the right.

A double-point pencil of circles with base
point A and direction line m is the set of all
circles that pass through A and whose tangent
line at A is parallel to m.

Other sets of circles are possible. For
example, the figure at right depicts some of
the circles through a point A that are
tangent to a given circle.

Conclusions
Q1. Describe a construction that will

produce a trace of a two-point pencil of circles.

Q2. Describe a construction that will produce a trace of a double-point
pencil of circles.

Q3. For the circles in a pencil (of either kind), the centers all lie on a line.
Which line? Explain each case.

Q4. Is the set of circles through a point A that are tangent to a given line a
pencil of either kind? How can your answers to Q1 and Q2 be used to
explain your answer?
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Exploration 9.2 —Families of Orthogonal Circles continued

Q5. If a point Cis on line AB (in the case of a two-point pencil) or on line m
(for a one-point pencil), then there is no circle in the pencil through C.
For each case, give a reason why.

If a circle from the pencil passes through a point D , what happens to
the circle if D is dragged close to line AB (or line m).

Explore More

It is clear that the picture of the circles through a given point tangent to a
given circle does not resemble either of the pencils. What features distin-
guish these pencils from other sets of circles?

Properties of Pencils. Here are some properties of
pencils that are true for either kind of pencil. Why
are they true?

1. The pencils have two perpendicular lines of
symmetry.

2. The centers of the circles in the pencil lie on
one of the lines of symmetry.

3. If two circles in the pencil intersect, it is at
the one or two base points, which are on the
other line of symmetry.

4. If a point C is not on a line of symmetry,
then there is a unique circle in the pencil
that passes through C.

Other Families of Circles. Tell which of the properties above is true for the
following families of circles.

1. The set of circles through a point A that
are tangent to a line m.

2. The set of circles through a point A that
are tangent to two intersecting lines m
and 7.

3. The set of circles through a point A that
are tangent to two parallel lines m and n.

4. The set of circles through a point A that have centers on a circle BC.

Investigation 2—Orthogonal Circle Trace—a Key Picture

In this investigation, you will look at the trace of circles orthogonal to a
given circle and passing through a given point. The question is, “Is this a
pencil of circles?”
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Exploration 9.2 —Families of Orthogonal Circles continued

Construction— Circles Orthogonal at D

Experiment

=+

Use your orthogonal circle script to recreate
the figure at right. (See page 9 for the

Trace circle FA and trace point F. Color the
circle one bright color and point F another.

original construction.)

Drag point A around to create the trace of a
set of circles.

Observe the appearance of this trace.
v" Note whether any points belong to all the circles.
v" Note whether the set of centers lies on a line. What do you conjecture
is the position and/or direction of the line?
v" Conjecture whether or not this is a pencil of circles. If so, which
kind?

Experiment — Circles Through A

—+

Next, drag D around the circle to create the trace of a set of circles.

Observe the appearance of this trace.
v" Note whether any points belong to all the circles.
v" Note whether the set of centers lies on a line. What do you conjecture
is the position and/or direction of the line?
v" Conjecture whether or not this is a pencil of circles. If so, which
kind?
Move point A to a position inside the circle and repeat the experiment of
dragging D.
Observe whether there is any difference in the general appearance of the

trace when A is inside the circle.

Move A to a position on the circle and repeat the experiment of dragging
D.

Observe whether there is any difference in the general appearance of the
trace when A is on the circle. Describe this trace.

Conclusions

Q1. Describe the appearance of the trace of the orthogonal circles and the

trace of their centers when D is dragged around circle BC. Does this
appear to be a pencil? If so, what kind? Does the kind depend on the
location of A?

Construction— A Sketchpad Locus of Circles

Replace the traces with a Sketchpad locus.

Turn off tracing for both the circle and the point.
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Exploration 9.2 —Families of Orthogonal Circles continued

e Construct a locus of circle FA by selecting circle FA and point D and
choosing Locus. Also construct the locus of the point F by from F and D.

Experiment

e Drag A around the plane to see how the locus of circles and the locus of
points F changes.

+ Observe for which positions of A the locus of F is outside circle BC. For
which positions is it tangent?

+ A is on all the circles of the locus. If A is inside or outside circle BC, there
appears to be a second point A” which is also on all the circles in the
locus.

e Drag A from its initial position to approximately where A’ was initially.

+ Notice where the conjectured second point A’ goes when A is dragged to
where A’ used to be.

+ Observe what happens to the circles and A’ when A is dragged to a
position on the circle BC. Conjecture the relationship between the locus
of F and the points A and A"

Conclusions

Q1. Summarize your observations about the the locus of F. For what
position of A is this locus line outside the circle? When is it tangent?
When does it intersect the circle in two points?

Q2. For what positions of A is the pencil of circle a two point pencil and
when is it a double-point pencil? If A is inside the circle, on the circle,
or outside the circle, where does A" appear to be in each case?

