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Getting Started
All Sketchpad documents (sketches) for Exploring Calculus with The Geometer’s Sketchpad 

are available online for download. 

•	 Go to www.keypress.com/gsp5modules. 

•	 Log in using your Key Online account, or create a new account and log in.

•	 Enter this access code: ECHSd134

•	 A Download Files button will appear. Click to download a compressed (.zip) folder of 

all sketches for this book.

The downloadable folder contains all of the sketches you need for this book, organized by 

chapter and activity. The sketches require The Geometer’s Sketchpad Version 5 software 

to open. Go to www.keypress.com/gsp/order to purchase Sketchpad, or download a trial 

version from www.keypress.com/gsp/download.

Types of Sketches
Student Sketches: In every activity, students use a 

prepared sketch that provides a model, custom tools, or a 

complicated construction to investigate relationships. The 

name of a Student Sketch usually matches the activity title 

or topic, and is referenced on the Student Worksheet for 

the activity, such as Euler.gsp. 

Example Sketches: Using the instructions in the Student 

Worksheet, students create their own constructions, 

building on the Student Sketch. Example Sketches 

are provided for you to see the finished construction. 

Example sketches can also be used to speed up, 

summarize, or review an exploration. The name of an 

Example Sketch always ends with the word “Work” or 

“Present,” such as AreaLimits Work.gsp.
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Sketchpad Resources

Sketchpad Learning Center
The Learning Center provides a variety of resources to help you 

learn how to use Sketchpad, including overview and classroom 

videos, tutorials, Sketchpad Tips, sample activities, and links to 

online resources. You can access the Learning Center through 

Sketchpad’s start-up screen or through the Help menu.

The Learning Center has three main sections:

Welcome Videos

These videos introduce Sketchpad from the point of view of 

students and teachers, and give an overview of the big ideas and 

new features of Sketchpad 5.

Using Sketchpad

This section includes 12 self-guided tutorials with embedded videos, 70 Sketchpad Tips, 

and links to local and online resources.

Teaching with Sketchpad

This section includes videos and articles describing how teachers make effective use of 

Sketchpad and how it affects their students’ attitudes and mathematical understanding. 

There are over 40 sample activities, each with an overview, teaching notes, student 

worksheet, and sketches, that you can use with students to support your subject area, level, 

and curriculum.
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Other Sketchpad Resources
Exploring Calculus with The Geometer’s Sketchpad activities are an excellent introduction to 

Sketchpad for both students and teachers. If you want to learn more, Sketchpad contains 

resources for beginning and advanced users. 

•	 Reference Center: This digital resource, which is accessed through the Help menu, 

is the complete reference manual for Sketchpad, with detailed information on every 

object, tool, and menu command. The Reference Center includes a number of How-To 

sections, an index, and full-text search capability.

•	 Online Resource Center: The Geometer’s Sketchpad Resource Center  

(www.dynamicgeometry.com) contains many sample sketches and advanced toolkits, 

links to other Sketchpad sites, technical information (including updates and frequently 

asked questions), and detailed documentation for JavaSketchpad, which allows you to 

embed dynamic constructions in a web page.

•	 Sketch Exchange: The Sketchpad Sketch Exchange™ (sketchexchange.keypress.com) 

is a community site where teachers share sketches and other resources with Sketchpad 

users. Browse by keyword or topic for sketches that interest you, or ask questions and 

share ideas in the forum.

•	 Sample Sketches & Tools: You can access many sketches, including some with 

custom tools, through Sketchpad’s Help menu. You can use some sample sketches as 

demonstrations, others to get tips and information about particular constructions, and 

others to access custom tools that you can use to perform special constructions. These 

sketches are also available under General Resources at the Sketchpad Resource Center 

(www.dynamicgeometry.com).

•	 Sketchpad LessonLink™: This online subscription service includes a library of more 

than 500 prepared activities (including those used in this book) aligned to leading 

math textbooks and state standards for grades 3–12. For more information, additional 

sample activities, or a trial subscription, go to www.keypress.com/sll.

•	 Online Courses: Key Curriculum Press offers moderated online courses that last six 

weeks, allowing you to immerse yourself in learning how to use Sketchpad in your 

teaching. For more information, see Sketchpad’s Learning Center, or go to  

www.keypress.com/onlinecourses.

•	 Other Professional Development: Key Curriculum Press offers free webinars on a 

regular basis. You can also arrange for one-day or three-day face-to-face workshops for 

your district or school. For more information, go to www.keypress.com/pd.
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Visualizing Change: Position
Students explore position by dragging a point and creating a graph of the point’s position 

as a function of time. They relate the shape of the graph to the motion of the point, and 

they drag the point to create graphs of specific shapes.

Visualizing Change: Velocity
Students explore position and velocity by controlling the velocity of a point, observing its 

position as a function of time, and figuring out how to control the shape of the position 

graph. They finish by controlling velocity to match specific position graphs.

Can You Predict the Trace?
Students relate position and velocity graphs and learn to predict the shape of either graph 

from the shape of the other.

Catching the Point
Students control the velocity of a point in order to match a given position graph, relate the 

velocity to the slope of the position graph, and learn how controlling the slope determines 

the shape of the graph.

Plotting Average Rates of Change
Students calculate and graph the average rate of change for various functions and explore 

how the resulting step function corresponds to the original function.
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Going the Distance
Students find the signed area between a velocity graph and the x-axis, either by exact 

calculation or by approximation, and explore the relationship between area and distance 

traveled.

What Do You Expect?
Students investigate limits of functions with removable and step discontinuities, comparing 

left-hand and right-hand limits to see how the limit can differ from the calculated value of 

the function. In the Explore More section students investigate limits at infinity.
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In the Extension you will see how to model the motion of a “particle,” 

allowing you to create your own visualizations of such questions.

SKETCH AND INVESTIGATE
In the document Position.gsp, a point (labeled Me) has been constructed on 

a segment. The difference between the x-coordinate of this point and the 

x-coordinate of a fi xed point (labeled Home) are used to create a 

measurement of the position of the particle Me. In Q2, when point Me is to 

the right of point Home, the position will be positive, and to the left, negative. 

To simulate the passage of time, students will animate another point labeled 

Time. Using the x-coordinate of this point as time and the difference 

between the x-coordinates of the points Me and Home as position, students 

will plot (time, position) as a point on the coordinate grid. (This point is 

labeled P in the activity.) 

What is created is essentially a “motion detector.” As the point Time moves, 

the x-coordinate of point P will change. The y-coordinate of point P will only 

change if the student moves point Me. By tracing the location of point P, the 

student can visualize the motion of the particle with a coordinate graph.

In Q3, for example, when the Animate button is pressed, point Time will 

move, and if the student does not move point Me, then the plotted point P 

will trace a horizontal line. 

In Q4, moving point Me to the right will cause the y-coordinate of point P 

to increase, creating a trace with a positive slope. This occurs because the 

measurement of position is the difference in two x-coordinates, xMe � xHome. 

Moving point Me to the right increases this value. This is an important 

observation, because though a movement toward point Home from the left 

is a decrease in distance, it is an increase in relative position. In Q5, moving 

point Me to the left causes a decrease in relative position and a trace with a 

negative slope. You may wish to use this idea to begin a discussion of velocity. 

EXPLORE MORE
A control allows students to adjust the velocity of a “particle” rather than 

the position. This is accomplished by having point Me “chase” a hidden 

point whose distance from Me is determined by the velocity slider.

Visualizing Change: Position ACTIVITY NOTES
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Visualizing Change: Position ACTIVITY NOTES
continued

EXTENSION
To make your own motion detector, construct a point A and translate it 

1 cm. Construct a ray from A through A′. Construct point B on this ray and 

measure the ratio AB/AA′. Relabel this ratio time. 

Construct another line through two new points, C and D. Construct a 

point E on this line. Measure the coordinates of points C and E. 

Calculate the value of xE � xC  and label this calculation position. Plot the 

point (time, position). Create a button to animate point B forward, slowly. 

To model a question such as “a particle moves so that its position at any 

time t � 0 is given by x(t),” you can build a point so that its position is 

determined by a function, rather than by movement of the pointer. 

Follow the steps above to create a time measurement. Create a function f(x) 

and calculate f(time). Add f(time) to xC . Measure the y-coordinate of 

point C and then plot the point (yC , f(time)).This point will have a location 

on the line CD determined by the value of the function you created. (Rather 

than being free to move along the line, as point Me was in the activity, you 

must change the value of time to have the point change position.) You can 

also create an Animate button as in the activity to create a position plot.

What does a particle that “moves along the x-axis so that its position at any 

time t � 0 is given by x(t) � 2te�t” look like? (This question is from the 

1993 AP test. Instead of line CD, construct point E on the x-axis. The origin 

will serve as point C.)
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Visualizing Change: Position

Calculus is the study of change and how to model that change—change in amounts, 

change in position, change in speeds. . . . A familiar situation to start with is distance 

from a starting point or home base. Suppose you woke up one morning and wanted 

to describe your travels for the day in terms of distance from your home. How would 

you do that? Depending on your route, that could get complicated fast. So let’s start 

out with an easy case and assume that every place you want to go, including your 

home, is conveniently located on a straight line. Now how would you do this? 

SKETCH AND INVESTIGATE

One way to begin a good model is to sketch your movement along a line.

 1. Open the sketch Position.gsp. You will see a horizontal line with variable point 

Me which can move between home, school, and other important locations. 

To talk about your position along a line in mathematics is to give the distance and 

direction from the starting point to point Me. To calculate your distance along a 

horizontal line, you subtract the x-coordinates of your points.

 2. Measure the x-coordinate of point Me. To calculate the difference x
Me

 � x
Home

 

choose Calculate from the Number menu, and then click each measurement to 

enter it into the calculator. Label this distance Position by choosing the Text tool 

and double-clicking your measurement, x
Me

 � x
Home

.

 3. Turn on tracing for point Me and drag along your line. 

 Q1 Can you see your path? 

 Q2 What happens to your Position measurement when you are at a location left of 

point Home ? Right of point Home ? When you are at point Home ? 

The measurement x
Me

 � x
Home

 is called a directed distance because it gives both the 

direction and distance between the two points.

Your trace gives a reasonable model of your path, but it is limited to one dimension. 

If you look at this trace at the end of the day, can you tell what you did? If you 

traveled back and forth at all, some information was lost. A better model is a 

position plot, which uses time to expand this line into two dimensions by plotting 

position versus time. Time is simulated here by the x-coordinate of a point moving 

on an axis.

SchoolStore

Park

Friend's HouseHomePizzaFriend2 Library

Me

To measure the 
x-coordinate of a point, 
select the point with the 
Arrow tool and choose 
Abscissa (x) from the 
Measure menu.

To turn on tracing, 
select point Me, and 
then go to the Display 
menu and choose 
Trace Point.
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Visualizing Change: Position
continued

 4. Press the Show Time button to show the time axis. Select point Time and 

measure its x-coordinate. Label this measurement Time.

 5. Select the measurements Time and Position, in that order, and choose 

Plot as (x, y) from the Graph menu. Label this point P. So the x-coordinate 

of your point P will be time, and the y-coordinate will be your position.

 6. Use the Arrow tool to select point P. Color it with a bright color and turn on 

tracing for point P. 

Press the Wake Up button to put points Me, Time, and P at their starting points. 

For this fi rst trial, you won’t move point Me at all. 

 Q3 What kind of position trace do you think you’ll get if point Me just sits there 

and point Time moves? (Think! How is your distance from home changing if 

you stay in your bed as the minutes tick by?)

 7. Check your answer by pressing the Animate button. Observe for awhile, and 

then press it again to stop.

 8. After examining your trace (was it what you expected?) press the Wake Up 

button and choose Erase Traces from the Display menu.

Now drag point Me while point Time 

moves. Point P will plot your 

position with respect to time. You 

can drag point Me any way you 

wish, but try each of these 

suggested movements as well. Each 

time, draw a little sketch of your 

trace in the margin and make a 

note of what you did to get that 

trace. Remember to press Wake Up 

and choose Erase Traces when you 

want to try a new motion.

 A. Drag point Me at a steady pace 

to your friend’s house (try not 

to vary your speed at all), stay 

for about an hour, and then go 

home at a steady pace. 

 B. Stay home until 8 am, and then start out at a slow, steady pace to the right. Speed 

up gradually until you get to school. Turn around and head toward home at the 

same quick pace. As you get closer to home, gradually slow down to a crawl.

10 20

P

Store

Park

Friend's HouseHome

Pizza

Library

Time

Midnight6 am

Me

To change the color 
or width of an object, 
select the object; then 
go to Color or Line 
Style in the Display 
menu.

You can control the 
speed of animation. 
Use the Display menu 
to show the Motion 
Controller, and then 
change the speed. 
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Visualizing Change: Position
continued

 C. Stay home until 7 am, and then start out quickly toward school, slowing down 

more and more as you get closer. Once you get to school, tell the nurse you’re 

sick and start home slowly, speeding up as you get closer to home.

 D. Leave home at 7 am and get to your friend’s house about 7:30. Leave for school 

from your friend’s house in time to stop briefl y at the store for a snack and still 

get to school by 8:15. Leave school at 3 pm (15:00), hang out at the store for a 

half hour, go to your friend’s house for dinner, and then off to the library to 

study for an hour. Make sure you’re home by 9 pm (21:00)—it’s a school night!

 E. Leave home at 9 am (it’s a holiday), pick up Friend1 at your friend’s house and 

go to the store to get picnic supplies. Pick up Friend2 by 11 am, go get a pizza 

and head to the park for lunch. Hang out until 2 pm (14:00), and then head to 

the library where they’re showing free movies at 3 pm (15:00). Head back home 

for dinner at 6 pm (18:00). 

Make a variety of traces, and look for relationships between how you move the 

point and the resulting trace.

 Q4 How must you drag point Me to make the directed distance (position) 

measurement increase? What happens on the trace when you do this? 

(Remember that going from �2 to �1 is an increase.)

 Q5 How must you drag point Me to make the directed distance (position) 

measurement decrease? What happens on the trace when you do this? 

Press the Saturday button to show the position graph for a weekend day. Make a 

trace, trying to match the day’s activities as closely as you can. During which part of 

your travels did you have to go the fastest? When did you move most slowly? When 

did you stay in one place?

Hide Saturday and press the Sunday button. Make a trace, trying to match the day’s 

activities as closely as you can. During which part of your travels did you have to 

go the fastest? When did you move most slowly? When did you stay in one place? 

Where did you spend the night?

5 10 15 20 25

(noon)Time = Px = 12.00

P

Midnight8 pm3 pm10 am6 am

Time
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Visualizing Change: Position
continued

EXPLORE MORE

Go to page 2 of the sketch. Here you will use the velocity control, rather than drag 

point Me directly, to control the motion. To move point Me and point P, press the 

Go button and the Animate button. To stop point Me, press the STOP! button. 

To stop time, press the Animate button again. Experiment with the motion and 

compare the results of controlling velocity instead of controlling position directly. 

Try to trace both the Saturday path and the Sunday path. Which is easier to do 

using the velocity slider?

5 10 15 20

P

To go to a different 
page in a sketch, 
click the page tab at 
the bottom left of the 
window.
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SKETCH AND INVESTIGATE
In the document Velocity.gsp, a point Me2d has been constructed in the 

plane. The y-coordinate of this point has been used to create a point, Me, 

on a line at the top of the sketch. In Q1, the position of this point on the 

line is determined by the y-coordinate of point Me2d. If point Me2d has 

a y-coordinate of 3, then point Me will be 3 units from point Home (as 

determined by the scale of the y-axis). In Q2, if the y-coordinate of point 

Me2d does not change, neither will the location of point Me.

The x-coordinate of point Me2d represents time. When students show the 

velocity control, a point FutureMe will also be shown. This point shows 

the time and position of point Me2d if the point has constant velocity, as 

determined by the slider for velocity. In Q3, with the time control set to 0.5, 

and the velocity control set to 2, point Me2d will move right 0.5 unit and up 

1 unit. 

In Q4, different time settings will simply move point FutureMe along a 

line with a slope equal to the velocity setting. In Q5, changing the velocity 

setting will change the slope of the line (not shown) between point Me2d 

and point FutureMe. At all times, the slope of this line will equal the velocity 

setting.

In Sketchpad, you can make points “chase” each other, and that is what will 

happen when you press the Animate Time button. Point Me2d will move 

toward point FutureMe. In Q6 through Q10, you will see point Me2d move 

along a line with a slope equal to the velocity setting. With the velocity set to 

0, the point will create a horizontal line, and point Me will not move at all.

Even more interesting is what happens when you change the velocity during 

the “chase.” Point Me2d will try to follow the point FutureMe at all times, 

even as point FutureMe moves itself. By changing the velocity value, you 

change the slope between the two points, and the trace will curve down if 

you decrease the velocity and curve upward when you increase it.

You will see this behavior in Q11 through Q14. Increasing the velocity will 

create a concave up trace, while decreasing it will create a concave down 

trace. Switching from increasing to decreasing, but leaving the velocity the 

same sign, will cause your trace to have a point of infl ection. Changing 

from a positive to a negative velocity will create a maximum in your trace 

maximum, while changing from a negative to a positive will create a 

minimum. 

Visualizing Change: Velocity ACTIVITY NOTES
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In a very real sense, what you are doing here is tracing the antiderivative 

of the velocity function you are creating by your movement of the velocity 

slider as time passes. 

EXPLORE MORE
Students can trace a function plot by adjusting the slope of the trace as 

they go.

EXTENSION
To create a similar demonstration, construct a point in the plane (Me2d). 

Create a slider to represent time, and a slider to represent velocity. Add 

the time value to the x-coordinate of Me2d. Then, multiply the time value 

by the velocity value, and add this to the y-coordinate of Me2d. Plot these 

two new measurements as a point in the plane (FutureMe). Create a Move 

button to have Me2d chase FutureMe, and you’re off and moving!

To create the particle itself to show motion along a line, create a line using 

the Line tool, and construct a point on this line (or use the x-axis and the 

origin, if you wish to model AP questions of this form). The coordinates 

of this point will serve as your origin. Add the y-coordinate of Me2d to the 

x-coordinate of your origin, and then plot this result and the y-coordinate 

of your origin as a point in the plane. A point will be created on your line 

whose position on the line is determined by the y-coordinate of Me2d, and 

will move as point Me2d moves.

Visualizing Change: Velocity ACTIVITY NOTES
continued
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Visualizing Change: Velocity

There are many ways to create motion or move an object. You could control where 

the object is located—its position—by dragging it around, or you could control 

how fast or slow the object moves—its speed.

Velocity is related to speed but 

it provides more information. 

If you know your velocity, you 

really know two things—how 

fast you are moving (speed) and 

the direction you are heading. 

Can knowing the velocity of an 

object tell you anything else? Are 

there any relationships or patterns 

between position and velocity? In 

this activity you will start to answer these questions by moving a point, controlling 

its velocity with a slider. 

SKETCH AND INVESTIGATE

 1. Open the sketch Velocity.gsp.

You will see a horizontal line and point Me that moves along it. Point Home 

represents your base point or origin. You will also see the point Me2d. This point 

represents where you are at any time. The x-coordinate of point Me2d �labeled 

time
Me2d� represents time, and the y-coordinate �labeled position

Me2d� represents 

your position or distance from point Me to point Home. 

 2. Drag point Me2d around the plane, getting used to the way point Me’s position 

along the line (in other words, distance from point Home) relates to Me2d’s 

location in the time/position plane (in other words, its coordinates).

 Q1 Drag point Me2d horizontally. What happens to point Me ? Explain. 

 Q2 You can drag point Me2d any way you’d like, but dragging in certain directions 

doesn’t make sense given the way time works in our universe. How do you 

have to drag point Me2d so that it represents a physically possible motion of 

point Me ?

Now we want to bring in velocity and see what effect it has. 

 3. Press the Show Controls button. 

You should see two sliders, one for velocity and one for a time 

interval. There is also a new point labeled FutureMe. This point 

is located one time interval away at the position you would 

6

4

2

5 10

velocity = 1.08

MeHome

Me2d

v

4

2

2

1

FutureMe

Me2d
The grid in the fi gure 
is for clarifi cation. It 
will not appear in the 
sketch.
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Visualizing Change: Velocity
continued

reach if your velocity stayed constant. The deltaT slider is set at 1 and the velocity 

slider should be set at 2. So point FutureMe should be to the right 1 unit and up 

2 units. 

 Q3 If you change deltaT to 0.5 and keep the velocity the same, what will happen to 

point FutureMe ? Try it and see. 

 Q4 Move the deltaT slider to various time intervals. Does point FutureMe move 

in any particular pattern? What happens to point Me or point Me2d when you 

change just the time interval? Why is that?

 Q5 Set deltaT back to 1 and now move the velocity slider to various values. Does 

point FutureMe move in any particular pattern? What happens to point Me or 

point Me2d when you change just the velocity? Why? 

The Start Motion button will start both 

points moving in relationship to the set 

velocity and time intervals. 

 4. Press the Reset button to move 

point Me2d to time � 0. 

 5. Turn on tracing for point Me2d.

 6. Set the velocity slider to 2 and the deltaT 

slider back to 1.

For these fi rst trials, you won’t change the 

velocity slider once your point is moving. Predict what kind of position trace you’ll 

get if your velocity (speed and direction) stays the same. Sketch this prediction in 

the margin.

 Q6 Press the Start Motion button and observe point Me’s motion and point Me2d’s 

corresponding time/position trace. Press the button again to stop the motion. 

Describe your trace. (Was it what you predicted?)

 Q7 Press the Reset button, but do not clear your trace. Instead, change the velocity 

slider to 0.5 and make point Me2d a different color. Make a prediction, and then 

press the Start Motion button again. What happened this time? How are your 

traces different? How are they the same? 

 Q8 Repeat Q7, but this time set your velocity slider to a negative value. Any idea 

what will happen? Press the Start Motion button again. What happened this 

time? How are your traces different? How are they the same? 

 Q9 What conclusions can you reach about movement and position traces when 

velocity is constant over a time interval? 

8

6

4

2

position

time

deltaT = 1.00

velocity = 2.00

Start Motion

Reset

FutureMe

MeHome

Me2d
Select point Me2d, 
then choose Trace 
Point from the Display 
menu. You can also 
change the color of 
your selected point 
and trace in the 
Color submenu of 
the Display menu.
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Visualizing Change: Velocity
continued

 Q10 What are the equations for the different traces you see on your screen? 

What would the equation for the trace be if velocity were set to 0? 

For the next set of trials, you will change the velocity of 

point Me while time is changing. The smaller the time 

interval, the more accurate the trace, so set deltaT as 

close to 0.1 as possible and hide point FutureMe. You 

can change the velocity slider to any value you wish, 

but try each of these suggested experiments as well. For 

each experiment, draw a little sketch of your trace in 

the margin. Remember to choose Erase Traces from the 

Display menu and press the Reset button when you want 

to start over. 

 A. Start with the velocity at a positive value. Increase the velocity, and then 

decrease the velocity, but keep it positive throughout the experiment.

 B. Start with the velocity at a negative value. Increase the velocity, and then 

decrease the velocity, but keep it negative throughout the experiment. 

(Remember that �2 to �1 is an increase!)

 C. Start with velocity � 2. Decrease the velocity, and then increase it. Again, keep 

the velocity positive throughout.

 D. Start with �1 � velocity � 0. Decrease the velocity, and then increase it, but 

again, keep the velocity negative throughout.

 E. Start with a positive velocity and decrease to a negative value. Then increase the 

velocity again until you get to 0. Stay at 0 for a while and then increase the 

velocity again. 

 Q11 How are the traces in A and B similar? How are 

they different? What happens to the position trace 

when you switch from increasing the velocity to 

decreasing it?

 Q12 How are the traces in C and D similar? How are 

they different? What happens to the position trace 

when you switch from decreasing the velocity to 

increasing it?

 Q13 How are the traces in A and C similar? How are 

they different? What about B and D?

 Q14 What happened when you changed the velocity from positive to negative? From 

negative to positive? What happened when you stayed at velocity � 0?

8

6

4

2

time

deltaT = 0.01

velocity = 2.00

MeHome

Me2d

8

6

4

2

5

deltaT = 0.01

velocity = 1.33

MeHome

Me2d

To hide a point, select 
the point and then 
choose Hide Plotted 
Point from the Display 
menu.
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Visualizing Change: Velocity
continued

 Q15 For each of the following, describe the position trace that you would get. Then 

check your answer using the velocity slider.

 a. positive and increasing velocity

 b. negative and increasing velocity

 c. positive and decreasing velocity

 d. negative and decreasing velocity

EXPLORE MORE 

Go to page 2 of the sketch. Press the Show 

Path1 button. Using your answers from Q15 for 

reference, make a trace trying to match the path 

as closely as you can. During which part of your 

trace did you have to go the fastest? When did 

you move the slowest?

Hide Path 1 and press the Show Path2 button. 

Again, try to match the path as closely as you can. 

What is different about Path 2? Which one was easier to trace? Is it possible to trace 

Path 2’s corners?

5

10

MeHome

Me2d
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SKETCH AND INVESTIGATE
In Q1, since the velocity of point Me is left constant, the trace of the point 

MyVelocity will be a horizontal line and the trace of point Me2d will be a 

line with a slope equal to the value of the velocity.

Moving the velocity slider after pressing the Move button will cause 

predictable changes in the position and velocity traces. In experiments A 

through E, you will fi nd that the position trace will increase whenever the 

velocity slider is kept to a positive value. Thus, in Q2, the velocity trace will 

be positive whenever the position trace is increasing. In Q3, the velocity 

trace will be negative whenever the position trace is decreasing.

In Q4, changing the velocity value from positive to negative or vice versa 

will result in a maximum or minimum in your position trace, and your 

velocity trace will cross the x-axis. 

In Q5 and Q6, increasing the velocity value increases the “slope” of the 

position trace, and decreasing it decreases the slope. (Point Me2d is actually 

chasing a hidden point, S, along a line with a slope equal to the velocity 

value as time passes.) When the position trace is concave up, the velocity 

trace is increasing. When the position trace is concave down, the velocity 

trace is decreasing.

Using these characteristics, Q7 asks for a prediction of a velocity trace given 

a position trace. Students may wish to observe the velocity values in order 

to assist in creating a paper and pencil sketch of the velocity plot, since 

the velocity trace will consist of time and velocity values. Eight examples 

to practice on follow, including one where the velocity is a physically 

impossible step function.

In trying to predict the position trace given a velocity trace, students can 

reconsider the connections between the traces. In Q8, when velocity is 

positive, the position trace will increase, although the trace need not itself be 

positive. This question is similar to Q2. In Q9, when velocity is negative, the 

position trace will decrease, although the trace need not itself be positive. 

This question is similar to Q3. Similarly, Q10 through Q12 mirror Q4 

through Q6.

Using these connections, Q13 asks for a prediction of a position trace given 

a velocity trace. Students may wish to observe the actual motion of point Me 

in order to assist in creating a paper and pencil sketch of the position plot.

Can You Predict the Trace? ACTIVITY NOTES
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Can You Predict the Trace? ACTIVITY NOTES
continued

In the fi rst example, it may be a surprise to students to see the velocity trace 

decrease while the position of point Me increases (point Me will move to the 

right). Seven additional examples to practice on follow, including one where 

the velocity is a physically impossible step function.

EXPLORE MORE
Students are encouraged to change the location of point T, which sets the 

initial position of point Me2d. Since the velocity function does not change, 

the trace of position will be a vertical translation of the trace created with a 

different initial position.

EXTENSION
The function that sets the velocity is hidden. On any of the sample pages, 

choose Show All Hidden from the Display menu. A function g(x) will 

appear on the right side of the sketch window, along with other objects. 

Click the function to deselect it, and then choose Hide from the Display 

menu to hide the other objects.

You can edit this function to change dependence of velocity on time, which 

allows you to model the type of question that begins “A point moves with 

velocity given by the function. . . .” (You can even move point Home to the 

origin if you wish to model motion of a point along the x-axis.) Although 

the position trace in this activity is an approximation of the antiderivative 

of g(x), no knowledge of this fact is needed to conduct the investigation, 

so the activity could be used at different times during a course for different 

purposes.

In this sketch, time will pass only when you press the Move button to make 

point Me move. It will “chase” point S, which is constructed so that a line 

through points Me2d and S has a slope equal to the value of g(x) at the 

x-value of point Me2d.
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Can You Predict the Trace?

In the activity Visualizing Change: 

Velocity, you can create a position 

plot by controlling the velocity of the 

object. You can see that what you do 

with the velocity determines what the 

position trace looks like. Could you 

look at a position plot and predict 

the velocity plot? In this activity you 

will trace position and velocity at the 

same time and use what  you discover 

to predict what one graph would look like given the other. 

SKETCH AND INVESTIGATE

 1. Open the sketch RemoteControl.gsp. (To see how this sketch works, review 

pages 7–9.)

 2. Select the measurements of time and velocity, in that order, and choose 

Plot as (x, y) from the Graph menu.

 3. Turn on tracing for this new point and label it MyVelocity.

 4. Press the Move button, but don’t change the velocity slider. Just watch.

You should see two traces created—one for 

position and one for velocity. Since the velocity is 

not changing, its trace is a horizontal line.

 Q1 The position trace is linear; what is its slope? 

Have you seen this value anywhere else?

 5. Press the Reset button and choose 

Erase Traces from the Display menu to 

return point MyVelocity and point Me2d 

to their original locations so you can run 

a new experiment.

This time, change the velocity after you press the 

Move button. Increase or decrease the velocity as you wish, but try each of these 

suggested experiments as well. For each experiment, draw a little sketch of your 

trace in the margin. Remember to press the Reset button and choose Erase Traces 

from the Display menu when you want to start over. 

 A. Start with the velocity at a positive value. Increase the velocity, and then 

decrease the velocity, but keep it positive throughout the experiment.

6

4

2

5 10

velocity = 1.08

MeHome

Me2d

v
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2
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5time

velocity = 2.011

MyVelocity

Me2d

v

To stop the experiment, 
press the Move button 
again.
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Can You Predict the Trace?
continued

 B. Start with the velocity at a negative value. Increase the velocity, and then 

decrease the velocity, but keep it negative throughout the experiment. 

(Remember that �2 to �1 is an increase!)

 C. Start with velocity � 2. Decrease the 

velocity, and then increase it—again keep 

the velocity positive throughout.

 D. Start with �1 � velocity � 0. Decrease the 

velocity, and then increase it—but keep 

the velocity negative throughout.

 E. Start with a positive velocity and decrease to 

a negative value. Then increase the velocity 

again until you get to 0. Stay at 0 for a while 

and then increase the velocity again.

 Q2 When your position trace is increasing 

(going up), what can you say about your 

velocity trace? (Or what must you do with the velocity slider to make the 

position trace keep going up?)

 Q3 When your position trace is decreasing (going down), what can you say about 

your velocity trace? (Or what must you do with the velocity slider to make the 

position trace keep going down?)

 Q4 When your position trace hits a maximum or minimum, what happens 

to the velocity trace? (Or what must you do to make your position trace 

change direction?)

 Q5 When your position trace is concave up (curved up), what can you say about 

your velocity trace? (Or what must you do with the velocity slider to make the 

position trace curve upward?)

 Q6 When your position trace is concave down (curved down), what can you say 

about your velocity trace? (Or what must you do with the velocity slider to 

make the position trace curve downward?)

These questions suggest some connections between the plot of the position of a 

point and a plot of the velocity of the point.  On the second page of the document, 

you can try predicting the trace of velocity from the trace of position.

 6. Press the Predict Velocity Trace button to go to page 2.

On this page, the velocity slider will be controlled by a hidden function. Instead of 

adjusting the velocity slider, you can watch the velocity slider and the position trace 

and make a prediction about what the velocity trace would look like.
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position

5 time
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Can You Predict the Trace?
continued

 7. Press the Move button and observe the position trace and the velocity slider. 

The plotted point that tracks the velocity is hidden.

 8. Use the Marker tool to draw what you think the velocity trace will look like, 

using your answers to the questions above. After you make your prediction, 

press the Reset button, then the Show Point MyVelocity button, and then the 

Move button to see the trace of position and velocity at the same time. 

 Q7 How does the velocity trace compare 

to your prediction in step 8?

 9. To see another example, press the 

Next button and repeat steps 7–8. 

You can practice on any of the 

eight examples on pages 2–9 in the 

document. When you can accurately 

predict the velocity trace from the 

given position trace for one example, 

go on to the next by pressing the Next button.

Next, you will try to predict the position trace given the velocity trace. First, 

consider the questions below. (You can use your answers to Q2–Q6 and page 1 

of your document to answer these questions.)

 Q8 When your velocity is positive, what can you say about your position trace? 

 Q9 When your velocity is negative, what can you say about your position trace? 

 Q10 When your velocity trace hits a maximum or minimum, what happens to the 

position trace? (What happens to the position trace when the velocity slider 

changes direction?)

 Q11 When your velocity trace is increasing, 

what can you say about your position trace? 

(What happens to the position trace when 

the velocity slider moves to the right?)

 Q12 When your velocity trace is decreasing, 

what can you say about your position trace? 

(What happens to the position trace when the velocity slider moves to the left?)

These questions suggest some connections between the plot of the velocity of a 

point and a plot of the position of the point.

 10. Go to page 10. 

5

-5

position

5 10time
MyVelocity
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Can You Predict the Trace?
continued

Point Me2d is hidden on this page. Here you’ll use the velocity trace and the 

position of point Me on the line in relation to point Home to make a prediction 

about what the position trace would look like.

 11. Press the Move button and observe the velocity trace and the position of point Me.

 12. Use the Marker tool to draw what you think 

the position trace will look like, using your 

answers to the questions above. After you 

make your sketch, press the Reset button, 

then the Show Point Me2d button, and then 

the Move button to see the trace of position 

and velocity at the same time.

 Q13 How does the position trace compare to 

your prediction in step 12?

 13. To see another example, press the Next button and repeat steps 11–12. You can 

practice on any of the six examples on pages 11–16 in the document. When you 

can accurately predict the position trace from the given velocity trace for one 

example, go on to the next by pressing the Next button.

EXPLORE MORE

Point R sets the starting location for point Me2d in the predicting position trace 

pages. Try moving this point, pressing Reset, and running the experiment again. 

(The velocity function will remain unchanged.) Compare the position traces for 

two different initial positions. What do you notice? Why do you think this happens?
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SKETCH AND INVESTIGATE
In Q1, point Q will change direction at time � 1.83, 6.64, and 11.11. In 

Q2, point Q will appear to move with the least velocity at the times when it 

changes direction, and the greatest at the beginning and the end of the trip.

In Q3, point P, which plots the time and position of point Q in two 

dimensions, will move up whenever point Q moves to the right, and down 

whenever it moves to the left, because the y-coordinate of point P is equal to 

the position of point Q relative to point Home. In Q4, the vertical position 

of point P will change at the same rate at which the horizontal position of 

point Q changes.

The velocity of a point moving on a line, such as point Q, can be visualized 

by the slope of a line segment in the plane between its current time and 

position coordinates and its coordinates some time interval later. This 

line segment also represents a plot of the position of the point during that 

interval, assuming the velocity does not change. 

In steps 6–8, students build segments in the plane with a given slope. Using 

this segment, they will try to match the plot of the position of point Q by 

adjusting the slope of the segment they create.

Point FutureMe is constructed by adding a small time value, Δtime, to the 

x-coordinate of point Me2d, mytime, and by adding the change in position 

during that time to the y-coordinate, myPosition. The change in position is 

found by multiplying the change in time by the velocity.

In Q5 and Q6, students experiment with this segment, observing that a 

smaller time interval produces a shorter segment and that changing the 

velocity value changes the slope of the segment. When students make 

point Me2d chase point FutureMe, a large change in the velocity will create 

a change in the slope of the trace left by the segment. In Q7, with a large 

time interval, the trace left will not accurately represent the position of a 

point moving along a line. Using a much smaller time interval, as in Q8, 
will produce a trace that can be used to try to match the trace created by 

point Q’s motion along a line.

In Q9 and Q10, using a positive velocity value causes your trace to go up, 

while a negative value causes it to go down. Switching from positive to 

negative causes a change in direction for the trace. 

Catching the Point ACTIVITY NOTES
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By plotting the velocity value (the slope of the segment between Me2d and 

FutureMe), students can see whether their attempts to match the position 

plot of point Q will also result in a match of the velocity of point Q.

EXPLORE MORE
Students examine an impossible position plot. This plot requires an 

instantaneous change in velocity from �4 to 4 at x � 4 and from 4 to �4 at 

x � 8!

EXTENSION
You may wish to construct a tangent line to the plot of point P’s path to 

visualize the instantaneous velocity of point Q before your students attempt 

to match the plot with the “average velocity” segment between points Me2d 

and FutureMe.

To do so, select the position plot and choose Properties from the Edit menu. 

Select the Object tab and click the top menu labeled Function g. Deselect 

the Hidden box. Then select Derivative g ′ from the Children menu. 

Deselect the Hidden box for this function as well. Click OK. Calculate 

g ′(time). Then choose Plot New Function from the Graph menu, and build 

the function g ′(time)(x � time) � g(time).

You may also wish to use the point Me2d to construct a point on the line 

containing point Q and point Home to see how your control of the velocity 

matches the location of point Q on the line as well. To do so, measure the 

distance from the origin to the unit point (1, 0). Multiply this value by the 

x-coordinate of point Me2d. Choose Mark Distance from the Transform 

menu. Then translate point Home by a vector of 0° and the marked distance.

Catching the Point ACTIVITY NOTES
continued
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Catching the Point

In the activities Visualizing Change: Velocity and Can you Predict the Trace, you can 

look at position plots or motion by moving a point—either by dragging the point 

to various places or by controlling its velocity with a slider. You can see that there 

is some kind of relationship between the point’s position and its velocity. What if 

the point moves according to some pattern that is not in your control? Is there still 

a relationship, and what does all this have to do with calculus? In this activity you’ll 

start to answer both questions. 

SKETCH AND INVESTIGATE
 1. Open the sketch Motion.gsp. Point Q moves on the horizontal line according to 

a pattern—a function that gives its directed distance from point Home at a 

specifi c time.

 2. Measure the x-coordinates of point Home and 

point Q and calculate the distance from point 

Home to point Q, or timeQ � time
Home

. Label this 

measurement position. 

Now press the Animate Time button—watch how 

the point moves and how fast it moves. Do this a few 

times—check that the position measurement and the 

function value match at all times, watch how the velocity changes, and try to fi gure 

out when point Q changes direction. You can stop the animation at various times by 

pressing the Animate Time button again. This is most helpful for fi guring out when 

the point changes direction.

 Q1 Describe point Q’s path. For what values of time does it go to the right? Go to 

the left? Stop?

 Q2 When does it seem to move the fastest? The slowest?

It’s diffi cult to fi gure out these kind of questions when your movement is limited 

to one dimension—especially if you can’t stop time. So creating a position plot of 

position versus time is the next step. 

 3. Select measurements time and position, in that order, and choose Plot as (x, y) 

from the Graph menu. Label this point P.

 4. Turn on tracing for point P and color it a bright color.

 5. Press the Animate Time button. After point P traces one cycle, press it again to 

stop. Does point P change direction at the same times as point Q? Do the two 

points seem to go at the same speed?

timeHome = 1.00

timeQ = 3.48

g(time) = 2.48
time = 0.59

Reset

AnimateTime

QHome

To measure the 
coordinates, choose 
Abscissa (x) from the 
Measure menu and 
then choose 
Ordinate (y). Then to 
calculate the distance, 
choose Calculate 
from the Number 
menu, and click each 
measurement to enter 
it into the calculator.

To turn on tracing, 
select point P; then go 
to the Display menu 
and choose Trace 
Plotted Point. You can 
also change the color 
of your selected point 
and trace by choosing 
Color in the Display 
menu.
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Catching the Point
continued

 Q3 Describe point P ’s path—when does point P go up? Go down? Change 

direction? Is there a relationship between your answers for point Q and point P ?

 Q4 Describe point P ’s motion. When does point P move quickly—either up or 

down? When does it slow down? 

To fi gure out if there is a pattern or relationship between the velocity and the 

position of point Q, you are going to make a model by using an independent 

point, point Me2d, and some sliders. Your goal is to construct a point, FutureMe, 

that will help you control point Me2d ’s path and velocity. Then you’ll try to match 

point P ’s path. 

 6. Construct a point anywhere in your sketch using the Point tool. Label this point 

Me2d and measure its x- and y-coordinates. Label these measurements myTime 

and myPosition.

 7. Press the Show Sliders button to show a time interval slider, labeled deltaT, and a 

slider for velocity. 

Right now, you’re sitting at the 

point (myTime, myPosition). If some 

time passes and you are moving 

with a constant velocity, where will 

point FutureMe be located? Use the 

diagram to help.

 8. Calculate point FutureMe’s new 

x-coordinate. Then calculate its 

y-coordinate. Plot this point. 

(Hide its label.)

 9. Construct the line segment between point Me2d and point FutureMe. This line 

segment represents your path, so color it a different color than point P. 

 Q5 If you shorten or lengthen your time interval, deltaT, how does that affect 

your path?  

 Q6 If you shorten or lengthen your velocity slider, how does that affect your path?  

 10. To start moving, select just point Me2d and then select point FutureMe. Choose 

Edit⎮Action Buttons⎮Movement. Select slow for the speed and label the 

button Move Me. 

Δtime

Δdistance = velocity * Δtime

myPosition

MyTime + ΔtimemyTime

myPosition + Δdistance
FutureMe

Me2d

To construct a point, 
choose the Point 
tool, and then click 
anywhere in the 
sketch. To label the 
point, double-click it 
with the Text tool.

Choose Calculate 
from the Number 
menu. Then click each 
measurement to enter 
it into the calculator.

Be sure to deselect all 
objects fi rst.

To construct a line 
segment, select each 
point; then choose 
Segment from the 
Construct menu.
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Catching the Point
continued

By pressing the Move Me button, you can experiment with using different time 

intervals and velocities to move your path. 

 11. Set deltaT � 2 and velocity � 0.5. Drag point Me2d to (0, 2) to start. Turn on 

tracing for your segment. Press the Move Me button. Keep your deltaT constant 

but experiment with your velocity slider.

 Q7 What happens to your path trace if you make a large change in your velocity? 

 12. Set deltaT � 0.1 and velocity � 1. Drag point Me2d to (0, 2) to start. Erase 

all traces. Press the Move Me button. Again keep your deltaT constant but 

experiment with your velocity slider.