Explore More—Tracking Down A’ with Special Cases

At this point nothing much has been revealed about the location of point A’
with respect to the circle and point A. Here you will deduce some
relationships from special cases of orthogonal circles (which must contain A’
if the conjecture is true that all the orthogonal circles to BC through A pass
through a second point A’).

First Special Case. Point D is chosen so that line
DA is tangent to the circle at D. Construct the
circle passing through point A orthogonal to the
circle at point D. From here you should be able
to construct point A’. When you think you have
it, verify using the Orthocircle by Pt script.
Explain why you think your construction works.

Does this construction help you to find A" if
A is inside the circle? Explain.
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Exploration 9.2 —Families of Orthogonal Circles continued

If you construct
points C and S as
intersections of the
two circles, they
disappear in some
quadrants. It is better
to construct them as
intersections of lines
through P perpen-
dicular to an axis
with that axis.

Second Special Case. Point D is chosen so that line
DB is perpendicular to line BA. Construct the
circle passing through point A orthogonal to the
circle at this point D. Look for relationships in the
tfigure that will tell where point A”is. Explain
your reasoning.

Does this reasoning still apply if A is inside
the circle? Explain.

Explore More — Trig Wheel

You can make a physical device with a kind of dial for computing
trigonometric functions by drawing axes and a circle of radius 1 inch on
graph paper and then overlaying the circle with a transparent sheet that
pivots at the center origin. On the sheet you draw a point P on top of the
unit circle, then a circle whose diameter is the segment from the origin to P,
and finally the line through P tangent to the small circle.

Let C and S be the intersections of the circle with the x- and y-axes. Let F and
G be the intersection of the line with the x- and y-axes. The idea is that you
can read the values of trigonometric functions directly from the axes.

Model this device in Sketchpad. Build the
unit circle and axes by translating a point O
by distance 1 inch horizontally to construct
U. Measure the distance between the points.
Then select O and the measure and choose

Create Axes from the Graph menu. Then P
is a point on the circle; construct the other
parts of the figure.

Compute the trigonometric functions of
angle UOP. Also measure the distances and
coordinates of the points in the figure and look for relationships.

Since the circle has radius 1, the coordinates of point P are (cos A, sin A),
where A = angle UOP. The inversion Q” of any point Q satisfies | OQ’| =
1/10Q|, since the radius of the circle is 1, therefore, what is the inversion of
a point (x,0) or (0,y)?

Use your knowledge of circles to explain why the coordinates of C and S are
(cos A, 0) and (0, sin A). Use your knowledge of inversion to explain why

the coordinates of F and G are [1/(cos A), 0] and [0, 1/(sin A)] and express
this in terms of the secant and cosecant.

Measure distances FP and GP and compare with the tangent and cotangent
of A from the Sketchpad calculator. How can you explain the relationships?
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Exploration 9.3—Inversion of a Point in a Circle

In the preceding exploration you have observed that given a circle OR and a
point A, there appears to be a point A" such that any circle passing through A
and orthogonal to circle OR also passes through A’. Point A’ is called the
inversion of A in the circle OR.

But does the inversion point exist? And, if so, where is it located?
Answering these questions is the goal of this exploration.

Investigation 1—The Definition of Inversion

Begin the investigation by examining a
figure of a circle with center O and a circle
c1 through A that is orthogonal to the first
circle at T. Let B be the other intersection of
line OA with the circle c1.

Since the circles are orthogonal, the line OT
is tangent to the circle through A. You have
seen this figure in “Exploration 8.3 —
Inscribed Angles and Similar Triangles.”
There you discovered that triangle OTA is
similar to triangle OBT, so OAxOB = OT*

But OT is the radius r of circle OT. The location of B is determined, since OB
can be computed from this equation.

The inversion of a point A in the circle with center O and radius r
is the unique point A’ on the ray OA for which the distance OA’ =
r’/OA. The circle is called the inverting circle or the mirror circle.

The results cited from Chapter 8 can be rephrased using the terminology of
inversion.

If circle c1 is orthogonal to circle OR, then any line through O that
intersects circle c1 at point A also intersects circle c1 at point A’, the
inversion of A in circle OR.

In addition, the following converse statement is also true. The reason is very
close to being the same.

If A’ is the inversion of A in a circle OR, then any circle c2 that passes
through both A and A’ is orthogonal to circle OR.
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Exploration 9.3 —Inversion of a Point in a Circle continued

This follows from the same figure. If t is the length of a tangent segment
from A to circle ¢2, then t2 = OAxOA’ = 12, where r is the radius of OR. Thus
t = r and the circle OR, which has radius 7, is orthogonal to circle c2.

Construction-Properties of Inversion

Inversion has been defined and its
fundamental properties stated and
proved. In this construction you will
check these properties with Sketchpad.

e Begin by constructing a circle OR and
a point A in the plane.