 Q8 Now what happens to your path trace if you make a large change in your 

velocity?

Because the point’s construction assumed a constant velocity over a time interval, 

you’ll want to make deltaT small so that you can change your velocity frequently. 

Your goal in the next part will be to use your velocity slider to trace a path as close 

to point P ’s path as possible.

 13. Press the Show P’s Path button and set deltaT � 0.50.

 14. For now, turn off tracing for the segment by selecting the segment, and then 

deselecting Trace Segment on the Display menu. Erase all traces. 

 15. Drag point Me2d to anywhere on point P ’s

path and adjust your velocity until point 

FutureMe is also on the path. (This is 

roughly point Q’s velocity—note that it 

doesn’t match the path exactly.)

 16. Press the Move Me button and try to stay on point P ’s path by using your 

velocity slider.

 17. Try several more times, each time decreasing your time interval by 0.10, but 

don’t go below 0. 

 Q9 Does your accuracy improve as deltaT gets closer to 0? Can you stay on 

point P ’s path the whole time?

 Q10 What must you do with your velocity slider in order to make your path go up? 

Go down? Change direction?

Once you can stay on point P ’s path most of the time, you’re ready to model the 

velocity. You’ll do this by making a new trace. 

deltaT = 0.49 velocity = 0.910

Me2d

Press the Esc key once 
to stop. Then, to start 
over, drag point Me2d 
back to a starting 
point and choose 
Display⎮Erase 
Traces. Then press the 
Move Me button.



26 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Catching the Point
continued

 18. Press the Reset button, and then drag your point Me2d back to point P ’s starting 

point, (0, �1). Line up point FutureMe with point P ’s path by increasing or 

decreasing your velocity slider. 

 19. Once you are lined up on point P ’s path, select myTime and velocity in that 

order and choose Plot as (x, y) from the Graph menu. This will track the 

velocity of point Me2d.

 20. Label this point V, turn on tracing, and color point V a new bright color. 

 21. Press the Move Me button and make sure you stay on point P’s path as you did 

before. (You can start over if you “fall off.”)

 22. Stop and examine your new trace. Describe the patterns relating the position 

and velocity functions.

So how does calculus come in? The little segment path you traced really used the 

average velocity in its construction because we assumed the velocity stayed constant 

over a time interval. In calculus we ask, “What is the velocity now—in this instant or 

at this moment?” This is called instantaneous velocity. You might think we can’t use the 

average velocity at all to answer this question because the average velocity is defi ned as 

the change in distance divided by the change in time, and if we’re talking about an 

instant, the change in time is 0. That would give us a 0 in the denominator—a major 

problem! One way to start thinking about this is to ask the question, “What happens if 

I let deltaT get really close to 0 or go to 0, but never really get there—what will I see?” 

Calculus answers this question using a concept called limits.

Press the Show Q’s Velocity button. This is point Q’s instantaneous velocity as a 

function of time. How close did your velocity trace come to matching this? Beside 

the jerkiness of a trace, if you did a fairly good job of staying on point P’s path 

and had a very tiny deltaT, your velocity trace should be fairly close to the plotted 

velocity.
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position
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Q

Home

Me2d

You may need to 
scroll up your window 
in order to fi nd your 
velocity point. After 
you label it and turn 
on tracing, scroll back 
down.

deltaT should still be 
close to zero.
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Catching the Point
continued

EXPLORE MORE
Press the Hide Q’s Velocity button. Select point P  ’s path. Choose Properties from the

Edit menu. Go to the Object panel and choose Function g from the Parents menu. 

Deselect the Hidden box and click OK. The function highlighted in the sketch is 

the one that moves point P and point Q. Double-click this function and change it to 

g(x) � abs�x2 � 12x � 32�.

Try to trace this function’s path. How is this path different from the previous 

function’s path? How does that affect the velocity?

Once you have a velocity trace that you are satisfi ed with, press the Show Q’s Velocity 

button. Select the velocity plot, and then choose Properties from the Edit menu. 

On the Plot panel, change continuous to discrete. Click OK. Compare your trace 

of the velocity to the plot. How did you do?
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Plotting Average Rates of Change ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, the average rate of change between points A and B is positive if the 

ratio Δy to Δx is positive (or when the segment AB slopes upward from 

left to right) and is negative if the ratio Δy to Δx is negative (or when the 

segment AB slopes downward from left to right). In Q2, point A can be on 

either side of point B. In Q3, the Slope tool will measure the slope of the 

line through point A and point B. The slope of the line through the points is 

the same as the average rate of change calculation because of the defi nition 

of slope.

After you merge the segment created in steps 1–5 to the function plot you 

created in step 6, you can measure the average rate of change of a function 

on adjacent intervals. In Q4, the average rate calculations will be equal 

because the rate of change of a linear function is a constant. Changes in the 

locations of the sample points or the lengths of the intervals will not change 

this result. 

In Q5, the average rate of change of a quadratic function differs depending 

on the locations of the sample points or the length of the intervals. In Q6, 
on any interval where the function decreases, the average rate of change will 

be negative, and on any interval where the function increases, the average 

rate of change will be positive. If the function has equal values at two 

endpoints of an interval, then the average rate of change will be 0.

Because the slope of a secant segment is constant, the slope value can be 

plotted as a “step”—a horizontal segment—in the plane. In Q7, students can 

experiment with this step as a way to visualize the slope value as a function 

in its own right. The step is located below the x-axis where the slope of the 

line is negative, and above where it is positive. The step may move out of the 

window if the slope of the line is larger or smaller than the range of y-values 

shown on the vertical axis.

Just as the average rate of change of a function can be measured, the average 

rate can also be plotted as a function defi ned on a series of open intervals. 

In Q8, the steps appear to be a horizontal line because the average rate of 

change of a linear function is constant on any interval. In Q9, the steps do 

not move when you translate the function vertically, because the slopes are 

not changing. In Q10, the steps move up or down together to refl ect the 

changes in the slope of the linear function plot, as they did with the 

segment in Q7.
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Plotting Average Rates of Change ACTIVITY NOTES
continued

In Q11, the plot of the steps for a quadratic function refl ects the increasing 

(or decreasing, if the squared term is negative) behavior of the average rate 

of change. As in Q9, the steps do not move when you translate the function 

vertically in Q12.

In Q13, you can predict what the step function will look like given the 

function plot by estimating the slopes of a series of secant segments. 

Wherever the average rate of change of the function is positive, the step will 

be above the x-axis, wherever the average rate of change is negative, the step 

will be below the x-axis, and wherever the average rate of change is 0, the 

step will be on the x-axis.

EXPLORE MORE
In Q1, students can quickly create a series of steps by tracing the location of 

one step whose length is fi xed to investigate. 

Note that the average rate is not defi ned at the x-values of the points you 

plotted, because average rate is not defi ned at a point. The question of 

rate of change at these points is a natural extension of this activity. You 

can use page 4 of the document to explore this question. As the value of h 

approaches 0, the step will decrease in length and will look like a plotted 

point, and the plot of the step function will look like the derivative plot.

Page 3 can also be used to motivate questions from students before the 

study of limits about whether one familiar function can be used to describe 

the rate of change of another. Try editing the function on page 3 to equal 

sin(x), for instance, making the value of h small, and pressing the Move 

button. 

TOOL TIPS
Here are the steps required to create the tools used in the activity’s document 

Step.gsp. For a full explanation of custom tools, choose Help⏐Tools.

Tool: Average Rate
Given: Points A and B

Result: Calculation of the ratio of the change in y-coordinates to the change 

in x-coordinates between A and B and segment AB.
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Plotting Average Rates of Change ACTIVITY NOTES
continued

 1. Construct two points, A and B. Measure the x- and y-coordinates of 

each point.

 2. Construct segment AB.

 3. Calculate the average rate of change: � yB � yA � � �xB � xA �.To use a different label 
for the step 3 calculation, 
edit the existing label 
and check Use label in 
custom tools.

 4. Select points A and B, segment AB, and the ratio � yB � yA � � �xB � xA �. 
Choose Create New Tool from the Custom Tools menu. 

Tool: Plot Slope 
Given: Points A and B 

Result: A segment between the points �xA, slope(AB)� and �xB, slope(AB)�: in 

other words, a “step” that plots the slope of the segment, and segment AB

 1. Construct two points, A and B, and segment AB. 

 2. Measure the x- and y-coordinates of both points. 

 3. Calculate the slope: � yB � yA � � �xB � xA �. Label this measurement 

slope(AB), and check Use label in custom tools.

 4. Plot the points �xA, slope(AB)� and �xB, slope(AB)�. 

 5. Construct a segment between these two plotted points. 

You can also include the 
slope measurement in 
your tool.

 6. Select points A and B, segment AB, and the segment you constructed in 

step 5. Choose Create New Tool from the Custom Tools menu.
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Plotting Average Rates of Change

In this activity you will examine two ways of describing average rates of change. In 

the process, you will be introduced to two new tools and investigate how to apply 

them to various functions as you create an average rate of change plot.

SKETCH AND INVESTIGATE

 1. Open the document Step.gsp.

 2. Construct two points anywhere in the coordinate plane using the Point tool. 

Label them A and B with your Text tool.

For any two points A �xA
, y

A� and B �xB
, y

B�, the average rate of change of y with 

respect to x is expressed by the ratio    
y

B
 � y

A 
 _____  xB

 � x
A
  .

 3. Choose Average Rate from the Custom Tools 

menu. Click point A and then point B.

This tool calculates the average rate of change 

from point A to point B. Drag points A and B 

around to observe the changes in the ratio. 

 Q1 When is the average rate of change from point A to point B positive? When is 

it negative? 

 Q2 Does point A need to be on a particular side of point B in order to have a 

positive rate of change? Why or why not?

 4. Select segment AB. Choose Slope from the Measure menu.

 Q3 Drag point A and point B around to observe the changes in both measurements. 

Why do they always match? (Move point B back to the right of point A when 

you’re done.)

Now that you have found the rate of change between two points, you will look at a 

series of points on a function plot.

 5. Using the measurements provided, plot the function 

f (x) � ax � b by choosing Plot New Function from 

the Graph menu.

 6. Click an empty spot in the sketch to deselect f (x).

 7. Select point A and then the plot of f (x)—not the 

measurement. Then choose Merge Point to Function Plot from the Edit menu. 

Merge point B to the function plot as well.

2

-5

yB-yA

xB-xA
 = 0.50

A

B

1

-2

fyB-yA

xB-xA
 = 0.72 B

A

The Custom tool icon 
is at the bottom of the 
toolbar.

Be sure not to select 
points A and B here.

To enter a and b into 
the calculator, click 
their measurements.
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Plotting Average Rates of Change
continued

 8. Choose Average Rate from the Custom Tools menu, click point B, and then 

click the function plot to the right of point B to make a new point.

 9. Calculate the average rate of change on the next adjacent interval. (With the 

Average Rate tool, click the point you made in step 8, and then a new point 

on the function to the right of that point. Interval lengths can be different.)

 Q4 Why are all your average rate measurements equal to each other? Does moving 

any of the points you created change that?

 10. Double-click the expression for the function f (x). 

Change ax � b to ax 2 � bx � c.

 Q5 Are all the average rate measurements still equal to 

each other?

 Q6 How can you determine from the function plot 

where the average rate of change between two 

points on that function will be positive, 

negative, or 0? 

As you saw in Q3, the average rate of change between two points can be seen 

graphically by the slope of a segment between those points. Can slope be plotted as 

a function as well? Slope is defi ned over an interval, so the question is, how do you 

plot a quantity defi ned over an interval? One way is with a step function.

 11. Go to page 2 of the document. 

 12. Choose Plot Slope from the Custom Tools menu, and then click points A and B 

in that order. This tool plots the slope between two points A and B on the 

interval �xA, xB� as a “step”—or horizontal segment. 

 Q7 Experiment with this “step” by dragging either point A or point B around in the 

plane. When does the step have a negative y-value? When does it have a positive 

y-value? When is it 0?

Go back to page 1 to use the Plot Slope tool on the points you created. 

 13. With the Plot Slope tool, click both endpoints of each segment you created on 

f (x) in steps 8–9. Then use your tool to create more points as you did in step 9, 

until you have a total of eight “steps.” 

 Q8 Your “steps” make up a new relation that plots the average rate of change for each 

interval that you created on f (x). With the Arrow tool, press the Case a � 0 button 

to set a � 0. Explain why this new function plot of “steps” is a horizontal line. 

2

1

-1

-2 f

B

A

If you can’t see your 
function plot, drag 
the slider for c until it 
comes into view.

When creating a new 
step, fi rst click the 
point you just created 
for the previous step. 
You will be clicking 
twice on each endpoint 
where two segments 
meet. 
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Plotting Average Rates of Change
continued

 Q9 Experiment with the slider for c. Describe what happens to your step function as 

a result and explain why.

 Q10 Experiment with the slider for b. Describe what happens to your step function 

as a result and explain why.

 14. Make your measurement for a greater than 0.

 Q11 In the fi gure to the right, the steps go up from left 

to right. Why? How can you adjust your function so 

that they go down?

 Q12 Predict what will happen if you again adjust the value 

for c. Explain why this happens. Check your answer.

You now have a new function that plots the average 

rate of change for each interval that you created on the 

function f (x). 

 Q13 Go to page 3 and predict what the step function will look like for that cubic. 

How can you determine from the function plot when the rate of change step 

function will be positive (above the x-axis), negative (below the x-axis), or zero? 

Press the Show Steps button. How did you do?

EXPLORE MORE
On page 4 of the document you will fi nd the plot of a function, with two points A 

and B on the function. Here the slider labeled h controls the distance between the 

x-coordinates of the two points.

 1. Using the Plot Slope tool from the Custom Tools menu, click points A and B to 

create a “step” of the rate of change on the interval from point A to point B. 

 2. With the segment still selected, choose Trace Segment from the Display menu. 

 3. When you press the MoveA→B button, the two points will move to the 

next adjacent interval. Press the button a few more times to create a trace 

of the step function.

 4. Adjust your slider so that the measurement h � 0.1 and edit the MoveA→B 

button so that the points move at medium speed.

 5. Drag point A to the left side of the window and choose Erase Traces from the 

Display menu. Then press the MoveA→B button. Press it again to stop.

 Q1 Try this for a number of functions, and record your observations. Can you 

predict what the trace of the average rate of change “step” will look like, given 

the plot of the function?

4

2

-2

-4

-5

f

A

B

Again, if you can’t see 
your function plot, drag 
the slider for c until it 
comes into view

To edit the speed, 
choose Edit⏐
Properties and go 
to the Move panel.
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SKETCH AND INVESTIGATE
In the document Area1.gsp, a function is plotted. In Q1, the velocity is 

constant for 6 minutes. In Q2, if you move at a constant velocity of 

1 mile per minute for 6 minutes, you will travel 6 miles. In Q3, the area of 

quadrilateral ABCD, using the units of minutes and miles per minute, is 

also 6 miles. (Note that measuring the area of the quadrilateral in Sketchpad 

would not give a meaningful result in this context.) Q4 introduces the 

idea that the area on a grid with units of time and velocity is a measure of 

distance.

Assuming constant acceleration, you can determine the average velocity 

over a time interval by fi nding the average of the initial and fi nal velocities. 

Knowing the average velocity, you can determine the distance by 

multiplication. Finding the area of the triangle on the grid is equivalent. For 

Q5 and Q6, you will again fi nd that the area of the fi gure is the same as the 

distance—1 mile—found without any considerations of area. 

Because the velocity does not change at a constant rate between 0 and 2 

seconds, fi nding the area of a triangle (Q7) approximates the distance, but 

the result (1 mile (Q8)) is an overestimate (Q9).

In Q10�Q15, the total area of the triangle and the trapezoid is (1)(0.25) �

�  1 _ 2  �(0.25 � 1)(1) � 0.875 miles; using these two shapes gives a better 

approximation of the area between the function plot and the x-axis. The 

total area approximation using the previous answers is then 0.875 � 6 � 

1 � 7.875. Using the area tools, the actual area from 0 to 2 is   2 _ 3   mile. The 

actual area from 0 to 10 is 7  2 _ 3   miles. 

EXPLORATIONS 1 AND 2
The area calculation provided in the sketch depends upon a hidden 

calculation of the integral of the function f. The activity Slope and Limits 

deals with how to guess the area of a region involving a curve in more detail. 

Students can use additional trapezoids to see why the sketch gives the value 

of 0.66667 as the area under the curve from 0 to 2. 

Using the four subdivisions, the area approximation will be 0.6875. 

%Error � 0.03125. 

For this function, the least amount of error using the four subdivisions is 

found when four equal subdivisions are used. 

Going the Distance ACTIVITY NOTES



Exploring Calculus with The Geometer’s Sketchpad 
  

35
© 2012 Key Curriculum Press

EXTENSION
The measurement of the area between the function plot and the x-axis, 

as mentioned above, is taken by substituting the x-value of point P into 

another, hidden, function. This function evaluates the integral of f from 

point start to point P. Point P, as you have seen, can move, so you get a 

dynamic area calculation as you move point P.

You can build a similar demonstration, where you display the value of the 

area as the area “fi lls in” in at least two ways. 

One way is to create a new function, calculate its derivative, and plot this 

derivative function. Then construct a point P on the x-axis, and measure 

its x-coordinate. Find the value of f ′ �xP� , and plot �xP, f ′�xP��. Construct a 

segment between these two points. By animating or moving point P and 

tracing the segment, you can show the area between your plot and the x-axis 

being fi lled in, starting from a particular location.

To show the area being accumulated, you fi rst need a starting point. 

Construct another point on the x-axis, label it start, and measure its 

x-coordinate. Then, create a new function equal to f (x) � f (xstart). The value 

of this function for any x-value is equal to the accumulated area between 

the plot of f ′(x) and the x-axis, starting at point start. By showing the 

value of the function f as you do this, you’ll be able to show how the area 

accumulates and what the total area is. 

In the document provided with this activity, the same result was 

accomplished by fi rst plotting a function, then determining its 

antiderivative, and displaying the value of the antiderivative at x � x
P
 minus 

the value of the antiderivative at x � xstart.

Going the Distance ACTIVITY NOTES
continued
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Going the Distance

When you drive a car, you can always 

fi nd your velocity just by looking at your 

speedometer. Can you fi gure out your 

distance from that? Yes, but only if you are 

driving at a constant speed. But that is 

nearly impossible, and you still have to 

accelerate when you start and decelerate 

when you stop. At these times, your velocity 

isn’t constant at all. The sketch above depicts a possible velocity function that fi ts 

these conditions. (Note that here we’re assuming you can drive at a constant 

velocity—we’ll pretend you have perfect cruise control.) Given this velocity 

function, how could you fi nd your total distance? Why is the region below the 

function shaded in? If you’ve guessed that the two questions are probably related, 

you’re right. Let’s fi nd out why.

SKETCH AND INVESTIGATE

 1. Open the sketch Area1.gsp. Here you have the velocity function shown above, 

without the shading.

 Q1 For how many minutes is your velocity constant? What is your velocity for 

those minutes?

 Q2 Because your velocity is constant for this segment of your trip, you 

can fi gure out your total distance for this interval of time. What is 

this distance?

 2. Use the Polygon tool to construct rectangle ABCD.

 Q3  What is the area of rectangle ABCD? Include units in your answer! 

 Q4  Are the answers to Q2 and Q3 related in any way? Can you jump to any 

conclusions at this point?

Look at just the units of the axes—the horizontal axis is in minutes and the 

vertical axis is in miles per minute. So the units for any area involving a base 

and a height will be

base � height � minute �   miles ______ 
minute

   � miles

But miles is purely a distance measurement, so in this case, the area under the 

velocity curve from x � 2 to x � 8 is the total distance traveled in that time. Is that 

always true? Maybe. Let’s look at another example and see whether this conjecture 

1

0.5

5 10minutes

v(t)minute
miles

O

Click the Polygon tool 
on points A, B, C, and D 
in order. Click A again 
to fi nish the polygon.

Sketchpad’s Area 
command uses inches, 
which is not relevant 
here, so calculate this 
by hand.
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Going the Distance
continued

holds true. Consider the velocity function from x � 8 to x � 10. Here, instead of 

being constant, the velocity is a linear function that goes from 1 mile/min at 

x � 8 to 0 mile/min at x � 10. Here, too, you can calculate your total distance 

using your average velocity. (Why?) 

 Q5 What is the average velocity on the interval [8, 10]? Using this, what is your total 

distance from x � 8 to x � 10?

 3.  Use the Polygon tool to construct triangle BCE.

 Q6  What is the area of triangle BCE? Include units in your answer.

Again, the area under this velocity curve from x � 8 to x � 10 is the total distance 

traveled in that time. Is this true all the time? Actually, it is, but the proof of that is 

a bit off in the future. For now, what’s important is that the area under a velocity 

curve over an interval gives the total distance traveled in that interval. So you can 

fi nd your total distance if you can calculate an area. Sounds simple, right? Then how 

are you going to calculate the area under the velocity curve from x � 0 to x � 2?

 Q7 What familiar polygon most closely approximates this area?

 Q8 Find an approximation for the total distance by fi nding the area of the polygon 

you chose in Q7. (Save this answer.)

 4. Construct the interior of your polygon.

 Q9 Comparing the interior you constructed in step 4 and the actual region under 

the curve, is your approximation in Q8 too big or too small?

 5. Select the interior of the polygon and choose Display⎮Hide Triangle.

To get a closer approximation, you could divide the interval [0, 2] into two 

sub-intervals and use two different polygons. 

 6. Select the unit point at x � 1 and measure its x-coordinate by choosing 

Abscissa (x) from the Measure menu.

 7.  Press the Show Function button and calculate f �xU� by choosing Calculate from 

the Number menu. Click the expression for f and the measure for xU to enter 

them into the calculator.

 8. Select x
U
 and f �xU�, in that order, and choose 

Plot as (x, y) from the Graph menu. Label this 

point G.

 9. Choose any of the light color tools from the Custom 

Tools menu, click points O, U, and G, and then 

point O again to construct the interior of �OUG. 

1

0.5

2

G

D

AO U

Color this triangle a 
bright new color from 
the Color submenu of 
the Display menu.

Double-click the point 
with the Text tool to 
change a label.
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Going the Distance
continued

 10. Choose a different color tool from the Custom Tools menu and click points U, 

A, D, and G to construct the interior of the trapezoid UADG. 

 Q10 What are the areas of triangle OUG and trapezoid UADG ? �Recall that the area 

of a trapezoid is A � 0.5 � base � �height
1
 � height

2�.�

 Q11 What is your total area approximation? When you compare your shaded 

regions with the area under the curve, is this total area too big or too small? 

(Save this answer.)

 Q12  Did your approximation improve signifi cantly? (Is a lot less of the shaded 

region outside of the curve now?)

Press the Show Area Tools button. On the time axis, there are three new points—start, 

fi nish, and P. Points P and start should be at the origin. Point P will sweep out the actual 

area under the curve from point start to point fi nish, so point fi nish is as close as possible 

to x � 2. The measurement Area should be 0 because point P has not moved yet.

 11. Press the Move P button to calculate the actual area under the velocity curve and 

to shade in that region.

 Q13 What is the actual area under the curve from x � 0 to x � 2? 

 Q14 Calculate your approximation errors from Q8 and Q11. Was your second 

approximation a signifi cant improvement?

One way to tell whether your second approximation is a signifi cant improvement is 

to calculate the percentage errors—divide your errors in Q14 by the actual area. You 

should have a drop from about 50% error to about 12% error. That is signifi cant!

 Q15 Using your answers to Q3, Q6, and Q13, what is the total area under the 

velocity curve from x � 0 to x � 10? This is the total distance you traveled 

in those 10 minutes!

EXPLORATION 1

To get an even better approximation, you can do the same procedure again. Divide 

the region on [0, 2] into fourths, using one triangle and three trapezoids. 

 1. Using the Point tool, construct new points at 

x � 0.5 and x � 1.5 or as close to those values 

as possible. Label these points Q and R.

 2. Construct the y-values on the function for these 

two points as you did in step 6 above. Then plot 

the points on the function at x � 0.5 and x � 1.5 

as you did in step 8.

1

0.5

2

G

D

AO U RQ



Exploring Calculus with The Geometer’s Sketchpad 
  

39
© 2012 Key Curriculum Press

Going the Distance
continued

 3. Construct the interior of the triangle on the interval [0, 0.5], using a color tool 

as you did in step 9. Calculate its area—this time with your measurements xQ 

and f �xQ� and the calculator. 

 4. Construct the interiors of the trapezoids over the intervals [0.5, 1], [1, 1.5], and 

[1.5, 2]. Use a different color tool for each one. Calculate the areas of the three 

trapezoids using your measurements.

 5. Calculate a new approximation for the area under the curve from x � 0 to x � 2 

by making a new measurement that sums the calculations you did in steps 3 and 

4 above.

To get an even better approximation, you can do the same procedure again. Divide 

the region on [0, 2] into eighths, using one triangle and seven trapezoids. Then do 

it again by dividing your region into sixteenths and so on. This can quickly become 

tedious, so in the activity The Trapezoid Tool, you will make a tool that makes 

trapezoids and measures their area. 

EXPLORATION 2

Point U is fi xed because it is the unit point (trying moving it), but point Q and 

point R are not fi xed. You constructed point Q and point R instead of plotting 

them exactly, so you can move them along the x-axis and see whether you can 

come up with a better approximation—without constructing more trapezoids. 

 1. Move point Q back and forth in the interval [0, 1], and look at the percentage 

error that you calculated back in Q2 of Exploration 1—or you can look at the 

shaded regions above your curve because they also represent your error.

 Q1 For approximately what x-value is the error 

the smallest? (If you are looking at the shading, 

remember you want the shading to be smallest 

above all parts of the curve between x � 0 and 

x � 2. )

  2. Move point R back and forth in the interval 

[1, 2], and look at your percentage error from 

Q2 of Exploration 1.

 Q2 For approximately what x-value is the error the smallest? 
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What Do You Expect? ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1 and Q2, students may be able to move the points Friend and Me so 

that their x-values are less than 0.01 from x  2, suggesting the value of the 

function at x  2 is 12. In Q3 and Q4, the limit of the function as  

x approaches 2 is 12 from both sides.

In Q5 through Q7, students’ answers will vary, depending on how far they 

zoom in and how close points Friend and Me were to x  2 to begin with. 

Zooming in, however, supports the idea that the function has a limit of 12 

as x approaches 2.

In Q8 and Q9, students might expect that the limit as x approaches 0 is 1, 

and this should be supported by zooming in.

In Q10 through Q13, students might expect that the limit as x approaches 

2 is 6. Upon zooming in, however, this expectation may change. The values 

of the function as x approaches 2 approach different values on the left and 

right sides. From the left, the function approaches a value of 5.99, while on 

the right, the function approaches 6.01. The function cannot take on values 

between these two numbers, so 5.995 cannot be achieved. Because the left- 

and right-hand limits are not equal, the function does not have a limit as  

x approaches 2.

EXPLORE MORE
Students can examine a limit as x approaches infinity by using the sliders 

to zoom out. In Q1 through Q4, the value of the function at x  30 is 

approximately 0.03, and as x is made larger, the function will continue 

to have values closer to 0. By x  300, the value of f (x) is approximately 

0.003.

You can also use page 4 of the document to investigate any limit you wish. 

Just change q(x) to the function that you’d like to examine, change a to the 

x-value you are approaching, and change b to your initial guess for the limit. 

EXTENSION
If you do not wish a point to appear at the location where points Friend 

and Me seem to converge, do not delete the point labeled “?” but hide it and 

the objects that depend upon it. (Select the objects you wish to hide, and 

then choose Hide Objects from the Display menu.) Note, however, that this 
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What Do You Expect? ACTIVITY NOTES
continued

point is the point around which the axes will zoom. To change the location 

of this point, edit the values of a and b by showing the Zoom tools and 

editing the values of a and b with the calculator.

The Zoom tools in this activity can be used to zoom in on any point in 

the plane. Change the values of a and b to zoom in on a new point. Note 

that the value of a must be determined by a value you type in; it cannot be 

a value of some other object in the sketch, because much of the sketch is 

constructed using this value. 

You can, however, edit the value of b to equal q(a) if you wish, as long as the 

function q is defi ned there. Otherwise all your axes will disappear, because 

the value of the point upon which the axes zoom is determined by the 

values of a and b.

Although the examples included in the activity focus on places where the 

function is undefi ned, you can add to this activity by including a function 

where there is no discontinuity in the function and zoom in on any point. 

Edit the function and edit the values of a and b to zoom in on a point of 

your choosing.

Although there is another activity concerned with exploring the epsilon and 

delta defi nition of limits, you can use the vertical and horizontal segments 

included here to generate questions and discussion about how close you 

must make points Friend and Me to a particular x-value to ensure that the 

function lies within a particular range on the y-axis. The function on page 3 

of the document is particularly suited to this, as the “gap” in the function is 

not visible unless you zoom in. 

In the sketch, points Friend and Me are free to move along the function plot. 

You may wish to control the x-distance from these points to the x-value at 

which you wish to investigate the limit. To do so, construct a slider and label 

the value of the slider h. Use the calculator to calculate c � h and c � h. Then 

calculate q(c � h) and q(c � h). Plot the points (c � h, q(c � h)) and 

(c � h, q(c � h)). 
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What Do You Expect?

Limits are one of the fundamental building 

blocks of calculus. So what is a limit exactly and 

how do you fi nd it? This activity will help you 

answer these questions.

SKETCH AND INVESTIGATE

Imagine that you’re hiking on a trail and it 

conveniently happens to be curved exactly like the 

function q(x) �    x  3  � 8 
 _____ 

 x � 2
  , but you don’t know that. All 

you have is an interactive map, similar to the picture here.

 1. Open the sketch Limits.gsp for your interactive map.

 2. Measure your coordinates and your friend’s coordinates by selecting point Me 

and point Friend, and then choosing Coordinates from the Measure menu.

Now, you’re hiking along and you expect the trail to be smooth—no potholes or 

drop-offs. Unfortunately, there’s a huge pothole ahead at x � 2, but it’s not marked 

on your map, so you don’t know about it. What you see and expect is to be able to 

meet your friend, who’s hiking down the trail from the other direction to meet you, 

at the point x � 2.

 3. Drag point Me until you are as close as possible to x � 2, but keep your 

x-coordinate less than or equal to 2. Do the same with point Friend, but 

make sure its x-coordinate stays greater than or equal to 2.

 Q1 How close to x � 2 can you get with each point? What y-coordinate did you get 

for point Me? What about for point Friend ?

 Q2 Based on your points and their movement, what do you expect the y-coordinate 

to be at the point x � 2?

What you expect to see is called a limit—actually what you expect to see is called 

a left-hand limit and what your friend expects to see is called a right-hand limit. 

Whether reality agrees with your expectations or not is a different concept 

altogether, and does not affect your limit.

 Q3 What is the left-hand limit at x � 2? What is the right-hand limit?

 Q4 Do both you and your friend expect to see the same y-value?

We say that a limit exists if the left-hand limit agrees with the right-hand limit. In this 

case, you should have gotten y � 12 for both parts of Q3. (If you didn’t, go back and 

try again.) What really happens at x � 2 is the y-value of the function at x � 2, or q(2).

20

10

2

?

Me

Friend

You can also choose 
Abscissa (x) from the 
Measure menu and 
then choose 
Ordinate (y).
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What Do You Expect?
continued

 4. Calculate the y-value of the function at x � 2 by choosing Calculate from 

the Number menu. Then select the expression for q(x) to enter it into your 

calculator, enter 2, and close the parentheses.

You should have gotten undefi ned for q(2). So here reality (the function) does not 

exist, but that still doesn’t affect what you expect to see. You still expect to see y � 12. 

The key to success with limits is to remember that limits are expectations only—not 

what really happens!

You may think, “Well, maybe my expectations (or limit) would be different if I 

zoomed in.” Press the Show Zoom Tools button. The sliders, x-scale and y-scale, 

zoom in the coordinate grid around the point (a, b). In this case a � 2 and b � 12. 

Before you start zooming in, make sure that the x-coordinates of points Me and 

Friend are still as close to x � 2 as possible.

 5. To use both sliders at once, use your 

Arrow tool to select the point at the end 

of each slider, and then click either point 

and drag. Familiarize yourself with what 

the sliders do and then zoom in until 

point Me or point Friend is on the edge 

of your sketch.

 6. Drag point Me until you are as close 

as possible to x � 2, but keep your 

x-coordinate less than or equal to 2. 

Do the same with point Friend, but make sure its x-coordinate stays greater than 

or equal to 2.

 Q5 How close to x � 2 can you get this time? What y-coordinate are you at now? 

What about your friend?

 Q6 What y-value do you expect to see now at x � 2? (Does your left-hand 

expectation equal your right-hand expectation?)

 Q7 Did zooming in strengthen or weaken your expectations?

You could keep zooming in and get closer and closer to x � 2 but your 

expectation, your limit, will stay the same. You then say that the limit of q(x) or 

the limit of    x  3  � 8 
 _____ 

 x � 2
   as x approaches 2 is 12, or, in shorthand,   lim    

x→2
     x  3  � 8 

 _____ 
 x � 2

   � 12. 

Notice that the reality, q(2), is still undefi ned and you can’t just substitute 

x � 2 into the function to get this limit.

Let’s try another one. In the next few steps, you’ll look for the limit of the 

function    
sin(x)

 _____ 
x
   as x approaches 0, or   lim     

x→0
 
 
  
sin(x)

 _____ 
x
  . This function defi nitely has 

12.1

12

11.9

?

y-scale

x-scale

Me

Friend

If you lose your axes, 
press the Show Side 
Axis button. If you 
lose point Me or point 
Friend, zoom out until 
you can see them 
again.

If q (x ) disappears, 
zoom out until it 
reappears. Select the 
plot and choose 
Edit⎮Properties. On 
the Plot panel, change 
the domain to a small 
interval around x � 2.
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What Do You Expect?
continued

a problem at x � 0 and isn’t defi ned there. But it might have a limit just like the 

above example, and then again, it might not.

 7. Go to page 2 in your document. Here q(x) �    
sin(x)

 _____ 
x
  .

 Q8 Looking at the plot of q(x) at x � 0, what y-value 

would you expect?

 8. Drag point Me until you are as close as possible to 

x � 0, but keep to the left of 0. Do the same with 

point Friend, but make sure it stays to the right of 0.

 9. Zoom in and see whether or not your initial guess in 

Q8 holds up.

 Q9 Does your initial guess hold up? Does the left side agree with the right? What is 

the limit?

Now let’s do a tricky one. In the next few steps, you’ll look for the limit of the 

function f (x) � 3x �   0.01 �  | x � 2 |   
 ________ 

x � 2
   as x approaches 2, or    lim    

x→2
   � 3x �   0.01 �   | x � 2 |  

 _________ x �2   � . This 

function also defi nitely has a problem at x � 2 and isn’t defi ned there. But it might 

have a limit just like the other examples—then again, it might not.

 10. Go to page 3 in the document. Here is the plot of your new function.

 11. Repeat the process that you used above. Make an initial guess, and then drag 

point Me until you are as close as possible to x � 2, keeping to the left of 2. 

Do the same with point Friend, but make sure it stays to the right of 2.

 Q10 Does your initial guess hold up? Does the left side agree with the right? What is 

your expectation at x � 2? 

 12. Zoom in at x � 2 until your x-side axes go from about

1.97 to 2.04. Point Me and point Friend will look like 

they “fall off” the function if you take them close to 

x � 2. To take care of that, select the function plot and 

choose Properties from the Edit menu. Choose the 

Plot panel and change the domain for f to [1.92, 2.08].

 13. Try getting as close to x � 2 as possible again, using 

either point. Again make sure point Me stays on the 

left of x � 2 and point Friend stays on the right.

 Q11 What is the biggest y-value you can get on the left-hand side before point Me 

jumps up? (This is the left-hand limit.) Can you ever get a y-value of 5.995?

1
?

Me Friend

2

?
Me

Friend

If q(x ) disappears, 
zoom out until it 
reappears. Select the 
plot and choose 
Edit⎮Properties. On 
the Plot panel, change 
the domain to a small 
interval around x � 0.

If you can’t choose the 
Properties box, that 
means that something 
other than the function 
is selected. Click once 
in an empty area of 
your sketch, and then 
select the function 
again.
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What Do You Expect?
continued

 Q12 What is the smallest y-value you can get on the right-hand side before point Friend 

jumps down? (This is the right-hand limit.) Can you ever get a y-value of 6.005?

 Q13 Does the left-hand limit agree with the right-hand limit?

Did you get no for Q13? If you didn’t, try this again. The function should jump from 

a y-value very close to 5.99 (but a little less than 5.99) to a y-value very close to 6.01 

(but a little more than 6.01). This function does not have a limit at x � 2 because 

what you expect to see from the left (5.99) is not what you expect to see from the 

right (6.01). The left- and right-hand limits exist, but the limit itself does not. This 

is like having a canyon across your trail instead of a simple pothole. Potholes can be 

fi xed so that the trail is smooth again. Canyons are a different problem altogether!

EXPLORE MORE 

Use page 4 to investigate limits at infi nity. What y-value does the function approach 

if x becomes infi nitely huge? Here q(x) is back to the function    
sin(x)

 _____ 
x
  . You are going 

to zoom out this time, so the sketch 

has been centered at (0, 0).

 1. Zoom out until your window goes 

from �40 to 40 on the x-axis.

 2. Select point Me and slide it along 

to about x � 30.

 Q1 What is your approximate y-value 

at x � 30?

 Q2 What is happening to the y-values 

as x gets bigger and bigger?

 3. Zoom out until your window goes from �400 to 400 on the x-axis and move 

point Me to about x � 300.

 Q3 What is your approximate y-value at x � 300?

 Q4 What is happening to the y-values as x gets bigger and bigger?

If you’d like to zoom out farther you’ll need to change the domain of the plot. Select 

the plot, and then choose Edit⎮Properties. On the Plot panel, change the domain 

to some values further out, such as �1000 to 1000.

 4. Calculate the value of the function at x � 1000 by choosing Calculate from the 

Number menu and entering q(1000).

 Q5 Based on your calculation and your plot, what do you think the limit is as x 

becomes infi nitely big?

1

0.8

0.6

0.4

0.2

-0.2

20 40

?

y-scale

x-scale

Me

You might need 
to zoom in on the 
y-scale to see what 
is happening around 
x � 300.
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Continuous or Discontinuous?
Students explore discontinuities starting with a model of a hiker falling into a crevasse. 

They explore removable, jump, and asymptotic (infinite) discontinuities, investigate the 

function’s behavior at the discontinuity, and describe the differences between types of 

discontinuities.

Delta, Epsilon, and Limits
Students explore the epsilon-delta definition of a limit using a variety of functions with 

different kinds of discontinuities. For each function they adjust d to satisfy the definition 

for particular values of .

How Close Do You Go?
Students explore the epsilon-delta definition of a limit for various functions and types 

of discontinuities. They drag points to determine how close x must be to c to satisfy the 

definition, and zoom in to work with smaller and smaller intervals around the proposed 

limit.

Slope and Limits
Students explore the meaning of instantaneous rate of change by exploring the limit of 

the slope of a secant line defined by a fixed point P and a movable point Q as point Q 

approaches point P. Students determine whether the limit of the slope exists for functions 

that are and are not locally linear at P.

Area and Limits
Students use left rectangles and right rectangles to approximate the signed area between 

a curve and the x-axis. They increase the number and reduce the maximum width of the 

rectangles and observe the two calculations approaching a common limit.
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Continuous or Discontinuous? ACTIVITY NOTES

SKETCH AND INVESTIGATE
Hiking along the function plot wouldn’t seem to present any surprises. 

In Q1, a discontinuity occurs at x � 2. In Q2 and Q3, as you drag 

point A to the right, point Q is on the function plot until point A reaches 

x � 2, where point Q disappears. The y-coordinate of point Q is at most 4. 

In Q4, you should be able to get as close as 1.99999 and 3.99999, or even 

2.00000 and 4.00000. These values are still before the continuity, however, 

because if you were to move point A yourself, reaching x � 2 would cause 

point Q to disappear. In Q5, the limit of the y-coordinate of point Q is 4. 

In Q6 through Q9, you should fi nd the coordinates (2.01, 3.455), 

(2.01, 3.27005), and (2.001, 3.25201). The limit on this branch is 

3.25 (Q11).

In Q12 through Q14, the function approaches positive infi nity from the 

left and negative infi nity from the right. From the left, you should fi nd the 

coordinates (�1.1, 1.22), (�1.01, 10.22), and (�1.001, 102.2.) From the 

right, you should fi nd the coordinates (�0.9, �0.82), (�0.99, �9.8), and 

(�0.999, 99.8). 

In Q15 through Q18, the three types of discontinuities are called (in the 

order they appear): a point discontinuity, a step or jump discontinuity, and an 

asymptotic or infi nite discontinuity. A close inspection of the discontinuity 

that felled the hiker would reveal it to be two step discontinuities. 

EXPLORE MORE
1. all integer values, jump

2. x � 1, infi nite

3. x � 2, point

4. x � 0, point

5. x � 0, infi nite

6. x �   � __ 2   � k�, where k is any integer, infi nite

7. x � 2, jump
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Continuous or Discontinuous? ACTIVITY NOTES
continued

EXTENSION

There are a number of ways to plot discontinuous functions in Sketchpad. 

You may be familiar with some of the methods. Adding the function 

g(x) � 0.5 �    � x�a �
 ____ x�a   � 1 �  to a function f, for instance, will add 0 where x � a 

and a where x � a, creating a step discontinuity, and the function will be 

undefi ned at x � a.

After plotting f (x) � g(x), remember to go to Edit � Properties � Plot and 

choose Display as: Discrete.

A function with a step discontinuity that is defi ned at x � a can be created 

by adding the function g(x) � sgn(1 � sgn(x � a)) to f (x). This function 

will add 0 where x � a, and 1 where x � a. To create a function with a 

discontinuity at a point, you can use familiar functions such as 

f (x) � �x 2 � 9�/(x � 3). 

The case where a function is discontinuous at a point, but is defi ned at that 

point, illustrates that the value of a function at x � a does not necessarily 

affect the value of the limit as x approaches a.

 

10

You can create such a function in Sketchpad by adding the function g(x) � 

sgn(x � a) � sgn(a � x) � 1 to a function f that is defi ned at x � a. Adding 

this function will add 1 to f (x) at x � a only, creating the situation shown 

in the diagram above. (You can also add expressions like 3g(x) or �2g(x) to 

have your defi ned point appear at a greater or lesser y-value.) 

When you plot f (x) � g(x), the defi ned point will not appear. If you 

evaluate the function at x � a, however, you can then plot the point 

(a, f (a) � g(a)) to create the display shown above. (Another point was 

plotted, and then its color was set to white to give the appearance of a 

“hole.” This could be done for any function where you want to illustrate 

that type of discontinuity.
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Continuous or Discontinuous?

As you’ve studied functions, you’ve learned about the different kinds of behavior 

functions can have. Some functions are constant, some are increasing, and some are 

decreasing. Some functions are linear and some are nonlinear. Some functions are 

defi ned on an unlimited domain, and others (such as the square root function) 

have a limited domain.

In this activity you’ll look at a different aspect of the behavior of a function, an 

aspect that is particularly important in calculus: whether a function is continuous 

or discontinuous.

SKETCH AND INVESTIGATE

Imagine that you are a mountain climber making your way up Mt. Everest.

 1. Open the sketch Continuity.gsp. This sketch shows a rough profi le of a glacier 

crossing, but without enough detail to see every little bump and dip.

This is not a particularly steep portion of your climb. Do you expect to have any 

diffi culty hiking from point A to point B?

 2. Press the Start Hiking button to begin the hike across the glacier. Observe what 

happens as the hiker heads for point B from point A. Press the Show Details and 

Hide Rough Profi le buttons to show why you were rudely surprised.

Just as you must be vigilant about discontinuities in the surface of a glacier when 

you’re hiking, you must also be vigilant about discontinuities in functions when 

you’re doing calculus. You’ll explore three different types of discontinuities in this 

activity.

 3. Go to page 2 to explore the fi rst type of discontinuity.

Point P was constructed on a discontinuous function. By slowly moving point P, 

you can trace out the function and fi nd the discontinuity. If you drag point P more 

slowly, your trace will be more accurate.

B

A

Hiker

Click the page tabs in 
the bottom-left corner 
of the window to 
switch between pages.
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Continuous or Discontinuous?
continued

 4. Move point P to trace the function and try to locate the discontinuity.

 Q1 At what x-value does the discontinuity occur?

 5. Select point P, and then choose a different color from the Color submenu of the 

Display menu.

 6. Press the Trace Function button to move point P automatically. Trace out one 

complete cycle, and then press the button again to stop the trace. Compare this 

trace with yours. Did you get the entire function, or did you miss part of it?

 7. Press the Esc key several times to clear your traces.

Let’s explore the function’s behavior near the discontinuity in detail. It will be useful 

to do this in two parts, exploring the behavior both to the left and to the right of the 

discontinuity.

 8. Press the Show Left Branch button. This will allow you to explore the behavior to 

the left of the discontinuity.

 9. Two points appear: point A on the x-axis and the corresponding point 

�xA, f �xA�� on the function f—labeled point Q. Drag point A left and right. 

See how far to the right you can drag it.

 Q2 What happens to point Q when you drag point A all the way to the right?

 10. Move point A back to the left of the discontinuity so that point Q is showing, 

then deselect point A. Select point Q, then measure its coordinates by choosing 

Coordinates from the Measure menu.

 Q3 What happens to the coordinates of point Q when you drag point A as far right 

as it can go?

You can use animation to move point Q very close to the discontinuity—if you 

move point A very slowly.

 11. To set this up: Select point A and 

choose Animate Point from the 

Display menu. Use the Motion 

Controller to decrease the speed 

to approximately 0.01. Then press 

the Pause button in the Motion 

Controller, and drag point A near 

the discontinuity.

Pressing the Esc key 
once also stops the 
animation.

Click once in an empty 
part of the sketch to 
deselect an object.
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Continuous or Discontinuous?
continued

 12. Release the Pause button so that point A starts moving again, very slowly. Pause 

the motion again when point Q is very close to the discontinuity. By using the 

Reverse and Pause buttons and adjusting the speed you should be able to move 

point Q very close to the discontinuity.

 Q4 Write down the coordinates of the closest point you achieved.

 Q5 What do you think is the left-hand limit of the y-coordinate of point Q as the 

x-coordinate approaches 2?

Now let’s explore the other side.

 13. Hide the left branch and show the right branch. Two points appear: point B 

on the x-axis and the corresponding point �xB, f �xB�� on the function f—labeled 

point R. Measure point R’s coordinates.

You’ll create two parameters and a Movement button to be more systematic about 

moving point R close to the discontinuity.

 14. Choose New Parameter from the Number menu. Name the fi rst parameter 

Endx, give it a value of 2.1, and then click OK.

 15. Make a second parameter with the name of Endy and a value of 0.

 16. Select the measurements Endx and Endy, in that order. Then choose 

Plot as (x, y) from the Graph menu. Label this point End.

 17. To create a button that will move point B 

to point End, with the Arrow tool, select 

point B and point End, in that order. 

Then choose Edit⎮Action Buttons⎮
Movement. On the Move panel, choose 

medium speed and click OK.

 18. Click once in an empty spot to deselect the 

Movement button. Then select point End 

and choose Display⎮Hide Plotted Point to 

hide it. Then press the Move B→End button.

 Q6 What are the coordinates of point R?

 19. Double-click the measurement Endx. Change its value to 2.01. Then press the 

Move B→End button.

 Q7  What are the coordinates of point R?

Repeat step 19, putting point End even closer, at (2.001, 0).

If point A is moving 
away from the 
discontinuity, press 
the Reverse button to 
change its direction.

To enter a subscript 
type it in brackets. 
For Endx you would 
type End[x].

Make sure the Motion 
Controller is not on 
pause, otherwise 
nothing can move.
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Continuous or Discontinuous?
continued

 Q8 What are the coordinates of point R this time?

 Q9 What is the right-hand limit of the y-coordinate of point R as the x-coordinate 

approaches 2? Is this the value that you found for the left branch? Does the limit 

exist at x � 2?

 20. Go to page 3 to see a different type of discontinuity. Trace this function by 

dragging point Px (not point P) or by pressing the Trace Function button. Do 

you see a discontinuity as you trace?

 21. Clear your traces and show the function plot. Can you see a discontinuity now?

There is a discontinuity here, but it’s even narrower than the crevasse that the hiker 

fell into.

 22. Press the Move Px→2 button. Can you see a 

discontinuity now?

 Q10 What happens to point P when point Px is at 

exactly x � 2?

 23. Hide the function plot and erase traces. 

Then show the left branch, measure the x- and 

y-coordinates of point Q, and determine the limit of the y-value as the x-value 

approaches 2 from the left.

 24. Hide the left branch, show the right branch, measure the coordinates of point R, 

and determine the limit of the y-value as the x-value approaches 2 from the right.

 Q11 What is the limit of the y-value as x approaches 2 from the left? From the right? 

What is the limit as x approaches 2?

 25. Go to page 4 to see the last type of discontinuity. Trace this function by dragging 

point P or by selecting point P and choosing Animate from the Display menu. 

Find the discontinuity as you trace.

 26. Show the function plot and use point A to fi nd three x- and y-values just to the 

left of the discontinuity. 

 Q12 List the three closest points you found in step 26 in numerical order.

 27. Find three x- and y-values just to the right of the discontinuity. 

 Q13 List the three closest points you found in step 27 in numerical order.

 Q14 What is the limit of the y-value as x approaches �1 from the left? From the right?

2

2

P

P X

Move P[X]     2
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Continuous or Discontinuous?
continued

On pages 2, 3, and 4 you explored three different types of discontinuities in 

functions. Answer the following questions about these discontinuities. 

Write in complete sentences.

 Q15 Give a name to each type of discontinuity. First come up with a descriptive 

name of your own, and then do some research to fi nd out what names other 

people have used.

 Q16 What are the similar features of all three types of discontinuities?

 Q17 For each type of discontinuity, describe the features that make it different from 

the other two.

 Q18 Which type of mathematical discontinuity best describes the situation of the 

hiker who fell into the crevasse? Justify your answer!

EXPLORE MORE

Use Sketchpad to graph each function listed here. For each one, locate and explore 

its discontinuity and decide which type of discontinuity it is. (Some functions may 

have more than one discontinuity.)

 1. f (x) � trunc (x)

 2. f (x) � �   1 _____ x � 1   �
 3. f (x) �    x  2  � 3x � 2  ___________  x � 2  

 4. f (x) �   
sin(x)

 _____  x  

 5. f (x) �   
cos(x)

 ______  x  

 6. f (x) � tan(x)

 7. f (x) �    x  2  � 3x � 2  ___________  x � 2  

4

2

-2

-5 5
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Delta, Epsilon, and Limits ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, a value of � � 0.04 is suffi cient to ensure that the y-values of the 

function are within � of the value of L when x is within � units of c. 

(In Case 1, the value of c is 2 and the value of L is f (c).) Any smaller value 

of � will also work.

In Q2, you will fi nd that if � is set to   1 _ 2   of its previous value, � will also need 

to be halved so that the “green light” indicator signals that the value of the 

function is within � of the value of L when x is within � units of c. The same 

relationship will hold for   2 _ 3   or   2 _ 5  . 

For Q3, in each of the cases on the fi rst page of the document, it is possible 

to set a value of � that satisfi es the defi nition of a limit at x � c. For Q4, you 

may fi nd that you cannot use the slider for � to ensure that the function 

is within � of the value of the limit. On page 1, this limitation is the result 

of the values that the slider takes on, and does not indicate that the limit 

does not exist. The fact that this occurs can motivate discussion about the 

need for a proof that the value of � exists for any �, no matter how small, in 

each case.

In Q5, on page 2 of the document, the limit of f (x) will fail to exist in the 

case where x approaches 1, as the function is not defi ned there. 

EXTENSION
You can use the functions shown to have students predict algebraically when 

the indicator light will change. Have students construct an inequality using 

the function and the two values between which you want the function to lie, 

and solve the inequality. By using � instead of a particular numerical value, 

you can construct a proof as mentioned above. 

Example: If f (x) � x 2 � x � 2, how close to 2 must x be in order to insure 

that f (x) is within 0.1 of 4?

Inequality: 3.9 � x 2 � x � 2 � 4.1

By solving this inequality, you can fi nd the needed value of �. More 

generally, solving 3 � � � x 2 � x � 2 � 3 � � will tell you the relationship 

between the value of � and the value of �. You can use the document 

EpsilonDelta.gsp to visualize the solution to the inequality.
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Delta, Epsilon, and Limits ACTIVITY NOTES
continued

To visualize an epsilon-delta proof, you could also construct the value 

of � so that it depends in some way upon �. To do this, delete the slider 

for �. The rectangles will also be deleted, because they depend on the 

measurement associated with the slider, as will the indicator circle. Measure 

the x- and y-coordinates of point C. 

Suppose you have proved that for a certain function, � must always be 

less than   � _ 5  . Use the calculator to calculate   � _ 5  , and add and subtract this 

calculation to the x-coordinate to create two new measurements. Use these 

measurements to plot points on the x-axis to the left and right of point C. 

Evaluate the function at these x-values to create points on the function 

plot (using the Plot as (x, y) command). Construct lines perpendicular 

to the y-axis through the points on the function plot, and construct the 

intersections of these lines with the y-axis. You can then reconstruct the 

rectangles showing the region in which the function’s values lie.

Given any �, the value of � will always ensure that the y-value of the 

function f is within � units of the number L. As you change the value of � 

with the slider, the value of � will remain equal to   � _ 5  , and the rectangle will 

stay within � of the limit.

For a different function at a given point, the value of � may differ. To create 

a different demonstration, edit the expression for   � _ 5   to the value that results 

from your proof, and the rectangles will be changed accordingly. You can 

then again demonstrate that your choice of � will ensure that the function’s 

values lie within � of the limit.
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Delta, Epsilon, and Limits

You know that a function f (x) has a limit, L, at 

x � C if you can make the y-coordinate of the 

function as close as you want to L by choosing 

an x-coordinate really close to x � C. 

More formally, L is the limit of f (x) as x approaches 

C if and only if, for any positive number epsilon, 

�, there is a positive number delta, �, such that if 

x is within � units of C (x � C), the y-value of f is 

within � units of L. 

In this activity you’ll explore this defi nition visually. 

For a given function and for given values of C, L, and �, you’ll adjust the value of � 

to test the defi nition.

SKETCH AND INVESTIGATE

 1. Open the sketch EpsilonDelta.gsp. This sketch shows the graph of 

f (x) � ax2 � bx � c.

 2. Experiment with the epsilon slider, which determines an interval on the y-axis 

about L. This interval is represented by a vertical red segment containing all 

y-values within � of L.

 3. Experiment with the delta slider, which determines an interval on the x-axis 

about C. This interval is represented by the width of a vertical blue polygon and 

contains all x-values within � of C.

The intersection of the left and right edges of this blue polygon with the function 

determines another polygon (horizontal this time). The height of this second green 

polygon represents the y-values of the function when the x-value is restricted to 

within � of C.

 4. Set the sliders for a, b, and c to a � 0.6, b � 2.5, and c � �2 by pressing the 

Set Quadratic button. 

 5. Press the Case 1 button to set the values of C, 

L, and �.

The defi nition of a limit will be satisfi ed graphically if 

you can adjust �—using the delta slider—in such a way 

that all the possible y-values represented by the horizontal 

green polygon fall within this red interval (that is, they fall 

within � of L or in the interval [L � �, L � �]).

L - ε

L + ε

C + δC - δ

L

C

Within Epsilon

8

6

4

2

2

L

D C

F

The constants a, b, 
and c are controlled 
by sliders. You can 
change the function by 
changing the values 
of the constants a, b, 
and c. 

You can reset these 
constraints by pressing 
the Show Parameters 
button. Double-click 
a, b, or c to change its 
value.
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Delta, Epsilon, and Limits
continued

 6. Adjust the delta slider until the horizontal green polygon falls just within the red 

[L � �, L � �] interval on the y-axis. (The circular indicator changes from red 

to green when all possible y-values lie within the interval.)

 Q1 What is the largest value you found for � for this value of �? Record the values 

of C, L, �, and � in a table.

 7. Move the epsilon slider to set � to roughly half its previous value. Adjust � to 

work with this new value of �. Record this new set of results in your table.

 Q2 When you set � to half its previous value, did your value for � reduce by half as 

well? Try other fractions of �, such as 2/3 or 2/5.

 8. Press the Case 2 button, and repeat steps 6–7 and Q1–Q2. Add your results to 

the table you made in Q1.

 9. Repeat for Cases 3 and 4, adding your results to the table each time.

 Q3 Was it possible in each case to set a value of � that satisfi ed the defi nition of a 

limit? If not, note the values for C, L, and � for which it was not possible. Did your 

effort fail because L does not exist, or because you could not adjust � correctly? 

What can you conclude about the function as x approaches C in each case?

 Q4 Do you think it would be possible to fi nd such a value of � graphically for every 

possible value of C and �? If not, what values of C and � would not work?

 10. Go to page 2 of the document and follow the 

same steps described above. For each case, 

adjust the delta slider so that the resulting 

y-values fall within � of the limit L, and record 

your results in a table. Record just one set of 

results for each case.

 Q5  Was it possible in each case to set a value of 

� that satisfi es the defi nition of a limit? If not, note the values for C, L, and � 

for which it was not possible. Did your effort fail because L does not exist, or 

because you could not adjust � correctly? What can you conclude about the 

function as x approaches C ?

EXPLORE MORE

Go to page 3 of the document and experiment with the fourth-degree polynomial 

there or graph a new function. 

Go to page 4 of the document and experiment with the trigonometric function 

there or graph a new function.

Within Epsilon
2

L

D C

Use keyboard arrows 
to move one pixel at 
a time.

Select the four 
values and choose 
Number⏐Table. 
Double-click the table 
to make the current 
data permanent.

Drag the unit points 
to resize your window 
and then press the 
Case button again to 
reset the value of �.

You will need to resize 
your window for some 
of these cases. Don’t 
forget to press the 
Case button after 
resizing to reset the 
value for �.

To graph a new 
function, double-click 
the expression for 
f (x ), delete the current 
expression, and enter 
your own.
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How Close Do You Go? ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, the function is undefined at x  3 because that value gives the 

indeterminant form 0/0. In Q2, the plot suggests that the function has a 

limit of 2 as x approaches 3. The function f  is equivalent to (x  3)/3 for 

x  3, which has a value of 2 at x  3. In Q3, to make the y-values of the 

function fall within the interval from 1.5 to 2.5, you must be within 1.5  

of c. In Q4, to make the y-values fall within 0.1 of 2, you must be within 

0.3 of c. In Q5, to be within 0.05 of 2, you must be within 0.15 of c, and in 

Q6, within 0.03 and 0.003. For any , you must be within   3  units of 

c on either side; the y-values are symmetric around x  3 (Q7 and Q8). In 

Q9, x must be within 0.13 of c  1.5 on the right side so that the y-values 

are within 0.1 of 1.5. On the left side, x must be within 0.16 of c  1.5. To 

make the y-values fall within the desired range, the smaller value (0.13) 

must be used. 

In Q10 and Q11, the function has a point discontinuity at x  3. Although 

the limit of the function is 9, the value of the function at x  3 is 10. For 

Q12, x must be within 0.016 of c  3 on both the left- and right-hand 

sides; the intervals will appear to be symmetric, (because the function plot 

closely approximates a line when you zoom in) although they are not, as the 

function has a squared term. 

In Q13, the function is not continuous at x  3 because of the step 

discontinuity there. Students may initially guess that 9 is the limit as  

x approaches 3, but in Q14 and Q15, though the function is defined at  

x  3 ( f(x)  10) the value of the function approaches 9 from the left and 

10 from the right. There is no value of  that will ensure that the function 

lies within, say, 0.1 of 9 on the left, because the “gap” in the function is larger 

than this interval. To visualize this, students will find that the horizontal 

band cannot be made any smaller than a width of 1. Because you cannot 

make the y-value of the function as close as you wish to one particular 

number L by making x sufficiently close to c, the limit of the function does 

not exist at x  3. 

EXPLORE MORE
The example in step 15 presents a situation similar to the previous examples 

in all respects except that the function is not defined at x  3. The limit as  

x approaches 3 does not exist for the same reason as the previous example. 
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How Close Do You Go? ACTIVITY NOTES
continued

The examples in step 17 present different dilemmas. For  

f (x)  1  xcos(1/x), f (x) oscillates with decreasing amplitude as x 

approaches 0. The function f (x)  1  cos(1/x), however, oscillates  

with an amplitude of 1 as x approaches 0. 

In the first case, the y-value of the function can be shown to lie within any 

given small interval around 1 by making x sufficiently close to 0. In the 

second case, however, no matter how close x is to 0, the function will still 

oscillate between 0 and 2, thus preventing you from making the y-value of 

the function as close as you wish to any one particular number L.

As x becomes infinitely large, f (x)  1  x cos(1/x) will also grow infinitely 

large because the value of x continues to grow while cos(1/x) approaches 

1. As x becomes infinitely large, f (x)  1  cos(1/x), on the other hand, 

approaches a limit of 2, again because cos(1/x) approaches 1.

EXTENSION
When a function has a limit as x approaches infinity, the difference between 

the value of the function and the limit L can be made as small as you wish 

by making x sufficiently large. 

To visualize this concept with Sketchpad, construct the plot of a function 

you suspect might have a limit as x grows infinitely large. Then construct a 

point on the x-axis, measure its coordinate, find the value of f (x) for your 

point, and plot the point (x, f (x)). Construct a line through this point, 

parallel to the x-axis. Move this point out on the x-axis, and use the line to 

observe the value of the function as x grows larger. How large do you need 

to make x to make the value of the function within 0.1 of the limit?  

Within 0.01? 

If you wish to investigate such a function, you can use the Zoom tools to 

zoom around the point (a, b). By dragging the x slider to the far left (move 

the slider itself to the right so that you can increase the scale) your x-axis 

can range into the millions, and you can observe the value of the function as 

your point moves toward these large values.
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How Close Do You Go?

You have seen that the y-value of a function can approach 

a limiting value as x approaches a constant c even if 

f is undefi ned. For example, if you plot the function 

q(x) �    x  3  � 8 
 _____ 

 x � 2
  , you get a parabola with a gap or hole at 

x � 2. But as x approaches 2, the y-value of the function 

approaches 12. 

You have learned that L is the limit of a function f as x 

approaches c if you can make the y-value of the function 

as close as you want to L by making x suffi ciently close to c. 

In this activity you will explore this defi nition graphically 

for various functions.

SKETCH AND INVESTIGATE

 1. Open the document Limits2.gsp.

On page 1, you have the plot of the function f (x) �    x  2  � 9 
 _____ 

 3x � 9
  , which has a hole at 

x � 3. Points P and N will allow you to evaluate the function for x-values near c � 3. 

 Q1 Try to fi nd f (3) by direct substitution. What happens?

 Q2 What limiting value does the plot suggest as x approaches 3? Check your answer 

by simplifying the expression for f and substituting x � 3. Do you get the same 

value for the limit?

In order to show graphically that the defi nition 

holds, you need to show that you can make f (x) as 

close as you wish to L � 2 by making x suffi ciently 

close to c � 3. 

 Q3 Suppose someone tells you to keep f (x) within 

0.5 units of the limit 2. How close must x be to 

c � 3 to make the y-values of the function fall 

within that interval?

To get a little closer you can zoom in around this point even though f (x) is not 

defi ned at x � 3. The x- and y-scale sliders zoom the coordinate grid around the 

point (a, b) for the values of a and b defi ned in the sketch. 

 2. Drag points P and N as close as you can to the limit.

 3. Zoom in using the sliders until you lose your axes. Then press the Show Zoom 

Axes button, and then the Hide Main Axes button. Zoom in again until the 

x-axis goes from about 2.2 to 3.8 and the y-axis from about 1.5 to 2.5.

15

10

5

2

2

5c

N

P

Check that a � 3 
and b � 2. If they 
don’t, edit them by 
double-clicking their 
measurements.

If you want to use both 
sliders at once, select 
the endpoint of each 
slider, and then grab 
either point and drag.
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How Close Do You Go?
continued

 4. Adjust the location of points P and N to fi nd out how close you have to make x 

to 3 so that f (x) is within 0.1 of the limit 2.

 5. Measure the coordinates of points P and N to make sure that all of the 

horizontal rectangle is within 0.1 of the limit.

 Q4 How close do you have to make x to 3 so that f (x) is within 0.1 of the limit 2? 

 6. Adjust the sliders and the location of points P and N to show how close you 

must make x to 3 so that f (x) is within 0.05 of 2.

 Q5 How close do you have to make x to 3 so that f (x) is within 0.05 of 2? 

 Q6 How close do you have to make x to 3 so that f (x) is within 0.01 of 2? 

Within 0.001 of 2?

As you saw above, to demonstrate graphically 

that a limit exists, you show that you can make 

x close enough to c so that the value of f (x) 

will always lie within a narrow band around 

the limit. In the formal defi nition of a limit 

this distance from L is called epsilon, or �, and 

the distance from c is called delta, or �. In the 

example shown here, � � 0.1 and � � 0.3. 

 Q7 Look back at your answers to the previous 

questions. Does there appear to be a 

relationship between the value of � and the 

value of �? If so, what is this relationship? 

 Q8 If you look at the sketch above, the interval around c � 3 is symmetric going 

from about 3 � 0.3 to about 3 � 0.3. Why do you think this was true for all of 

your intervals above? 

Let’s try another function to see if we usually get a symmetric interval around our 

target value x � c.

 7. Go to page 2 of the document. Here f (x) � 2 � 4x�1 and the limit as x 

approaches 0.5 is 1.5. Zoom in and adjust point P and point N so that the 

y-values are within 0.1 of the limit.

 Q9 How close do you need to make x to 0.5 on the left side of point C ? On the right 

side of point C ? What would your � be in this case?

Now we have the hypothesis that for exponential functions (without a discontinuity) 

the intervals won’t be symmetric. But this is just one example of a function—let’s 

look at one more polynomial.

2.1

2

1.9

1.8

2.5 3 3.5

N

P

Drag points P and N 
as close as you can 
to the limit before you 
zoom in.

You can calculate 
f �xP� � L and 
L � f �xN� to check 

these limits as well.

This will be a rough 
estimate because 
you are using the tick 
marks on the zoom 
axes and eyeballing it.
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continued

 8. Go to page 3 of the document. Choose Calculate from the Number menu and 

calculate f (3).

 9. Choose the measurements for c and f (c) in that order and choose Plot as (x, y) 

from the Graph menu.

 Q10 Is the function f continuous at x � 3? 

 Q11 What value does the plot suggest for the limit as x approaches 3?

 10. On this page, two sliders control the location of points P and N. The slider 

labeled hN controls the distance from point N to point C on the left and the 

slider labeled hP controls the distance from point P to point C on the right. 

Experiment with the sliders to see how point P and point N move.

 11. Zoom in and adjust each slider to see how close 

you need to make x to 3 in order to make f(x) 

within 0.1 of the limit. Then adjust the sliders to 

see how close you must make x to 3 in order to 

make f (x) within 0.05, 0.01, and then 0.001 of 

the limit. Make a table of your � and � values.

 Q12 Were your intervals around c � 3 symmetric? 

Can you fi nd a relationship between the values 

that you found?

This last example had intervals that were not symmetric. (Go back and look again 

if you answered yes to Q12.) It turns out that most of the time, they aren’t. So how 

was the fi rst function different from the other two?

Let’s look at one more example.

 12. Go to page 4 of the document. Choose Calculate from the Number menu and 

calculate f (3).

 13. Choose the measurements for c and f (c) in that order, and choose Plot as (x, y) 

from the Graph menu.

 Q13 Is the function f continuous at x � 3? What value, if any, does the plot suggest 

for the limit as x approaches 3?

 14. Try as before to adjust each slider to see how close you need to make x to 3 in 

order to make f (x) within 0.1 of your prediction, or, try to show why there is no 

limit using 0.1 as your �.

9.2

9

8.8

8.6

8.4 33 - hN 3 + hP

P

N

With the Calculator 
open, click the 
expression for f (x  ) and 
then measurement c.

Once you’ve zoomed 
in, press the Show 
Zoom Axes button and 
then press the Hide 
Main Axes button.
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How Close Do You Go?
continued

 Q14 What happened when you tried to do step 14, and how is this function different 

from the previous examples? 

 Q15 What are the left- and right-hand limits as x approaches 3? Explain why no 

single number can be the limit of f (x) as x approaches 3.

The four examples above covered each of the classifi cations below except one. 

Figure out which classifi cation has not been covered yet, and match the four 

functions above with their classifi cations.

 A. Defi ned at x � c, limit exists at x � c, continuous at x � c.

 B. Defi ned at x � c, limit exists at x � c, not continuous at x � c.

 C. Defi ned at x � c, limit does not exist at x � c, not continuous at x � c.

 D. Undefi ned at x � c, limit exists at x � c, not continuous at x � c.

 E. Undefi ned at x � c, limit does not exist at x � c, not continuous at x � c.

EXPLORE MORE

Here is a function that satisfi es the missing category above: 

             f (x) �   
 | x � 3 |    _______ x � 3   � x

 15. Go to page 5 and confi rm that this function satisfi es the conditions—it is 

undefi ned at x � 3 and the limit does not exist for x � 3. 

 16. Double-click measurement c and change it to c � 0. Change b to 1. 

 17. Double-click the expression for f (x) and change it to f (x) � 1 � x cos(1/x). 

Investigate the behavior of f (x) as x approaches 0, and then compare it to the 

function f (x) � 1 � cos(1/x). 

 18. Your function may get choppy as you zoom in. To fi x that, select the plot of f ; 

then choose the Plot panel from Properties in the Edit menu, and change the 

domain to a smaller interval around 0.

 Q16 Does the limit as x approaches 0 exist for either of these functions? 

 Q17 How are these functions different in this region? How are they the same?

 Q18 As x becomes infi nitely large, does the y-value seem to approach a limiting value 

for either of these functions? If so, what value? If not, describe why not.
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How Close Do You Go?
continued

 Q19 How could you use Sketchpad to demonstrate graphically that a limit exists or 

doesn’t exist as x becomes infi nitely large?

1

-20 20
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Slope and Limits  ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, moving point Q will change the value of slopePQ; as you move 

point Q to the right, the value of slope PQ will increase. Because point Q is 

free to move along the function plot, it has coordinates x, x 2 . In Q2, slopePQ 

is then x 2  9 / x  3 . The limit of this expression (which is a function in 

its own right) as x approaches 3 is 6 (Q3). The numerical calculation of the 

slope in the sketch should support this value—as point Q approaches  

point P, slopePQ will approach a limiting value of 6 (Q4 and Q5). 

The limit of the function can be visualized by examining the y-value of 

the function near a particular value of x. In examining the limits above, 

however, it is the slope of a line that provides the visualization of the limit. 

In Q6, examining the slope on a zoomed-in portion of the function plot 

results in a value that does not change. Although the function f (x)  x 2 

is not linear, a sufficient amount of zooming creates the appearance of 

linearity. One answer to Q7 recognizes the fact that the slope of the line 

PQ changes less and less as point Q approaches point P.

EXPLORATION 1
In Q1, the length of the segment is a way to visualize the error between the 

actual function value and the value of the secant line at a particular value of x. 

In Q2, the error at xR  2 is approximately 1. 

In Q3, to reduce the error to 0.1, xR should be approximately 0.316 from 3. 

To reduce the error to 0.05, xR should be approximately 0.224 from 3. To 

reduce the error to 0.001, xR should be approximately 0.316 from 3. In Q4, 
the equation of this line would be L(x)  6(x 3) 9. In Q5, L(3.04)  

9.24 and f (3.04)  9.2416, so the error at x  3.04 is 0.0016. 

EXPLORATION 2
In Q1 and Q2, the left-hand limit of the secant line is 6, while on the right,

the limit is 6. The   lim    
x 0

    
f (x)  f (0)

 _______ x  0    does not exist. Although you do not have

a plot of the function   
f (x)

 ___ x   , you can tell from the behavior of the lines that 

the limit of this function as x approaches 0 does not exist. This behavior 

means that the function f (x) cannot be approximated by one line near  

x  0, and so the function is not locally linear there (Q4).
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Slope and Limits ACTIVITY NOTES
continued

EXPLORATION 3
Although the functions in this exploration do not have “slope,” the use 

of the secant line as an approximation for the function, along with the 

concept of limits, allows you to say the function has a slope at a point—

the instantaneous rate of change.

In Q1, the limit as x approaches � of the expression �sin�xP� � sin(�)�/
�xP � �� would determine the instantaneous rate of change of the function 

sin(x) at x � �. In Q2, the limit as x approaches 4 of the expression �ln  �xP� 
� ln(4)�/�xP � 4� would determine the instantaneous rate of change of the 

function ln(x) at x � 4. In Q3, the limit as x approaches 4 of the expression  

�� 
__

  xP   �  � 
_
 4   ���xP � 4� would determine the instantaneous rate of change of 

the function ln(x) at x � 4.

In Q4, the instantaneous rate of change of a function will not exist 

whenever the slope of the line from a given point close by does not 

approach a particular value. This may happen where the graph of the 

function has an abrupt change in direction or where the graph itself 

is discontinuous. The absolute value function is an example where an 

abrupt change in slope occurs. The slope of the line used to visualize the 

instantaneous rate of change may also fail to have a limit where the graph 

becomes vertical—the graph of f (x) �  � 
_
 x   at x � 0, for instance.

TOOL TIPS
Here are the steps required to create the tools used in this activity’s 

document SlopeandLimit.gsp. For a full explanation of custom tools, 

choose Help⏐Tools.

Tool: SlopeTool
Given: Points A and B 

Result: Segment AB and the slope of AB 

 1. Construct two points, A and B, and segment AB. 

 2. Select the segment and choose Measure⏐Slope. 

3. Select points A and B, segment AB, and the slope measurement. 

Choose Create New Tool from the Custom Tools menu. 

Including the segment in 
the tool is optional.
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Slope and Limits ACTIVITY NOTES
continued

Tool: Slope�Line 
Given: Points A and B 

Result: Line AB and the slope of line AB 

1. Construct two points, A and B, and line AB. 

2. Select the line and choose Measure⏐Slope. 

 3. Select points A and B, line AB, and the slope measurement.

Choose Create New Tool from the Custom Tools menu.
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Slope and Limits

Limits are a powerful tool for describing the behavior of functions at a particular 

point or as x becomes infi nitely large. Limits also provide the missing link we need 

to answer this question: What is the instantaneous rate of change of the function at 

a point, or what is the function’s slope at any given point? 

In this activity you will explore how the limit can be used to move from average 

rates and secant slopes to the instantaneous rate and slope at a point.

SKETCH AND INVESTIGATE 

 1. Open the document SlopeandLimit.gsp. On the fi rst page you will fi nd a linear 

function f with its plot and points P and Q. Point P is fi xed by the parameter x
P
. 

Point Q is free to move along the function plot.

 2. Find the average rate of change between 

points P and Q by calculating the slope of 

line PQ:

       slope PQ �    
f � x 

Q
 � � f � x 

P
 � 
 ___________   x 

Q�  x 
P
   

  Label this measurement slopePQ.

 3. Does your result make sense? Move point Q 

along the function plot, and confi rm that the 

value of the calculation does not change. 

The coordinates of point P are (3, 9), and because point Q is free to move along the 

function plot, its coordinates are �xQ
, 2x

Q
 � 3�. So the slope of the line from a fi xed 

point P to point Q is always. 

slope PQ �    
f  � x 

Q
 � � f  � x 

P
 � ___________ 

 x 
Q
  �  x 

P
 
   �    

�2 x 
Q
  � 3� � 9

  ____________ 
 x 

Q
  � 3

   �   
2 x 

Q
  � 6
 _______ 

 x 
Q
  � 3

   �      � 2

The fact that the slope of a linear function at a point is indeed its usual slope should 

not have been surprising. But what is the slope at a point if the function is not 

linear? Is it even possible to ask such a question?

 4. Move point Q to the left of point P, and change f (x) to x 2.

 5. Construct a line between points P and Q, and give it a different color than the 

function plot by choosing Display⎮Color. 

 Q1 Move point Q along the function plot. Does the value of the measurement 

slopePQ stay constant as it did in step 3? If so, why do you think it stays 

constant? If not, describe its values as you move point Q from left to right.

5 10x

10

y
= slopePQ

f xQ( )-f xP( )
xQ-xP

 = 2.00000

f(x) = 2.x+3

P
Q

Choose Calculate 
from the Number 
menu and click 
each measurement 
to enter it into the 
calculator. Don’t forget 
parentheses.

Double-click the 
expression for f (x ) to 
edit the function.

Select both points, and 
then choose Line from 
the Construct menu.

   
2� x 

Q
  � 3�
 ________  x 

Q
  � 3   
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Slope and Limits
continued

 Q2 What are the coordinates of point P? Point Q is not fi xed, so its coordinates are 

not constants—what are they? Write an expression to calculate the slope of the 

line from point P to point Q. (See the example after step 3 if you get stuck.)

Your expression in Q2 should have been a simplifi ed version of     
f � x 

Q
 � � f (3)

 ________ 
 x 

Q
  � 3

  , or the 

average rate of change from point P (x � 3) to point Q. This expression is also a 

function, and it can be examined using limits.

 Q3 Find   lim    
x→3

     
f � x 

Q
 � � f (3)

 ________ 
 x 

Q
  � 3

   algebraically. 

 Q4 Move point Q as close as you can to point 

P. Pay close attention to the measurement 

slopePQ, and look for its limiting value. As 

Q approaches P, does the limiting value of 

slopePQ appear to graphically support your 

answer to Q3?

 6. Zoom in by moving both the x- and y-scale 

sliders to the right. Point Q will appear to 

move away from point P, but note that the 

coordinates of point Q do not change. 

 7. Move point Q closer to point P. 

 Q5 What is the slope of the line PQ when Q is very close to P ? Is this value 

approximately equal to the limit you calculated in Q3? 

In the steps above, you examined, not the limit of the function f at a point, but the 

limit of a new function based on f. This new function is called the difference quotient 

at x � 3, but it is still the average rate of change of f (x) at x � 3, or the slope of a 

secant line through point P. 

We defi ne the slope of a curve at a point P to be the limit of the slopes of these 

secant lines, PQ, as point Q approaches point P. This limit is also referred to as the 

instantaneous rate of change of the function at the point P. The limiting line itself can 

be used to visualize the limit.

Let’s see why.

 8. Zoom in until the function looks like a line and you can’t see any difference 

between the function f (x) and the line PQ. Move point Q as close as possible 

to point P.

 9. Choose SlopeTool from the Custom Tools menu. This tool calculates the slope 

between any two points, so use it to make two new points anywhere on the 

“line.” (Make sure the status message is “to Point on Function Plot.”)

9.2

9

8.8

3

slopePQ = ?

f (x) = x2
P

y-scale

x-scale

Q

If you can zoom in at a 
point until the function 
looks linear, we say 
that the function is 
locally linear at that 
point.

In this document, the 
coordinate grid will 
dilate around the point 
(xP , f (xP )). To change 
the location of point P, 
edit the parameter xP .
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Slope and Limits
continued

 Q6 What value did the SlopeTool give you for the slope of the zoomed-in plot of 

the function? Select either new point and drag it anywhere in the window. Does 

this slope value change?

 Q7 Explain in your own words why this limiting line can be used to visualize the limit.

Not only are limits useful for analyzing a function’s behavior, you’ve also seen that 

they give us the missing links to defi ne an instantaneous rate of change at a point, 

or a function’s slope at a point. Defi ning an instantaneous rate of change is just one 

reason for building a difference quotient and fi nding its limit, as seen in the activity 

Area and Limits. 

EXPLORATION 1

There is another reason why we’d like to look at a function’s local linearity at a 

point—working with a line is usually easier than working with a general nonlinear 

function. If we use the line instead of the function, how much error is there? To fi nd 

out, we need to look at another point close to point P.

 1. Leaving point Q as close as possible to point 

P, zoom back out using both sliders until the 

x-axis goes from about �2 to 7 and the y-axis 

goes from about �2 to 12.

 2. Using the Point tool, make a new point on 

the line PQ and label it R. 

 3. Measure the x-coordinate of point R by 

selecting Abscissa (x) from the Measure 

menu. Then measure its y-coordinate 

(Ordinate (y)).

 4. Calculate f �xR� and plot the point �xR, f �xR��.

 5. Construct the line segment between the point 

plotted in step 4 and point R.

 Q1 Explain in your own words why this last segment graphically represents the 

error created if you used the y-coordinate of point R to approximate the 

function’s y-value, f �xR�.

 Q2 Drag point R so that xR � 2. What would the error be if you used the 

y-coordinate of point R to approximate f (2)?

 6. Write a formula you can use to calculate this error. Create this calculation in 

your sketch and label it SecantError.

5x

10

-10

y

SecantError = 5.46145
f xR( ) = 0.43728

yR = -5.02417

xR = 0.66127

Slope QP = 5.99650

f (x) = x2

f(Rx)

P

Q

R

If you have moved 
point Q or have 
changed your window 
since step 8, repeat 
step 8 above. Then you 
can do this step.
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Slope and Limits
continued

 Q3 Move point R along the line PQ and determine how close you need to get to 

x � 3 to make the error less than 0.1, 0.05, and 0.001.

 Q4 You have the point P and you calculated the limiting slope for this line. Write 

the equation of this limiting line in point-slope form.

 7. Check your answer by choosing Plot New Function from the Graph menu and 

entering the equation for your line from Q4. Zoom in and out to see if your line 

matches line PQ.

 Q5 By hand (no calculators!), fi nd the y-value for x � 3.04 using your line and then 

using your function. The calculation with the linear equation should have been 

much easier—what was the error?

EXPLORATION 2

Go to page 2 to see an example of a function with points where f can’t be locally 

linearized. Let’s see what goes wrong at x � 0.

 1. Choose the Slope�Line tool from the Custom Tools menu. This tool calculates 

the slope between two points and creates the secant line. Match point P 

(the origin) and make a new point with this tool on the function where x � –4.

 2. Use this tool to make three more 

secant lines from point P to f (x) 

where x � �3, �2, and �1.

 Q1 Using the four slope measurements 

calculated by the Slope�Line tool, 

estimate the left-hand limit for the 

secant slopes as x approaches 0.

 3. Select each of the secant lines and choose Display⎮Hide Lines. 

 4. Use the Slope+Line tool to make secant lines 

from point P to f (x) where x � 0.5, 1, 1.5, 

and 2.

 Q2 Using the four slope measurements calculated 

by the tool, estimate the right-hand limit for 

the secant slopes as x approaches 0.

 Q3 What is the limit of all the secant slopes as x 

approaches 0? Explain your answer.

10

y

-5 x

f x( ) = x2+6.x

P

20

10

y

5xP
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Slope and Limits
continued

 5. Pick any of the new points created by the Slope�Line tool, and drag it across 

point P. Describe what the secant line does as the point moves through P.

 Q4 Explain in your own words why f is not locally linear at x. 

EXPLORATION 3

 1. Go to page 3 in the document, and change the function to f (x) � sin(x), and x
P
 

to � (Try x �   � __ 2   as well.)

 Q1 What limit do you need to evaluate to 

determine the instantaneous rate of 

change of sin(x) at x � �? Zoom in to 

estimate the limit.

 2. Zoom back out. Change the function 

to f (x) � ln(x) and xP to 4. (Try x � 3 

and 5 as well.)

 Q2 What limit do you need to evaluate to determine the instantaneous rate of 

change of ln(x) at x � 4? Zoom in to estimate the limit. 

 3. Zoom back out. Change the function to f (x) �   
 � 

__
 x   and x

P
 to 4. (Try x � 2 and 

5 as well.)

 Q3 What limit do you need to evaluate to determine the instantaneous rate of 

change of    
 � 

__
 x   at x � 4? Zoom in to estimate the limit.

 Q4 You may be familiar with situations where limits do not exist. Can you think 

of a function with a point where the instantaneous rate of change, as defi ned 

above, will not exist? Write the function and the accompanying limit, and show 

that this limit does not exist. (Hint: Think about the slope of the line you used 

to visualize the limit.)