[w] e Using the orthocircle script, construct
Orthocircle by Pt a circle FD through A orthogonal to
circle OR at a point D on circle OR.

e Construct the line OA and construct a
diameter line of FD by constructing the line through point F
perpendicular to line OA.

The constructed e Reflect A across this diameter line to get a point A" at the other
intersection of circle intersection of circle OR and circle FD.
FD and line OA does
1ot behave well as e Construct a point Q on circle FD and construct Q” by reflecting Q across
point A moves inside the line through F perpendicular to ray OQ. This point Q" lies on the
circle OR. intersection of line OQ and circle FD.

e Measure distances and calculate OAxOA” and OQxOQ’.

Experiment

e Drag Q on circle FD and watch the measurements and calculated
quantities.

+ Confirm that OAxOA’ = OQxOQ’ for all positions of Q. This means that
Q’ is in fact the inversion of Q in circle OR.

e Investigate what happens to Q” when you drag Q so that it lies on circle
OR. What appears to be the inversion of Q in this case?

+ What point is Q" when Q is on circle OR?

+ Check the definition of inversion to find what Q” is defined to be when Q
is on circle OR. Confirm that the definition is consistent with
observation.

e Drag Q so that it coincides with A’. Where is Q" when this happens?

+ Use this observation to conjecture what is the inversion of A" in circle
OR. Check with the definition to see that the conjecture agrees with what
the definition says.

18 * Chapter Chapter 1: © 1996 Key Curriculum Press Orthogonal Circles and Inversion



Exploration 9.3 —Inversion of a Point in a Circle continued

Conclusions

Q1. From observation, you can conjecture the following properties of

inversion in circle OR. Explain why each statement is true by using the
geometry of the figure and applying the algebra of the definition.

a.If Q is on circle OR, then the inversion Q" = Q. If Q is exterior to circle
OR, then Q’ is interior, and vice-versa.

b. The point Q”, the inversion of Q’, is the point Q itself.

c. If a circle BC is orthogonal to circle OR, then for any line through O
intersecting circle BC at two points, each of these two points is the
inversion of the other.

Construction-Circles Through Points A and A’

In this experiment you will construct a circle through A and A’ and confirm
that it is in fact orthogonal to circle OR.

Experiment

+ Drag point G and observe whether the

Conclusion

Continue with the same sketch, Hide Q
and Q’ and some lines, so the figure
appears as shown.

Any circle through A and A’ has its center
on the perpendicular bisector of AA’. But
this line through F has already been
constructed.

Construct a point G on this line and then
construct circle GA. Circle GA also passes through A’ by the properties of
the perpendicular bisectors.

Construct H as a point of intersection
of the two circles GA and OR.
Construct segments OH and GH and
measure angle OHG.

circle GA and the circle OR are
orthogonal.

The locus of the centers of circles through
a given point orthogonal to a given circle has a name.

The locus of the centers of circles through point A orthogonal to circle
OR is called the radical axis of point A and circle OR.
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Exploration 9.3 —Inversion of a Point in a Circle continued

This result will be
important later for
understanding the
inversions of
geometric shapes such
as lines and circles.

You have already determined what geometrical object corresponds to the
radical axis.

The radical axis of a point and a circle is the perpendicular bisector of
the segment connecting the point and its inversion in the circle.

Q1. Review the construction of Q’ from Q. Explain why the mirror line in
which Q was reflected is the radical axis of Q and circle OR.

Q1. Given a circle AB and a point Q outside the circle,
construct the two tangent segments QS and QT. Let
M be the intersection of line ST and line QA. Explain
why M is Q’, the inversion of Q in circle AB.

Construct the circle ¢2 with diameter QT. Where
does this circle intersect line QA? How does this fit
with the statements about orthogonal circles and inversions?

Q1. Let C’ be the inversion of C in circle AB
and let D’ be the inversion of D in the
same circle. Show that triangles ACD and
AD’C’ are similar.

What are the corresponding angles?

Reflect segment D’C” across the angle
bisector of angle CAD to get segment
D”’C”. Show that D"’C” is parallel to CD.

Explore More

Consider the figure at right. In it, dragging the
secant line OA recalls the experiments of A
Chapter 2, in which you traced the midpoint of
segment AA’.

Show that OAxOA’ is constant using only the
Pythagorean Theorem and some algebra and
without using inscribed angle theory.

Here are a couple of hints:

(1) Let M be the midpoint of AA". If x = MA,
then

OAxOA’ = OM? - x2.

(2) The quantities OM? and x2 can be computed from r and other distances
with the Pythagorean Theorem.
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Exploration 9.3 —Inversion of a Point in a Circle continued

Investigation 2—Scripts for Inversion Using Random Points

In order to harness the power of inversion with Sketchpad, you will need to
create some scripts to serve as basic building tools. The first scripts will be
simple and surprisingly effective. In later investigations you will create
some others that are faster and more efficient.