2

5

xP = 3.14159

f x( ) = sin x( )

P

Q
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Area and Limits  ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, the shaded region is a rectangle, so the area is 10 � 4.9, or 49 square 

units. In Q2, the area is 0.5(4.9 � 8.9)(10), or 69 square units. In Q3, the 

area of the trapezoid on page 2 is larger than the area of the shaded region 

on page 3. In Q4, students will likely make an estimate near 47 square units 

using whole boxes, and it is an underestimate. Students may have varied 

methods for how to count the partially shaded boxes. For Q5, students may 

suggest that a fi ner grid, using boxes of 0.5 units, for instance, would allow 

a more accurate measurement. They can do this by moving the unit point 

to the right until there are grid lines every 0.5 units. Students may want to 

get a better estimate by moving the point further to the right until there are 

grid lines every 0.25 units. They can also devise a method for counting the 

partial squares.

In Q6, students can use a calculator to add the y-coordinates of point C 

and get the value of 50.5, which is an underestimate. In Q7, the sum of 

the right rectangles can be found using a calculator with a table feature to 

quickly generate the values of f at x � 1, 2, 3, and so on. Finding the sum 

of the values for x � 1 to x � 10 results in the value of 54.5. This is an 

overestimate. 

In Q8, if the quadratic function has the same value at both a and b, right and 

left rectangles will give the same result. If the quadratic is concave up, both 

will be overestimates. If it is concave down, both will be underestimates.

In Q9 through Q12, if n � 1 the difference between the estimates is 40, 

but if n � 10 it is only 4. If n � 20, the difference is 2. For n � 25, it is 1. 

In general, the difference between the two sums is 40/n.

In Q13, you can use the “difference between estimates” rectangle to visualize 

how the difference is related to n. The left and right sums share all but the 

leftmost and the rightmost rectangle for any value of n, so when the sums 

are subtracted, all that is left is the difference between the areas of these two 

rectangles. In Q14, for any value of n, this difference is

 f (b) �   b � a _____ n   � f (a) �   �   b � a _____ n   �  � (f(b) � f (a)) �   b � a _____ n   �  
Because ( f (b) � f (a)) and b � a are fi xed values, as n is made larger, the 

difference can be made as small as you wish. As n approaches infi nity, the 

two estimates converge.



76 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Area and Limits ACTIVITY NOTES
continued

EXPLORE MORE
In Q1, the exact area of the region is 55 square units. For Q2, the area of the 

5 left sum rectangles is

   10 ___ 5    ∑ 
i�0

   
4

     � 0 �   10 ___ 
5

  i  �  � 1 

In Q3 though Q5, for any value of n, the width of the rectangles is 10/n, so 

the left sum area can be calculated using the expression

   10 ___ n    ∑ 
i�0

   

n�1

     � 0 �   10 ___ n  i �  � 1 

The exact area of 55 is equal to

  lim    
n→�

    10 ___ n     ∑ 
i�0

   

n�1

     � 0 �   10 ___ n  i �  � 1

For f (x) � 0.1(x � 3)2 � 4, the expression for 20 rectangles is

   10 ___ 20     ∑ 
i�0

   

19

   0.1    � 0 �   10 ___ 20  i � 3 �  2  � 4

One way to fi nd the value of this expression is to expand it and then apply 

the formulas for the sums of sequences.

EXTENSION
To show a different example using this document, you can adjust the 

endpoints of the intervals on which the area is shown on any page by editing 

the parameters a or b. The expression for f can of course also be edited. 

Extra for Sketchpad Experts: To create the shaded regions, a locus was used, 

so the area of the shaded region cannot be measured directly, even when it is 

a rectangle or a trapezoid. The rectangles for the left and right sums are an 

iterated image of the rectangle on the far left of the interval.

The area calculation was created by constructing a point and then adding 

the value of this fi rst rectangle to its y-value. Iterating this point, and 

measuring the y-value of the terminal point of the iteration, gives the sum 

of the area of the rectangles. This construction will be used in the later 

activities concerning integrals.
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Area and Limits

The area of the shaded region on the right looks to be a 

little less than 0.5 square units. But how much less? If you 

had to come up with one number for the most accurate 

measurement of the area, what would it be? How would you 

fi nd that number? How might you convince someone that 

your approximation is the most accurate? This activity will 

help you begin to answer these questions. 

SKETCH AND INVESTIGATE

 1. Open the document AreaLimits.gsp. On page 1 there is a constant function 

f (x) � 4.9 on the domain x � 0 to x � 10.

 Q1 Using geometry, fi nd the area of the shaded region under the curve f (x) � 4.9 

from x � 0 to x � 10.

 2.  Go to page 2 of the document. On this page, 

f (x) � 4.9 at x � 0, but this time, f increases 

at a constant rate on its domain [0, 10] to a 

value of 8.9 at x � 10.

 Q2 Calculate the area of this shaded region by using 

the area formula for a trapezoid.

Unfortunately it’s not always possible to fi nd the 

number of square units of area by using a formula 

from geometry.

 3. Press the Next Page button to go to page 3. On this page, you will fi nd the plot of 

the function f (x) � 0.1(x � 3)2 � 4.

 Q3 This function has the same y-values as the previous linear function at x � 0 and 

x � 10. How do you think the area of the shaded region will compare to the 

area of the region on the previous page?

 4. Drag the unit point at (1, 0) to the right until there is a grid line at every 

integer. Use the grid to count the “boxes” (squares of area 1) and estimate the 

area of the region. 

 Q4 What is your estimate for the area of the shaded region if you use only whole 

boxes? Is this an overestimate or an underestimate?

 Q5 What could you do to make a better or more accurate estimate? 

 5. Press the Next Page button to see a really large overestimate—one rectangle with 

a base of 10 units and a height of 8.9 units. 

1

f x( ) = x2

1

10

5

10

f 10( ) = 8.90
f 0( ) = 4.90

f x( ) = 0.4⋅x+4.9

If your shaded region 
moves outside of the 
window, drag an axis 
or the origin until you 
can see the whole 
region.
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Area and Limits
continued

Here we have one rectangle on the interval [0, 10] and n defi ned as the number of 

rectangles, so here n � 1. The right endpoint of the interval [0, 10] is used to fi nd 

the height, which is the y-coordinate at x � 10, or f (10), so this rectangle is called a 

right rectangle. If we use the left endpoint of the interval (x � 0) to fi nd the height, 

or f (0), the rectangle is called a left rectangle.

 6. Drag the slider for n to the left, past the bar, until n � 1 to show one rectangle 

using the left endpoint of the interval. This gives an estimate that is much too 

small—a rectangle with a base of 10 units, but this time with a height of 4.9 units.

 7. To make rectangles of width 1, adjust your slider for left rectangles to n � 10. 

 8. Press the Show Sample Point button. Point C moves along the tops of the 

rectangles. Try moving point C left and right.

 9.  Measure the y-coordinate of point C 

by selecting point C and then choosing 

Ordinate (y) from the Measure menu.

 Q6 Use the y-coordinate of point C 

to calculate the area of each of the 

rectangles. Write down their areas 

and fi nd the sum. What is your 

estimate for this case? Is it an 

underestimate or an overestimate?

 10. Adjust your slider to show right 

rectangles with n � 10. 

 Q7 Using right rectangles, what is the value for Area Sum in this case? Given 

just the expression for the function f, how could you fi nd this sum? Is it an 

underestimate or an overestimate?

 Q8 Using rectangles to estimate area for this case gave you one overestimate and one 

underestimate. Could they ever both be overestimates or underestimates? Give an 

example in which this occurs, or explain why it’s impossible. 

 Q9 Back in steps 5–6, you looked at rectangles with a base of 10 units. One gave 

an underestimate of 49 square units, and the other gave an overestimate of 

89 square units—a difference of 40 units. How far apart are your two estimates 

in Q6 and Q7 using rectangles with a base of 1 unit?

 Q10 What do you think will happen to the difference between the estimates if you 

use rectangles of width 0.5? 

 11. Adjust the slider to show right rectangles with n � 20 and record the value of 

Area Sum. Then look at left rectangles with n � 20. 

10

8

6

4

2

5 10

n = 10.00

Left Rectangles     Right Rectangles

n

Point n on the left of 
the bar will make left 
rectangles.

Save this answer to 
use in the Explore 
More Section.

Your estimate should 
be the same as the 
value for Area Sum.
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Area and Limits
continued

 Q11 What is the difference between the estimates? Is it what you expected? 

Did you fi nd that increasing the number of subdivisions by a factor of 10 caused a 

reduction in the difference between the estimates by a factor of 10? Did doubling 

the number of subdivisions to 20 result in a further halving of the difference?

 Q12 Use the slider to fi nd the difference between the left and right rectangle sums for 

n � 25 or some other value. Explain how the difference between the estimates is 

related to the value of n. Can you explain why this relationship holds?

To see why this happens, press the Next Page button to go to page 5. 

The sum of the areas of the rectangles shown when we’re using the left endpoints 

to fi nd the heights of the rectangles is called the left sum. When we use the right 

endpoints, it is called the right sum.

 12.  Experiment with the buttons to see just the left sum, then just the right sum, 

and then both sums at once. 

 13. While both sums are showing, adjust the slider so that n � 1. Then press the 

Show Difference button.

 14. Check to see that when n � 1, you see a rectangle with an area of 40 square 

units—the difference between the areas of the two rectangles.

 15. Adjust the slider so that n � 4. Note that the 

left and right sums have area in common. Press 

the MovePointF button to place the difference 

rectangle on top of the fi rst left sum rectangle.

 Q13 Increase the value of n. What do you notice 

about the height of the difference rectangle? 

Can you explain why this happens? What 

happens to the width of the rectangle?

 Q14 Explain how you could use limits to show that 

you could make the difference between the left 

and right sum estimates as small as you wish.

10

5

10

F
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Area and Limits
continued

EXPLORE MORE

You can use limits to prove that the difference between the estimates approaches 0, 

but unfortunately, this does not tell you what area value the left and right sums 

approach. You will need a different limit for that.

 1. Go to page 6. On this page is the linear function f (x) � x � 1.

 Q1 What is the exact area of the shaded region under the curve f (x) � x � 1 on the 

domain [0, 10]?

 Q2 Write an expression to calculate the area of the left sum with 5 rectangles. 

 Q3 How would this expression change if there were 

6, 7, 8, 10, 20, or even more rectangles? Write a 

general expression for the sum for n rectangles 

using � notation. 

 Q4 Using this expression, write a limit to express the area 

of the shaded region.

 Q5 Write an expression for the sum of the 10 rectangles 

you made for the function f (x) � 0.1(x � 3)2 � 4 back 

in Q7. How can you fi nd the sum of these rectangles without adding everything 

up by hand?

10

5

10
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Taking It Near the Limit
Students calculate average rate of change by finding the slope of the secant from fixed point 

P to moveable point Q on a graph, and find the limit (the derivative) by moving Q closer 

and closer to P while zooming in on a small region of the graph.

Going Off on a Tangent
Students explore a function and its derivative by observing the slope of the tangent line and 

relating the function’s behavior (increasing versus decreasing) to the sign of the slope of 

the tangent line. Students predict whether the tangent line lies above or below the curve by 

determining whether the slope is increasing or decreasing.

Plotting the Derivative
Students approximate the derivative by constructing a secant line between two points on 

the graph of a function and graphing the value of the secant’s slope. They improve the 

approximation by moving the points that determine the secant closer together. They edit 

the original function and practice predicting the shape of the derivative graph from the 

shape of the function graph.

So What’s the Function?
Students explore the relationship between a function and its derivative by creating and 

graphing a new function: the difference quotient. By observing the shape of the resulting 

graph students predict the equation of the derivative for a variety of original functions 

(linear, quadratic, and cubic). Finally students investigate non-polynomial functions and 

sums, differences, products, and quotients of functions.
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Derivatives of Exponential Functions
Students investigate graphs of a family of exponential functions by graphing an 

approximate derivative and changing the base of the original function until the function 

and its derivative match. By varying the base and looking at various transformations of the 

original function, students learn to predict the equation of the derivative for any value of 

the base.

Derivatives and Transformations
Students investigate the relationship between the derivative of a function and the 

derivatives of various transformations of the function. By comparing the two derivatives, 

they predict what transformation to apply to the derivative of the original function to 

generate the derivative of the transformed function. Students investigate vertical and 

horizontal translations and vertical and horizontal stretches and shrinks.

Second Derivatives
Students explore the relationship between a function, its derivative, and its second 

derivative. They manipulate the second derivative in various ways (making it constant, 

increasing, decreasing, always positive, and always negative), predict the resulting 

characteristics of the first derivative and of the original function, check their predictions, 

and relate their conclusions to graphs of position, velocity, and acceleration.

Newton’s Method
Students construct a Newton’s Method approximation for the roots of an equation. They 

use their construction for different equations and different seed values, examining the 

convergence and stability of the construction. They streamline their construction by 

creating and using a custom tool and by using iteration.
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SKETCH AND INVESTIGATE
In Q1, answers may vary, as students will construct their own points. In 

step 7, if you wish to have one of your points at the point (2, �2), plot this 

point and then create a Movement button to move point P to this location.

In Q2 through Q3, moving point Q close to point P to approximate the 

limit of the slope of the secant line should result in a value close to 1. If you 

were to move point Q to the same location as point P (which you can do 

with a Movement button), the average rate calculation would be undefi ned. 

When you zoom in, the coordinates of points P and Q will not change. If 

you have not moved point P to the location (2, �2), you can move it closer 

once you have zoomed in.

In Q4 through Q6, moving point Q closer to point P should further support 

the idea that the limit of the secant slopes is 1. So that the points P and Q 

do not appear to separate themselves from the function plot at a highly 

zoomed-in scale, you can change the domain of the function plot before 

you zoom in to a small domain around x � 2.

In Q7, if students are familiar with the term tangent line, they may use 

it here. More generally, upon zooming out, the secant line will appear to 

intersect the function plot only once, and its slope is a visual representation 

of the (almost) instantaneous rate of change of the function at x � 2.

In looking for a local maximum, you may wish to zoom in gradually 

and relocate point P after making an initial guess for the x-value of the 

maximum. You can edit the values of a and b to be equal to your guess to 

make zooming in easier.

In Q8 through Q11, a value of x a short distance to the right of x � 0.18 will 

yield a maximum for the function. As you zoom in, the function will appear 

fl atter, and the slope of the secant line (and the limit of the average rate of 

change) will be 0.

EXPLORE MORE
The only change for Q12 is that point P has a fi xed value (in this case, �), 

and that does not affect the limit or average rate. As mentioned above, you 

may wish to plot a fi xed point on the function plot rather than construct a 

moveable one in order to make zooming in easier.

Taking It Near the Limit ACTIVITY NOTES
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Taking It Near the Limit ACTIVITY NOTES
continued

In Q13, for 22a and b, the slope of the secant line will change abruptly at 

the points indicated. In 22c, zooming in will lead to an ever increasing slope 

value for the secant line. In each of these cases, the derivative does not exist 

because the limit of the slope of the secant line does not exist.

EXTENSION
You can use this sketch to investigate the derivatives of a variety of functions 

at a point by simply editing the expression for f. To investigate the derivative 

at a particular point on a function plot, edit the expression for b so that it 

equals f(a). To do this, double-click b, and delete the value; enter f(a) by 

clicking the function f, then the value a, and then closing the parentheses. 

You can change the value of a at any time.

Plot the point (a, b) on the coordinate grid by selecting a and b and choosing 

Plot as (x, y) from the Graph menu. This point will now be a point on the 

function plot. Use a line between this plotted point and a point Q constructed 

on the function plot as in the activity to investigate the derivative.

To demonstrate another definition of the derivative, build a slider in 

the following manner. Create an independent point in the plane, S, and 

translate it by the vector from the origin to the point (1, 0). Construct a  

ray from point S through point S , and construct a point, T, on this ray. 

Select S, S , and T, and choose Ratio from the Measure menu. Label this 

ratio h, and calculate a  h, a  h, f(a  h), and f(a  h). Plot the  

points (a  h, f(a  h)) and (a  h, f(a  h)). Use point P and the  

two new points to investigate the symmetric difference quotient and 

examine its limit as h  0 by adjusting your slider. Or examine the limit 

of ( f(a  h)  f(a))/h as h  0 by examining the slope of the secant line 

drawn to (a, f(a)) from either direction as you adjust the slider. You can 

zoom in as before and continue to use your slider for h. (Feel free to relabel 

a or h to conform with your preferred notation.)
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Taking It Near the Limit

If you want to model something in the real world with a function, like the gallons 

of gas your car uses per mile, it would be nice if the conditions always gave the 

same result—in this case, your mileage alone determines the number of gallons 

used. Unfortunately, the rate at which your car uses gas changes for all sorts of 

reasons—how fast you are going, your terrain, or even when you last changed your 

oil. A function is a good model, but we need something more. We need something 

that can predict and describe changing quantities as well as static ones. 

The derivative of a function is such a tool. For a function y � f (x), the derivative 

at a point is the instantaneous rate of change of f with respect to x at that point. 

In other words, the derivative tells you how much y is changing at any particular 

value of x. How do you fi nd this derivative, and what does it look like? This activity 

will help you fi nd out.

SKETCH AND INVESTIGATE

In order to start this process, you need a function.

 1. Open the sketch Derivative1.gsp. Choose Plot New Function from the 

Graph menu and enter  x  3  � 3 x  2  � x. Label this function f. 

 2. Construct two points anywhere on the function 

plot. Label these points P and Q. 

 3. Select point P and point Q and measure their 

x-coordinates by choosing Abscissae (x) from 

the Measure menu. 

 4. Calculate f �xP�  and f �xQ� . Choose Number⎮
Calculate. Click the expression for f (not the plot!) 

to enter it into the calculator, and then click the 

measurement xP. Repeat for point Q. 

Recall that the average rate of change from P �x1, y1�  to Q �x 2, y2�  is represented 

graphically as the slope of the secant line through P and Q:

rate
avg

 �   �y ___ 
�x

   �     � slope(pQ)

 Q1 In terms of the measurements you took in steps 3 and 4, what is the slope of the 

line PQ? 

 5. Construct the secant line PQ by selecting point P and point Q and choosing 

Line from the Construct menu.

-1

-2

2P

Q

To construct a point, 
choose the Point tool 
and click the function 
plot. Then with the 
Text tool, double-click 
the point and type in 
your new label.

  
y

2 
� y

1 ______ x
2 
� x

1
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 6. Find the average rate of change between the two points by calculating the slope 

of the line PQ. Choose Number⎮Calculate, and then click each measurement 

to enter it into the calculator. Label this measurement AverageRate PQ.

Your average rate of change (or secant slope) for 

f  between point P and point Q tells you how much 

the function’s y-value changes on the interval from 

xP to xQ. An instantaneous rate tells you how much 

the y-value is changing at a point—in this case, 

at point P. You can’t use the slope formula with 

only one point (why not?) but you can look at 

the limit of the average rate or secant slope as 

point Q approaches point P. 

 7. Move point P so that its x-coordinate is as close to x � 2 as possible. You may 

not be able to get to xP � 2 exactly, but that’s okay.

 8. Move point Q so that its x-coordinate is as close to x � 2.1 as possible. 

 9. Write down the x-value of 2.1 and the value of AverageRate PQ on your paper.

 10. Move point Q so that its x-coordinate is as close to x � 2.05 as possible. 

 11. Write down the x-value of 2.05 and the value of AverageRate PQ.

 Q2 From these two readings, what estimate would you give for the right-hand 

limit? If you place point Q as close as possible to x � 1.9 and x � 1.95, does 

the left-hand limit agree with the right-hand limit?

 Q3 What happens to the slope measurement and the line if you actually put 

point Q in the same spot as point P? (After you do this, move point Q away 

from point P so they are distinct points again.)

You can zoom in at point P to get a better estimate for the limit or to check your 

estimate.

 12. Press the Show Zoom Tools button. The values a and b are the coordinates of the 

point you can zoom in on. The point P has coordinates (2, �2), so a should be 

set to 2 and b to �2. 

 13. Adjust the x- and y-scales at the same time by selecting points x-scale and 

y-scale; then click either point and drag. Now when you move your pointer 

both sliders will move together. Try it.

 14. Zoom in until your x-side-axis goes from approximately 1.2 to 2.4.

Although point Q will appear to move away from point P, note that the coordinates 

of point Q do not change. If you can, move point P closer to x � 2.

1

-1

-2

2

AverageRate PQ = -1.56

P

Q

Always select the 
measurement to 
enter into the 
calculator—not 
the point!

You may not be 
able to line them up 
exactly—if you can’t, 
what should happen?

You can change a or b 
by double-clicking 
the measurement and 
then typing in a new 
value.

As you zoom in, the 
axes should disappear. 
Press the Show Side 
Axes button. You can 
move these axes by 
dragging them.
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Taking It Near the Limit
continued

 15. Move point Q so that its x-coordinate is as close to x � 2 as possible. 

 16. Write down the x-coordinate of point Q and the value of AverageRate PQ.

 Q4 What estimate would you now give for the limit of the average rate or secant 

slope? (Do both sides still agree?)

 17. Zoom in one more time, but this time keep zooming in until your curve looks 

like a straight line. Again move point P as close to x � 2 as possible. (You should 

be able to be right at x � 2.00000.)

 18. Move point Q so that its x-coordinate is as close to x � 2 as possible.

 Q5 What estimate would you now give for the limit of the average rate or secant 

slope? Do both sides agree? Did it change much from your fi rst initial estimate?

 Q6 Around point P, can you tell the difference between a point on the line and a 

point on the curve?

You should have gotten a value of 1 for your limit of the average rate at x � 2. 

   lim    
Q→P

 
  
average rate from P to Q � instantaneous rate at P � the derivative at P

so we write 

    lim    
Q→P

 rate
avg

 �   lim    
Q→P

 
 
   
 y 

Q
  �  y 

P
 
 _______   x 

Q
  �  x 

P
     �   lim    

Q→P
 
 
   
f � x 

Q
 � � f � x 

P
 � 
 ___________ 

  x 
Q
  �  x 

P
 
   

 
� f ′ �xP�

or simply f ′(2)  � 1. The notation f ′  stands for the instantaneous rate, or derivative.

 Q7 You know that the graphical representation of the average rate of change from 

point P to point Q is the slope of the secant line PQ. Above, we’ve defi ned that

     lim    
Q→P

 
  
average rate from P to Q � instantaneous rate at P

What do you think would be the graphical 

representation of the instantaneous rate 

(or derivative)? Hint: Zoom out (select 

both sliders and drag left) and look at the 

relationship between the function plot and 

the secant line. (Do not move point P or 

point Q.) What kind of line does the secant 

line look like now? 

Now that you’re zoomed out, you’re ready to look for another instantaneous rate 

or derivative. An interesting place to look is at a point where the function changes 

direction. 

2

-2

-4

2

AverageRate PQ = 1.04

P

Q

If the tick marks on 
your axes disappear, 
zoom back out a little.
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continued

Before zooming in, 
be sure to change 
the value of a to the 
x-coordinate and b to 
the y-coordinate of the 
point where you want 
to zoom. 

For each of these new 
functions and values, 
don’t forget to change 
a and b to the center 
of where you want to 
zoom in!

 19. Move point P as close as you can to the local maximum point—basically the top 

of a hill where f changes from going up to going down.

 20. Move point Q as close as you can to point P. (See side note.) Zoom in a few 

times to get a good approximation for the x-coordinates of both the maximum 

and the limit.

 Q8 What value for xP gave you the biggest y-value or maximum? How can you be 

sure that your value for xP is the best choice? What maximum value did you get?

 Q9 What value did you get for the limit of the average rate for this point P?

 Q10 For this point P, what is    lim    
Q P

 
            

or f x
P

?

 Q11 Use the sliders to zoom back out (but don’t move point P or point Q). Looking 

at your secant line, what would you say about its slope? 

EXPLORE MORE

 21. Zoom out until your x-axis goes from approximately x  2 to x  6.  

Double-click the expression for f (x) and change the function to f (x)  sin(x). 

Click OK. Move point P so that its x-coordinate is as close to x   as possible. 

Repeat the above procedure to find your estimate of

             lim    
 x 

Q
 

   
f  x 

Q
 f ( )

 ___________  x 
Q
   , or f ( )

 Q12 The above limit looks different from the first limit in the activity. How is the 

notation different from what you saw above? Has the change in notation altered 

the value of the limit or the average rate?

 22. Zoom in on the following graphs at the following points, and make the value of 

x
Q
 as close as possible to x

p
. (Don’t forget to do this on both sides of point P.) 

You could run into some problems here.

  a. f
1
(x)    x 2    for x

P
  2

  b. f
2
(x)    x  2 6x 8    for x

P
  4

  c. f
3
(x)   

 
 

____
 x 1   for x

P
  1

  d. f
4
(x) ln (x) for x

P
  1

 Q13 Are some of the cases in step 22 different from the previous examples? How? 

What conclusion can you reach? Justify your answers.

2 4
P

Q

  
f  x 

Q
 f  x 

P
  
 ________   x 

Q
   x 

P
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Going Off on a Tangent ACTIVITY NOTES

SKETCH AND INVESTIGATE
In the document Tangents.gsp, point P is a point on a function plot. 

A tangent line has been constructed to the plot of f through point P by 

calculating the derivative of f (using the Derivative command) at the 

x-value of point P and using the derivative value to plot the equation of the 

tangent line through point P. These calculations are hidden, as the activity 

assumes only that students are familiar with the derivative as a limit of 

average rates of change.

In Q1, Q2, and Q3, students can move point P to visualize and estimate the 

instantaneous rate of change of the function (the derivative) by using the 

grid to estimate the slope of the tangent line. At x � �1, the slope of the 

tangent line appears to be 10; at x � 0, 1, and at x � 1, �2. 

In Q4 and Q5, relationships between the increasing behavior of the function 

and a positive slope of the tangent line and decreasing behavior of the 

function and a negative slope of the tangent line are visualized. When the 

derivative is positive, the function is increasing, and when the derivative 

is negative, the function is decreasing. Q6 introduces the idea that when a 

function has a maximum or a minimum the derivative equals 0. (You may 

wish to edit the function f to illustrate that a function’s derivative can equal 

0 without a maximum or minimum occurring.) In Q7, the derivative is 

greatest at both endpoints of the interval [�1, 3].

Q8 repeats Q4–Q7 for a sine function, while asking students to use what 

they have seen to visualize the tangent line at different locations on the 

function plot. By examining where the function is increasing, decreasing, or 

0, students can estimate the value of the derivative.

In Q9–Q11, students can explore the connection between the slope of the 

tangent line and the curvature of the function plot. Whenever the tangent 

line is “under” the function plot, the slope of the line is increasing, and the 

function plot is concave up. 

EXPLORE MORE
The three functions listed have a point or points where the derivative 

is undefi ned. For the absolute value functions, the slope of the tangent 

line changes abruptly at this point. With the third function, however, 

the abrupt change is not of the same nature. For this function, the slope 
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Going Off on a Tangent ACTIVITY NOTES
continued

of the tangent line increases without bound. This can be seen by zooming in 

and continuing to observe the slope. 

EXTENSION
You can plot points on the function plot and create buttons that will move 

point P to specifi c locations. To do this, use the calculator to calculate a 

value of 1. (All you need to do in the calculator is type in the number 1.) 

Then calculate f(1) and plot (1, f(1)) as a point in the plane. Finally, create 

a button to move point P to the newly plotted point.

To examine the local behavior of the function near any particular point, you 

can use the zoom controls included in this sketch. 

To make this process easier, plot (a, b) as a point in the coordinate grid. 

Create a button to move point P to this point. After pressing the Move 

button you have created, point P will be at the exact location around which 

the sketch will zoom. Then use the Zoom tools to examine the behavior 

of the function near the point. As you zoom in, the function plot should 

become indistinguishable from the tangent line—except in the case of the 

functions listed in the Explore More section.

Note for advanced Sketchpad users: You can’t edit the values of a and b to 

equal other measurements in the sketch because much of the sketch is 

dependent on the values of a and b.
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Going Off on a Tangent

You can see what the average rate of change 

between two points on a function looks like—

it’s the slope of the secant line between the 

two points. You have also learned that as 

one point approaches the other, average rate 

approaches instantaneous rate (provided that 

the limit exists). But what does instantaneous 

rate look like? In this activity you will get more acquainted with 

the derivative and learn how to see it in the slope of a very special line.

SKETCH AND INVESTIGATE

 1. Open the sketch Tangents.gsp. 

In this sketch there is a function plotted and a line that intersects the function at 

a point P. This new line is called the tangent line because it intersects the function 

only once in the region near point P. Its slope is the instantaneous rate of 

change—or derivative—at point P:

   tangent’s slope � instantaneous rate at P � f ′ �xP�

So how do you fi nd this line? Let’s hold off on that for a bit and look at the line’s 

slope—the derivative—and see how it behaves. Remember, slope is the key!

 Q1 Move point P as close as possible to x � �1. Without using the calculator, 

estimate f ′(�1)—the derivative of f at x � �1. (Hint: What’s the slope of the 

tangent line at x � �1?)

 Q2 Move point P as close as possible to x � 0. Without using the calculator, 

estimate f ′(0)—the derivative of f at x � 0. (Hint: See the previous hint!)

 Q3 Move point P as close as possible to x � 1. Without using the calculator, 

estimate f ′(1)—the derivative of f at x � 1. (Sorry, no hint this time.)

 2. Move point P back to about x � �1. Drag point 

P slowly along the function f from left to right. 

Watch the line’s slope carefully so that you can 

answer some questions. 

 Q4 For what x-values is the derivative positive? 

(Hint: When is the slope of the tangent line 

positive?) What can you say about the curve 

where the derivative is positive?

4

2

-2

2

y=f(x)

P
Q

y=f(x)P

Be careful here—the 
grid is not square!

If you’d like, you 
can animate point P 
by selecting it, then 
choosing Animate 
Point from the Display 
menu. 
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 Q5 For what x-values is the derivative negative? (Hint: Look at the hint in Q4 and 

make up your own hint.) What can you say about the curve where the derivative 

is negative?

 Q6 For what x-values is the derivative 0? What can you say about the curve where 

the derivative is 0?

 Q7 For what value or values of x on the interval from –1 to 3 is the slope of the 

tangent line the steepest (either positive or negative)? How would you translate 

this question into the language of derivatives?

 3. Go to page 2 of the document. Here the function is f (x) � 4 sin(x). 

 4. Press the Show Zoom Tools button and use the 

x-scale slider to change your window to go from 

–2� to 2� on the x-axis. (You can hide the tools 

again by pressing the Hide Zoom Tools button.)

 5. Move point P so that its x-coordinate is around 

x � �6. 

 6. Move point P slowly along the function to the 

right until you get to about x � 6. As you move 

the point, watch the tangent line’s slope so you 

can answer the following questions.

 Q8 Answer Q4–Q7 for this function. Could you have relied on physical features of 

the graph to answer these questions quickly? (In other words, could you have 

answered Q4–Q7 for this function without moving point P ?)

There is an interesting relationship between how the slope is increasing or 

decreasing and whether the tangent line is above or below the curve. Move point P 

slowly from left to right again on the function, comparing the steepness of the line 

to its location—above or below the curve.

 Q9 When is the slope of the line increasing? Is the tangent line above or below the 

function when the slope is increasing?

 Q10 When is the slope of the line decreasing? Is the tangent line above or below the 

function when the slope is decreasing?

 Q11 Write your conclusion for the relationship between the slope of the tangent line 

and its location above or below the curve. How would you translate this into a 

relationship between the derivative and the function’s concavity?

Let’s check whether or not your conclusion is really true. The derivative is the slope 

of the tangent line, so an easy way to check is to calculate the slope of the line. 

5

5

y=f(x)

f x( ) = 4.sin x( )

P

If you want to recenter 
your sketch, select the 
origin and move it to 
the desired location.
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Going Off on a Tangent
continued

 7. Select the tangent line and measure its slope by choosing Slope from the 

Measure menu. Label it TangentSlope.

 8. Move point P slowly along the 

function again from left to right 

and watch the values of the 

measurement TangentSlope. 

 Q12 Do your answers to Q9–Q10 hold up?

EXPLORE MORE

Each of the following functions has some 

interesting problems or characteristics. For 

each one, change the equation for f (x) by double-clicking on the expression for f (x) 

and entering in the new expression. Then answer the questions below. If you need to 

zoom in at a point, press the Show Zoom Tools button. Remember that (a, b) represents 

the point you will zoom in on. To change a or b, double-click on the parameter and 

enter a new value.

             f
1
(x) �  | x � 2 |   

             f
2
(x) �  |  x  2  � 6x � 8 |   

             f
3
(x) �  

 
 � 
____

 x � 1  

 Q1 Where does the derivative not exist for f1(x) and why? (What happens to the 

tangent line at that point?)

 Q2 Answer Q1 for f
2
(x) � |  x  2  � 6x � 8 |  .

 Q3 Answer Q1 for f
3
(x) �  

 
 � 
____

 x � 1  .

 Q4 How is the function f
3
(x) �  

 
 � 
____

 x � 1  different from all the others that you have 

looked at in this activity, including f 1 and f 2? 

5

-5 5

y=f(x)

TangentSlope = 1.34277

f x( ) = 4.sin x( )

P
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SKETCH AND INVESTIGATE
In Q1, the secant line that you construct is an approximation of the 

derivative at x � xP. �Note that this is an arbitrary choice. The line could also 

be used to approximate the derivative at x � xQ.� Finding the value of the 

derivative at x � xP requires fi nding the limit of the slope of the line PQ as 

point Q approaches point P. By moving point Q as close as possible to 

point P, you can minimize the error in the approximation of the derivative.

By placing the points close together and moving them along the function 

plot, the locations of point S trace the approximate value of the derivative 

at x � xP. Note that the difference between the x-coordinates of points P 

and Q may change as you move them, so the precision of the approximation 

may change slightly as you move the points.

In Q2, the trace created is a parabola.

The trace will differ according to whether xQ � xP or xQ � xP. This 

difference, as suggested in Q3 through Q5, is a result of the slope of the 

function not being symmetric around point P. The discrepancy is greater 

if the points are further apart, and less if they are closer. If xQ � xP, you are 

calculating the limit in the derivative from the right side, sometimes called 

the right-hand derivative. If xQ � xP, you are calculating the limit from 

the left.

In Q6, students can adjust h to make the locus match the trace they made 

with the Animate button. The traces will match when the value of h is equal 

to the difference between the x-coordinates of points P and Q when the 

Animate button was used.

Symbolically, h � xQ � xP. The value of h can be positive or negative, so you 

can match either the trace created when xQ � xP, or when xQ � xP.

EXPLORE MORE
Students are asked to predict what the plot of the derivative will look like by 

examining the slope of the tangent line. For Q7, point S will have a negative 

y-coordinate if the slope of the line is negative, a positive y-coordinate if the 

slope of the line is positive, and a y-coordinate of 0 if the line is horizontal.

In Q8, focus fi rst on the actual slope of the line and then the changes in the 

slope of the line. If students have diffi culty with this question (they may 

Plotting the Derivative ACTIVITY NOTES
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make the error of thinking that the slope of the line is decreasing when it is 

actually the value of the function that is decreasing), you can ask them to 

think about how to determine when point S will be moving up and when it 

will be moving down. For instance, when the slope of the line decreases, the 

point will move down. When the slope of the line increases, the point will 

move up. In Q9, the locus is a cubic.

EXTENSION
This document provides an opportunity for students to move point P 

themselves and draw conclusions about the motion of point S (and the 

increasing/decreasing behavior of the derivative) before trying to sketch a 

derivative graph on their own. Also consider having students record their 

observations and conclusions in writing, to help them make precise verbal 

descriptions of the relationships between the plot of a function and the plot 

of its derivative.

As another activity, have students create a independent point in the plane, 

and turn on tracing for this point. With point S hidden, run an animation 

of point P, have students move this independent point to try to trace the 

plot of the derivative. Then, without erasing the traces, run the animation 

again with point S showing and its trace on, and have students compare 

their trace with the trace created.

To explore a symmetric difference quotient follow these steps:

1. Calculate xP � h and f (xP � h).

2. Plot the point �xP � h, f  �xP � h��. Label this R.

3. Construct the line QR and measure its slope (instead of PQ).

4.  Select xP and the slope measurement, slopeRQ, in that order. 

Choose Plot as (x, y) from the Graph menu. 

Plotting the Derivative ACTIVITY NOTES
continued
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Plotting the Derivative

In this activity you start with the plot of a cubic function, f (x). Your job is to 

investigate the behavior of the slope of the function—its derivative as defi ned by the 

line tangent to the function. The goal of your investigation is to be able to predict 

and trace the resulting derivative function (the slope of the graph as a function of 

the x-values).

SKETCH AND INVESTIGATE

 1. Open the document PlotDerivative.gsp. Page 1 shows the plot of a cubic 

function. Sliders on the left allow you to vary the function.

 2. Use the Line tool to construct a line with both construction points on the plot. 

Label the left point P and the right point Q with the Text tool.

 3. With just point P selected, measure its x-coordinate by choosing Abscissa (x) 

from the Measure menu.

 4. Measure the slope of the line and move point Q 

relatively close to point P.

 5. Select xP and the slope measurement, slopePQ, in 

that order. Choose Plot as (x, y) from the Graph 

menu. Label this point S.

 Q1 SlopePQ, or the y-coordinate of point S, represents 

an approximation of the slope or derivative of f (x) 

at point P. Explain why it is only an approximation 

and how you can minimize the approximation 

error.

To see the plot of the slope or “derivative” function, you can track the behavior of 

point S as points P and Q move along the graph.

 6. With point S selected, choose Display⎮Trace Plotted Point.

 Q2 Using the Arrow tool, select points P and Q only; then click either point and drag 

them slowly along the curve. What shape does the slope function trace out? 

 7. Erase the existing traces by pressing the Esc key (twice) or choosing Erase Traces 

from the Display menu.

 8. Your trace will be smoother if you animate the points rather than drag them by 

hand. With both points on the graph selected, choose Animate Points from the 

Display menu. Let the points go far enough to make a complete circuit back to 

their starting point. Don’t press the Reverse button.

20

10

-10

-20
S

P
Q

Select the line and 
choose Slope from the 
Measure menu.

If the shape is ragged, 
try again with the 
points closer together.

If the command is 
not enabled, make 
sure you have exactly 
two measurements 
selected, and nothing 
else.

You can speed them 
up by pressing the Up 
Arrow in the Motion 
Controller.
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Plotting the Derivative
continued

 Q3 Do you notice any difference between the left-to-right trip and the right-to-left 

trip of the points? If so, why do you suppose this difference exists?

 Q4 Press the Pause button in the Motion Controller, and move the points farther 

apart. With points P and Q selected, press Pause again. Allow the motion to 

continue for a full cycle. What do you notice about the discrepancy between 

the two passes of the points?

 Q5 Pause the animation, move points P and Q as close together as you can, and 

erase your traces. Again select both points and release the Pause button. Allow 

the motion to continue for a full cycle, and then stop. What do you notice this 

time about the discrepancy between the two passes of the points? (Don’t erase 

the trace this time.)

By using two arbitrary points, you have plotted point S with a y-value of    
f � x 

Q
 � � f � x 

P
 �
 ________ 

 x 
Q
  �  x 

P
 
  . 

By taking point Q close to point P, your y-value approximates    lim    
Q→P 

   
f � x 

Q
 � � f � x 

P
 �
 ________ 

 x 
Q
  �  x 

P
 
  , or the 

derivative at x � xP. Now, if you fi x point Q’s x-coordinate a set distance, h, from 

point P ’s x-coordinate, you’ll still be approximating the derivative. You’ll just be 

using another form of the defi nition and approximating   lim    
h→0

    
f � x 

P
  � h� � f � x 

P
 �
 ___________ 

h
   instead.

 9. Select point Q and choose Split Point from Function Plot from the Edit menu. 

(Still, don’t erase the trace.)

 10. Choose Calculate from the Number menu and calculate xP � h. Then calculate 

f �xP � h�. 

 11. Plot the point �xP � h, f �xP � h�� by selecting xP � h, then selecting f �xP � h�, 
and choosing Plot as (x,  y) from the Graph menu.

 12. Select point Q and the new point and choose Edit⎮Merge Points.

Now you have a secant line and plotted point similar 

to the ones you constructed by hand in steps 1–6, but 

with the value h determining the horizontal separation 

between the two points on the function. This allows 

you to animate just point P and know that the points 

on the function will remain separated by the same 

amount. It also allows you to actually construct the 

locus of the plotted point S.

 13. Turn off tracing for point S (but don’t erase the previous trace). With point S 

still selected, select point P and choose Construct⎮Locus.

 14. Experiment with the slider for h to see how it affects the locus of point S.

10

-10

-20

S

P

Click a measurement 
or function to enter it 
into the calculator.

A full cycle means 
going all the way to 
the right, then all the 
way to the left, and 
then back to your 
starting points.

Use the Text tool to 
relabel the merged 
point Q.
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Plotting the Derivative
continued

 Q6 What must you do with your slider for h to make the locus match the trace you 

made in Q5? Explain what you are doing mathematically when you match up 

the trace and the locus by adjusting h. (When you are done, press the Esc key 

twice to erase the trace.)

EXPLORE MORE

In the activity Going Off on a Tangent, you use the slope of the tangent line to 

fi nd the derivative at a point. Could you make a rough sketch of the derivative by 

tracking how the tangent line’s slope changes?

 15. Select the locus and point S, and then choose Hide/Show from the Action 

Buttons submenu in the Edit menu.

 16. Press the Hide Objects button. Then adjust any of the sliders a–d to make a new 

cubic function.

 17. Adjust the h slider as close as possible to h � 0 so that you have a good 

approximation of the tangent line at x � xP. Move point P along the function 

plot and observe how the slope of this approximate tangent line changes. When 

is the slope of the line positive? Negative? Zero?

 18. Predict what you think the locus of point S will look like and make a little sketch 

of your prediction in the margin.

 19. Press the Show Objects button. Compare your prediction with the locus shown. 

How did you do?

By comparing the slope of the secant line (approximated tangent line) with the 

location of point S as you drag point P, you can discover the relationship between 

them. This will help you predict what any function’s derivative plot will look like. 

The following questions will help you discover these relationships. To answer these 

questions, move point P along the function and focus on the slope of the line and 

the location of point S.

 Q7 When the slope of the line is positive, what can you say 

about the location of point S ? When the slope of the 

line is negative? When the slope is 0?

 Q8 Drag P slowly from left to right. When the slope of the 

line is increasing, what can you say about the location 

of point S ? When the slope of the line is decreasing?