[w] Construction — Script for the Radical Axis Using Random Points

Orthocircleby Pt o A shown at right, construct two circles

orthogonal to circle OR, both passing
through point A.

e Construct the line through the centers of
these circles, line FI in the figure.

+ This line of centers is the radical axis.

e Hide all points but O, R, and A and hide
both of the circles through A. The figure
should only show the points O, R, and A, circle OR and the line which is
the radical axis.

e Make a script from this sketch, test it, and then save it with the name
Radical Axis by Circle+Pt (Mac) or RadAxis1 (Windows).

+ Notice that though the definition of the radical axis involves a point and
its inversion, this script makes no use of inversion.

Construction — Script for the Inversion of Point A Using Random Points

You will use the radical axis to create a Sketchpad script to construct the
point A’, the inversion of A in the circle OR.

e Continue with the same sketch. Mark the radical axis line as a mirror and
then reflect point A across the line to get point A’.

e Hide the radical axis. Make a script from this construction. Test it and
then save it as Inversion of Point (Mac) or InverPtl (Windows).
Investigation 3—Scripts for Inversion Using Straightedge and Compass

This investigation presents some more conventional scripts for inversion
and radical axis constructions.

Geometry Through the Circle ©1996 Key Curriculum Press The Geometer’s Sketchpad * 21



Exploration 9.3 —Inversion of a Point in a Circle continued

This will be the
radical axis script
used later in the book.

Construction — Radical Axis and Inversion Scripts by Construction

To find the radical axis of point A and
circle OR, you need to find a circle
orthogonal to circle OR through A and a

point D on circle OR. You can do this by L F
choosing D conveniently. ° 5
e Construct circle OR and point A. .
e Construct D, the intersection of the
circle with the line through O
"R

perpendicular to segment OA.
Construct the tangent to the circle at
D.

e Construct the perpendicular bisector of segment AD and intersect it with
the tangent to construct point F, the center of the desired orthogonal
circle.

e Construct the radical axis as the line through F perpendicular to OA.

e Hide all objects except the points O, R, and A, the circle OR, and the
radical axis line.

e Make from this a script Radical Axis Constructed (Mac) or RadAxis2
(Windows).

e With one more step you get a script for inversion, as well. Reflect point A
across the radical axis. Then hide the radical axis.

e Make a script from this called Inversion of Pt Constructed (Mac) or
InverPt2 (Windows).

Experiment

o Check that this script works for special cases, such as when A is on circle
OR.

Conclusions

Q1. Write an explanation of why this construction produces the radical axis.

Explore More

There are many ways to accomplish inversion, each interesting in its own
right. The figures below show three other methods of inverting point A in a
circle. For each, determine whether the method works, whether it works for
all positions of A, and why it works. Add these constructions as scripts to
your arsenal.
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Exploration 9.3 —Inversion of a Point in a Circle continued

Investigation 4—Scripts for Inversion Using Dilation

Inversion, as defined on page 17, expresses the distance from the center of
the inverting circle to the point of inversion as a certain ratio of the radius of
that circle. Another way to say this is that the radius point is dilated toward
(or away from) the circle’s center to produce the point of inversion. The
script you will create for inversion using dilation produces very few new
objects, and the resulting construction is much more responsive under
dragging than the previous constructions you have met.

Construction — Inversion Script from Dilation
e Construct point A and circle OR.

e Construct ray OA and intersect it
with the circle to obtain point D.

e Select points O, A, and D (in that
order) and hold down the Option
key (Mac) or Shift key (Windows) as
you select Mark Ratio OD/OA from
the Transform menu.

e Mark O as a center and dilate D to
construct D’, which is the inversion of A.

e Hide the ray and D. Then select all and make a script. Save the script as
Inversion of Pt by Dilation (Mac) or InverPt3 (Windows).

Experiment

A drawback to this e Check that this script’s method of inverting a point produces the same

script is that the image point as other scripts.
inversion of a point Q

is not automatically

labeled QY.
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Exploration 9.3 —Inversion of a Point in a Circle continued

This construction is
less direct, but it
labels the inversion of
point Q as Q’, which
is very useful.

Construction — Alternate Inversion Script from Dilation
e Construct A and circle OR. Construct
the segments OR and OA.

e Select the segments OR and OA (in that
order) and choose Mark Ratio.

e Mark O as center and dilate segment
OR by the marked ratio.

Select this dilated segment and
segment OA and choose Mark Ratio.
Dilate A by this new ratio.

e Hide the segments so that only the circle and points O, R, A, and A" are
showing. Make a script and save it as Inversion of Pt by Seg Ratio (Mac)
or InverPt4 (Windows).

Experiment

e Test the four inversion scripts to see that they work in all cases.

e Determine how many hidden objects each inversion script creates.
Which is the most efficient script from this point of view?

Explore More — Midpoint and Radical Axis by Dilation

After constructing A” by dilation, you can construct the radical axis simply
as the perpendicular bisector of segment AA’, but this is a bad idea because
it will disappear when A = A’. A better approach is to construct the
midpoint M of AA’ by dilating A” with center A by ratio 1/2. Then construct
the radical axis as the line through M perpendicular to segment OA.

Create a script for constructing a radical axis using this method.
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Exploration 9.4—Constructing Orthogonal Circles Using Inversion

Inversion is extremely useful for geometric constructions because it replaces
the rather complex concept of constructing a circle orthogonal to a given
circle with the familiar concept of constructing a circle through a point.
Inversion allows you to construct figures made of orthogonal circles by
using scripts that construct inversions and radical axes.

Investigation 1—Circle Through Two Points Orthogonal to a Circle

Consider the
perpendicular bisector
of segment AB. What
conjecture can you
make about it? Check
your conjecture with
a construction.
Explain why your
conjecture should be
true.

Using scripts, certain constructions that would have been difficult before are
now quite simple.

Given a circle and two points A and B, find a circle
through A and B orthogonal to the given circle.

Without knowing about the radical axis of a point
with respect to a circle, this would be a difficult
problem. But, for each point, any circle through the
point orthogonal to the given circle must have its
center on the radical axis. What does this mean about the intersection of the
two radical axes?

Construction

e Start with points A and B and circle OR. Use the radical axis script to
construct the radical axis of each point with respect to the circle.

¢ Construct the intersection point of the radical axes and label the point P.
Circle PA should be the desired circle.

Experiment

+ Check that the two circles are orthogonal no matter where points A and
B are located. Explain this in terms of the figure.

+ Why must point B be on the circle OP?

+ Now construct the inversion points A” of A and B’ of B in circle OR.
Where are A" and B’ in relation to circle PA? Explain why this should be
SO.

+ Study the trace of circle PA as you drag point B. Is this a pencil? If so,
which kind? What are the base points? Explain.

+ Drag point A so that it is on the circle OR and note what happens to the
radical axis for A. How are circles OR and PA related at A in this case?

+ For fun, turn off tracing and create an animation button for point B on
circle OR and then run it to see an automated pencil of circles.

e Hide everything except the two circles and points O, R, A, B, and P. From
this construction make a script and save it as OrthoCirc by 1 circ+2pts
(Mac) or Orth1C2P (Windows).
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Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

Conclusions

Questions 1-3 refer to the figure at right, in which circle PA passes through
points A and B and is orthogonal to circle OR.

Q1

Q2.

Q3.

Q4.

. Write an explanation of why the inversions

of points A and B— A’ and B’ —both lie on
the circle PA.

If points A, B, and O are collinear, there is
no circle PA. Explain why it makes sense to
substitute the line AB for the circle in this
case. Is it still orthogonal to circle OR? Hint:
What happens to the circle in your sketch if you drag B so that it is very
close to line OA?

The circle through A and B orthogonal to circle OR seems to be unique.
Is there any position of A and B for which there is more than one circle?
Explain.

Given a circle OR and a point A on a line m, explain how to construct
the circle that is orthogonal to circle OR and tangent to line m at A.

Note: While this figure cannot be constructed from the sketch of the
Experiment, it can be approximated by dragging point B very close to
A. Thus a point A provided with a tangent direction may be viewed as
a double point, the limiting case of two points A and B, where B
approaches A along direction m.

Investigation 2—Circle Through One Point Orthogonal to Two Circles

Given two circles, c¢1 and ¢2 (shown thick at right), and a point A, contruct a
circle through A orthogonal to the two given circles.

Make a script. The
Givens will be five
points, B, C, D, E,
and P.

Construction

Draw a free point A and two circles.

Construct the radical axis of point A
with respect to each of the circles.

From the intersection P of the two axes,
construct circle PA.

Hide the two axes and make a script
from the construction. Save it as
OrthoCirc by 2 circs+1pts (Mac) or Orth2C1P (Windows).

Draw a point G in the plane and use the script to construct a circle QG
orthogonal to cI and ¢2 . Name the circles PA and QG d1 and d2 . This
pair of circles is orthogonal to the first pair c1 and ¢2 .

Experiment

Draw a point F in the plane and construct the inversions F" and F”" of F in
the circles c1 and c2 . Drag F to a position on circle d1.
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Exploration 9.4 — Constructing Orthogonal Circles Using Inversion continued

The two pairs of
circles interact in a
kind of circle square
dance.

+ If circle PA is orthogonal to the two given circles, the inversion points F’
and F”" should both lie on circle PA so long as F lies on PA. Check to see if
this is true.