 20. Check your answers by pressing the Hide Objects button 

and adjusting the sliders to create a different function plot. 

20

10

-10

-20

Slope = -7.65

S

P

Check the status 
line or the Motion 
Controller to see 
if point P is selected. 
If it isn’t, click the 
point again.

Make sure you are 
looking at the slope 
of the line and not the 
function f.
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Plotting the Derivative
continued

Move point P along the function, make a prediction for the locus, and sketch it 

in the margin. Then show the locus and see how you did this time.

 21. Once you are satisfi ed you can predict the graph for these cubic functions, 

double-click the expression for f (x) and edit it to f (x) � ax 4 � bx 3 � cx 2 � 

dx  � e. Repeat step 18.

 22. Adjust the sliders to create a variety of fourth-degree polynomial functions. 
(Make sure to try some negative values for the sliders.) Try to predict the locus 
in each case.

 Q9 Describe the graph that point S sweeps out. Is it consistent with your answers to 

Q7 and Q8?

Try predicting what the locus will look like for other functions (see the following 

examples), and then showing the locus to check your predictions.

For each function, describe the locus traced by point S for the functions you have 

created and check that they are consistent with your answers to Q7 and Q8.

Examples to try:

f
1
(x) � ax for a � 1

f
2
(x) � ax for 0 � a � 1

f
3
(x) � a sin (bx)

f
4
(x) �   a _______ 

 x   2  � b
  

f
5
(x) � � 

_______
 9 �  x   2   

2

-2

-5 5

Slope = -0.45

f x( ) = 
a

x2+b

S

P
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SKETCH AND INVESTIGATE
In Q1 and Q2, the derivative of a linear function will be a constant—the 

slope of the line. For the function f(x) � bx � c, (f(x � h) � f(x))/h � 

(b(x � h) � c � (bx � c))/h � bh/h. This expression equals b for all values 

of h other than 0.

In Q3 through Q7 the derivative approximation of the function f(x) � ax 2 

will appear linear. For a � 1, the plot of g(x) � (f(x � h) � f(x))/h will 

appear to equal 2x. For f(x) � ax 2, g (x) � (a(x � h)2 � a(x)2)/h � (a(x 2 � 

2xh � h2) � a(x)2)/h � (2axh � ah2)/h. For h � 0, this expression equals 

2ax � ah. When h is near 0, the expression is close to 2ax. For each value 

of a, the function g should approximate y � 2x, y � x, y � 4x, or y � �x. 

Putting together the results in Q8, the derivative function for f(x) � ax 2 � 

bx � c is y � 2ax � b. (To explore whether derivatives actually add in this 

way, see Exploration 2.)

In Q9, changing the value of a in f(x) � ax 2 � bx � c causes a vertical 

stretch or compression of the function plot, as well as changing the 

parabola’s axis of symmetry. Varying b changes only the axis of symmetry—

all the parabolas displayed are congruent. Varying c causes a vertical 

translation of the function. For the derivative function, changing a changes 

the slope of the linear function plot, and changing b causes a vertical 

translation of the function. Varying c has no effect on the derivative.

In Q10 through Q13, the function g will appear quadratic. For a � 1, g will 

approximate y � 3x 2. For f (x) � ax 3, g (x) � �a (x � h)3 � a(x)3�/h � 

�a �x 3 � 3x 2h � 3xh 2 � h3� � a(x)3�/h � �3ax 2h � 3axh2 � h3�/h. For h � 0, 

this expression equals 3ax 2 � 3axh � h. When h is near 0, the expression is 

close to 3ax 2 (even though 3x is not a constant).

In Q14, the derivative function for f  is y � 3ax 2 � 2bx � c. For Q15, the 

effects of changing the parameters a, b, c, and d on the plot of f can be 

explained using the idea of addition of function.

When a is increased, for instance, the function plot appears more like the 

cubic ax 3, as the values from this term are much larger (or smaller, if x is 

negative) than the other terms. Similarly, increasing or decreasing b causes 

the plot to appear parabolic, at least locally near x � 0. For larger values 

of x, however, the plot still has the basic characteristics of a cubic, as the 

values of the cubic term are eventually much larger or smaller than 

the values of the squared term. There are many possible answers here.

So What’s the Function? ACTIVITY NOTES
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EXPLORATION 1
Students can predict the equations for the derivatives using graphical and 

numerical evidence. You may also wish to have the plot of the function g 

hidden at fi rst to add another level to the exploration (see below.)

EXPLORATION 2
Students can explore how combinations of functions are refl ected in the 

derivative of the combined function. Only the fi rst two questions are true, 

and students may be surprised how not true the second two questions are.

You can suggest the product relationship for derivatives using linear 

approximations. The tangent lines to two functions p1 and p2 at the point 

x � a have the expressions y � p1�(a)(x � a) � p1(a) and y � p2�(a)(x � a) � 

p2(a). The product of these two approximations depends not only on the 

value of p1�(a) and p2�(a), but also the values p1(a) and p2(a), so value of the 

slope from x � a to a point x � a � h depends on them as well.

EXTENSION
In Exploration 1, you may wish to have students fi rst predict what the 

derivative approximation will look like. They can do this on their own, or 

with a secant line on the plot of f. To create a secant line, construct two 

points on the plot. Use an Animation button to animate the points at the 

same speed. Using the secant line, students can predict the plot of the 

derivative function before showing or plotting the function g.

So What’s the Function? ACTIVITY NOTES
continued
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So What’s the Function?

In other activities, you can create traces or plots of the approximate derivative by 

fi nding the slope of the tangent line at a point and then plotting the slope, one 

point at a time. It would be so much easier and faster if you could create a function 

that calculates the derivative at every point all at once. Sound impossible? Luckily it 

isn’t, and that is what this activity is all about.

SKETCH AND INVESTIGATE

The derivative of f (x) at x � xP can be approximated by the ratio    
f � x 

P
  � h� � f � x 

P
 �
 __________ 

h
  

for h near 0. You can easily do the same thing to approximate the derivative 

function—just use the variable x in place of the constant xP . 

 1. Open the document DerFunction.gsp. On page 1 you will fi nd a linear function 

f (x) � bx � c, its plot, and various sliders.

 Q1 You know that the derivative at a point is the function’s slope at that point, so 

for a linear function, what is the derivative at all points?

To check your answer graphically. . .

 2. Choose Plot New Function from the Graph menu and for g (x) enter the 

expression ( f (x � h) � f (x))/h.

 3. Using the Point tool, construct a point anywhere on the function f (x). Label 

this new point P.

 4. With point P selected, measure the x-coordinate for point P by choosing 

Measure⎮Abscissa (x). Then choose Calculate from the Number menu and 

calculate g �xP�.

  5. Plot the point �xP, g �xP��. Label this new point S with the 

Text tool.

 6.  Experiment with the sliders for b, c, and h to see how they 

affect the y-coordinate of point S.

 Q2 Show why g (x) is the horizontal line y � b for any h and c 

by simplifying the expression in step 2 algebraically for 

f (x) � bx � c.

 7. Edit f (x) by double-clicking the expression for f, deleting bx � c, and entering 

f (x) � ax 2.

 8. Adjust the h slider so that you have a very good approximation for the derivative 

function. 

2

-2

y=g(x)

y=f(x)

S

P

Click the expression 
for g and then 
measurement xP to 
enter them into the 
calculator.

Select the 
measurements xP 
and g (xP ), in that 
order. Then choose 
Plot as (x, y) from 
the Graph menu.

You can also use 
the button provided to 
set h � 0.00001.
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So What’s the Function?
continued

 Q3 Experiment with the a slider; what kind of function do the derivative 

approximations for f (x) � ax 2 appear to be?

 Q4 Press the Case: a � 1 button. What function does the derivative approximation 

function appear to be if a � 1? (Write an equation.) 

 Q5 Examine the values of x
P
 and g �xP� as you move point P along the function plot 

of f (x). What is the relationship between x
P
 and g �xP�? Do your observations 

support your answer to Q4?

 Q6 Press the other Case buttons. In each case, 

make a table and write down at least three 

coordinate pairs �xP
, g �xP��. Try to fi nd a 

relationship between the x-coordinate, xP , 

and the y-coordinate, g �xP�, of the derivative 

approximation. Write your function for 

g (x). Does your function agree with the 

basic shape you gave in Q3?

 Q7 Algebraically verify your results in Q6 by 

simplifying the expression in step 2 for 

f (x) � ax   2 and then calculating its limit as h approaches 0.

 Q8 Putting together your work from Q2 and Q7, what do you think the derivative 

function will be for f (x) � ax   2 � bx � c ? Check your answer by editing f (x) 

and then pressing the Show Derivative button.

 Q9 Experiment with the sliders a, b, and c one at a time. For each one, describe how 

it affects the plot of f and then how it affects the plot of the derivative of f.

 9. Press the Hide Derivative button. Then edit f (x) to ax   3 � bx   2 � cx � d.

 10. Experiment with the sliders that defi ne f (x). Make sure that the h slider is still in 

the position to give a very good approximation for the derivative function.

 Q10 What kind of function does the approximation for the derivative appear to be 

for a cubic function?

 11. Press the Case: a � 1 button to set a � 1 and the rest of the sliders to 0. Examine 

the values of x
P
 and g�xP� as you move point P along the plot of f (x). 

 Q11 Write down at least three coordinate pairs �xP
, g �xP�� and fi nd a relationship 

between the x-coordinate, xP, and the y-coordinate, g �xP�, of the derivative 

approximation. What function does the derivative approximation function 

appear to be if a � 1? (Write an equation.) 

2

-2

-4

y=g(x)

y=f(x)

S

P

To graphically verify 
your results, you can 
plot your function 
from Q6. Make sure 
your function matches 
the function g for all 
values of a!
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So What’s the Function?
continued

 Q12 Press the other Case buttons. In each case, make a table 

and write down at least three coordinate pairs �xP 
 , g �xP�� 

to fi nd a relationship between the x-coordinate,  x 
P
 , and the 

y-coordinate, g �xP�, of the derivative approximation. Write 

your function for g (x). Does your function agree with the 

basic shape you gave in Q10?

 Q13 Algebraically verify your results from Q12 by simplifying 

the expression in step 2 for f (x) � ax 3 and calculating its 

limit as h approaches 0. 

 Q14 Putting together your work from Q2, Q7, and Q13, what do you think the 

derivative function will be for f (x) � ax 3 � bx 2 � cx � d ? Check your answer 

by editing f (x) and then pressing the Show Derivative button.

 Q15 Experiment with the sliders a, b, c, and d one at a time. For each one, describe 

how it affects the plot of f and then how it affects the plot of the derivative of f.

EXPLORATION 1

Finding the derivative algebraically by using the limit defi nition is much easier for 

polynomials than for most other functions, such as logarithms, trigonometrics, 

exponentials, roots, and so on. But the graphical procedure for approximating 

them is much the same. 

 1. Edit f (x) to one of the basic functions given below.

 2. Make a conjecture about its derivative function by examining the basic shape of 

the function g(x). Then use the relationship between the x-coordinate, x
P 
, and 

the y-coordinate, g  �xP�, to predict or fi gure out the exact equation.

 3. Write your function for g(x) and check by pressing the Show Derivative button.

Basic Functions:

f (x) � sin(x), cos(x), or tan(x)

f (x) �   
 � 

__
 x   or x (p/q)

f (x) �   1 __ x   or   1 __ 
x 2

  

f (x) � log(x) or ln(x)

f (x) � ax for 0 � a � 1 or for a � 1

5

y=g(x) y=f(x)

S

P
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So What’s the Function?
continued

EXPLORATION 2

When you were looking for the derivative for the general quadratic and cubic 

functions, you used your previous work and added the two derivatives together—

in other words,

      �ax2  � bx � c�′ � �ax2�′ � (bx � c)′

Is it always true that �p1 
� p

2�′ � �p1�′ � �p2�′, for any functions p
1
 and p

2
?

 1. Go to page 2. Choose New Function from the Number menu to create a new 

function p
1
(x) � sin(x). Then create another new function p

2
(x) � x. Do not 

plot these functions.

 2. Edit f (x) to p
1
(x) � p

2
(x).

 3. Calculate the derivative for p
1
(x) by selecting it and choosing Derivative from 

the Graph menu.

 4. Calculate the derivative for p2(x). 

 5. Create a new function r(x) � p
1
′(x) � p

2
′(x) by this time choosing Plot New 

Function from the Graph menu. Make the resulting plot a new color.

 6. Adjust the slider for h so that g (x) is a 

very good approximation for the 

derivative of f (x).

 Q1 Does the derivative of the sum, f ′(x), of 

two functions appear to be the same as 

the sum of the two derivatives, r(x)?

Investigate other combinations of p
1 
and p

2
 by editing f (x) and r(x) to answer the 

following questions:

 Q2 Does the derivative of the difference f ′(x) of two functions, 

f (x) � p
1
(x) � p

2
(x), appear to be the same as the difference of the two 

derivatives, r (x) � p
1
′(x) � p

2
′(x)?

 Q3 Does the derivative of the product f ′(x) of two functions, 

f (x) � p
1
(x) · p

2
(x), appear to be the same as the product of the two 

derivatives, r(x) � p
1
′(x) · p

2
′(x)?

 Q4 Does the derivative of the quotient f ′(x) of two functions, 

f (x) � p
1
(x)/p

2
(x), appear to be the same as the quotient of 

the two derivatives, r(x) � p
1
′(x)/p

2
′(x)?

2

5

y=r(x)

y=f(x)

y=g(x)

h = 1.13868

To label the function 
p1, double-click the 
expression for p1(x ) 
with your Text tool and 
label it p[1].

Click in an empty spot 
to deselect all objects 
before you go to the 
Graph menu.
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SKETCH AND INVESTIGATE
In Q1, where 0 � a � 1, the graph of f(x) � ax is a decreasing function. 

Where a � 1, f (x) � ax is an increasing function. In Q2, where a � 1, 

f(x) � 1, so the function is constant. Where a 	 0, ax is not defi ned for all 

values of x. In Q3, the function plots both go through (0, 1). For x � 0, the 

greater a-value results in a steeper function and a steeper slope. For x � 0, 

the greater a-value results in a smaller value for the function and a shallower 

slope.

In Q4, the limit defi nition of the derivative of f (x) � 2x is 

 f  ′(x) �   lim    
h→0

    2
(x�h) � 2x

 _________ 
h

   

Plotting the function  g (x) �   a
(x+h) � ax

 _______ 
h
   where a � 2 and h is small, as in 

Q5 and Q6, results in a function that approximates the derivative. The 

values of this function at each value of x differ slightly from the actual 

derivative values; making h smaller creates a better approximation. The 

function g is also an exponential function. (See below.)

In Q8, f(x) � ax is constant for a � 1, so the derivative is 0. The derivative 

does not exist at any value of x � 0. In Q9, the derivative plot is negative 

and increasing as f(x) � a x is decreasing and concave up. As you increase a 

to values of greater than 1, the derivative plot gradually approaches the plot 

of f (x) � ax from below, as in Q10. In Q11, for a � 2.7, the graphs coincide, 

and for greater values of a the derivative plot is greater than f (x) � ax. 

EXPLORE MORE
Finding that the derivative of f(x) � ax is a vertical stretch of itself for each 

value of a can lead to a rule for fi nding the derivative of the exponential 

function. For a single value of a, the ratio of the value of f (x) � ax to the 

value of its derivative is a constant; varying x does not change this constant. 

This constant c varies for each value of a. If a � 1, c � 0. If a � 2, c � 0.69. 

If a � 3, c � 1.1. Plotting the point (c, a) and constructing the locus of this 

point as a varies reveals the plot of a familiar function: ln(x). If students 

recognize that c � ln(a), or that the locus is a plot of ln(x), they may 

conjecture that f ′(x) � ln(a)ax.

Derivatives of Exponential Functions ACTIVITY NOTES
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EXTENSION
You may wish to add further support for the idea that the derivative of 

f (x) � ax is a vertical stretch of itself in order to support the idea that  

f ′(x) � ln(a)ax. Recall that g(x), an approximation of the derivative, is 

equal to   a
(x�h) � ax

 _______ 
h
   . This expression can be rewritten as    a

xah � ax

 ______ 
h
  , or   a

h � 1
 _____ 

h
   (ax). 

In this form, the expression for the approximation of the derivative is a 

constant multiplied by ax (because a and h are constants).

Can a function be its own derivative? For a � 2.7, c � 1, and the function 

plot and the derivative approximation coincide. Using the graphical 

evidence, students may conclude that    d __ 
dx

   e x � e x.  You can further 

support this idea by examining the value of    a
h � 1

 _____ 
h
  . For what value of a 

does this expression approach a value of 1 as h → 0? An informal argument 

suggests that for    a
h � 1

 _____ 
h
   � 1, a � (h � 1)1/h. Replacing h with   1 _ x   gives the 

expression   �   1 _ x   � 1 �  
x
 . The limit of this expression as x approaches infi nity is 

one defi nition for the number e.

Derivatives of Exponential Functions ACTIVITY NOTES
continued
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Derivatives of Exponential Functions

Choose Plot New 
Function from the 
Graph menu.

Consider the family of functions f (x) � ax for a 
 0. Does the derivative of f end up 

being a log or an exponential or does it follow the power rule? In this activity you 

will explore these possibilities and see if you can derive a formula for the derivative 

of an exponential function.

SKETCH AND INVESTIGATE

Start with a doubling function, f (x) � 2x. Sketch its basic graph by hand. Is the 

graph increasing or decreasing? Concave up or concave down? Draw a rough sketch 

of what the derivative should look like based on your basic graph’s behavior. Any 

guesses yet on what the derivative might be? Can you eliminate any choices?

This time, instead of sketching a tangent line, you will use the defi nition of the 

derivative,   lim    
h→0

     f(x � h) � f(x) __________ 
h
  , and approximate this limit using Sketchpad, thus 

creating an approximation for the derivative of f (x) � 2x.

 1. Open the sketch Exponent.gsp. Axes and a 

point P (p, 0) are included, as are three 

sliders labeled a, c, and h. The measurement 

p is the x-coordinate of point P.

 2. Plot a new function f (x) � ax.

 3. Plot the point that corresponds with x � p 

on f (x).

 4. Drag a and observe the behavior of the function for different values of a.

 Q1 For the family of functions { f (x) � ax⏐a 
 0}, what values for a give increasing 

functions? Decreasing functions? 

 Q2 What happens when a � 1? Why? What happens when a 	 0? Why?

 Q3 Compare the graph of f (x) � ax for two values of a � 1. How are the graphs the 

same? How are they different?

 Q4 Using the limit defi nition of the derivative, what is the expression for the 

derivative of f (x) � 2x ? 

How can you use Sketchpad to model this limit and derivative? (Hint: The sketch 

has more sliders that you have not used. No fair peeking.)

2

5

f p( ) = 0.40
f x( ) = ax

p = 1.41

c = 0.53

a = 0.52

h = 0.51

P

Calculate f (p), then 
select p and f (p), in 
that order, and choose 
Plot as (x, y) from the 
Graph menu. 
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 5. Plot g(x) �    a (x � h)  �  a x  _________ 
h

  .

 6. Set the slider for a as close as possible 

to 2.

 7. Set the slider for h as close as you can 

to 0.

 8. Plot the point that corresponds with 

x � p on g(x).

 Q5 Why is g(x) not the derivative of f (x) � ax ? What does g (x) represent?

 Q6 How can you use g (x) and Sketchpad to fi nd a good approximation for f ′(x)?

 Q7 Compare g(x) to your basic graphs—what type of function is g? Does g look like 

the rough sketch you did at the beginning?

The graphs you have created can be altered by varying the slider for a. Before 

dragging a, predict what you will see for the “derivative” for various values of 

a: a 	 0, 0 � a � 1, a � 1, and a � 1. Once you have your prediction, drag a 

through various values and see if your predictions are correct. 

 Q8 What happens when a � 1? a 	 0?

 Q9 What happens to our “derivative” when 0 � a � 1? Why?

 Q10 What happens when you increase a to values greater than 1?

In the sketches below, a has been changed until the graphs of f and g appear to 

coincide. Using the slider for a, fi gure out when this happens.  

 Q11 What value of a makes f and g coincide?

That the two plots can coincide suggests that a function can be its own derivative! 

The number a at which this occurs appears to be close to the value of the number 

e � 2.7183. Is e the value of a for which the function f (x) � ax is its own derivative? 

Sketchpad cannot prove this to be true, but it can be used to explore the possibility.

2

-2 2

g p( ) = 1.60

f p( ) = 2.27

p = 1.16

a = 2.02

h = 0.00137

P

Make g a new color. To 
label your graphs, click 
the plot once with your 
Text tool.

2

-2 2

a = ?

g p( ) = 2.15
f p( ) = 2.14

p = 0.76

h = 0.00137

P

2

-2 2

a = ?

g p( ) = 1.48
f p( ) = 1.84

p = 0.76

h = 0.00137

P

Calculate g (p). Select 
p and g (p) in that 
order, and then choose 
Plot as (x, y) from the 
Graph menu. 
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Vary a again. When the graphs of f (x) � ax and its derivative do not coincide, 

how do they appear to be related? This time, focus on a possible equation for the 

graph of the derivative of f (x) � ax. Remember there are translations: f (x � c) 

and f (x) � c, and stretches: f (c x) and cf (x). 

This is a hard question, so let’s experiment with f and a new slider, c.

 9. Plot a new function, h(x) � f (x � c), and hide the graph of f  by selecting just 

the plot of f (x) and choosing Edit⎮Action Buttons⎮Hide/Show. Then press 

this new button to hide f.

 10. Fix any a � 1 and vary c. Can you 

get your new graph to coincide with 

the graph of the “derivative”? If so, 

continue with step 11. If not, go to 

your next transformation in step 12.

 11. Fix any 0 � a � 1 and vary c. Can you 

get your new graph to coincide again? 

If so, then you’ve found the right transformation. If not, let’s go to the next one.

 12. Double-click the transformation expression h(x) � f (x � c)—not the plot of 

h— and change the expression to f (x) � c, f (cx), or cf (x). 

 13. Repeat steps 10–12 until you discover the transformation that works for both 

intervals: a � 1 and a � 1.

When you have discovered which transformation works, you will want to fi nd a 

value for c. What value of c is needed to create the sketch below when a � 2? Is there 

any relationship between the value of c and the number 2?

EXPLORE MORE

Did you discover that the transformation is a vertical stretch, so f ′(x) � g(x) � 

c · f (x)? If you didn’t, try steps 9–13 again. If you divide both sides of g(x) � 

c · f (x) by f (x) you end up with   
g (x)

 ___ 
f (x)

   � c. But c is a constant! So the ratio of the 

6

4

2

-2

y=f(x+c)

"derivative"

p = 2.01

c = 0.95

a = 1.69

h = 0.00137

P

Choose Plot New 
Function from the 
Graph menu. To enter f 
and c in the calculator, 
select them with the 
Arrow tool. 

6

4

2

-2

transformed f

"derivative"

c = ?

p = 1.61

a = 2.02

h = 0.00137

P

6

4

2

-2

transformed f "derivative"

c = ?

p = 1.61

a = 2.02

h = 0.00137

P
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y-values is a constant for each value of a. (Note: This is true for any vertical 

translation.) In the next few steps, you will use Sketchpad to check this fact. This 

may also lead to a formula for the derivative of the general exponential function, 

f (x) � ax .

 1. Use the calculator to fi nd the ratio of      a (x�h)  �  a x 
 _______ 

h
    to ax  by using the ratio  

  g (p)
 ____ 

 f (p)
  .

 2. Relabel this ratio constant. 

 3. Fix any a � 0. Slide point P along the x-axis to change the value of p. 

 Q1 Does the measurement constant change as the value of p changes?

 4. Fix point P. Change the value of a using the slider. 

 Q2 Does the measurement constant change as the value of a changes?

It’s hard to discern a pattern by just looking at a bunch of numbers. Remember, 

you are trying to fi gure out the value for constant for different values of a.

So try plotting the values.

 5. Select the measurement a and the 

measurement constant. Choose 

Plot as (x, y) from the Graph menu. 

 6. With just your new point selected, 

choose Trace Plotted Point from 

the Display menu. Label the plotted 

point C.

 Q3 Fix any a � 0. Slide point P along the x-axis to change the value of p. 

Does point C move as point P changes?

 Q4 Fix point P. Change the value of a using the slider. Does point C move 

as point P changes?

 Q5 One of the above movements created a trace or locus of points. Do you 

recognize the graph? Any ideas now what the derivative of f (x) � ax is? 

2

-2

-2 2

constant = -1.30

p = 2.67

a = 0.27

h = 0.00137

C

P

To see the locus of 
points, you can select 
point C and point a
—the actual point on 
the end of slider a
—in that order. Then 
choose Locus from the 
Construct menu.
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SKETCH AND INVESTIGATE
In Q1, changing the value of d results in a vertical translation; adding a 

constant to the function adds the same value (positive or negative) to the 

value of the function, so the plot of the function will be translated up or 

down by the value of the constant. In Q2 through Q5 the derivative is 

unchanged. Graphically, the differences between the values of the function 

at each value of x, and thus the rate of change of the function, do not 

change under a vertical translation. Symbolically, if g(x) � f (x) � c, then 

g ′(x) � f ′(x).

In Q6, changing the value of c results in a horizontal translation. Adding 

a constant to x and then applying the function rule results in the same 

values of f (x), but shifted by c. In Q7 through Q10 the derivative values are 

unchanged, but they occur at locations shifted by c as well. Graphically, the 

change in the function f over any interval will be the same if the interval is 

shifted left or right. Symbolically, if g(x) � f ′(x � c), then g ′(x) � f ′(x � c).

In Q11, changing the value of a results in a vertical stretch or compression; 

multiplying the function by a results in y-values that are a times their 

previous value for each value of x. In Q12, if a � 1, the graph will stretch; 

if 0 � a � 1 it will compress. In Q13 through Q16, the derivative values 

are multiplied by the constant a, because the ratios between the points have 

been multiplied by a. If the values of a function at x � 3 and x � 4, for 

example, are 6 and 11 respectively, the values of the transformed function at 

the same two points are 6a and 11a. The average rate of change between the 

two points, rather than being 5, is now 5a. This argument can be extended 

to the instantaneous rate of change. Symbolically, if g(x) � af (x), then 

g ′(x) � af ′(x). 

In step 18, changing the value of b results in a horizontal stretch or 

compression. Multiplying x by a constant and then applying the function 

rule results in the same values of f (x), but stretched horizontally by a factor 

of   1 _ 
b
  . Put another way, for the same y-value, the x-values of the function 

f (bx) are   1 _ 
b
   times as large as the x-values of the function f (x). (See the 

Explore More section for more on this point.) If b � 1, the graph will 

stretch; if 0 � b � 1 it will compress.
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For the same change in y the function g has a change in x only   1 _ 
b
   times 

as large, so the slope of any line between two points is b times as large. 

This argument can be extended to the derivative as well. The slope values, 

however, do not occur at the same values of x, because of the compression 

or stretch of the function plots. As a result, the derivative of f (bx) at x is b 

times the derivative of f (x) at bx. 

For example, if the value of a function at x  3 is 9, then the value of f (2x) 

at x  1.5 is also 9. If the value of a function at x  4 is 13, then the value of 

f (2x) at x  2 is also 13. The average rate of change between the two points 

on the transformed function, rather than being 4/1, is 4/0.5, or 2 times the 

value for the original function. Symbolically, if g(x)  f (bx), then  

g (x)  bf (bx).

In Q17 and Q18, f (x)  6 cos(3x).

EXPLORE MORE
These relationships can be explored using tangent lines. In Q1, the tangent 

lines at x and at x  c will be parallel. The line moves left and right, and the 

slope stays the same. In Q2, the coordinates are x
P
  c, f x

P 
. In Q3, the 

equation for the tangent line is y  f x
P 

  slopef  x  x
P
  c . In Q4,  

the tangent line moves up and down as a changes. As the absolute value of 

a increases, the line gets steeper; as the absolute value decreases, it gets less 

steep. In Q5, the coordinates are x
P
, a f x

P 
. In Q6, the lines match at  

k  a, and for f (bx) they match at k  b.

EXTENSION
You may wish to discuss why the value of Pg was chosen as it was. This 

choice allows the y-values of the points Pg and P to remain the same under 

the transformation caused by b. 

By adjusting the slider for b, you can show how the slope of the function 

changes when the value of b is changed. Press the Show Triangles button on 

page 5 to illustrate the explanation given above.
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TOOL TIPS
Here are the steps required to create the tools used in this activity’s 

document Transformations.gsp. For a full explanation of custom tools, 

choose Help⏐Tools.

Tool: Secant Line 
Given: Point P, function f, and measurement h 

Result: A secant line through the points �xP , f �xP�� and �xP � h, f �xP � h�� 
and the slope of the line

 1. Create a point P, any function  and any measurement h. (A slider 

works best for this tool.) 

 2. Measure the x-coordinate of point P. 

 3. Calculate f �xP�, xP � h, and f �xP � h�. 

 4. Plot the points �xP , f �xP�� and �xP � h, f �xP � h��. 

 5. Construct the line through the two new points. 

 6. Calculate the slope of the line. Label it SlopeSecant, and check Use label 
in custom tools. 

 7. Select point P, function f, measurement h, points �xP, f �xP�� and 

�xP � h, f �xP � h��, the line, and measurement SlopeSecant. Then choose 

Create New Tool from the Custom Tools menu. 

Tool: PtSlopeLine
Given: Point A and measurement slope 

Result: A line through point A with the given measurement as the slope 

 1. Construct a point and any measurement (slider, parameter, or 

calculation). Label the point A and the measurement slope.

 2. Measure the x- and y-coordinates of the point. 

 3. Plot the function yA � slope �x � xA�. 

 4. Select point A, measurement slope, the line, and the equation of the line, 

and choose Create New Tool from the Custom Tools menu.
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If you know the derivative for a given basic function, can you predict the 

derivative for a transformation of that basic function? For example, the 

derivative for f (x) � sin(x) is f ′(x) � cos(x); so what is the derivative for 

f (x) � 2  sin(3x) � 4? In this activity you will explore this question graphically. 

SKETCH AND INVESTIGATE

There are four basic possible transformations: vertical 

and horizontal translations, and vertical and horizontal 

stretches. If you have a basic function f (x), you can 

represent all of them at once by g(x) � af (bx � c) � d. 

We’ll investigate these transformations one at a time to 

see how each constant affects the plot graphically and 

how it affects the derivative.

 1. Open the document Transformations.gsp. On page 1 is the function 

f (x) � sin(x) and the transformation g(x) � f (x) � d.

 2. Adjust the slider for d.

 Q1 What kind of graphical transformation occurs when you change the value of d ? 

Specifi cally, what happens if d is negative? Positive? Why does this occur?

 Q2 How do you think the derivative is affected by the transformation? 

One way to see how the derivative is affected is to examine the slopes of the tangent 

lines at corresponding points— points  P 
f
   and  P g . 

 3. Press the Show Tangents button. 

 4. Move point P
f
  along the function f (x). 

 Q3 How is the slope of the tangent line to the function g(x) at point P
g
 related to the 

slope of the tangent line to the function f (x) at point P
f
?

 Q4 Write an equation for g′(x) in terms of f ′(x).

 5. To check your answer to Q4, press the Show f ′ button and choose Plot New 
Function from the Graph menu. Enter your equation from Q4. Then press the 

Show g ′ button.

 Q5 Is the function you plotted in step 5 identical to the plot of g ′? If so, great! If 

not, try again.

Adding d to the function’s value is one type of transformation. What happens if a 

constant is added to, or subtracted from, the x-value fi rst?

5

y=g(x)

y=f(x)
P

You can animate point 
Pf instead by selecting 
point Pf and choosing 
Animate Point from 
the Display menu.

Select the expression 
for f ′ to enter it into 
the New Function 
panel.
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 6. Go to page 2 of the document. Here we have the transformation 

g(x) � f (x � c).

 7. Adjust the slider for c.

 Q6  What kind of graphical transformation occurs when you change the value of c ? 

Specifi cally, what happens if c is negative? Positive? Why does this occur?

 Q7 How do you think the derivative is affected by the transformation? 

You can also see how the derivative is affected by tracing a point representing the 

slope of the secant line between the two points (x, g(x)) and (x � h, g(x � h)), and 

then having h approach 0.

 8. Choose Secant Line from the Custom Tools menu. Click point R (on the plot of 

function g), and then on the expression for g(x). 

This tool makes the new point �xR 
� h, g �xR

 � h�� and calculates the measurement

SlopeSecant, which is the value   
g �xR 

� h� � g �xR�
 ____________ 

h
  .

 9. Measure the x-coordinate of point R. With the x-coordinate selected, select the 

measurement Slope Secant and choose Plot as (x, y) from the Graph menu. 

Label this new point S. Make it a new color.

 10. Press the h→0.00001 button and then turn 

on tracing for point S. With h � 0.00001, 

the trace of point S will be a very good 

approximation of g ′(x).

 11. Select point R and choose Animate Point 
from the Display menu.

 Q8 Press the Show f ′ buttons. Compare your 

approximations of g ′(x) and f ′(x). 

 Q9 Write an equation for g ′(x) in terms of f ′(x).

 12. To check your answer to Q9, choose Graph⎮Plot New Function and enter your 

equation from Q9. Press the Show g ′ button. 

 Q10 Is the function you plotted in step 12 identical to the plot of g ′(x)? If so, 

great! If not, there are many transformations of the derivative you can 

try: f ′(x), f ′(x) � k, f ′(x � k), f ′(kx), k · f ′(x), and k · f ′(kx). Adjust the 

slider for k to make your prediction function match your trace. If you can’t, 

then it is time to try the next transformation.

We’ve now looked at all the transformations possible by adding or subtracting a 

constant. What kind of transformations occur when you multiply by a constant? 

2

-2

y=g(x)

SlopeSecant  = 1.00

S

R

If you want to eliminate 
clutter, you can press 
the Hide f button here.

If you don’t see a 
new function when 
you press the Show 
g ′ button, then 
that means the two 
functions are identical 
and you are right!
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 13. Go to page 3 of the document. Here we have the transformation g(x) � a � f (x), 

with points S and R defi ned as they were on page 2.

 14. Adjust the slider for a.

 Q11  What kind of graphical transformation occurs when you change the value of a? 

Specifi cally, what happens when a is negative? Positive? Why does this occur?

 Q12 How do the graphs compare when a is greater than 1? Positive, but less than 1? 

 Q13 How do you think the derivative is affected by the transformation? 

Now you’ll use the locus of point S to see how the derivative is affected. 

 15. Select points S and R and choose Locus from the Construct menu. Make the 

locus a new color.

 Q14 Show f ′ and compare the plot of f ′ and the 

approximation of g ′ (the locus). How do your 

approximations of g ′(x) and f ′(x) compare?

 Q15 Write your prediction for g ′(x) in terms of 

f ′(x). 

 16. To check your answer, plot your prediction, 

and then press the Show g ′ button.

 Q16 Is the function you plotted in step 16 identical 

to the plot of g ′(x)? If so, great! If not, see Q10 

for other functions to try.

The last transformation possible is to multiply the x-value by a constant, but the 

procedure for fi nding out how this transforms the derivative is the same.

 17. Go to page 4 and do steps 15–16 and answer Q11–Q16 for g(x) � f (bx).

 Q17 If you put all the transformations together, you’ll get a function like f (x) � 

2 sin(3x) � 4. Look at your answers for the various transformations and predict 

what the derivative of this function should be if all the rules you discovered 

above still work. 

 Q18 Now go to page 5 and press the Transform button to create a plot of the function 

f (x) � 2 sin(3x) � 4. Use your answer from above to write an expression for the 

derivative of this function. Then check to see if your prediction is correct.

2

-2

Locus of S

y=f'(x)

S

Make sure that your h 
is still very small!

Here, you can hide f, 
g, and the secant line 
if your sketch is too 
cluttered.

If you don’t see a 
new function when 
you press the Show 
g ′ button, then 
that means the two 
functions are identical 
and you are right! 
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EXPLORE MORE

In this section, you’ll use tangent lines to fi gure out how a transformation of f (x) 

transforms its derivative. When you are using tangent lines to compare the different 

transformations and their derivatives, the goal will be to get equal slopes—in other 

words, parallel lines, if possible.

 1. Go to page 6. Press the c→0 button and then 

the Show Tangents button. 

 Q1 Adjust the slider for c. How does the tangent line 

to function g(x) at point P
g 
move as c changes? 

How does the slope change?

 Q2 What are the coordinates of point P
g
 in terms of 

the coordinates of point P
f
 �xP 

, f �xP�� and c  ? 

 Q3 Using your answers above, what is the equation of the tangent line to function 

g(x) at point P
g
? Check by plotting your new function.

 2. Go to page 7. Press the a →1 button and then the Show Tangents button. 

 Q4 Adjust the slider for a. How does the tangent line to function g(x) at 

point P
g  

move as a changes? How does the slope change?

 Q5 What are the coordinates of point P
g
 in terms of the coordinates of 

point P
f
 �xP 

, f �xP�� and a?

 3. To fi gure out the exact slope of the tangent line, 

choose Number⎮Calculate and make the new 

measurement k · slope
f  
.

 4. Then choose PtSlopeLine from the Custom 

Tools menu. Click point P
g
 and then your new 

measurement.

 5. Adjust your slider for k until your new line 

matches the tangent line to function g(x) 

at point P
g 
exactly. 

 Q6 What value did you get for k in order to match the two lines exactly? 

Try the same procedure on page 8 to fi nd the k for f (bx).

2

-2

y=g(x)

y=f(x)

Pg
Pf

2

-2

-4

y=g(x)
y=f(x)

k⋅slopef = 0.29395

Pg

Pf

This is a duplicate of 
page 2 but without 
the constructions you 
made there. 
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SKETCH AND INVESTIGATE
In Q1, if the second derivative is a constant, then the fi rst derivative is a 

linear function. In Q2, if the constant is negative, then the function has 

negative slope. If the constant is positive, then it has positive slope. In Q3, 
if the second derivative is a constant, the original function is a parabola. 

This parabola opens downward if the constant is negative, and upward if 

the constant is positive. In Q4, with the second derivative an increasing or 

decreasing linear function, the fi rst derivative is a parabola (concave up or 

concave down respectively). The larger the absolute value of b (the slope of 

the linear function), the greater the vertical stretch of the parabola. If the 

second derivative increases more quickly, then the slopes of the original 

function change more quickly.

In Q5, where f ″(x) crosses the x-axis from positive to negative, the fi rst 

derivative has a maximum; where it crosses from negative to positive, the 

fi rst derivative has a minimum. In Q6, where f ″(x) crosses the x-axis, f (x) 

has a point of infl ection. Given what happens to the fi rst derivative, this is 

the point where the slope of f goes from increasing to decreasing or from 

decreasing to increasing. In Q7 though Q9, if f ″(x) is always positive, the 

fi rst derivative has a positive slope at all values of x (it is increasing on any 

interval), so the slope of f is always increasing. If f ″(x) is always negative, the 

fi rst derivative has a negative slope at all values of x (it is decreasing on any 

interval), so the slope of f is always decreasing.

f  ′″ (x) f ′(x) f (x)

Is positive Is increasing Is concave up

Is negative Is decreasing Is concave down

Is equal to 0 Has a maximum 
or minimum

Has a point of 
infl ection

It is not possible to determine whether f is positive or negative from the 

second derivative, because the second derivative only gives information 

about whether the rate of change is increasing or decreasing, not whether it 

is positive or negative. (Recall that two functions can be vertical translations 

and have the same derivative; thus the second derivative can be negative, 

while the fi rst derivative may be positive or negative.) 

Using these relationships, it is possible to examine three graphs given only 

that one is f, another f ′, and a third f ″ and determine which is which. 
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One way to do this is to line up zeros with maximums and minimums to 

determine which of the functions is the derivative of another. 

In Q10 and Q11, the tangent line will (locally) lie above the plot of f when 

the second derivative is negative because the slope of the tangent line is 

decreasing. This occurs because the line is only an approximation of the 

function, and when the derivative is decreasing, the graph will fall below the 

tangent line both before and after the point of tangency. When the second 

derivative is positive, the tangent line will (locally) lie below the plot of f —

the slope of the tangent line is increasing.

EXPLORATION 1
One way to build the second derivative using just tangent lines and slopes is 

to create a point W on the plot of D1. Measure its x-coordinate and then add 

h2 to it. Evaluate D1 at this new value, and use the values to plot a second 

point on the plot of D1. Measure the slope of this line, and plot the 

x-coordinate of point W and the slope as a point in the plane. Then 

construct the locus of this point as W moves along the plot of D1.

EXPLORATIONS 2 AND 3
These explorations test the ideas explored earlier in the activity. The 

connections between the values of the second derivative and the behavior of 

the fi rst derivative are the key. Positive values of the second derivative cause 

positive slopes on the plot of the fi rst derivative, which in turn either creates 

an increase in the original function (or a smaller decrease, depending on 

whether the fi rst derivative is positive or negative itself). 

In Exploration 3, it is possible for the position trace to continue to increase 

even when the acceleration is negative, because a negative value of the 

second derivative causes a decrease in the velocity, which decreases the 

slope of the position function but does not necessarily cause a decrease in 

position.

TOOL TIPS
Here are the steps required to create the tool used in this activity’s 

document SecondDerivative.gsp. For a full explanation of custom tools, 

choose Help⏐Tools.
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continued

Tool: Tangent Line
Given: Point A and function f 

Result: A line through point A with slope equal to the derivative of f at A

If point A is originally 
placed on the function plot 
of f, the tool will produce 
a tangent line at a random 
point on f. Originally 
plotting point A not on f 
allows you to choose the 
point.

 1. Plot function f and construct point A not on f. 

 2. Measure the x-coordinate of point A. 

 3. Graph the derivative of function f, and calculate f  ′�xA�. 

You can construct a line with a slope of f  ′(xA) in several ways. Here is one 

approach: 

 4. Measure the y-coordinate of point A. 

 5. Calculate f �xA�, xA � 1, and yA � f ′�xA�. 

 6. Plot the points �xA � 1, yA � f ′�xA�� and �xA, f �xA�� and construct the line 

between them. 

 7. Select point A, function f, the line you constructed in step 6, and the 

point �xA, f �xA ��. Choose Create New Tool from the Custom Tools menu. 