+ Move circles cI and ¢2 so that they intersect at two points. How many
points of intersection does the second pair of circles have? If the first pair
is moved so that they are tangent at one point, or if they do not intersect
at all, how many points of intersection does the pair d1 and d2 have?

+ Drag c1 and c2 so that d1 and 42 intersect in two points. Then drag point
F to find locations for F where the two inversions F’ and F’’ coincide.
Where are these locations?

Conclusions

Q1. You should have observed that the special locations for point F are the
intersections of the circles d1 and d2. Write an explanation for why that
should be the case.

Q2. Fill in numbers in the table below for the number of intersections of
circles d1 and d2.

Number of intersections | Number of intersections
circles c1 and ¢2 of circles d1 and d2
2
1
0

Construction — Tracing Circles Orthogonal to Two Circles

Given two circles, the whole family of circles orthogonal to them can be
traced by circle PA as A is dragged. The next goal is to examine these
families and classify them.

e Construct an animation button to animate point A around circle cI.

No Intersection

e Move circles cI and ¢2 so that they do not intersect. Trace circle PA and
point P. Use the animation button to draw the traces.

e If your computer is reasonably fast, you can use Sketchpad’s Locus
command to see the circle family instead of tracing it. Select (in order)
circle c3, point A, and circle c1. Then hold down the Option key (Mac) or
Shift key (Windows) and choose Locus from the Construct menu. (This is
different from the usual Locus construction because the point A is not
already constrained to lie on circle c1.)

+ Is this a pencil? If so, what kind of pencil is it?

Geometry Through the Circle ©1996 Key Curriculum Press The Geometer’s Sketchpad ¢ 27



Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

Intersection at One Point

Move circles c1 and c2 so that they appear to be tangent. Use the
Animation button to draw the traces (unless you have constructed a
locus).

Move the given circles BC and DE so that they appear to intersect at one
point. In this configuration, is the trace a pencil? If so, which kind of
pencil is it?

Intersection at Two Points

Move circles c1 and c2 so that they intersect at two points. Use the
animation button to draw the traces (unless you have constructed a
locus).

Does dragging point A generate one of the previously defined pencils of
circles? Do the properties of pencils (defined on page 13) hold?

Conclusions

The set of circles that intersect at two points does satisfy the pencil
properties. It is a third kind of pencil.

The set of circles orthogonal to two circles
appears to be always one of the three kinds of
pencils of circles. In general, then, this set
forms the pencil of circles orthogonal to two given
circles.

The centers of the circles in these pencils
appear to lie on a line. This line also has a
name.

A zero-point pencil of circles is a set
of circles orthogonal to two given
circles that intersect at two points.

The line of centers of the pencil of
circles orthogonal to two given circles
is called the radical axis of the two
circles.

Q1. Summarize for each case which kind of pencil is the pencil of circles

that are orthogonal to two given circles when the two given circles
intersect in (1) two points, (2) one point, (3) no points.
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Q2.
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Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

Please strip-in this header and footer on page 170 of Geometry Through
the Circle. Place .5 inch from the left trim. (Placement on this page is
incorrect.)
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Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

Q3. In the table below, match each pair of circles on the left with the pencil
of circles on the right that are orthogonal to those two circles.

1. a.

These are scripts Explore More — Scripts
constructed with

fewer givens by using A Script for a Circle Orthogonal to Two Circles. Make a script that takes the
random points. centers and radius points of two circles as givens and constructs a circle
orthogonal to the two circles.

Do this by performing the previous construction for an orthogonal circle but
make the point A a point on one of the circles.
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Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

A Script for the Radical Axis of Two Circles. Make a script that takes the center
and radius points of two circles as givens and constructs the line through
the center of a circle orthogonal to the two given circles and perpendicular
to the line through the centers of the two circles. This line (the thick line in
the figure at right) is called the radical axis of the two circles.

Explore More — Tangent Circles

Given two circles and random points M and N on each circle, try
constructing a circle tangent to the circles at M and N. You will find that in
general this is impossible.

However, intersect two given circles c1 and
c2 (thick lines in the figure) with a circle c3
orthogonal to both (dashed line). On each
given circle, choose a point of intersection
with the orthogonal circle (M and N in the
figure). Now construct a circle through M
and N which is constructed as tangent to
circle c1 at M, but without tangent
conditions at N. Observe that tangency at N is automatic. Why? How many
such tangent circles can you construct using the intersection points with a
fixed orthogonal circle c3?

cl

c2

Carry out your construction so that there is a point you can drag to produce
a family of tangent circles. Construct the locus of the center of the tangent
circles and study its properties. Similarly use Sketchpad’s Locus command
to get the family of tangent circles and study its properties.

Investigation 2—Orthogonal to Orthogonal

The goal of this investigation ~“‘!!!!gl.“
right—a pencil of circles and L .l'@’s‘ M‘-
the pencil of circles orthogonal 'ﬁ.@ 3 i '{"‘

=
fascinating construction
(depicted on the cover of this

is to construct the figure at \
& XU
Sy
i
) ) NI
to them. This beautiful and E\\}ghﬂ-'u'r'.'fﬂﬁ:*«fj; %
book) has applications to

electricity and magnetism as e il

S
You will construct this figure .“","'ijﬁ\\\“.
twice, once as a trace and once ' ' ‘\\

as a locus, in ways that will shed light on the nature of orthogonal circles.
Construction —The Trace of Two Orthogonal Pencils from Two Points

Study the above figure carefully. Notice that any point C in the plane (with a
few special cases) has one circle in each pencil passing through it. There are
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Exploration 9.4 — Constructing Orthogonal Circles Using Inversion continued

One circle through C
is simply the
circumcircle of A, B,
and C.

The tangent case is a
limiting case of this
figure.

two special points A and B in the figure. All the circles in one pencil pass
through A and B and the circles in the other pencil seem to shrink towards
these points. To construct the figure, you will begin with A and B and then
construct the two unique circles, one from each pencil, through C.

In a new sketch, draw points A, B, and C.
Construct the circle cI through these
points.

+ Trace circle c1 and drag point C. Observe
that this gives one of the desired pencils.

To construct a circle through C that will trace
the other pencil, you need a circle orthogonal
to the first circle at C with its center on line
AB. (All members of this second pencil have
their centers on line AB.)

e Construct the line AB. This is one
diameter line of the desired circle.

e Construct the tangent line to the first circle at C. This is a second
diameter line of the desired circle.

e Construct point O as the intersection of these two lines and then
construct circle OC. Label this circle d1.

Experiment
+ Observe that in fact the circles are orthogonal at C.
e Give the circles different colors. Trace both circles as you drag C.

+ Observe that the trace of d1 is a zero-point pencil, and the trace of c1 is a
two-point pencil.

e Drag the point B so that it is very close to A. In this case, the circle c1 is
nearly tangent to line AB.

+ Consider what changes must be made in the construction of OC to
construct the two circles through C orthogonal and tangent to a given
line at a given point A.

Conclusions
Q1. Explain why the inversion of A in circle d1 is B and why 41 is the only

circle through C for which this is true.

Q2. Explain why the pencil of d1 circles is the set of circles orthogonal to
any two of the cI circles. Also explain why the pencil of c1 circles is the
set of circles orthogonal to any two of the d1 circles.

Q3. Suppose circle d1 intersects line AB at points E and F. Explain why F is
the inversion of E in the circle with diameter AB. Use this observation
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Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

The finished sketch is
provided on the disks
that come with this
book. Orthogonal
Pencils (Mac) or
OrthPens

(Windows).

to explain how to construct a circle in the 41 family through a point H
on line AB.

Q4. When A and B are close to each other, the circles through A and B are
nearly tangent. This motivates this new construction of the limiting
case. In a new sketch (or on paper) giiven a point A on a line and a
point C off the line, describe and carry out the construction of two
circles through C and A.. One circle should be tangent to the line at A
and the other circle should be orthogonal to the line at A.

Explore More — Circles of Apollonius$

A locus problem was posed in Chapter 3, “Explore More — Radius 1 = twice
Radius 2,” to trace the locus of points P for which the ratio AP/PB is
constant. Construct a point on circle d1 and measure this ratio; then observe
as you drag P around the circle. The ratio will be constant.

Thus the circles d1 solve the locus problem posed in Chapter 3. A circle
defined in this way is called a circle of Apollonius for A and B.

A circle of Apollonius is the locus of points for which the ratio of
distances to two given points is a constant.

So another definition of a zero-point pencil is that it is the set of circles of
Apollonius for a given pair of points A and B.

Construction — The Locus of Two Orthogonal Pencils from Two Circles

This time you will start with two circles. Using Sketchpad’s Locus
command, you will produce the same figure as before, but the pencils will
respond dynamically to dragging. A script will help you create circles
orthogonal to the given circles. Using the same script will enable you to
construct a circle orthogonal to the orthogonal circles.

The figure at right shows two thick "

circles b1 and b2 (think of them as blue) A
and two dashed circles 1 and 72 (think [
red) constructed to be orthogonal to

both of the blue circles. Make this |
construction. Here are two hints.

e Construct two points, A and B, on 0
circle b1. One red circle should go
through each of these points.

e Recall that to be orthogonal to a 2
given circle and pass through a

§ For more information, see Ogilvy, Excursions in Geometry. Dover, NY, 1990 (1969), ISBN 0-
486-26530-7, pp. 14-23.
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Speed alert: On
slower computers, the
sketch you are about
to construct will not
be very responsive.