Alternatively: 

 4. Calculate f �xA� and plot the point �xA, f �xA ��. Label this point P. 

 5. Plot the tangent line: f �xA� � f ′�xA��x � xA�. 

 6. Construct point Q on this function plot and hide the function plot. 

 7. Construct the line through points P and Q. 

 8. Measure the slope of line PQ. Label this measurement slope, and check 

Use label in custom tools. 

 9. Select point A, function f, the line you constructed in step 7, point P, 

and measurement slope. Choose Create New Tool from the Custom 

Tools menu.
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The derivative, f ′(x), of a function, f (x), has been 

a very useful tool. It’s given us much information 

about many things—the behavior of the function 

f (x), the instantaneous rates of change at points 

on f (x), and slopes of the function at a point. Since 

it has been so handy, why not do the process again—

take the derivative of the derivative, or the second 

derivative of f. Does it give useful information about 

the original function as well as information about 

the fi rst derivative? You will explore this question here.

SKETCH AND INVESTIGATE

You can edit the 
function f yourself at 
any time.

 1. Open the document SecondDerivative.gsp. On page 1 is a function f (x), 

its plot, and various sliders. The sliders allow you to change the function’s 

parameters.

 2. You have learned the relationships between a function and its derivative. Press 

the Show f ′ button to refresh your memory. Then press the Hide f and Hide f ′ 
button and then the Show f ″ button.

You can also adjust 
the measurement for 
c with the appropriate 
slider.

 3. Make the second derivative a constant function by pressing the a→0 and 

b→0 buttons. 

 Q1 The function f ″ is the fi rst derivative of f ′, so what should the plot of f ′ look like 

if f ″ is a constant? Check your answer by pressing the Show f ′ button. 

Were you right?

 Q2 Adjust the slider for c so that c � 0, and then adjust the slider so that c � 0. 

Describe how this affects the fi rst derivative f ′(x).

 4. Press the Hide f ′ and then the Show f buttons. Adjust the slider for c so that 

c � 0, and then adjust the slider so that c � 0.

 Q3 Describe how adjusting the slider for c affects the function f (x).

Now let’s look at what happens if f ″(x) is a linear function.

 5. Make the second derivative an increasing linear function by 

adjusting the slider for b.

 6. Press the Show f ′ button and then adjust the slider for b to 

make the second derivative a decreasing linear function.

 Q4 Describe how adjusting the slider for b affects the fi rst 

derivative.
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 Q5 When f ″(x) � 0, or crosses the x-axis, what can you say about the plot of the 

fi rst derivative? (Check both cases—f ″(x) increasing and decreasing.)

 Q6 What is the signifi cance of the root of f ″(x) for the function f (x)? Check your 

answer by trying different values of c.

Do the qualities you discovered hold for all functions? Let’s look at one more case, 

where f ″(x) is a quadratic.

 7. Hide f (x) and f ′(x). Use the sliders for a, b, and c to create a new plot of f ″(x) 

where the function is always positive, but not constant.

 Q7 Predict what you think will be true about f (x) and f ′(x) in this case. 

Check your answers by showing f  and f ′. How did you do?

 8. Hide f (x) and f ′(x) again. This time, use the sliders for a, b, and c to create a 

new plot of f ″(x) where the function is always negative.

 Q8 Predict what you think will be true about f (x) and 

f ′(x) in this case. Check your answers by showing f 

and f ′. How did you do?

 Q9 Make a chart of how f ″(x) affects both f  (x) and f ′(x). 

Where f ″(x) is negative, what happens to f ′(x) and 

f (x)? Where f ″(x) is positive, what happens to f ′(x) and 

f (x)? Where f ″(x) is 0, what happens to f ′(x) and f (x)? 

It is easier to check 
your conclusions if 
you look at just two 
functions at a time.

 9. Check your conclusions in Q9 by creating a new plot 

of f ″(x) where the function is sometimes negative and 

sometimes positive. How did you do? 

On page 2 of the document, all three plots have the same color. Using what you 

learned above, can you identify which is which without using the buttons? 

 10. Predict which plot is f ″(x), f (x), and f ′(x). Check your answer by pressing 

the Show buttons.

 11. Press all three Hide buttons to hide the answers. Then, press the Randomize 

Sliders button to change the values of all the sliders. Press the button again to 

stop. Identify each of the plots again.

There is another relationship between the three functions to see. This one has to 

do with the tangent line to f (x) at a point. You have seen that the tangent line’s 

slope is the derivative at the point of tangency. But its position—above or below 

the function—also tells something important.

 12. Go back to page 1. Use the Hide/Show buttons to make sure only f (x) is showing. 
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 13. Choose Tangent Line from the Custom Tools menu. Click anywhere on the plot 

of f (x) and then on the expression for f (x) to create a tangent line. 

 Q10 Show f ″(x) and then move your new point along the plot. When f ″(x) is 

negative, what can you say about the tangent line? 

 Q11 What happens to the tangent line where f ″(x) is positive? What happens at the 

points where f ″(x) changes from positive to negative? 

EXPLORATION 1
In this section, you’ll build the second derivative’s plot using the limit of the 

difference quotient just like you built the fi rst derivative’s plot—the only 

difference is that f ′(x) is used in place of f (x).

 1. Go to page 3. On this page there are two extra sliders that adjust the 

measurements h1 and h 2.

 2. Choose Number⎮New Function and enter 

the difference quotient for the fi rst derivative: 

� f  � x � h1�  � f  (x  )� /h1. Label this 

function D1.

You can check your 
approximation by 
plotting your new 
function and then 
pressing the Show f ′ 
button. 

 3. Adjust the slider for h1 so that the function 

D1(x) is a good approximation for f ′(x).

Now if you build the difference quotient 

using D1(x), this new function can be used 

to approximate the second derivative.

 4. Choose Plot New Function from the 

Graph menu and enter the expression for the approximation of the second 

derivative: � D1� x � h2�  � D1(x  )� /h2. Label this function D2.

 5. Press the Show f ″ button and then adjust the slider for h2 so that the function 

D2(x) is a good graphical approximation for f ″(x). 

 6. To see if D2(x) is a good approximation numerically, choose the Point tool, 

create a point on the x-axis, and label it P. Measure the x-coordinate of point P; 

then choose Calculate from the Number menu and enter the expression for the 

error: f ″� xP�  � D2� xP� .

 Q1 Were you able to make h 2 small enough so that the error was at most 0.01? 

(If not, drag the unit point on the x-axis to zoom in a bit). 

Now that you have both difference quotients built, you can adjust any of the 

sliders a, b, c, or d to change the function f (x) or you can double-click f (x) and 

10
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D1 x+h2( )-D1 x( )

h2

D1 x( ) = 
f x+h1( )-f x( )
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You can also use the 
limit of the secant 
line’s slope.

Enter any subscripts in 
brackets. So for D1 you 
would enter D[1].
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enter any other function you’d like to try and the difference quotients will change 

dynamically as well. 

EXPLORATION 2

Go to page 4 of the document. This page has the plot of the second derivative of a 

function f, and its equation, f  ″(x) � d � a  sin(bx � c). When you open the page, 

b � 1, and c, d, e, and f � 0. Show the plots of f (x) and f ′(x). Probably no surprises 

there. Hide f (x) and f ′(x). Adjust the slider for d so that d � 0 and predict what 

you’ll see when you look at f (x) and f ′(x). Show f (x) and f ′(x). Surprised? What is 

the surprise and why is this so? (You may want to adjust d while f (x) and f ′(x) are 

showing to answer this.)

Try this as well: On page 5, plot the functions q(x) � x 2
 
and r (x) � cos(x). What do 

you think the function q(x) � r (x) looks like? Plot the combined function and see 

what happens. How does the second derivative explain the resulting graph? (Use the 

Derivative command twice to fi nd the fi rst and second derivatives of q(x) � r (x) to 

visualize the answer.)

EXPLORATION 3

On page 6 of the document, there is a sketch much like the one in the activity 

Visualizing Change: Velocity. On this page, you are able to control the acceleration 

of a point—the second derivative of position. If you set the acceleration to 0 by 

pressing the a→0 button, then the sketch works just like the one in that activity. 

� You would use the velocity slider vc .�

Here you can control the acceleration 

by adjusting the a slider. To try this out, 

set your initial velocity with the vc slider. 

Then press the Start Motion button and 

adjust only the a slider. The other velocity 

slider, labeled velocity, will change with 

the acceleration.

What happens to the velocity if you 

maintain a positive acceleration? What if 

you maintain a negative acceleration? Can 

point Me move in the positive direction 

when the acceleration is negative?

Try various actions with either slider to see how the position trace moves. 

Then you can try to match Path 1 or Path 2.
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SKETCH AND INVESTIGATE
In Q1, 2x � x 2 is equivalent to 2x � x 2 � 0. In Q2, you can fi nd a value of 

�0.76666 for the root of the equation. This solution produces values for 2x 

and x 2 that are equal up to the thousandths digit. In Q4 through Q8, when 

the seed is close to the root, Newton’s Method will tend to converge to that 

root. What “close” means depends upon the function. With a seed between 

1.5 and 1.52 for a different equation, 2x � 2x, Newton’s Method will 

converge to the other root at x � 1 because of the location of the minimum 

of the function 2x � 2x. The locations of minimums and maximums will 

affect where the method converges because of its dependence on the slope 

of the graph.

If the method begins with a seed to the left of the leftmost root, it may 

or may not converge to that root. If the function has a maximum or a 

minimum at a point but does not intercept the x-axis near that point, the 

iterations of the method may bring you only very slowly to a root (or not at 

all if one of the iterations brings you to the x-value where the maximum or 

minimum occurs.)

In general, predicting what will happen with Newton’s Method for different 

seed values is not easy, beyond the general principles described above. Near 

the x-values of the maximums or minimums points of a function plot, 

Newton’s Method does not behave in a simple way, especially if the function 

has multiple maximums and minimums. See the Extension for a colorful 

way to explore what happens near these points.

EXPLORE MORE
The question of whether Newton’s Method converges can be further 

investigated using iteration. When you make the Newton tool, point A must 

be split from the function plot so that the tool does not create new random 

points on the x-axis each time you use it. 

Using the Iterate command allows you to construct a dynamic series of 

steps of Newton’s Method. As you move point A along the function plot, 

you can see the value to which the method converges by measuring the 

x-coordinate of the terminal point of the iteration.
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It is possible for Newton’s Method to move farther and farther from a root, 

as in the example on page 3. For a function with a horizontal tangent and 

a root at the point where this tangent occurs, Newton’s Method will not 

converge.

The equation for the fi rst tangent line is 

y � f ′�x0��x � x0� � f �x0� 

The value of point B is then the solution to the equation 

0 � f ′�x0��x � x0� � f �x0�, x � x0 � f �x0�/f ′�x0� 

This value of x is then used as the new x0. In general, the next iteration is 

found by the equation 

xn�1 � xn � f �xn�/f ′�xn�

EXTENSION
The values of x that converge to a particular root of a function when 

Newton’s Method is used are called the basins of attraction for each of 

the roots. Some values of x do not converge to a root; this happens at the 

values of x at which the function has a horizontal tangent line. To visualize 

the basins of attraction, you can colorize point A using the x-value of the 

terminal point. 

 1. Measure the x-coordinate of the terminal point.

 2. Select the seed point A and the measurement of the x-coordinate of 

your terminal point.

 3. Select Parametric from the Color submenu in the Display menu. Set the 

range so that it encompasses all the roots of the function. Choose Color 
Range: Don’t Repeat.

 4. Turn tracing on for point A and animate point A along the x-axis.

Although at fi rst glance you may see only three or four basins, the colors will 

exhibit chaotic behavior near the maximums or minimums of the function. 

Zooming in will reveal that there are smaller basins of each color that are 

not visible on a larger scale.

See the “Newton Chaos” pages of Newton Present.gsp for a demonstration 

of this chaotic behavior.
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TOOL TIPS
Here are the steps required to create the tools used in this activity’s 

document Newton.gsp. For a full explanation of custom tools, choose 

Help⏐Tools.

Tool: Tangent Line 
Given: Point A and function f 

Result: A line through point A with slope equal to the derivative of f at A 

If point A is originally 
placed on the function plot 
of f, the tool will produce 
a tangent line at a random 
point on f. Originally 
plotting point A not on f 
allows you to choose the 
point. 

 1. Plot function f and construct point A not on f. 

 2. Measure the x-coordinate of point A. 

 3. Create the derivative of function f  by choosing Number⏐Defi ne 
Derivative Function, and calculate f  ′ �xA�. 

You can construct a line with a slope of f  ′ �xA� in several ways. Here is one 

approach.

 4. Measure the y-coordinate of point A. 

 5. Calculate f �xA�, xA � 1, and yA � f ′�xA�. 

 6. Plot the points �xA � 1, yA � f ′�xA �� and �xA, f �xA�� and construct the line 

between them. 

 7. Select point A, function f, the line you constructed in step 6, and the 

point �xA, f �xA��. Choose Create New Tool from the Custom Tools menu.

Tool: Newton 
Given: Point A, function f, and the x-axis 

Result: A segment tangent to f at the point �xA, f �xA��, and a point at the 

intersection of this segment with the x-axis 

The directions for creating this tool are in the student worksheet. When you 

make the tool, point A should not be on the x-axis, so that the tool does not 

construct a new random point on the axis. However, when you use the tool 

you should match given point A by clicking the x-axis.
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While you can solve many equations with familiar 

algebraic techniques, there are also quite a few that 

you can’t solve algebraically: 2x � x 2, for instance. 

From the plot, it looks like there are three solutions 

to this equation. The ones in the fi rst quadrant you 

could get by guessing and checking, but probably 

not the one in the second quadrant. In this activity 

you will learn an algorithm for solving equations 

using derivatives. 

SKETCH AND INVESTIGATE

 1. Open the document Newton.gsp. On page 1 you will fi nd the function 

f (x) � 2x � x 2. 

 Q1 Why is solving the equation 2x � x 2 equivalent to fi nding the zeroes 

for f (x) � 2x � x 2?

You have seen that a tangent line to a function at a point can be used to 

approximate a differentiable function on a small interval around that point. 

Going further with this idea, you can use the x-intercept of a tangent line to 

approximate the x-intercept of a function. First we’ll see how this works and 

then you’ll make a tool to do the process.

To start the process, we choose a starting point on the x-axis, called a seed, 

and fi nd the point on the function plot that corresponds to that x-value. 

To measure the 
x-coordinate, 
choose Measure⎮
Abscissa (x).

 2. With the Point tool, construct a point on the x-axis close, but not too 

close, to the zero of f (x) on the left side of the origin. Measure the new 

point’s x-coordinate. 

 3. Calculate f �xA� by choosing Calculate from the Number 

menu and click the expression for f and then the 

measurement x
A
.

 4. Plot the point �xA
, f �xA�� by selecting measurement x

A
, 

then f �xA�, and choosing Plot as (x, y) from the Graph 

menu.

The next step is to construct a tangent line to f (x) at the 

point �xA
, f �xA��.

You can also click the 
point (xA, f (xA)) with 
this tool.

 5. Choose Tangent Line from the Custom Tools menu and 

click point A and then the expression for f (x).
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We now need to fi nd where this tangent intersects the x-axis. This intersection 

point, or root of the tangent line, represents the fi rst approximation for the zero 

of the function. 

 6. With the Point tool, construct the intersection of the tangent line with 

the x-axis by clicking on that spot. Label this point B.

Select point B with the 
Arrow tool and choose 
Abscissa (x) from the 
Measure menu.

 7. Measure the x-coordinate of point B.

Our goal here is to approximate the zero of the function as closely as possible, so we 

want to repeat this process until the tangent line’s root, point B, is indistinguishable 

from the function’s root. 

 8. Select point A and point �xA
, f �xA��. Then choose Segment from the Construct 

menu. Go to the Display menu. Make the segment a different color from the 

Color submenu, and choose Thick from the Line Style submenu. 

To hide the line, select 
it and choose Hide 
Line from the Display 
menu.

 9. Hide the tangent line and construct a line segment between the point �xA
, f �xA�� 

and point B. 

 10. Select point A and then point B. Choose Edit⎮Action Buttons⎮Movement. 
On the Move panel, set speed to instant.

 11. Select both line segments, and then turn tracing 

on by choosing Display⎮Trace Segments.

 12. Press the Move A→B button, and you should see the 

second step. Using this Movement button, continue 

“zeroing in” on the root until the x-coordinate of 

point B is constant to the hundred-thousandths place.

 Q2 What fi nal value did you fi nd for the measurement x
B
? 

Hint: If xB is a root, 
what is the value of 
f (xB ) supposed to be?

 Q3  Check your answer by calculating f �xB�. What was your 

approximation error?

The disadvantage of using a Movement button and a trace 

is that if you move your original points, the traces do not 

move with them. So it is time for a tool. 

 13. Drag point A out to its original location (which is marked 

by a segment trace). Turn off tracing for the segments and 

erase all traces by pressing the Esc key a couple of times.

 14. With just point A selected, choose Split Point from Axis 

from the Edit menu. 
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 15. To create the tool, select the givens: point A, the expression for f (x), and the 

x-axis. Select the results: point B, point �xA
, f �xA��, both segments, and the 

measurement x
B
. Then choose Create New Tool from the Custom Tools menu. 

Name it Newton and check Show Script View. Click OK.

 16. Click in an empty spot of the sketch to deselect all objects. Select point A and 

the x-axis, and choose Edit⎮Merge Point to Axis.

 17. In the tool’s Script View, double-click given Function f and check Automatically 
match sketch object. Click OK. Do this again for given Straight Object x.

Now you are ready to use the new tool. If point B is too close to the root or point A 

to be distinct, use the Arrow tool to move point A until point B is distinct.

 18. Choose Newton from the Custom Tools menu and click point B. The tool will 

construct a second step.

 19. Using the tool again, click on the intersection point of the new tangent 

segment with the x-axis to construct a third step. 

 20. Continue using the tool until you have at least 

fi ve steps. If at any stage an intersection is not 

distinct, adjust point A’s location before using 

the tool again.

 Q4  Adjust point A (the seed) so that it’s fairly close 

to a root of the function. What can you say 

about the convergence of Newton’s Method 

when the seed is close to a root?

 Q5 Move the seed value so it’s to the left of the leftmost root or to the right of the 

rightmost root. What can you say about the convergence of Newton’s Method 

in these situations?

 Q6 Try some different positions for the seed value between the various roots. 

What can you say about the stability and convergence of the method under 

these conditions?

 21. Go to page 2, where there is a 

fourth-degree polynomial. Repeat 

Q4–Q6 with this function and see 

if your previous answers hold up.

 Q7  Adjust your sliders so that the function 

has only a single root, but also has a 

minimum or maximum that comes close 

to the x-axis without touching it. 

After you’re done, 
Function f and 
Straight Object x 
will be assumed as 
shown.
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Notice what happens to the steps as you move the seed value to different 

positions near this minimum or maximum. What can you conclude about the 

stability of Newton’s Method in this situation?

 Q8 Can you think of a way to predict how well Newton’s Method will do with 

different seed values, depending on the shape of the graph? Describe your 

predictions as clearly as you can.

EXPLORE MORE
On page 3 of the document, another function is plotted, here with the fi rst step of 

Newton’s Method done. This time you’ll use Sketchpad’s Iterate command to create 

the successive approximations.

 1. Select point A and choose Iterate from the Transform menu. Click point B. 

Uncheck Tabulate Iterated Values in the Structure pop-up menu. Press the 

plus (�) key twice to increase the number of iterations to 5. Click Iterate.

A good point to click is 
the point (xB, f (xB )).

 2. Select the iterated image of point A so that only the 

points are selected. Choose Terminal Point from the 

Transform menu. Measure the coordinates of this point. 

This is the value found by Newton’s Method after the 

number of iterations you have set. You can increase the 

number of iterations at any time, and this point will 

remain at the last iteration.

 Q1 Continue your explorations on pages 4, 5, and 6. You only need to move 

point A. In what situations does the algorithm not bring you to an x-intercept? 

Explain in your own words why this happens.

 Q2 If point A’s x-coordinate is labeled x
0
, what is the equation for the fi rst tangent 

line you constructed? 

 Q3 If point B’s x-coordinate is labeled x
1
, solve your 

equation in Q2 to fi nd a formula for fi nding x
1
 in 

terms of x
0 
and the function f (x).

 Q4 For the next iteration, the algorithm starts over and 

now uses x
1
, so write a formula for fi nding x

2
 in 

terms of x
1 
and f (x).

 Q5 Generalize your work above and write a formula for 

fi nding x
n�1

 in terms of x
n 
and f (x).
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Select the iterated 
image and press 
the plus (�) key to 
increase the number of 
iterations.
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Following Tangent Lines
Students approximate the antiderivative of a given function by using the fact that the value 

of the function gives the slope of the antiderivative. They use the slope to construct a short 

tangent segment and drag the segment to trace out the shape of the antiderivative’s graph.

Step to the Antiderivative
Students use the y-value of a function to approximate its antiderivative by constructing 

short tangent segments. They turn their construction into a tool, practice graphing an 

approximate antiderivative by hand, and use the tool to check their results.

Plotting the Antiderivative
Students use Euler’s method to approximate the antiderivative of a function and reduce 

the step size to improve the accuracy of the approximation. They apply Euler’s method to 

a variety of original functions, predict the equation of the antiderivative, and check their 

predictions. By transforming the original function, students determine how each type of 

transformation affects the antiderivative.

A Field of Slopes
Students create a slope field by constructing small segments with slope determined by a 

given differential equation. They explore the relationship between differential equations 

and slope fields, and find approximate particular solutions that satisfy given initial 

conditions.

Stepping Through the Field
Students use a slope field and Euler’s method to approximate solutions to a differential 

equation. For a variety of differential equations, they predict both the slope field and the 

shape of particular solutions, and then test their predictions.
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Following Tangent Lines ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, the accuracy of the trace you create depends on how often you 

adjust to the changes in the direction in which the arrow is pointing. 

In order to create the exact plot of f, you must be able to make continuous 

changes, which is close to impossible! In Q2, the equation of the line 

through point R is y � f ′�xR��x � xR� � f �xR�.

In Q3, moving point S to within 0.05 of R ensures that the tangent line value 

at S is less than 0.01 from the actual value of the function. The distance you 

must be from point S differs depending on what side of f you are on. 

The construction of the tangent line from the coordinates of point R and 

the value of f ′(xR) in steps 10 and 11 is an important part of this activity. 

When students draw an antiderivative themselves with paper and pencil, 

they must go through this same process, at least mentally. In Q4, when f ′(x) 

is positive, the tangent line will have a positive slope; when it is negative, 

it will have a negative slope. When f ′(x) is 0, the tangent line will be 

horizontal. 

In Q5, moving point R vertically does not change the value of xR, so 

it will not change the value of f ′�xR�, and the slope of the tangent line 

will not change. (Later, in Q8, this effect can be used to suggest that 

the antiderivative of a function is really a family of vertically translated 

functions.) 

In Q6, wherever the slope of the tangent line is positive, the trace created 

by following the line will represent an increasing function; wherever the 

line has a negative slope, the function is decreasing. A local maximum 

or minimum will occur when the tangent line switches from positive to 

negative slope or vice versa. If the slope of the tangent line equals 0 but does 

not change sign, then the trace will have a point of infl ection. For Q7, the 

answers to Q6 should correspond to the answers to Q4. 

Creating a button to dynamically move point R toward point Q will create a 

more exact antiderivative plot, because Sketchpad can change the direction 

in which point R moves virtually continuously. 

In Q8, the traces created using a different initial location for point R will 

produce the same trace, vertically translated. The slope of the tangent line 

remains the same when you translate point R vertically, both at the initial 

location and throughout the movement of point R, because it is determined 
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Following Tangent Lines ACTIVITY NOTES
continued

by the given function f ′(x). All of the different traces are antiderivatives, as 

vertical translations of a graph have the same slope and consequently the 

same derivative function.

EXTENSION
To create your own questions, copy any of the pages 4–7 and edit the 

function f ′(x). Note that the given function is only labeled f ′; it is not the 

derivative of a function f hidden on the page somewhere. When you create 

a derivative of f with Sketchpad’s Derivative command, it will be labeled f ′, 
but you are unable to edit this expression.

If you would like to have the “answer” to the antiderivative question 

available on the page to be plotted and compared with the student’s trace, 

create a function f, and fi nd its derivative using the Derivative command. 

To do this, calculate the derivative of f. Then double-click on the given 

expression for f ′ and delete it. Click on the computed f ′ expression, type 

x, and then close the parentheses. All of the objects in the sketch will now 

depend on this defi nition for f ′. You can then plot the function f and create 

a button to hide it and the expression, so that after students make their 

trace, they can press this button to see how they did.
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Following Tangent Lines

In some activities, you plot the derivative of a given function f and examine how the 

two functions f and f  ′ are related. Here, you will start with a plot, but this time your 

plot will be the derivative, or slope function, of some unknown function. Your job is 

to determine the shape of the unknown function when given its derivative. Because 

you’re starting with the derivative and working backward, you’re trying to fi nd the 

antiderivative of the function you’re given. 

SKETCH AND INVESTIGATE

The best tools for predicting what a plot of f (x) might look like when you have 

the plot of its slope are tangent lines. First, let’s review what tangent lines do for 

us when we do have f.

 1. Open the document FollowTangent.gsp. 
You will fi nd a function f (x), its plot, a tangent line to 

f (x) at point R, and a plot of the derivative of f (x).

 2. Move point R along the plot of f (x) and watch how 

the little arrow at point Q helps show the shape of the 

plot—even though Q is not a point on the function 

plot. When you are done observing, move point R as 

far left as you can. Do you really need f if you have the 

little arrow at point R?

 3. With point R selected, choose Edit⎮Split Point from Function Plot and press 

the Hide f (x) button.

 4. Select point R and choose Trace Point from the 

Display menu.

Remember, you 
already know what 
f looks like.

 5. Can you retrace the now hidden plot of f by moving 

point R in the direction of point Q? Now that point R 

is not on the function plot, you’ll need to move it 

carefully in the direction indicated by the arrow. 

Give it a try!

 Q1 Press the Show f (x) button. Could you trace out the 

basic shape of f ? What might account for inaccuracies in your trace?

 Q2 Write the equation of the tangent line through point R �xR
, y

R� in point-slope 

form, using derivative notation for the slope.

If you follow the tangent line precisely, you can create a very good rendering 

of the shape of the function f. However, you also want your prediction of the 

10

-10

y=f'(x)

y=f(x) Q

R

10

y=f'(x)

Q

R
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Following Tangent Lines
continued

antiderivative to be fairly accurate. Just how accurate is using the tangent line to 

approximate values? 

If you want to change 
the location of point R, 
edit the parameter xR.

 6. To review the answer to this question, go to page 2 of the document. Here you 

have the same function, tangent line, and point R. Point R is fi xed this time as 

the “zoom-in center” at x � 2.

 7. The error you get using the tangent line’s y-coordinate instead of the function is 

represented by the red segment between point S and point S
T 
. Move point S so 

that x
S 
 � 1.

 Q3 Use the x- and y-scale sliders to zoom in on this 

function at point R. Compare the y-coordinate that 

you’d get using the tangent line to the function’s 

y-coordinate. How close do you need to get to x � 2 

to make your error at most 0.01?

You can see that the tangent line to f (x) at x � x
R
 is a good approximation of f (x) 

near R. How is this useful? In the next few steps, you will use the derivative to 

construct a tangent line to a function without the function being there and use 

it to sketch the plot of the function.

 8. Go to page 3 of the document. Here you will fi nd the plot of a function f ′(x) 

and point R. 

Select point R and 
then choose Abscissa 
(x) from the Measure 
menu to measure 
the x-coordinate 
and Ordinate (y) to 
measure the 
y-coordinate.

 9. You need to construct a tangent line at point R, so measure its x- and 

y-coordinates. 

 10. If you assume that point R is on f (x), then its y-coordinate is f �xR�. To relabel 

its y-coordinate as f �xR�, double-click measurement y
R
 with the Text tool and 

enter f(x[R]) on the Label panel.

You do not have the equation or a plot of f (x), but you can still plot its tangent line 

at point R because you have its slope.

 11. Where is this slope? You can get it from the given function 

f ′(x). Choose Number⎮Calculate and calculate the 

slope of the tangent line f ′�xR�. (What does f ′�xR� 
represent on the plot of f ′(x)?)

 12. Choose Graph⎮Plot New Function and enter the 

expression of the tangent line in point-slope form: 

f �xR� � f ′�xR� � �x � x
R�. Label this function T.

You also have the value 
of f ′(xR ) so that you 
can observe the exact 
value of the slope of 
the line as you move 
point R. 

 13. Move point R around the window and observe how 

the slope of the tangent line changes. 

Error = 0.00979
ST

R

S

20

10

-10

y=T(x)

y=f'(x)
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Following Tangent Lines
continued

 Q4 Where does this line have a negative slope? Where does it have a positive slope? 

Where does it have a slope of 0?

You can move a point 
vertically using the Up 
Arrow key.

 Q5 Move point R vertically only. What do you observe about the slope of the line? 

Why does this happen?

You have created a line, T(x), whose slope is equal to f ′�xR�. While this line has the 

equation of the tangent line for our unknown function f (x) at point R, it is not 

actually “tangent” to anything at the moment. 

Let’s assume for the moment that point R is on our function f. Then, for points near 

x � x
R
, this line gives a very close approximation of the plot of f (x). Can you use 

this line to sketch the plot of the function f (x)? Yes! But only if you can follow the 

tangent line for a short distance. In order to make a small segment on the tangent 

line, you will use the slider that adjusts the measurement h.

 14. Choose Calculate from the Number menu and create the 

expression x
R
 � h. 

 15. To plot a second, nearby point on the tangent line, start by 

calculating the value of T �xR
 � h�. 

Click once in an empty 
spot to deselect an 
object.

 16. Deselect the measurement T �xR
 � h� and then select the 

measurements x
R
 � h and T �xR

 � h� in that order and 

choose Graph⎮Plot as (x, y). Label this point Q.

 17. With point Q selected, select point R and choose Segment 
from the Construct menu.

 18. With the segment selected, turn on tracing by choosing Trace Segment from the 

Display menu. 

Now the segment will leave a trace behind as you move point R around the 

plane. This segment will trace out the shape of the original unknown function 

(the antiderivative), if you always move point R in the direction of point Q. 

If you start out too 
high or too low on the 
screen, your trace will 
run off the edge of the 
screen. If so, erase the 
traces and start again 
in a different position.

 19. Select point R and drag it slowly in the direction 

of point Q. At the slightest movement of point R, 

however, the slope of the line will change, so you 

must constantly adjust, changing the direction in 

which you move point R as you go. (This may take 

some practice!)

 20. Once you have practiced this, drag point R to the 

left of the page so you can trace from left to right. 

20
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Following Tangent Lines
continued

Choose Display⎮Erase Traces, and then carefully move point R, always in the 

direction of point Q, to trace out the antiderivative. 

You may have trouble at fi rst tracing in the correct direction. Keep trying, and you’ll 

get better at following the direction of point Q.

 Q6 Examine the trace you have created. Where is the function it represents 

increasing? Where is it decreasing? Where does it reach a local maximum 

or minimum?

 Q7 How do your answers to Q6 compare to your answers to Q4?

The accuracy of the antiderivative you’ve traced so far depends on your ability to 

follow the direction of point Q. You can automate this process by having point R try 

to move toward point Q. This will guarantee that it goes in the correct direction. 

What’s more, point R can never catch up with point Q, so it will keep moving 

toward it indefi nitely.

 21. Erase your traces. Select point R and point Q, in that 

order. Choose Movement from the Action Buttons 

submenu of the Edit menu and keep the speed at 

medium. Click OK.

If you start out too 
high or too low on the 
screen, your trace will 
run off the edge of the 
screen. If so, erase the 
traces and start again 
in a different position.

 22. Position point R where you want tracing to start, 

erase traces and then press the Move Point button 

and watch it go. 

How accurate was your trace compared with the 

“automatic” trace?

 23. Choose Undo Animate Point from the Edit menu, 

and point R will return to its initial location. 

 24. Make several traces, starting from the same horizontal position but from 

different vertical positions. To do this, turn off tracing for the segment and 

move point R up or down vertically; then turn on tracing again. 

 Q8 What do you notice about the traces? Can all these traces be approximations 

for the antiderivative? If so, how can this be? If not, explain why they are not.

10

-10

-20

5

y=f'(x)

Q

R

The accuracy also 
depends on h being 
relatively close to 0. 
The closer to 0, the 
more accurate the 
trace.
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Following Tangent Lines
continued

EXPLORE MORE

Look at the functions on pages 4–8. Each page has a different kind of function as 

the given slope function. For each one, make a prediction for the antiderivative, and 

then follow these steps: 

 25. Drag point R to the left of the page so that you can trace from left to right. Press 

Esc twice to erase any existing traces, and then carefully move point R, always in 

the direction of point Q, in order to trace out the antiderivative. Repeat this step 

until you have a relatively smooth trace that you like.

 26. Choose Edit⎮Undo Animate Point to return point R to your initial starting 

point. Then press the Move R→Q button. Compare your trace with the 

automatic trace.



142 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Step to the Antiderivative ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, students can check that the line shown has the needed properties 

by evaluating f (xR) and measuring the slope of line T. In Q2, the segment 

made with the tool, while still having a negative slope, has a slope closer to 

0 than the previous one because the function f is negative but increasing. 

The value of f at xQ is larger than the value of f at xR. This should happen 

again for the next segment in Q3.

In Q4, the segments made will have a positive slope if f is positive, a negative 

slope if f is negative, and a zero slope if f is 0. With paper and pencil, tracing 

from the point at which you are about to make a segment to the plot of f 

can help you “line up” the segment you will draw with the behavior of f and 

make the correct decision about how to draw the next segment. In Q5, for 

instance, if you see that the value of f  has increased since you made your 

last segment, you know that the slope will be greater; if f  has decreased, the 

slope will be less.

Note that “greater” means closer to 0 if the slope is currently negative, but 

farther from 0 if the slope is positive. Using the tool in this activity can help 

students make the right decision when sketching with paper and pencil if 

they observe this connection between the slope of the segment constructed 

by the tool and the value of f. 

In Q6, students may be concerned that their paper and pencil sketch of the 

antiderivative has too great or too little of a range. You may wish to have 

them focus on whether their drawing has maximums or minimums at the 

correct values of x. For the purposes of this activity, it is not necessary to 

draw an exact antiderivative. Students can compare their drawings with the 

one created in the document to see where they have inaccuracies and why. 

Printing the page with the grid showing can be an aid to drawing, as 

students can then read the values of the function and create tangent 

segments with greater accuracy. However, in Q9, students should also know 

that it is possible to draw an antiderivative without a scale on the y-axis by 

judging the relative change in the values of f. In the sketch, you can hide the 

y-axis and construct a line between the points (0, 0) and (0, 1) to create an 

axis without a scale, as was done on page 6.

In Q7, the series of segments is a more accurate approximation of the 

antiderivative because the tangent line is followed for a shorter distance, 

minimizing the error introduced with this approximation technique. 
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Step to the Antiderivative ACTIVITY NOTES
continued

In Q8, the traces created by using a different initial location for point R 

produce the same trace, vertically translated. In Q9, adding a constant to 

a function does not change its derivative, so the antiderivatives of a given 

function are a family of vertically translated graphs.

In Q10 through Q12, where f (x) is positive, the antiderivative 

approximation is increasing—the segments have a positive slope. Where 

f (x) is negative, the antiderivative approximation is decreasing—the 

segments have a negative slope. Where f (x) is increasing, the antiderivative 

approximation is concave up—the slope of the segments is increasing. 

Where f (x) is decreasing, the antiderivative approximation is concave 

down—the slope of the segments is decreasing. The antiderivative 

approximation has a maximum where f (x) changes from positive to 0 to 

negative, and a minimum where f (x) changes from negative to 0 to positive.

EXPLORE MORE
Students create a tool that can be used on graphs that are not Sketchpad 

function plots. With this tool, you must determine the distance that you 

follow the tangent line by clicking points on the “graph,” unlike the tool 

used earlier, where this distance was determined by h. In Q2, at x � �2, 

the anti-derivative changes from a zero slope to a positive slope; at x � 2, it 

changes from a positive to a negative slope. At x � 4 the antiderivative has 

a point of infl ection. At x � 6, the antiderivative has a positive slope at its 

endpoint.

TOOL TIPS 
Here are the steps required to create the tools used in this activity’s 

document StepTangent.gsp. For a full explanation of custom tools, 

choose Help⏐Tools.

Tool: Antiderivative Segment
Given: Point R, function f, and parameter h 

Result: A segment with slope f �xR � and endpoints at �xR, f �xR �� and 

(xR � h, f (x � h))

The steps for constructing this tool are described in the activity. 
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continued

The tool can be used to “stitch” together a series of segments that 

approximate a plot of the antiderivative of function f. The tool as built in 

the activity will match function f automatically. If a function f is not present 

in the sketch, you will need to match the tool with a function in addition 

to matching a point. Note that the tool will automatically match a function 

labeled f in the sketch—even if you do not wish to match this function. To 

avoid this outcome, give all functions labels other than f. 

Tool: Anti-Segment 2 
Given: Points A, B, and C

Result: A segment with slope yA, one endpoint at point �xA, yB�, and the other 

at �xC , yB � yA�xC � xA�� 

The steps for constructing this tool are described in the activity. 

The tool can be used to stitch together a series of segments that approximate 

a plot of the antiderivative of a function defi ned by geometric shapes 

rather than by an algebraic expression. You can use it to plot approximate 

derivatives of piecewise defi ned functions. 

Tool: Anti-Segment3 
Given: Points A, B, and C 

Result: A segment (and its endpoints) through the point �xA, yB� with 

slope yA, tangent to an antiderivative of the function 

You can build this tool 
on page “ExtraPage1” 
of StepTangent.gsp.

 1. Construct point A on the function. Measure its x-and y-coordinates.

 2. Construct an independent point B. Measure its y-coordinate. 

 3. Plot the point �xA, yB�. 

 4. Defi ne the function for the tangent line for the antiderivative through 

the point �xA, yB�: yB � yA(x � xA). Label the function T, and check 

Use label in custom tools. 

 5. To construct a small tangent segment, construct a second point, C, 

anywhere on the semicircle. Measure the x-coordinate of this point and 

calculate T �xC�. 

 6. Plot the point �xC , T �xC��. Label this point B (you will have two points 

labeled B). Uncheck Show label, and check Use label in custom tools. 
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Step to the Antiderivative ACTIVITY NOTES
continued

 7. Construct the segment between �xA, yB� and �xC , T �xC�. 

 8. Select points A, C, B, both plotted points, and the segment. 

Choose Create New Tool from the Custom Tools menu. Name it 

Anti-Segment3. Check Show Script View. 

 9. In the tool’s Script View, double-click Given point B and check 

Automatically match sketch object.

This tool can now be used to construct an antiderivative of this and any 

other function with just the function’s plot and a starting initial point for 

the antiderivative. Unlike the tool Anti-Segment2, this tool will string 

the antiderivative construction itself by using the right endpoint of the 

previously constructed segment, but only if the very fi rst initial point B’s 

label is hidden. 

To use the tool, go to page “ExtraPage2”. There is a point in the plane that 

determines the initial y-value for the antiderivative. It is labeled B but 

that label is hidden—and must stay hidden for the tool to work. Choose 

Anti-Segment3 from the Custom Tools menu. Construct two points on the 

fi rst line segment. A segment with a slope equal to the y-value of the fi rst 

point is created at the point �xA, yB�. The spacing between the two points on 

the function plot determines the segment’s length. 

So that your constructed antiderivative is all one piece, match the fi rst point 

with the last constructed point.
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The fact that the tangent line to a function at a 

given point is a close approximation of the 

function near that point is a very useful thing. 

In the activity Following Tangent Lines, you use 

tangent lines to determine the shape of the plot 

of f (x) given a plot of its derivative, f ′(x). In this 

activity you’ll use tangent lines to construct tools 

that will create dynamic approximations of the 

antiderivative, rather than traces. In the process, 

you’ll look rather closely at the construction of the approximate antiderivative so 

that you can train yourself in plotting antiderivatives by hand.

SKETCH AND INVESTIGATE

 1. Open the document StepTangent.gsp. On page 1 you will fi nd a function plot 

f (x), a few sliders, and an independent point R. Suppose that the function f (x) 

is the derivative of some unknown function F, so F ′(x) � f (x). 

Refer to the activity 
Following Tangent 
Lines for more 
in-depth explanations.

 2. You will also fi nd line T(x) through point R. This line has a slope equal to 

F ′�xR�, or f �xR�—so T(x) � yR � f �xR��x � xR�—and point Q with coordinates 

�xR � h, T �xR � h��.

 Q1 Verify that the line T(x) does have slope F  ′�xR�, or f �xR�, using the appropriate 

measurements from the plots and point R. Check that your verifi cation holds 

even if you move point R.

For points near x � xR, this line gives a very close approximation of the plot of F(x), 

and in the activity Following Tangent Lines, you approximate F(x) by tracing point 

R as it follows point Q. In this activity, you’ll construct a tool that creates a tiny 

segment of that line so you can build an approximate plot of F(x), one segment at a 

time, simulating how you might sketch an antiderivative with paper and pencil.

 3. Construct a segment from point R to point Q by 

selecting point R and point Q and choosing Segment 
from the Construct menu.

To hide point Q’s label, 
click point Q with the 
Text tool.

 4. Select line T(x) and choose Display⎮Hide Line. Hide 

point Q’s label.

 5. To create the new tool, select the givens: point R, 

measurement h, and the expression for f (x). Then 

select the results: point Q and the segment RQ. 

4
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y=f(x)

QR

To trace the location 
of point R as it follows 
point Q, you can press 
the Move R→Q button.
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Step to the Antiderivative
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Choose Create New Tool from the Custom Tools menu and name this tool 

Antiderivative Segment. Check Show Script View and click OK.

 6. In the tool’s Script View, double-click given Measurement h and check 

Automatically match sketch object. Click OK. Do this again for given 

Function f.

 7. Choose Antiderivative Segment from the Custom Tools 

menu. Click point Q. 

When you clicked point Q with the tool, you made a new 

segment that starts at point Q and has a slope equal to F ′�xQ�, 
or f �xQ�. By repeating this process, using each new point to 

make a new segment, you can build an approximation for F(x) 

one step at a time. 

 Q2 Suppose you had been doing this with paper and pencil, starting with point Q, 

and you wanted to draw the segment constructed in step 7. What tells you the 

slope of your segment? How could you have predicted, in the fi gure above, that 

the second segment would have been angled as it is shown?