You may find it
helpful to make
Hide/Show buttons
for the two pencils
and for the original
circles and points.

given point, a circle’s center must lie on the radical axis of that circle with

respect to the given point. You have a script for this construction.
With this foundation you can construct the pencils as loci.

e Construct a point C on circle 1. Construct a third blue circle, b3, through
point C and orthogonal to circles r1 and 2.

Construct the pencil of circles orthogonal to the red circles by selecting
circle b3 and point C and then choosing the Locus command from the
Construct menu. Color the resulting pencil blue.

e Do the same for a pencil of circles orthogonal to the blue circles by
selecting circle r1 and point A and then choosing the Locus command
from the Construct menu. Color the resulting pencil red.

Experiment

+ Observe the two pencils as you change the positions and sizes of the
original two blue circles.

Conclusions
Q1. Explain why the pencil of blue circles must include the original two

blue circles.

Q2. Consider the statements in the following box.

Any two circles b1l and b2 determine two pencils of circles. One is the
pencil of circles orthogonal to bl and b2.

If you pick any two circles from this pencil and form the pencil
orthogonal to them, this new pencil includes as members bl and b2.
Each circle in the new pencil is orthogonal to any of the circles in the
first pencil, not just the chosen two. This new pencil is called the
pencil of circles through b1 and b2.

Pencils of circles come in orthogonal pairs. For a two-point pencil, its
orthogonal pencil is a zero-point pencil and vice versa. The
orthogonal pencil of a double-point pencil is another double-point
pencil through the same point. In either case, the base points of
either the two-point pencil or the one-point pencil are called the base
points of the orthogonal pair of pencils. For any point C that is not
a base point, there is exactly one circle from each of the two pencils
through C (allowing a line to count as a circle through infinity).

Write a paragraph with illustrations that explains in your own words
what the statements above mean in specific examples that you have
just investigated.
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Exploration 9.4 — Contructing Orthogonal Circles Using Inversion continued

Q3. Consider the set of all circles with a common center (a set of concentric
circles). Is this set a pencil? If so, what is the pencil orthogonal to it?

Q4. Consider a set of parallel lines. Can this be considered a pencil of circles
of infinite radius? If so, what is the pencil orthogonal to it?

Explore More
Electricity and Magnetism

In physics, “lines” (curves) of flow or flux and lines of potential are
orthogonal to each other. If you know one set of lines, you can determine the
other by knowing the orthogonal directions at each point.

Look through a physics book, especially the
chapters on electricity and magnetism, for
pictures you recognize as pencils of circles.
Use Sketchpad to construct these pictures.
Don’t neglect the one shown at right, the
electric field lines of a point charge near a line
conductor.

Common Tangents

If Q is on the radical axis of circles c1 and c2 and also on a common tangent
segment of these two circles, then Q is at the midpoint of this segment.
Construct such a figure and explore this relationship for each common
tangent.

Circle Orthogonal to Three Circles

Given three circles, is there a fourth circle orthogonal to all of them? Extend
the method of this chapter to this case and investigate the results when the
three given circles are arranged in a variety of ways.

A Model for Non-Euclidean Geometry

In the nineteenth century, a plane geometry with
different properties from Euclidean geometry
was discovered. Later, mathematicians learned to

make a “desktop model” of this geometry using ° segment
orthogonal circles. The model is called the
Poincaré disk model, named for its discoverer. line AB

The “plane” of this model is the interior of a
given circle u. Given two points A and B interior
to u, the model for a line is an arc consisting of
the points on a circle orthogonal to u that are interior to u. A segment is an
arc on such an orthogonal circle that is interior to # and whose endpoints are
interior to u. A ray is such an arc from a point interior to u up to, but not
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Exploration 9.4 — Constructing Orthogonal Circles Using Inversion continued

including, a point on u. (Lines through the center of u are a special case;
these are diameter segments.)

Angles are measured between segments or rays as angles are measured
between arcs normally, so arcs of orthogonal circles are models for
perpendicular lines.

Distance measure is more complicated, but line reflection in the model is
given by inversion in the arc modeling the line, and distance is defined so
that this circle inversion preserves distance.

One of many differences between this geometry
and Euclidean geometry is that given a line AB
and a point C not on the line, there are not just
one, but many (in fact infinitely many) lines
through C that are parallel to line AB. In the
figure at the right, all the lines represented by
solid arcs are parallel to line AB, which is a
dashed arc.

You can apply the scripts developed in this
chapter to many investigations of this disk model. You can learn more about
geometry on the Poincaré disk from the following books:

Greenberg, Marvin J., Euclidean and Non-Euclidean Geometries:
Development and History, 2nd ed. W. H. Freeman & Company, 1995 ISBN
0-7167-1103-6.

Sved, Marta, Journey into Geometries, Mathematical Association of
America, Spectrum Ser., 1991. ISBN 0-88385-500-3.
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