 Q3 For your function, predict what the third segment will look like and draw a 

sketch of it in the margin. Then check your answer by using the tool to create 

the third segment.

 8. Adjust the slider for h so that h � 0.25. Then create 

at least ten more segments by clicking the endpoint 

of the previous segment with the Antiderivative 
Segment tool. 

  Q4 Suppose you had been doing this with paper and pencil. 

How could you have predicted when a segment would 

have a positive slope? A negative slope? A slope of 0?

 Q5 How do you know when to make a segment whose slope is greater than the 

previous segment? Less than the previous segment?

 9. Go to page 2 of the document, and either print the page or make a rough 

sketch of the function on your own paper. Starting from point A, sketch the 

antiderivative of the function shown, either smoothly or as a series of segments. 

 10. Adjust the slider so that h � 0.25. Choose the Antiderivative Segment tool 

and construct enough segments, starting at point A, to cover the interval �xA, 2�. 
Compare this with the sketch you made by hand.

5

y=f(x)QR

5
y=f(x)

QR

After you’re done, 
Function f and 
Measurement h will be 
assumed as shown. 
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Step to the Antiderivative
continued

 11. To compare your approximation with a very good approximation of the 

antiderivative, press the Show RQ button. Press the Move R→A button 

and then press the Move R→Q button.

 Q6 How close was your hand-drawn sketch for the approximation of F(x)? How 

close was your approximation using the tool?

 Q7 Adjust the slider for h so that h � 0.1. Describe what happens to the 

approximation you constructed with the tool and its accuracy. Explain 

why this happens.

 12. Adjust the slider for h so that h � 0.25 again. Select 

point A and drag point A up or down to a new 

location with the same x-coordinate. Press the 

Move R→A button and then the Move R→Q 

button to make a new trace at this new location.

 Q8 What is the relationship between the new trace and 

the previous trace? Use your knowledge of derivatives 

to explain this relationship.

You can also use 
point R and the 
Move buttons to 
make a trace.

 13. On printed copies for each of pages 3–6, sketch by hand 

the antiderivatives of the given function plots. Then, go to the sketch and use 

the tool to construct an approximation.

 Q9 On page 6, the y-scale is not shown. Why is it still possible to sketch an 

approximate plot of the antiderivative of this function?

Use your work from pages 2–6 to answer the following questions.

 Q10 When f (x) is positive, what can you say about your antiderivative 

approximation? What can you say when f (x) is negative? 

 Q11 When f (x) is increasing, what can you say about your antiderivative 

approximation? What can you say when f (x) is decreasing?

 Q12 Where f (x) changes from positive to 0 to negative, what can you say about your 

antiderivative approximation? What can you say about where f (x) changes from 

negative to 0 to positive?

EXPLORE MORE

When you constructed the tool on page 1 of this document, you selected the 

expression for f (x) as one of the givens. So, if all you have is the plot of f (x), 

this tool won’t work. We need a different tool for that case.

4

2

A

R

Point Q’s label is not 
showing because 
point Q is very close 
to point R.

You can also move 
point A up or down 
by pressing the Up or 
Down Arrow keys.
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Step to the Antiderivative
continued

 1. Go to page 7 of the document. On this page, segments and a semicircle defi ne 

f (x). Try using your tool here. What happens?

 Q1 When you sketch an antiderivative by hand, you don’t really need the expression 

of f (x)—just the y-value. Sketch a graph of an antiderivative of the function 

f (x) shown on page 7. 

 Q2 What happens at the points where x � �2, 2, 4, or 6?

In the steps below, you will make a new tool that addresses this case. 

The point should 
be labeled A 
automatically. If not, 
use your Text tool to 
label this point A.

 2. With the Point tool, construct a point on the semicircle. Measure the 

y-coordinate of this point by choosing Measure⎮Ordinate (y). Since we lack 

an expression for f (x),we can use this value, yA, for the slope of the segment 

used in this tool.

 3. Select the point again and measure its x-coordinate by choosing 

Measure⎮Abscissa (x). 

 4. With the Point tool, create an independent point, R, in the plane. Measure its 

x- and y-coordinates as you did above. 

Compare this with 
the defi nition used in 
step 2 of Sketch and 
Investigate.

 5. This time, defi ne the tangent line function by choosing Graph⎮New Function 
and entering yR � yA�x � xR�. Label this function T(x).

 6. On a small interval, this linear function T(x) will approximate the plot of 

the antiderivative. To defi ne the length of this interval, create a second point 

anywhere on the semicircle. Measure the x-coordinate of this point, labeled C, 

and calculate xC � xA. Label this calculation h.

 7. Choose Number⎮Calculate and create the expression xR � h. Then, calculate 

T �xR � h�. Select xR � h and T  �xR � h� and choose Graph⎮Plot as (x, y). With 

the new point still selected, select point R and choose Construct⎮Segment.

 8. Select points A, C, R, the new point constructed in step 7 (in that order), 

and the segment. Choose Create New Tool from the Custom Tools menu. 

Name it Anti-Segment2.

Your tool can now be used to construct an antiderivative of this and any other 

function with just the function’s plot. 

 9. To use the tool, go to page 8. Choose Anti-Segment2 

from the Custom Tools menu. Construct two points 

on the fi rst line segment of the function plot and 

then construct a third point directly below your fi rst 

constructed point, as shown.

-4 -2

3rd point

1st point 2nd point

In place of the 
measurement h used 
earlier.



150 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Step to the Antiderivative
continued

A segment with a slope equal to the y-value of the fi rst 

point is created. The spacing between the two points 

on the function plot determines the segment’s length.

 10. Before you create more of the approximation of the 

antiderivative, make sure your fi rst and third points have the same x-coordinate. 

 Q3 Why is it necessary that their x-coordinates are the same? Why did you not need 

to worry about this with the previous tool? 

Make sure that your 
fi rst two points are 
always on the function 
plot.

 11. Use your tool to construct the antiderivative. So that your constructed 

antiderivative is all one piece, match your fi rst and third points with the 

endpoints of the previous segment as shown above.

 Q4 How close was your original sketch in Q1 to your constructed antiderivative?

-4 -2

3rd point

1st point 2nd point



Exploring Calculus with The Geometer’s Sketchpad 
  

151
© 2012 Key Curriculum Press

Plotting the Antiderivative ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, the function f determines the slope of the tangent line through the 

point R, so the coordinates of point Q will be �xR � h, yR � f  �xR� � h�. In 

Q2, the antiderivative is a vertical transformation of the negative cosine 

function. Have students plot a cosine function that passes through the 

point (�2, 1) and see how it compares with this approximation.

In Q3, the coordinates after 40 iterations with step size 0.1 are (2, 0.90907). 

In Q4, the coordinates after 80 iterations with step size 0.05 are (2, 0.95454). 

As you increase the number of iterations, the y-value of the terminal point 

will approach 1 (as long as you increase the number of iterations so that the 

approximation reaches x � 2). By using the initial conditions, and knowing 

that the antiderivative of sin(x) is �cos(x) � C, you can show that the 

iterations approximate the function F(x) � �cos(x) � 1 � cos(�2). In Q5, 
using a larger number of iterations will make the iterated image of discrete 

points appear more like a smooth plot.

In Q6, Euler’s method with 80 iterations gives F(2) � 3.06429. In Q7, the 

approximation is a vertical translation of a cubic function. If students have 

learned expressions for derivatives, they may determine that the function 

being approximated is (1/3)x  3 � C.

EXPLORATION 1
The antiderivatives for each page are: 

 3. F(x) � 0.5x 2 � bx � c 

 4. F(x) � x 3 � x 2 � x � c

 5. F(x) � �cos(x) � 0.25x 2 � c

 6. F(x) � ln� x �	2x � c 

 7. F(x) � ln� x � � c

In Q1, the approximation is 1.46172. To reach x � 5, a total of 299 iterations 

are needed, because the fi rst point plotted counts as the fi rst iteration.



152 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Plotting the Antiderivative ACTIVITY NOTES
continued

EXPLORATION 2 
In Q1, the approximation of the antiderivative of f(x) � sin(x) � c closely 

approximates a line as c is increased or decreased. If c is adjusted so that 

f is always positive, then the approximation increases on all intervals. A 

similar result holds if c is adjusted so that f is always negative. Wherever 

f is negative, the approximation decreases; wherever it is positive, the 

approximation increases. In Q2, the antiderivatives of f(x) and f(x) � c 

differ by the addition of a linear term, cx. In other words, if g(x) � f(x) � c 

and F(x) � C1 is the antiderivative of f(x), then the antiderivative of g(x) is 

G(x) � F(x) � cx � C2, where C1 and C2 are arbitrary constants. 

In Q3, the antiderivatives of horizontally translated functions are not 

usually horizontal translations of each other; the initial conditions matter. 

Symbolically, if g(x) � f(x � c) and F(x) � C1 is the antiderivative of f(x), 

then the antiderivative of g(x) is G(x) � F(x � c) � C2, where C1 and C2 are 

arbitrary constants. So G is a horizontal and vertical translation of F. 

In Q4, the antiderivatives of vertically compressed or stretched functions 

will not be vertically compressed or stretched transformations of each 

other, unless the initial condition is (0, 0). For other initial conditions, the 

antiderivative of cf(x) will be G(x) � cF(x) � C2, where F(x) � C1 is the 

antiderivative of f(x).

In Q5, when you horizontally compress the function f, its antiderivative 

will be horizontally and vertically compressed by the same factor. In other 

words, if g(x) � f(c � x) and F(x) � C1 is the antiderivative of f(x), then the 

antiderivative of g(x) is G(x) � (1/c) � F(c � x) � C2, where C1 and C2 are 

arbitrary constants.
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Plotting the Antiderivative

The process of constructing an approximate 

antiderivative, one linear step at a time, is called 

Euler’s method. In the Step to the Antiderivative 

activity, it is very useful to sketch antiderivatives, 

given the function’s plot. In this activity you will 

work with this process again—but this time with two 

different goals in mind. You will use Euler’s method 

numerically to approximate the value of an 

antiderivative at any particular value of x and 

graphically to get an idea of the antiderivative 

expression.

SKETCH AND INVESTIGATE

 1. Open the document Antiderivatives.gsp. On page 1 of this document you will 

fi nd a function f (x), its plot, a fi xed point R, and a parameter h. Here f (x) is the 

derivative of some unknown function F, so F  ′(x) � f (x). 

 Q1 Suppose you are given initial values x
R
 and y

R
 of a point 

on F(x). Using f �xR� as the slope of the plot of F(x) at 

point R, what is an approximate value of F(x) at x
R
 � h, 

shown in the fi gure as point Q?

Euler’s method is an iterative algorithm: start with an 

x- and y-coordinate, perform the algorithm, and then repeat on the 

new coordinates. In Sketchpad, you can watch this process using 

the Iterate command.

 2. Here, point R has coordinates determined by the parameters x
R
 and y

R
. Select 

the measurements x
R
 and y

R
, and then choose Iterate from the Transform menu. 

Click x
R
 � h and then y

R 
� f �xR� � h to match the pre-images to their fi rst 

images. Uncheck Tabulate Iterated Values in the Structure pop-up menu. 

Press the Iterate button.

 3. The fi rst three iterations of Euler’s method will appear in your sketch. With 

the iterated image selected, choose Properties from the Edit menu. Change 

the number of iterations to 100 on the Iteration panel.

 Q2 Using just the iterated plot given by Euler’s method in step 3, can you predict 

what the antiderivative might be?

Next, we’ll use Euler’s method to go step by step to approximate F(2) given that 

f (x) � sin(x) and we start at (�2, 1).

1

-1

5Q

R

h

slopeRQ = f(x[R])

yR = 0.34004
xR = -1.22384

Q

R

You can select the 
iterated image by 
clicking any of the 
three image points 
with the Arrow tool.

You can check your 
answer by plotting 
your prediction as a 
new function.
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Plotting the Antiderivative
continued

This requires us to fi gure out how many steps there are of size h from the initial 

point to the terminal point. In this example, if the initial point has x
R
 � –2, fi nal 

point at x � 2, with step size 0.1, then (2 � (�2))/0.1 � 40, so we need 

40 iterations.

 4. Select the iterated image by clicking any of the points in the image; then choose 

Properties from the Edit menu and change the number of iterations to 40 on 

the Iteration panel.

 5. To construct the terminal point, choose Terminal 
Point from the Transform menu with the iterated 

image selected.

 6. With the terminal point still selected, measure its 

coordinates by choosing Measure⎮Coordinates.

 Q3 Is the terminal x-value after 40 steps of size 0.1 indeed 2? If so, what is the 

approximate value for F(2) using Euler’s method with a step size of 0.1?

 Q4 What is the approximate value for F(2) using Euler’s method with a step size of 

0.05? (Change parameter h and the number of iterations.)

 Q5 Describe how the iterated image changed with this new step size.

You might already know the antiderivative of sin(x), so you could calculate F(2) 

directly (always remembering the initial conditions), but in many cases it is not 

possible to fi nd an expression for the antiderivative of a function, so your only 

option is Euler’s method. Here’s an example.

 7. Double-click the expression for f (x) and 

change it to f(x) = sin(sqrt(abs(x))).

 Q6 Now, you can’t fi nd an expression for F(x), but, using 

Euler’s method with a step size of 0.05, what is the 

approximate value for F(2), if F(�2) � 0?

You can use this method with any function, whether it 

has an explicit antiderivative or not. For the ones that do, 

sometimes it takes a lot of practice to antidifferentiate 

correctly. Here, Euler’s method can give you a rough plot to start with.

 8. Go to page 2 of the document. Here we have the same situation as on page 1, 

except that here point R is independent or free to move. 

 9. Select the measurements x
R
 � h and y

R
 � f �xR� � h in that order and choose 

Plot as (x, y) from the Graph menu. Label this point Q. With this new point, 

you can repeat Euler’s method. 

R

2

R

You can select an 
iterated image by 
clicking any of the 
image points with the 
Arrow tool.

To change a 
parameter’s value, 
double-click it with the 
Arrow tool and enter a 
new value.

You will need to 
change the value of 
the parameter yR here.
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Plotting the Antiderivative
continued

 10. Select point R, and choose Iterate from the Transform 

menu. Click point Q to match the pre-image (point R) 

with the fi rst image (point Q). Uncheck Tabulate Iterated 
Values in the Structure pop-up menu. Click the Iterate 

button, and three iterations will be constructed.

 11. With the new iterated image selected, choose Edit⎮
Properties. Change the number of iterations to 200 on 

the Iteration panel. 

 12. Use the slider to adjust the value of h to approximately 0.02.

 Q7 Do you recognize this plot? Can you guess its equation? 

EXPLORATION 1

On pages 3–7 of the sketch there are various functions and their plots. For each one, 

an iterated image using Euler’s method with step size h has already been constructed. 

 1. For each function f (x), use the iterated image to predict the expression for the 

antiderivative. Write your prediction on a separate sheet of paper.

 2. Test your prediction by choosing Plot New Function from the Graph menu and 

entering your expression. If you need some constants, press the Show Sliders 

button and use the sliders provided to build the expression. 

 3. If your prediction is not correct, compare the plot of your guess and the iterated 

image for hints as to how you should edit your function.

 4. As you saw in step 7, there are functions for which it is not possible to fi nd an 

antiderivative expression using elementary functions. Examine the function f on 

page 8. Iterate point R as you did before, and examine the image created.

 Q1 Sketch your iterated image of the antiderivative 

that you constructed in step 4 on your paper. 

What is the approximate value for F(5) using 

Euler’s method with a step size of 0.05, if 

F(�10) � �1.75?

EXPLORATION 2

You have seen that when a function is translated vertically, its derivative is 

unchanged. Is its antiderivative unchanged as well?

 1. Go to page 9 of the document. On this page, f (x) � sin(x) � c.

6

4

2

-2

Q

R

1

f(x) = 
sin(x)

x

Make sure point Q is 
not selected as well by 
clicking in an empty 
spot with your 
Arrow tool.

You can enter your 
guess using the Graph 
menu and then see 
how well it matches 
the iterated image.
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 Q1 Adjust the slider for c. What happens to the antiderivative approximation, or the 

iterated image, when you translate the plot of f (x) vertically upward? Vertically 

downward? Why does this happen?

 Q2 In general, how will the antiderivative of f (x) differ from the antiderivative of 

f (x) � c ?

The sine function, its plot, and its antiderivative approximation are also useful for 

looking at other transformations.

 2. Go to page 10 of the document. Here you’ll 

fi nd the function f (x) � sin(x), a transformation 

of f (x) labeled g(x), a couple of sliders, and the 

antiderivative approximations for each function 

constructed as before.

 3. Adjust the slider for c and investigate 

how changing the value of c affects the 

approximated antiderivative plot of the 

function g(x), or f (x � c).

 Q3 Are the antiderivatives of f (x) and f (x � c) horizontal translations of each other 

for all initial conditions? If not, can you adjust the initial conditions so that this 

is the case? Or is there some other relationship between the antiderivatives? If 

so, what is it?

 4. Edit the function g so that g(x) � c � f (x). Investigate the relationships as you 

did in step 3.

 Q4 Are the antiderivatives of f (x) and c � f (x) vertical stretches of each other for all 

initial conditions? If not, can you adjust the initial conditions so that this is the 

case? Or is there some other relationship between the antiderivatives? If so, what 

is it?

 5. Edit the function g so that g(x) � f (c � x). 

Investigate the relationships as you did in 

step 3.

 Q5 Are the antiderivatives of f (x) and f (c � x) 

horizontal compressions of stretches of each 

other for all initial conditions? If not, can 

you adjust the initial conditions so that this is 

the case? Or is there some other relationship 

between the antiderivatives? If so, what is it?

2

2
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A Field of Slopes  ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1 and Q2, the trace of the segment will be close to horizontal when the 

y-value of f  is closest to 0 or where f  has a root. The trace of the segment 

will be closest to vertical where f  has a maximum or minimum. You can find 

the exact slope of any segment by finding the y-value of the function at that  

x-value in the slope field. Where the differential equation is strictly a 

function of x, all the segments in a column will have the same slope. In Q3, 
since the slope field pictured consists of positive segments with identical 

slopes, f (x) must be constant, and in this case, positive.

Segment RQ is constructed to have a slope equal to f xR ; you can follow 

this segment to reveal the graph of F, a particular solution to the differential 

equation. This will give you a sense of how to sketch a solution curve with 

paper and pencil.

In Q4, you can substitute the values of 9 and 7 into the function  

F(x) cos(x)  C, to arrive at the equation F(x)  cos(x)  7  cos( 9). 

In Q5, any other initial point will produce a vertical translation of the 

function F(x)  cos(x)  C.

In Q6 through Q8, the segments in the slope field will have positive slopes 

where x  0, and negative slopes where x  0. At any value of x, the slope 

of the segments in the field will be x, so the slopes of the segments will 

increase as you move away from 0 in the positive direction, and decrease as 

you move away in the negative direction. Because f (x)  x, the slope field 

will define the set of parabolas {y  1/2x 2  C | C is any real number}. (If 

your students don’t have access to a printer, make copies of the Q7 and Q10 

diagrams at the end of these Activity Notes.)

In Q9 Q12, the slope field has segments with a slope close to 0 near the 

x-axis, with positive and increasing slopes as you move up in the coordinate 

plane and negative and decreasing slopes as you move down. The particular 

solutions are exponential functions. The actual equation for the solutions 

is y  e x C, or Ae x, because y   Ae x  y. Or in words, the slope of this 

function is equal to the y-value of the function at any point. y  0 is also a 

solution, which the slope field suggests. 
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A Field of Slopes ACTIVITY NOTES
continued

EXPLORE MORE
The slope fi eld for dy/dx � 0.5y is similar to the one for dy/dx � y, in that 

all the segments on any horizontal line are the same. On each horizontal 

line, however, the slopes are only half what they were for dy/dx � y. The 

solution to the differential equation dy/dx � ky is y � Ce kx, which you 

can show by taking the derivative of this function. The derivative of y is 

Cke kx � k �Ce kx� � ky. The function y � 0 is also a solution, as before.

The slope fi eld for dy/dx � y � 2 is similar to the one for on dy/dx � y, in 

that all the segments on any horizontal line are the same. The entire fi eld will 

be shifted vertically by 2. This suggests that the solution to the differential 

equation is y � Ae x � 2, which you can confi rm by taking the derivative. We 

have y ′ � Ae x � 0 � Ae x and y � 2 � �Ae x � 2� � 2 � Ae x. So y ′ � y � 2. 

The equation y � 2 is also a solution, as the slope fi eld suggests.

EXTENSION
You can also construct a slope fi eld on page 2 with an additional locus—

besides the locus of grid points. In this way, the slope fi eld will update when 

you edit the expression SlopeAtR. With point R merged to the locus of grid 

points, select point R and the segment and choose Construct 
 Locus. 

You may need to increase the number of samples in the locus to see the 

whole fi eld.

For any differential equation whose denominator never equals 0, you can 

split point R from the locus and press the Move R→Q button to create 

a trace of a particular solution. Note that the trace of the solution will only 

go in one direction, and will behave incorrectly if the slope fi eld has vertical 

segments. For a more fl exible slope fi eld and tracer, see the activity 

Stepping Through the Field.
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A Field of Slopes ACTIVITY NOTES
continued

     Q7      f (x) � x             Q10     dy /dx � y
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A Field of Slopes

Finding the antiderivative F(x) from the equation 

of f (x) where F ′(x) � f (x) is called solving a 

differential equation. As you have seen, a 

differential equation has many solutions, because 

if F(x) is an antiderivative of f (x), then so is 

F(x) � C for any constant C. So every differential 

equation actually describes a family of functions 

that are translations of each other. 

In this activity you will investigate slope fi elds, 

which are a method for visualizing the family of 

functions described by a differential equation, 

and apply a method for approximating a particular 

solution from the many possible solutions.

SKETCH AND INVESTIGATE

 1. Open the document Slopefi eld.gsp. On page 1 of this document you will fi nd a 

function f (x), its plot, an independent point R, and a slider.

 2. Because point R is independent, we can assume that it is on the antiderivative F. 

Measure the x- and y-coordinates of point R.

In other activities you learn that if F(x) is a solution to the differential equation 

F ′(x) � f (x) and F(x) contains point R, then at point R, the tangent line to F must 

have the equation y
R
 � f �xR��x � x

R� and near point R, the antiderivative F(x) must 

look like this tangent line.

 3. Calculate f �xR� by choosing Number⎮Calculate. Label this calculation SlopeAtR 

by double-clicking it with your Text tool.

 4. To plot the tangent line, choose Plot New Function from the Graph menu and 

enter the expression y
R 
� SlopeAtR ? �x � x

R�.

 5. Relabel this function T by double-clicking the equation with your Text tool.

The tangent line only approximates the plot of F(x) for a 

small interval around point R, so next you’ll create a short 

segment of a fi xed length around point R, with a slope 

equal to the slope of the tangent line by using the slider 

that adjusts the measurement s.

 6. Choose Number⎮Calculate and calculate x
R
 � s. 

Then calculate T �xR
 � s�.

Select point R; then 
choose Measure⎮
Abscissa (x). (Choose 
Ordinate (y) for the 
y-coordinate.)

Click the measurements 
to enter them into the 
Function editor.

Click the measurements 
to enter them into the 
calculator.
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A Field of Slopes
continued

 7. Select x
R
 � s and T �xR

 � s� in that order, and then choose Plot as (x, y) from the 

Graph menu. Label this point Q.

 8. Plot the point  �xR
 � s, y

R�. 

 9. Construct a circle with center R and radius s by selecting point R and the new 

point from step 8 and choosing Circle by Center�Point from the Construct 

menu.

 10. Select the tangent line and choose Display⎮Hide Function Plot. Then select 

points R and Q and choose Construct⎮Line.

 11. Construct both intersections of the circle and the line 

RQ by clicking on the intersections with your Arrow 

tool. Then construct a segment between these two 

intersections by clicking both points and choosing 

Construct⎮Segment.

 12. Hide the point �xR
 � s, y

R�, the circle, and both 

intersection points by selecting them all and choosing Display⎮Hide Objects.

 13. Adjust the slider for s to approximately 0.3.

The segment you’ve created centered at point R has slope F ′�xR� or f �xR� and a fi xed 

length. Now for the fun part! The segment at R shows you the slope at a single 

point. Dragging R shows the slope at every point of the drag. A slope fi eld diagram 

describes the slope at many points simultaneously, giving a “big picture” of the 

shape of all solutions to the differential equation.

 14. Select the segment and choose Display⎮Trace Segment. Make the segment 

thicker by choosing Display⎮Line Style⎮Thick. Using tracing here shows 

the segment’s slope at various positions of R simultaneously.

 15. Choose Snap Points from the Graph menu. 

Snap points causes dragged points to stick to 

the grid points of your coordinate system. 

 16. Drag point R. As you drag, the traced 

segment shows the local slope for each 

point on the grid. Try to drag R so that you 

fi ll in the entire grid.

 Q1 In your slope fi eld, where is the segment’s trace horizontal or closest to 

horizontal? Where is the trace closest to vertical?

Or, using the Circle 
tool, you can click 
point R, and then the 
new point.

You can also make a 
segment by selecting 
both points with the 
Segment tool. 
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A Field of Slopes
continued

 Q2 Explain your answer to the previous question algebraically in terms of your 

differential equation. Why is the line horizontal or near-vertical in the cases 

you found in Q1?

 Q3 Suppose you dragged point R around the 

plane and traced the slope fi eld in the picture 

on the right. What can you say about the 

differential equation?

Now, in order to fi nd a particular solution to a 

differential equation, you must have at least one 

point that lies on F(x)—called an initial point. 

Suppose, for example, that F(x) passes through the point (�9, 7). You can now trace 

an approximate particular solution by “following” the tangent line.

 17. Select point R, and then point Q, and choose Edit⎮Action Buttons⎮Movement. 
Click OK. This button will move point R toward point Q so that point R will 

follow the tangent line.

 18. Move point R to the point (�9, 7). Then press the Move R→Q button.

 Q4 Given that the antiderivative of sin(x) 

is �cos(x) � C, fi nd the actual equation of 

the function that you’ve approximated by 

this trace. Plot your answer to see how it 

compares with the approximation.

 Q5 Move point R to another location and press 

the Move R→Q button. Find the equation for this new trace as you did in Q4. 

Is this trace a vertical translation of your answer in Q4?

Looking at the traces of the approximate particular solutions, you can see that the 

segment traces that make up the slope fi eld suggest the slope or direction of all the 

possible solutions to a given differential equation. 

 Q6 Go to page 2 of the document. Here f (x) � x. Predict what the slope fi eld will 

look like for this differential equation, and then create the fi eld as you did in 

step 16 above. 

 Q7 Once you’ve diagrammed the slope fi eld for your differential equation, choose 

File⎮Print to print your sketch. Describe the shape and location of the patterns 

that occur in the slope fi eld.

 Q8 On your printout, use different colored pencils to trace out three particular 

solutions you see in your slope fi eld.

If point R moved off 
your screen, choose 
Edit⎮Undo Animate 
Point to bring it back 
to its starting point.

If you don’t have 
access to a printer, 
your teacher may 
provide you with the 
slope fi eld diagram.
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A Field of Slopes
continued

In the preceding questions, you could probably predict what the slope fi eld and 

the particular solution would look like from what you know about derivatives and 

antiderivatives. But slope fi elds can also be used for differential equations whose 

solutions aren’t so obvious. 

For instance, what function satisfi es the differential equation   
dy

 __ 
dx

   � y ? 

What does its slope fi eld look like? Here the slope of the solution at a point depends 

on y instead of x. In other words, at any point (x, y), the solution has a tangent 

line with slope equal to the y-coordinate of that point. So, for example, at the 

point (2, 3), the solution F(x) has a tangent line with slope 3. Is there a function 

with this property? You can use slope fi elds to fi nd out.

 19. Go to page 3 of the document. On this page you will fi nd a point R and a 

segment centered at R, as on page 1. Here, though, point R is constrained to 

move along the locus of grid points so that you can create a slope fi eld with 

more detail. 

 Q9 Use a piece of graph paper to sketch a slope fi eld for this differential equation. At 

each point R, �xR
, y

R�, draw a small segment whose slope is equal to the value of y
R
.

 20. To check your answer for Q9, select SlopeAtR and choose Edit⎮Edit 
Calculation. Then enter in the expression y

R
 for the new slope.

 21. To create the slope fi eld, move point R to every grid point. 

 Q10 Print your sketch by choosing File⎮Print. Describe the shape and location of 

the patterns that occur in the slope fi eld. 

 Q11 On your printout, use different colored pencils to trace out three different 

particular solutions you see in your slope fi eld. 

 22. To check your answer to Q11, press the Show Initial Pt button and move 

point Initial to any one of your initial conditions in Q11. 

 23. Select point R and choose Edit⎮Split Point from Locus and press the 

R→Initial Pt button. Now press the Move R→Q button.

 Q12 What function does your particular solution look like? 

Using your knowledge of derivatives, can you prove that 

it is this function?

The alternative symbol 
for derivative is used 
here because the 
differential equation 
is a function of both 
x and y.

If you don’t have 
access to a printer, 
your teacher may 
provide you with the 
slope fi eld diagram.

The grid spacing 
can be adjusted by 
pressing the Show 
Grid Controls button 
and then editing the 
parameter scale.



164 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

A Field of Slopes
continued

EXPLORE MORE

For each differential equation answer these questions. 

 A.   
dy

 ___ 
dx

   � 0.5 � x B.   
dy

 ___ 
dx

   � y � 2

 Q1 Describe how the slope fi eld is similar to and different from   
dy

 __ 
dx

   � y .

Select point R and any point in the grid, and then choose Edit⎮Merge Point to 
Locus. 

 Q2 Repeat steps 19–23 and answer Q9–12 for each equation. 
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Stepping Through the Field ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1 and Q2, the closer the point is to the lines y � x or y � �x, the closer 

the segment in slope fi eld will be to a slope of 1 or �1. Toward the x-axis, 

the segments will have more of a vertical slope, and toward the y-axis, more 

of a horizontal slope. In Q3, the solution curve has the shape of a hyperbola. 

In Q4, apply Euler’s method to the point (�4.8, 3.75) by substituting these 

coordinates into the expression yR � slope � h. This expression calculates the 

change in y from point R over a change in x of h for the given value of slope. 

The result is an approximation of the value of the solution at a point h from 

the initial point. The calculation is then 3.75 � (�4.8/3.75)(0.2) � 3.494. 

So the next approximated point is (�4.6, 3.494).

In Q5, the 12th iteration of Euler’s method will produce a point far from 

the previous points. This is due to the large slope value that the differential 

equation produces in the previous iteration. This happens because the value 

of yR at the 11th iteration is close to 0: yR � 0.08, and yR is the denominator 

of the differential equation. 

In Q6, the coordinates (�3, 0.643) represent the estimated point on the 

solution curve for the differential equation, or F (�3) � 0.643. In Q7, 
move point R to the point (1, 0.5) and set h to 0.1. From there, you will need 

20 iterations (counting point Q — so 19 on the iteration panel) to reach 

x � 3. Make sure that your direction control is set to the right. Otherwise, 

your approximation will yield a point on the x-axis, and in this case, an 

undefi ned slope. So here, F(3) � 2.8889.

EXPLORATION 1
The answers for Q1 are on the diagrams at the end of these Activity Notes. 

These plots can be copied for Q2 if students don’t have access to a printer. 

Particular solutions found in Q3 and descriptions in Q4 will vary. 

EXPLORATION 2
The differential equation �x 2 � 4�/(x � y) has value of 0/0 at the 

point (�2, 2). At any other point along the line x � �2, the slope fi eld is 

horizontal, and at points to the left and right, the fi eld is generally vertical; 

the segments near the point “lead” to the point (�2, 2). Note that at the 

point (2, �2), although the value of the differential equation is also 0/0, the 

nearby segments lead away from the point. 
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To avoid the problem of large jumps from one iterated point to another, 

the iterated image on page 6 of the document was created using a constant 

value for the length of each jump, rather than a constant value of h. 

EXTENSION
Find a text that discusses predator/prey population relationships. Such 

relationships are often modeled with differential equations. Use one of the 

pages of the document to visualize the relative populations of two species 

over time. 

Investigate the logistic curve and its applications. Use one of the pages of the 

document to model the situation. 

Stepping Through the Field ACTIVITY NOTES
continued
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Stepping Through the Field ACTIVITY NOTES
continued
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Stepping Through the Field ACTIVITY NOTES
continued
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Stepping Through the Field

In the activity A Field of Slopes, you are introduced to 

slope fi elds as a way to visualize the family of solutions 

to a differential equation. You can see that slope fi elds 

can be used as a map—pick a starting point and follow 

the direction of the segments through the fi eld. 

Slope fi elds point the way along solution curves by 

showing the slope of the tangent to the solution curve. 

In this activity you will see how Euler’s method tells you how to move through a 

slope fi eld numerically, step by step. You will also explore a wider variety of slope 

fi elds, use them as maps to draw possible solution curves, and apply Euler’s method 

to approximate a particular solution numerically.

SKETCH AND INVESTIGATE

To start the process, let’s examine the differential equation   
dy

 __ 
dx

   �   x _ 
y
  . What does its 

slope fi eld look like? Here the slope of the solution at a point depends on both 

x and y, or in other words, at any point (x , y), the solution has a tangent line with 

slope x/y. So, for example, at the point (2, 3), the solution F(x) has a tangent line 

with slope 2/3.

 Q1 Use a piece of graph paper to sketch a slope fi eld for this differential equation. 

At each point, �� x 
R
  ,  y 

R
 ���3 �  x 

R
  � 3, �3 �  y 

R
  � 3�, draw a small segment with 

slope  x 
R
 
 
/ y 

R
 .

 1. Open the document Euler.gsp to check your answer. On page 1 of this 

document there is a grid of points. Point R is on the grid, and the segment 

centered at point R has been constructed so that its slope is equal to x
R
/y

R
.

 2. Check your slope fi eld by dragging 

point R around the grid—make sure 

you have a trace at all the grid points.

 Q2 Choose File⎮Print to print your sketch. 

Describe the shape and location of the 

patterns that occur in the slope fi eld. 

 Q3 On your printout, use different colored 

pencils to trace out three different particular 

solutions in your slope fi eld.

 3. To test one of your particular solutions, press the Show Initial Pt button and 

move point Initial to one of your initial points in Q3. 

4

2

R

2

-2

R

The grid is really a 
locus of grid points, 
and point R is on the 
locus.

If you don’t have 
access to a printer, 
your teacher may 
provide you with the 
slope fi eld diagram.
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Stepping Through the Field
continued

 4. Select point R and choose Edit⎮Split Point from 
Locus. Press the R→Initial Pt button and then the 

Show Point Q button.

 5. Now, press the Move R→Q button. Observe how 

point R follows the direction suggested by the 

segments and the slope fi eld. 

In the activity Plotting the Antiderivative, you can see that Euler’s method is an 

iterative algorithm with these steps: 

 i. Start with an initial point or condition or �xR
, y

R�.

 ii. Calculate the slope at that point using the given equation—in this case, x
R
/y

R
.

 iii. For the given value of h, calculate the change in y using this slope—specifi cally, 

slope � h. Add this calculation to y
R
 to get a new point, �xR

 � h, y
R
 � slope � h�.

 iv. Repeat this process with the new point.

Now, let’s apply Euler’s method using (�5, 4) as the initial point.

 6. Select point Initial and any grid point to select the locus of grid points. Choose 

Edit⎮Merge Point to Locus. Now move point Initial to the point (�5, 4). Press 

the R→Initial Pt button. The slope of the solution at this point is x
R
/y

R
, or �5/4. 

Because h is set at 0.2, the y-value of the fi rst approximation using Euler’s method 

will be y
R
 � slope � h � 4 � (�1.25)(0.2) � 3.75. So the fi rst approximated point 

will be �xR
� h, y

R
 � slope � h�, or (�4.8, 3.75).

 7. Point Q has been constructed using Euler’s method. Choose Measure⎮
Coordinates to measure point Q’s coordinates. Do the coordinates agree with 

the calculations above?

 8. Press the Hide Segment button. To see Euler’s method repeated, select point R 

and then choose Iterate from the Transform menu. Click point Q to match the 

image point. Set the number of iterations to 1 by pressing the minus (�) key 

twice. Uncheck Tabulate Iterated Values in the Structure pop-up menu. Click 

Iterate.

 Q4 By hand, apply Euler’s method to the point (�4.8, 3.75). What is the next 

approximated point?

 9. To check your answer to Q4, select the iterated image by clicking the last created 

point, and choose Transform⎮Terminal Point. 

 10. With the terminal point selected, choose Measure⎮Coordinates to measure its 

coordinates. Do the coordinates agree with Q4?

2

Adjust the slider 
labeled Direction to 
move point R in the 
opposite direction. 

To remove clutter, you 
can hide point Initial ’s 
label by clicking it with 
the Text tool.

Check the status line 
to make sure that you 
have selected point R. 
If not, click point R 
again.

The choice, 
Terminal Point, will 
only show up if you 
have selected only the 
last created point.
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Stepping Through the Field
continued

 11. Click the iterated image and increase the number of iterations by pressing the 

plus (�) key. 

 Q5 What happens when you use Euler’s method with an h of 0.2 after a total of 12 

iterations (counting point Q as the fi rst iteration)? Explain why this happens.

 12. Select parameter h, choose Edit⎮Edit 
Parameter, and change its value to 0.1. 

Then, again select the iterated image, 

but this time, choose Edit⎮Properties. 

Change Number of Iterations to 19 on 

the Iteration panel. Click OK.

 Q6 Your terminal point has coordinates 

(�3, 0.643). What do these coordinates 

mean in relation to the differential equation?

 Q7 How could you use your sketch to approximate F(3) using Euler’s method with 

initial point (1, 0.5) and step size h � 0.1? Try it.

You can use this document to experiment with all sorts of different differential 

equations by following the steps below. 

 13. Go to page 2 to experiment with differential equations that have a variable in 

the denominator. Examine the equation    
dy

 __ 
dx

   �   
x

R 
� y

R
 _____ 

 y 2
R 

� 1
   by editing the calculation 

numerator to equal x
R
 � y

R
, and denominator to equal y 2

R
 � 1. (The calculation 

SlopeAtR will be updated automatically.) Move point R around the grid to create 

a trace of the slope fi eld.

 14. Go to page 3 to experiment with differential equations that do not have a 

variable in the denominator. Examine the equation dy/dx � �xR
 � y

R�/3 by 

editing the calculation SlopeAtR directly. Move point R around the grid to create 

a trace of the slope fi eld.

EXPLORATION 1

Pages 4 and 5 of the document have slope fi elds already constructed. These are 

hidden when you open the page so that you can trace the slope fi eld yourself as 

you did above. Pick a couple of the differential equations below and use pages 

4 and 5 to do the following steps. (Use page 4 to explore to explore differential 

equations with constant denominators and page 5 for differential equations with 

variable denominators.) 

4

2

-2

-5

Q

Initial
R

Make sure the status 
line says “Selected: 
1 iterated image”. 
Otherwise, click the 
point again.

When you click on the 
location of the terminal 
point, the iterated 
image will be selected 
fi rst.
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Stepping Through the Field
continued

 A. dy/dx � ay 2 B. dy/dx � ay 2/x

 C. dy/dx � a(y/x) D. dy/dx � 0.5x � y

 E. dy/dx � ax(1 � x) F. dy/dx � ax/by

 G. dy/dx � cx/(y 2 � x 2) H. dy/dx � cy/(y 2 � x 2)

 Q1 For each, fi rst predict what the slope fi eld will look like by evaluating the 

differential equation at a few different points (x, y).

 1. Then, edit the expression for the slope as described above in step 13 or 14 and 

make your slope fi eld. Press the Show Field button; then use the sliders to vary 

the values of the parameters in the differential equations and observe any 

changes in the slope fi eld.

 Q2 Print your sketch by choosing File⎮Print. 
Describe the shape and location 

of the patterns in the slope fi eld. 

 Q3 On your printout, use different colored 

pencils to trace out three different 

particular solutions in your slope fi eld. 

 2. Create a particular solution by using 

the Iterate command as described above 

in step 8.

 Q4 Describe how your particular solutions are similar and how they are different 

for different initial conditions.

EXPLORATION 2

In Q5 of the Sketch and Investigate section, 

you saw that Euler’s method can lead to 

poor approximations when vertical 

tangents are involved. Other methods for 

approximating solutions to differential 

equations are more precise.

 Q1 What is it in the differential equation 

on page 6 that causes the “whirlpool” 

effect in this solution curve?

2

-2

R

4

2

-2

R

If you don’t have 
access to a printer, 
your teacher may 
provide you with the 
slope fi eld diagrams.
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Building Area
Students use left rectangles and right rectangles to approximate the signed area between a 

function graph and the x-axis, and increase the accuracy by using more rectangles. They 

try a variety of functions and compare estimates from left rectangles, right rectangles, 

midpoint rectangles, and trapezoids.

The Trapezoid Tool
Students create a trapezoid tool, use it to approximate the signed area between a function 

graph and the x-axis, and find the percentage error. They improve the accuracy of the 

approximation by increasing the number of trapezoids.

Accumulating Area
Students translate between integral notation and statements about signed areas, and 

use area formulas for known geometric shapes to calculate some simple integrals. They 

investigate various properties of the integral by moving the starting and ending points and 

by changing the original function.

Area and Integrals
Students approximate the signed area between a function’s graph and the x-axis by 

constructing Riemann rectangles and finding lower and upper sums. By increasing the 

number and reducing the width of the rectangles, they discover that the sums converge to a 

limit. They then investigate various properties of integrals.
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The Area Function
Students use what they know about integrals to calculate the signed area between the 

graph of a given function and the x-axis from a fixed position on the x-axis to a variable 

position, and consider how the resulting area is a function of the x-value at the variable end 

of the interval. Students use a variety of given functions; for some they must use narrow 

rectangles to approximate the integral.

Plotting the Integral
Students define a integral function based on given function and an interval from a fixed 

endpoint (a) to a variable endpoint (x). They explore the behavior of this integral function 

for a variety of given functions, determining how the integral function depends on the 

value of a, investigating how it relates to the behavior of the given function, and predicting 

an explicit algebraic expression for the integral.

Getting Down to Fundamentals
Students explore the Fundamental Theorem of Calculus in three ways: they compare a 

function’s integral with its antiderivative; they find the derivative of a function’s integral 

and compare the result to the original function; and they develop an algebraic justification 

using the definition of the derivative and the area of a Riemann rectangle. In the Explore 

More section students construct the integral of the derivative of a given function and use 

the Mean Value Theorem to see why the result exactly matches the original function.
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Building Area  ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, when point N is on the left, the height of the rectangles is determined 

by the value of the function on the left side of each of the subdivisions from 

a to b. When point N is on the right, the right side of each subdivision 

is used instead. In Q2, as the value of n increases, the widths of the 

rectangles decrease and the error decreases. For the given function, the area 

approximation approaches a limit of 52 1/3.

In Q3, the area measurements can be negative since the value of the 

function can be negative. Multiplying the positive value of h by the negative 

value of f (x) results in a negative area calculation. The sum of the rectangles 

can be negative if the negative area calculations sum to more than the 

positive area calculations. In Q4, multiply the value of h by the height 

of each of the rectangles. The height of the rectangles is the value of the 

function at each of the left endpoints of the subdivisions. 

In Q5, as described above, the height of a left sum rectangle is determined 

by the value of the function on the left side of the subdivision on which 

it is constructed. The height of a right sum rectangle is determined by 

the value of the function on the right side of the subdivision. In Q6 

through Q9, whether the right sum or the left sum is an overestimate or an 

underestimate will depend on the function and the locations of points A 

and B.

EXPLORE MORE
In Q1 through Q5, the formula for the area of the trapezoids made with 

the tool is h � � f  �xL � � f  �xR ��/2, where xL and xR are the values of x on the 

left and right side of the subdivision on which the trapezoid is built. For the 

midpoint rectangles, the formula is h � f  ��xL � xR�/2�. Using 10 trapezoids, 

the percentage error is approximately 0.8%. The 10 midpoint rectangles will 

produce an error of only 0.4%. The 10 right rectangles will produce an error 

of 3.3%. In this case, the midpoint rectangles produce the least error. 

EXTENSION 
The tools used in this activity can be constructed using the following steps.

1. Follow steps 1–7 in the activity. Note that n could be a parameter rather 

than a value calculated using a slider. 
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Building Area ACTIVITY NOTES
continued

 2. Construct an independent point I and measure its x-coordinate.

 3. Add the measurement h to xI 
.

 4. Measure the y-coordinate of point I.

 5. Plot the point �xI � h, yI�. Do not label.

 6. Next, to make a left rectangle tool, plot the points �xI , f  �xI �� and 

�xI � h, f  �xI ��. To make a right rectangle tool, plot the points 

�xI, f  �xI � h�� and �xI � h, f  �xI � h��.

 7. In either case, select the four points that form the rectangle and 

construct the quadrilateral interior. You can also construct segments 

connecting the four points. (See the note below if you want your tool to 

measure area as well.)

 8. Select points I and �xI � h, yI�, the function f (not the plot), h, the 

quadrilateral interior, and the segments. Select Create New Tool from 

the Custom Tools menu. Give your tool a name.

To automatch f and h, open the Script View. Double-click Given function f 

and check Automatically match sketch object. Click OK and then do the 

same with Given measurement h.

Note: To have an area calculation also appear with the tool, calculate the area 

of the rectangle by multiplying the h measurement and the f (x) calculation 

that determines the height of the rectangle. Relabel this calculation area and 

select Use label in custom tools. Select this calculation in addition to the 

other objects when creating the tool. 

For other variations on area tools, see the activity The Trapezoid Tool.

TOOL TIPS
Here are the steps required to create the tools used in this activity’s 

document BuildArea.gsp. For a full explanation of custom tools, 

choose Help⏐Tools.

Tool: Left Rectangles 
Given: Point A, function f, and parameter h 

Result: A rectangle with width h and height f   �xA�. Point A is the lower-left 

vertex of the rectangle. A point at �xA � h, yA� is also constructed, allowing 

you to build another rectangle using that point as its lower-left vertex.
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Building Area ACTIVITY NOTES
continued

When you use the tool, put 
point A on the x-axis.

 1. Construct point A not on the x-axis, and measure its x- and 

y-coordinates. 

 2. Calculate xA � h and f  �xA�. 

 3. Plot the points �xA, f  �xA��, �xA � h, f  �xA��, and �xA � h, yA�. 

 4. Construct segments between point A and the three plotted points 

to form the rectangle. 

 5. Select point A and the three plotted points and choose 

Construct⏐Quadrilateral Interior. 

 6. Calculate the area of the rectangle: h � �f  �xA� � yA�. Label this 

measurement Area and check Use label in custom tools. 

 7. Select point A, function f, parameter h, the quadrilateral interior, 

the segments you constructed in step 4, the point �xA � h, yA�, and 

measurement Area. Choose Create New Tool from the Custom Tools 

menu.

 8. To automatch f and h, open the Script View. Double-click f and h, and 

check Automatically match sketch object. 

An alternative method for building this tool is described in the Extension 

section above. In that method, you create rectangles by matching a function, 

whereas in the steps above you create the rectangles by matching a point. 

Right Rectangles 
Given: Point A, function f, and parameter h

Result: A rectangle with width h and height f  �xA � h�. Point A is the 

lower-left vertex of the rectangle. A point at �xA � h, yA� is also constructed, 

allowing you to build another rectangle using that point as its lower-left 

vertex. 

When you use the tool, put 
point A on the x-axis.

 1. Construct point A not on the x-axis, and measure its x- and 

y-coordinates.

 2. Calculate xA � h and f �xA � h�. 

 3. Plot the points �xA, f �xA � h��, �xA � h, f  �xA � h��, and �xA � h, yA�. 

 4. Construct segments between point A and the three plotted points to 

form the rectangle. 
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Building Area ACTIVITY NOTES
continued

5. Select point A and the three plotted points, and choose 

Construct⏐Quadrilateral Interior. 

6. Calculate the area of the rectangle: h � �f  �xA � h� � yA�. Label this 

measurement Area, and check Use label in custom tools.

7. Select point A, function f, parameter h, the quadrilateral interior, 

the segments you constructed in step 4, the point �xA � h, yA�, and 

measurement Area. Choose Create New Tool from the Custom Tools 

menu. 

8. To automatch f and h, open the Script View. Double-click f and h, and 

check Automatically match sketch object. 

An alternative method for building this tool is described in the Extension 

section above. In that method, you create rectangles by matching a function, 

whereas in the steps above you create the rectangles by matching a point. 

Tool: Midpoint Rectangles 
Given: Point A, function f, and parameter h 

Result: A rectangle with width h and height f  �xA � h/2�. Point A is the 

lower-left vertex of the rectangle. A point at �xA � h, yA� is also constructed, 

allowing you to build another rectangle using that point as its lower-left 

vertex. 

When you use the tool, put 
point A on the x-axis.

 1. Construct point A and measure its x- and y-coordinates. 

2. Calculate xA � h/2 and f  �xA � h/2�. 

3. Plot the points �xA, f  �xA � h/2��, �xA � h, f  �xA � h/2��, and �xA � h, yA�. 

4. Construct segments between point A and the three plotted points to 

form the rectangle. 

5. Select point A and the three plotted points, and choose 

Construct⏐Quadrilateral Interior. 

6. Calculate the area of the rectangle: h � �f  �xA � h/2� � yA�. 
Label this measurement Area, and check Use label in custom tools. 

7. Select point A, function f, parameter h, the quadrilateral interior, 

the segments you constructed in step 4, the point �xA � h, yA�, and 

measurement Area. Choose Create New Tool from the Custom Tools 

menu. 
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Building Area ACTIVITY NOTES
continued

 8. To automatch f and h, open the Script View. Double-click f and h, and 

check Automatically match sketch object.

Tool: Trapezoids 
Given: Point A, function f, and parameter h 

Result: A trapezoid with width h and bases with length f  �xA� and f  �xA � h�. 
Point A is the lower-left vertex of the trapezoid. 

A point at �xA � h, yA� is also constructed, allowing you to build another 

trapezoid using that point as its lower-left vertex. 

When you use the tool, put 
point A on the x-axis.

 1. Construct point A and measure its x- and y-coordinates. 

 2. Calculate f  �xA�, xA� h, and f  �xA � h�. 

 3. Plot the points �xA, f  �xA � h��, �xA � h, f  �xA � h��, and �xA � h, yA�. 

 4. Construct segments between point A and the three plotted points to 

form the trapezoid. 

 5. Select point A and the three plotted points, and choose 

Construct⏐Quadrilateral Interior. 

 6. Calculate the area of the trapezoid: h/2 � � f  �xA � h� � f  �xA� � 2yA�. 
Label this measurement Area, and check Use label in custom tools. 

 7. Select point A, function f, parameter h, the quadrilateral interior, 

the segments you constructed in step 5, the point �xA � h, yA�, and 

measurement Area. Choose Create New Tool from the Custom Tools 

menu. 

 8. To automatch f and h, open the Script View. Double-click f and h, and 

check Automatically match sketch object.
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Building Area

Finding the area between the plot of a function and the 

x-axis has a surprising number of applications. You have 

seen that the area under a velocity curve is the object’s 

change in position, or the net distance traveled over the 

given time interval. 

In this activity you will fi nd the approximate area between 

a function plot and the x-axis using three different methods 

and tools.

SKETCH AND INVESTIGATE

 1. Open the document BuildArea.gsp. 

On page 1 of this document you will fi nd the plot of a function f (x), a slider that 

adjusts n, and an example of approximating the area between the plot of f (x) and 

the x-axis from x � 0 to x � 10 by using rectangles. 

 2. Experiment with the slider that adjusts n. Make sure to try moving point N left 

and right of the segment that marks n � 0.

 Q1 The rectangles are built differently, depending on whether point N is left or 

right of n � 0. Describe this difference. 

 Q2 Describe what happens to the rectangles, the area 

approximation, and the error as n increases.

Using rectangles may underestimate or overestimate 

the area, but the smaller the widths, the better the 

total sum of the rectangles’ area will approximate 

the actual area. In the steps here, you will build the 

rectangles yourself and fi nd the sum of their areas on 

your own.

 3. Go to page 2 of the document. Here 

f (x) � a(x � b)2 �c, where a � 0.5, b � 3, and c � 2.

 4. To make an interval on the x-axis, choose the Point tool and construct two points 

on the x-axis at approximately x � �0.5 and x � 5.5. Label these points A and B.

 5. Select both points and then measure their x-coordinates by choosing 

Measure⎮Abscissae (x). 

 6. Choose Number⎮Calculate and calculate the value x
B
 � x

A
. This will be the 

width of the interval over which you will construct rectangles.

6

4

2

A B

8

6

4

2

10

Here n represents the 
number of rectangles.

If a, b, or c is not as 
given in step 3, press 
the Set Quadratic 
button.

Click measurements 
to enter them into the 
calculator.
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Building Area
continued

 7. To divide the interval from point A to point B into n equal subdivisions, enter 

�xB
 � x

A�/n in the calculator. With the Text tool, label the result h. This will be 

the width of each of the n rectangles.

 8. Choose Left Rectangles from the Custom Tools menu. Then click point A.

The tool will create a rectangle with the function’s 

value on the left side of the subdivision as its height. 

The sum of the areas of a series of such rectangles is 

called a left sum.

 9. To make the next rectangle, click the new point on 

the x-axis (that was created in the last step) so that 

the two rectangles share the same base point, as 

shown at right. 

 10. Continue to make rectangles until you have covered the interval from point A to 

point B. When you are done, you should have n rectangles.

 11. Find the sum of the n area calculations by choosing Number⎮Calculate and 

then entering each Area
L
 measurement. Label this measurement LeftSum and 

save this calculation.

 12. The area calculated by the tool is the product of the width of the rectangle (h) 

and the height (the value of the function at the left endpoint of the subdivision). 

Adjust the slider for c to translate the function vertically. Watch the area 

calculations as you raise and lower the function, especially when the function 

takes on negative values.

 Q3 Why are some of your Area
L
 measurements 

now negative? What can you do to make the 

measurement LeftSum negative?

 Q4 Given the equation of the function and a 

calculator, how would you produce the area 

measurements yourself ?

Allowing negative areas (something you may never have considered before!) 

has both theoretical and practical uses, as you will see later on.

Next, you will create a right sum.

 13. Go to page 3 of the document. On this page you will fi nd the same function 

that was on page 2, points A and B, and the calculation h. Points A and B are 

approximately in the same positions on the x-axis as they were originally on page 2.

5

5

AreaL = 6.12239
AreaL = 12.46785

A B

5

5

LeftSum = 0.52936

AreaL = -1.40182

AreaL = -2.41184

AreaL = -1.65799

AreaL = 0.85972

AreaL = 5.14130

A

B

If needed, press 
the Reset button to 
reset the domain to 
[�0.5, 5.5].
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 14. Choose Right Rectangles from the Custom Tools menu. Then click point A.

 Q5 How is a right sum rectangle different from a left sum rectangle?

 15. Continue to make rectangles as you did above in step 10. Make sure your value 

for n is the same as it was on page 2.

 16. Find the sum of the n calculations of Area
R
. Label it RightSum and save this 

calculation as well.

 Q6 How does the right sum compare with the left sum? Is one an underestimate 

and the other an overestimate?

 17. Press the Show Area button to see both the exact 

region between the plot of f (x) and the x-axis and 

its exact area. 

 Q7 How does the right sum compare with the exact 

area? How does the left sum compare?

 Q8 Use the calculator to fi nd the percentage error for 

the right sum and write your result in the margin. 

You can modify the function by adjusting the sliders for a, b, or c, or changing the 

interval �xA
, x

B� by dragging point A or point B. Observe how the right sum and 

the exact area vary for different functions or on different intervals. Can you fi nd a 

function where the right sum is always an overestimate? An underestimate?

You can also increase the value of n, but you will have to add rectangles and 

recalculate the sum. As you saw in Q2, increasing the number of rectangles gives a 

more accurate estimate of the area. 

  18. Increase the number of subdivisions by adjusting the slider for n. Fill in the rest 

of the interval by adding the rectangles you need using the Right Rectangles 

tool. Find the new sum.

 Q9 How much did your percentage error drop?

EXPLORE MORE

As you may have noted, increasing the number of rectangles gives a more accurate 

estimate of the area. Another way to improve accuracy for your area estimate is by 

using trapezoids or midpoint sums. In the next steps, you will fi rst build trapezoids, 

and then another type of rectangle. 

 1. Go to page 4 of the document. Here, you will be estimating the area under the 

curve f (x) � 0.5(x � 3)2 � 2 on the interval [�0.5, 5.5] again.

5

5

RightSum = 24.91597
Exact Area = 22.18928

A B

Here, the values for 
the sliders should still 
be a � 0.5, b � 3, and 
c � 2. If not, press the 
Reset button.

You wrote down your 
left sum in step 11.

Remember that %Error 
� (RS � exact )/exact, 
where RS means 
RightSum and exact is 
the actual area.

To edit RightSum, 
double-click the 
calculation and add 
in the new AreaR 
measurements.

Check that this is 
indeed the function 
and domain. If not, 
press the Reset button.
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Building Area
continued

 2. Choose Trapezoids from the Custom Tools menu. Use this tool in the same way 

you used the other tools above to construct n trapezoids on the given interval 

and then calculate the approximate sum of the n trapezoids you constructed.

 Q1 Looking at one trapezoid, what is the formula for the area using h and the 

function’s values?

 Q2 You can see graphically that the trapezoid sum 

gives a more accurate estimate of the area. Press 

the Show Area button and calculate the percentage 

error using trapezoids. Save this answer.

 3. Press the Shift key, and then choose Undo All 
from the Edit menu. 

 4. Choose Midpoint Rectangles from the Custom 

Tools menu. Use this tool in the same way you used the other tools above to 

construct n rectangles on the given interval and then calculate the approximate 

sum of the n rectangles you constructed.

 Q3 Looking at one rectangle, what is the formula for the area using h and the 

function’s values?

 Q4 Visually, how does it compare with the trapezoid or other rectangle tools? 

Press the Show Area button and calculate the percentage error using this tool. 

Save this answer.

 Q5 Compare the various methods and the area approximations and percentage 

errors that you found back in Q8 and then in Q2 and Q4 above. If you had 

to make the tool, which would be the easiest to construct? Which is the most 

accurate? The least accurate?

5

5

%Error = 0.00828

A B

Make sure n is 
the same value you 
used back in steps 
11 and 16.
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SKETCH AND INVESTIGATE
In Q1, students should fi nd a total area of about 0.688 if they use the 

x-values of 0, 0.5, 1, 1.5, and 2. They will get various other answers for 

different x-values. The actual area, in Q2, is 2/3. The x-values that give the 

smallest percentage error are 0, 0.5, 1, 1.5, and 2—equally spaced points 

with interval width (2 � 0)/4, or 0.5. 

EXPLORATION 1
In Q1, students should fi nd a total area of about 2/3 but their result 

will depend on where they place their trapezoids. In Q2, to achieve the 

minimum percentage error, the points should be equally spaced starting 

at 0 with width (2 � 0)/8, or 0.25. 

EXPLORATION 2
In Q1, using the Trapezoid tool on a curve that goes below the x-axis will 

result in a negative area calculation, since the calculation is based upon the 

values of the function.

In Q2, using the tool on f at one point where f  is below the curve ( f � 0) and 

the other point where f  is above the curve ( f  � 0) results in a “trapezoid” 

that will appear as two triangles. You can confi rm that the sum of the area of 

these two triangles, one of which is a negative area and the other positive, is 

correctly calculated with the trapezoid formula.

Answers to Q3 may vary, but the total area should be �8.71681. If point B is 

placed precisely at x � �2, then the area will be �15 � 2�.

EXTENSION
Sometimes you may be interested in fi nding an approximation for the 

integral of a function that is not defi ned by an algebraic expression, but 

by a set of data points. In addition to calculating the approximation, it 

can be instructive to visualize the calculation by drawing the trapezoids or 

rectangles.

When a function is defi ned by a set of data points, the tool constructed 

in this activity cannot be used, as it requires selecting a function as one of 

the givens. Suppose, for instance, that you wanted to fi nd the trapezoidal 

The Trapezoid Tool ACTIVITY NOTES
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approximation for the integral of a function such as the one in the 

table below.

After plotting the points, you could create a new trapezoid tool in the 

following manner:

 1. Measure the y-coordinates of two of your data points, A and B.

 2. Measure the x-coordinates of points A and B, and then calculate 

xA � xA. Relabel this calculation zero.

 3. Plot (xA, zero) and (xB, zero). Construct the interior of the trapezoid 

formed by your four points. 

 4. Calculate the area of the trapezoid using the expression 0.5 � � yA � yB � � 

� xB � xA �. Relabel this calculation AreaT, and select the Show in Custom 
Tools box.

 5. To make the tool, choose the objects that are necessary to construct 

your fi nal goal and then the objects you want to end up with. So here, 

you need the points A and B, and then the region’s interior and the area 

measurement. (You may also want to select the points on the x-axis, but 

that is optional.)

 6. Choose Create New Tool from the Custom Tools menu and give it a name.

You can use this tool on any data points, and it will work just like the tool in 

the activity. You can also use it on a function plot; all you need to do is click 

two locations on the plot. 

You can also easily make a tool to create left or right sum rectangles as well. 

Use the method described above, but then construct a point at � xB , yA � 
for a left sum, or � xA, yB� for a right sum. Use your points to construct the 

interior of the rectangular region, and then compute the area � yA � � �xB � 

xA� for the left sum, or � yB� � � xB � xA� for the right sum. See the document 

TrapezoidTool Present.gsp for some completed examples.

t (sec)   0   5 10 15 20 25

v (t ) (ft /sec) 12 16 24 25 20 18

The Trapezoid Tool ACTIVITY NOTES
continued
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The Trapezoid Tool

Using trapezoids and rectangles to approximate the area under a curve is a relatively 

easy way to go. The hard part is really not hard, just time-consuming. Subdividing 

your region into smaller regions, and then constructing the trapezoids or rectangles 

for every single piece and measuring their areas—that can get tedious. In the activity 

Building Area, you have a tool that easily makes trapezoids and measures their area 

all at once. Building tools is what this activity is all about.

SKETCH AND INVESTIGATE

 1. Open the document TrapezoidTool.gsp. You will be looking at the region on 

the interval [0, 2].

 2. Using the Point tool, construct two points on the x-axis on the interval [0, 2]. 

Label the left point R and the right point Q.

 3. Measure their x-coordinates by selecting point R and point Q, and then 

choosing Abscissae (x) from the Measure menu.

Now you need the top of your trapezoid to be anchored on the function at f �xR� 
and f �xQ�.

 4. Calculate the function values f �xR� and f �xQ� by choosing Number⎮Calculate, 
and then click the expression for f and the measurement x

R
 to enter them into 

the calculator. Do the same for point Q.

 5. Select x
R
 and f �xR� in that order and 

choose Graph⎮Plot as (x, y). Plot the 

point �xQ
, f �xQ�� as well.

 6. Select the four points of the trapezoid and 

choose Construct⎮Quadrilateral Interior 
to construct the interior of the trapezoid.

Now you have the actual trapezoid, but you 

need an area measurement as well. The base is 

the distance between point R and point Q, x
Q
 � x

R
. The heights are the y-values, 

f �xR� and f �xQ�. 

 7. Calculate the trapezoid’s area by choosing Number⎮Calculate and entering 

0.5 � �xQ
 � x

R� � �f �xR� � f �xQ��. (Why does this formula work?)

 8. Label this measurement AreaT and check Use label in custom tools on the 

Label panel.

To make a tool, you need to choose the objects that are necessary to construct your 

fi nal goal and you need to select the objects you want to end up with.

1

0.5

1 2

D

A

O U R Q

If you want to, you 
can also construct the 
sides by choosing the 
Segment tool and then 
clicking the two points 
of each side.
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The Trapezoid Tool
continued

 9. Select the givens: point R, point Q, and the expression for f (x). Then select 

the results: the region’s interior, the points on the function, and measurement 

AreaT. Choose Create New Tool from the Custom Tools menu and name this 

tool Trapezoid. Check Show Script View and click OK.

 10. In the tool’s Script View, double-click given Function f and check Automatically 
match sketch object. Click OK. 

Now you have a trapezoid tool, so all you need to do to make a new trapezoid is 

choose your tool and make two points on the x-axis. Try it! When you’re done 

experimenting, undo all trapezoids except for your original one.

 11. Drag point R to the origin and point Q anywhere between 0 and 1. 

 12. Choose Trapezoid from the Custom Tools menu. Match point Q and click the 

axis to construct a new point anywhere on the x-axis to the right of point Q 

except the unit point—point U.

 13.  Continuing with your Trapezoid tool, match 

the new point you constructed in step 12, and 

construct a new point anywhere on the x-axis 

to the right of that point. (Make each new 

trapezoid a different color.)

 14. Do step 13 one more time, matching the 

previous point and then constructing a 

new point to the right of that, but this time, 

do not match point A. (You want the freedom to move 

your trapezoids, and point A, like point U, cannot move.)

 15. You now have four trapezoids linked together. Move the points on the x-axis so 

that these four trapezoids completely cover the interval [0, 2]. 

 16. Choose Calculate from the Number menu and sum all the trapezoid 

measurements, AreaT. Label this measurement Approximation.

 Q1 What is your approximation for the total area using four trapezoids?

 17. Press the Show Area Tools button, then the Reset P button, and then the 

Calculate Area button to calculate the actual area under the curve and to 

shade in that region.

 Q2 What is the actual area under the curve from x � 0 to x � 2? 

 18. Calculate your approximation percentage error.

         %Error �   
�Actual Area � Approximation�    _________________________  

 Actual Area
  

1

0.5

2

D

A

O UR Q

If you constructed the 
line segments in step 
6, select each of those 
as well.

After you’re done, 
function f will be 
assumed.  

Choose Edit⎮Undo 
Trapezoid until you are 
back to your original 
trapezoid.
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The Trapezoid Tool
continued

 Q3 Move the points on the x-axis to fi nd the four trapezoids that give the smallest 

percentage error. What x-values did you fi nd?

EXPLORATION 1

 1. Erase traces and slide your four trapezoids to the left so they are all inside the 

region from x � 0 to x � 1, and then use your Trapezoid tool to construct four 

more trapezoids, linking them as before.

 2. Once you have eight trapezoids, move 

them so that they cover the interval from 

x � 0 to x � 2.

 3. With the Arrow tool, double-click the 

measurement Approximation, and add the 

four new AreaT measurements. (So %Error 

will automatically update itself.)

 Q1 What is your approximation for the area using eight trapezoids?

 Q2 Move the points on the x-axis to fi nd the eight trapezoids that give the smallest 

percentage error. What x-values did you fi nd?

EXPLORATION 2

Go to page 2 and experiment with your Trapezoid tool on this page. In particular, 

try each of the following constructions.

 A. Construct at least one trapezoid in an interval where the function is below the 

x-axis during that whole interval.

 B. Construct at least one trapezoid with one point in a region where f is below the 

x-axis (f � 0) and the other 

point in a region where f is 

above the x-axis (f  � 0).

 Q1 What happens when you use 

your Trapezoid tool on a part 

of the curve that is entirely 

below the x-axis?

 Q2 What happens when you 

follow the instructions in B?

 Q3 Cover the region with trapezoids to get an approximation for the total area 

under the curve, and then compare it with the “real” area using the Area tools. 

What values did you get?

1

0.5

2

D

A

O UR Q

4

2

-2

-4

-5 5

y=f(x)

C

A

D

E

F

B

Check the status line 
to make sure that you 
have not selected point 
P. If you have, click the 
point again.
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Accumulating Area  ACTIVITY NOTES

SKETCH AND INVESTIGATE
In Q1, students should fi nd that the value of the integral is close to 6 � �. 

The difference lies in the exact locations of the points start and fi nish. You can 

create Movement buttons to move these points to the exact locations. If these 

points are moved in this fashion, the Calculate Area button will give you a

result of 9.14159. In Q2, the value of   ∫ �2  
4
     f (x)dx is 6 � 2�. In Q3, answers 

will vary. Using the Area tools will reveal that the value is the opposite of 

the previous answer, namely �6 � 2�. One way to motivate this property 

of integrals is to appeal to the way area was calculated in the activity The 

Trapezoid Tool. In Q4, the formula used to calculate the area introduces a 

negative sign when the “fi nish” point comes after the “start” point.

In Q5 through Q7, the integral consists of two triangles; they are congruent, 

so the integral will equal 0. In Q8, the value of  ∫ �6  
�3

    f (x) dx is �7.5.

In Q9, the notion of the area function is introduced, and the area from � 6 

to �6 is 0. In Q10, A(�3), which equals   ∫ �6  
�3

    f (x) dx, is �7.5, as above. 

In Q11 through Q14 the area trace decreases immediately because the value 

of the area is negative. An area of �8 will accumulate fi rst, so the area plot 

will not simply become positive at x � �2, but it will increase because the 

area between the function plot and the x-axis becomes positive at this point. 

At the places where the area trace crosses the x-axis, there is an accumulated 

area of 0—the integral from �6 to that point is 0. At the points where the 

function f crosses the x-axis, the area trace has a maximum or a minimum; 

it is at these locations that there is a change from adding positive area to 

adding negative, or vice versa.

Answers to Q15 may vary. Students may notice that when the original 

function is positive, the area function increases, and when it is negative, 

the area function decreases. They may also notice that when the original 

function is increasing, the area function is concave up, and when it is 

decreasing, the area function is concave down.
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Accumulating Area ACTIVITY NOTES
continued

EXPLORE MORE 
In Q1, the area function moves vertically as point start is moved. In Q2, the

 area plot will move up when the original function is positive, and down 

when the original function is negative.

Note that the area function does not change in any other way—if the 

original function is unchanged, the same areas are involved—but the 

starting point causes some of them to be counted as negative and some 

of  them positive. In Q3, in integral notation,   ∫ a  
x
    f (t) dt �  ∫ b  

x
    f (t) dt � C , 

where C is   ∫ a  
b
    f (t) dt.

In Q4, although the function itself may have a positive value, point I, which 

plots the area, may have a positive or negative value, depending on where 

the area accumulation began and the function’s values to the left of the 

current location of point I. 

EXTENSION
Students may be interested in how the Area tools in the sketch used in 

this activity compute the area and whether this area is “exact.” Here, the 

area calculation comes from the value of the antiderivative of the original 

function (in this case, it is a piecewise function). 

To create a similar demonstration, you can plot a function and then (on 

your own) determine its antiderivative. Build this function in the calculator, 

and label it g(x). Then construct a point on the x-axis. (This is your point 

start, as in the activity.) Measure its x-coordinate, xstart. Calculate g �xstart�. 
Then create a new function g(x) � g �xstart�. �g�xstart� is a constant.� Label 

this function A(x). Next, create another point on the x-axis. (This is your 

point P, as in the activity.) Find the value of A�xP�. This value gives you 

the area calculation that you need; it is 0 when x � xstart and yields the 

area for other values of x as you move point P along the axis. You can 

then plot the area calculation as you did in the activity.
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Accumulating Area

How would you describe the shaded region 

shown here? You could say: The shaded region 

is the area between the x-axis and the curve 

f (x) on the interval 0 	 x 	 4. Or, if you 

didn’t want to use all those words, you could 

say: The shaded region is

   ∫ 
0
  

   4

         f   or   ∫ 
0
  

   4

       f (x )dx

which is much faster to write! 

In general, the notation  ∫ a  
b
   f(x)dx represents the signed area between the curve f 

and the x-axis on the interval a 	 x 	 b. This means that the area below the x-axis 

is counted as negative. This activity will acquaint you with this notation, which is 

called the integral, and help you translate it into the signed area it represents.

SKETCH AND INVESTIGATE

 1. Open the document Area2.gsp. You have a function f composed of some line 

segments and a semicircle connected by moveable points. 

If you need to evaluate the integral  ∫ 0  
4
   f(x)dx, the fi rst 

step is to translate it into the language of areas. This 

integral stands for the area between f and the x-axis 

from x � 0 to x � 4, as shown. This area is easy to 

fi nd—you have a quarter-circle on 0 	 x 	 2 and a 

right triangle on 2 	 x 	 4. 

So on [0, 2] you have

   ∫ 
0
  

   2

          f (x )dx � 0.25�r 2 � 0.25�(2)2 � �

and on [2, 4] you have

   ∫ 
2
  

   4

          f (x )dx � 0.5(base)(height) � 0.5(2)(6) � 6

so   ∫ 
0
  

   4

          f (x )dx � 6 � �

 2. To check this with the Area tools, press the Show Area Tools button. 

There are three new points on the x-axis—points start, fi nish, and P. Points P 

and start should be at the origin. Point P will sweep out the area under the 

curve from point start to point fi nish. Point P has not moved yet, so the 

measurement AreaP is 0.

1

0.5

-0.5

2 4

y=f(x)

6

4

2

5

y=f(x)

C

D
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Accumulating Area
continued

 3. Press the Calculate Area button to calculate the area between f and the x-axis on 

the interval [start, fi nish] and to shade in that region.

 Q1 Is the value of the measurement AreaP close to 6 � �? Why isn’t it exactly 6 � � 

or even 9.142?

 Q2 Based on the above reasoning, evaluate  ∫ �2  
4
       f (x )dx.

 4. To check your answer, move point start to point B, press the Reset P button, and 

then press the Calculate Area button.

 Q3  What do you think will happen to the area measurement if you switch the order

  of the integral, in other words, what is  ∫ 4  
�2

  f (x)dx ?

 5. To check your answer, move point start to x � 4 and point fi nish as close as you 

can get to x � �2, and then press the Reset P button.

 6. Choose Erase Traces from the Display menu and then press the Calculate Area 

button.

 Q4 What is the area between f and the x-axis from x � 4 to x � �2?

Now, what happens if your function goes below the x-axis? For 

example, suppose you want to evaluate  ∫ 4  
6
  f (x)dx.  

Q5 Translate the integral into a statement about areas.

 Q6 What familiar geometric objects make up the area you 

described in Q5?

Q7  Using your familiar objects, evaluate  ∫ 4  
6
  f (x)dx.  (Hint: You 

can do this one quickest by thinking.)

 7. Make sure point start is at x � 4 and move point fi nish to 

x � 6. Press the Reset P button. 

 8. Choose Erase Traces from the Display menu, and then press 

the Calculate Area button to check your answer. Does the result 

agree with your calculation?

 Q8 Evaluate  ∫ �6  
�3

  f (x)dx  using the process in Q5–Q7 and check your 

answer using steps 7 and 8.

If you fi x your starting point with x
start

 � �6, you can defi ne a new function, 

A�xP� �  ∫ �6  
x

P

   f (x )dx , which accumulates the signed area between f and the x-axis as 

P moves along the x-axis. 

 Q9 Why is A(�6)  ∫ �6  
�6

  f  (x )dx  � 0?

 Q10 What is A(�3)?

Before you move the 
point, check the status 
line to make sure you 
have selected the right 
point. If you haven’t, 
click the point again. 

The grid is shown 
here for comparison. It 
doesn’t appear in the 
sketch.

You can also erase 
traces by pressing the 
Esc key twice.

5

D

E
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Accumulating Area
continued

To get an idea of how this area function behaves as point P moves along the x-axis, 

you’ll plot the point �xP
, A�xP�� and let Sketchpad do the work.

 9. Move point start to x � �6 exactly. Now move point fi nish to x � 9. 

The measurement AreaP is now the function A�xP� �  ∫ �6  
x

P

   f  (x )dx .

 10. Select the line segment that joins point P to the curve. Turn off tracing for the 

segment. Erase all traces.

 11. Select measurements x
P
 and AreaP in that order and choose Plot as (x, y) from 

the Graph menu. 

 12. Give this new point a bright new color from the Color submenu of the Display 

menu. Turn on tracing for this point and label it point I.

 13. Press the Reset P button and then the Calculate Area button to move point P 

along the x-axis and create a trace of the area function. 

 Q11 Why does the area trace decrease 

as soon as point P moves away 

from point start ?

 Q12 Why doesn’t the trace become 

positive as soon as point P is to 

the right of point B?

 Q13 What is the signifi cance (in terms 

of area) of the trace’s fi rst root 

to the right of point start ? The 

second root?

 Q14 What is signifi cant about 

the original function f ’s roots? 

Why is this true?

 14. Turn off tracing for point I and erase all traces. 

 15. Select points P and I and choose Locus from the Construct menu. 

The locus you constructed should look like the trace you had above. The advantage 

of a locus is that if you move anything in your sketch, the locus will update itself, 

whereas a trace will not.

There are quite a few familiar relationships between the original function f and this 

new locus—including the ones suggested in Q11–Q14. See if you can fi nd some of 

them by trying the experiments below. 

5

-5

10

y=f(x)

C

A

D

E

F

B

To turn off tracing, 
choose Trace 
Segment from the 
Display menu.

If you can’t see the 
new point, scroll or 
enlarge the window 
until you do. To enlarge 
the window, press 
the Show Unit Points 
button, resize the 
window, and then 
press the Set Function 
button.

Check the status line 
to see that point P is 
selected. If not, click 
the point again.
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Accumulating Area
continued

 A. Move point B (which also controls point C) to make the radius of the semicircle 

larger, and then smaller.

 B. Press the Set Function button to move point B back to (�2, 0). Now move 

point A around in the plane. (Make sure to stay to the left of point B.) Try 

dragging point A to various places below the x-axis, and then move point A to 

various places above the x-axis. 

 C. Press the Set Function button to move point A back to (�6, �4). Now move 

point D around in the plane. (Make sure to stay between point C and point 

E.) Drag point D to various places above the x-axis, and then drag point D to 

various places below the x-axis. 

 D. Follow step C with points E and F.

 Q15 List the various patterns that you found between the two functions or in the 

area function alone. How many patterns were you able to fi nd? Any conjectures 

about the relationship between the two functions?

EXPLORE MORE

Will the area function’s shape change if you move point start to a value other 

than x � �6? 

 1. Select point start and move it along the x-axis.

 Q1 Does the area function’s shape change when your starting point is shifted along 

the x-axis? If so, how? If not, what changes, and why? 

  Q2 Write a conjecture in words for how 

the two area functions  ∫ �6  
x

P

   f  (x )dx  

and  ∫ x 
start

  
x

P

    f  (x )dx  are related.

 2. Make a new shape for your area function by 

moving one or more points—point A, B, D, 

E, or F. Then move point start again along 

the x-axis.

 Q3 Does your conjecture from Q2 still hold? Write the conjecture in integral notation. 

 3. Fix point start at the origin. Move point P to the left of the origin but to the 

right of point B. 

 Q4 The following two sentences sound good, but lead to a contradiction. Where is 

the error?

  The semicircle is above the x-axis from the origin to point P, so the area is 

positive. Point I, which plots the area, is below the x-axis, so the area is negative. 

Be sure to keep points 
A, B, C, D, E, and F 
lined up in that order 
from left to right. If 
point C moves to the 
right of point D, the 
line segment CD will 
no longer exist.

5

y=f(x)

C

A

D

E

F

B finishstart
Be sure to keep points 
A, B, C, D, E, and F 
lined up in that order 
from left to right. If 
point C moves to the 
right of point D, the 
line segment CD will 
no longer exist.
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SKETCH AND INVESTIGATE
In Q1, student’s answers will vary, as they will form the partition of the 

interval on their own. The lower sum, however, will be an underestimate 

of the integral from a to b. In Q2, the upper sum will be an overestimate 

of the area. The difference between these values may be large because of 

the differences in the y-values at the sample points. In Q3, the difference 

between the upper and lower sum could be decreased by using more 

rectangles.

Caution: The sums on pages 3 and 4 will eventually become over- or 

underestimates as n increases, depending on the number of maximums 

and minimums in the interval. In Q4−Q6, for n � 6, the overestimate 

has a value of 57.61, the underestimate, a value of 47.98. For n � 12, the 

overestimate has a value of 54.86; the underestimate, a value of 50.04. For 

n � 24, the overestimate has a value of 53.57; the underestimate, a value of 

51.15. For n � 48, the overestimate has a value of 52.94; the underestimate, 

a value of 51.74. For n � 96, the overestimate has a value of 52.64; the 

underestimate, a value of 52.03. For n � 396, the overestimate has a value 

of 52.41; the underestimate, a value of 52.26. Each of the sums is converging 

to the same number, a number close to 52.3. The actual value of the integral 

is 52 1/3.

In Q7, the underestimate and overestimate approach 7.08 as n increases. In 

Q8, the area of one rectangle is enough to fi nd the value of the integral from 

�2 to 3, which for f (x) � 3 is 15. In Q9, the Riemann Rectangle tool will 

calculate f   �xi�h, with h found by subtracting the value of the second point 

matched from the fi rst point matched. When you create the rectangle with 

the tool, matching the second point whose x-coordinate is less than that of 

the fi rst point matched will cause h to be negative. Because the area depends 

on the value of h and the value of f   �xi�, this area can be negative if the value 

of h is negative. In Q10,   ∫ �2  
3
    f (x) dx � �15. In Q11,   ∫ �2  

3
    f (x) dx � �15, 

and   ∫  3  
�2

   f (x) dx � 15. The value of the function is negative, but because the 

integral is evaluated from a larger value to a smaller value, the integral 

is positive. 

In Q12 through Q15, reasoning from the defi nition of the integral as a limit  

of a sum of rectangles,  ∫ �3  
�1

    f (x) dx is a limit of a sum of rectangles with 

positive area, so it has a positive value. Similarly, the integral   ∫ �1  
1
     f (x) dx 

has  a negative value. The integral  ∫ �3.5  
�1

     f (x)  dx  probably has a positive value,  

Area and Integrals ACTIVITY NOTES
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because the limit of the sums of the rectangles with negative area from 

�3.5 to 3 probably has a smaller absolute value than that of the positive 

rectangles from �3 to �1. The integral   ∫ �3  
1
     f (x) dx will have a value of 0 

because the limit of the sum of the positive rectangles from �3 to �1 will 

have the same absolute value as that of the negative rectangles from �1 to 1. 

In Q16 the integral from �3.5 to 1.5 would also have a value of 0, assuming 

the function is symmetric about the line x � �1. 

EXPLORE MORE
Students may guess that the suggested properties are true after thinking 

about the defi nition of the integral as the limit of a sum of rectangles. For 

Q1 and Q2, they can experiment on page 5 by adjusting the slider for d and 

observing the change in the sum of the upper or lower sum.

EXTENSION
The dynamic Riemann sums used in the document AreaIntegral.gsp were 

constructed using iterated images of a rectangle. The value of n defi ned by 

a slider allows the iteration to be constructed to a specifi ed depth. For more 

on iteration, choose Help⏐Objects and click the link for Iterations.

TOOL TIPS 
Here are the steps required to create the tool used in this activity’s document 

AreaIntegral.gsp. For a full explanation of custom tools, choose Help⏐Tools. 

Tool: Riemann Rectangles 
Given: Points A and B, and function f 

Result: A rectangle with a height determined by the value of the function at 

a random point on the interval between xA and xB

 1. Construct two points, A and B, on the x-axis, and measure their 

x-coordinates.

 2. Construct segment AB. 

 3. Construct point i on segment AB and measure its x-coordinate. Check 

Use label in custom tools.

 4. Calculate f  �xi�. 

Area and Integrals ACTIVITY NOTES
continued
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Area and Integrals ACTIVITY NOTES
continued

 5. Plot the points �xi, f  �xi��, �xA, f  �xi��, and �xB, f  �xi��. 

 6. Select points A and B and the two plotted points at �xA, f �xi�� and 

�xB, f �xi��, and choose Construct⏐Quadrilateral Interior.

 7. Construct segments between the points A, B, and the two plotted points 

at �xA, f �xi�� and �xB, f �xi��.

 8. Calculate xB � xA. Label this measurement h, and check Use label in 
custom tools. 

 9. Calculate the area of the rectangle: h � f �xi�. Label this measurement area, 

and check Use label in custom tools. 

 10. Select points i and �xi, f �xi�� and make them a different color than all the 

other points. 

 11. Select points A, B, function f, the segments you constructed in step 7, 

point i, point �xi , f �xi��, the quadrilateral interior, and measurement area. 

Choose Create New Tool from the Custom Tools menu. 

 12. To automatch f, open the Script View, double-click Given function f, 

and check Automatically match sketch object.
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Area and Integrals

The shaded region in the fi gure at right is bounded 

by the x-axis, a function f, and two vertical lines, 

x � 0 and x � 10. You have seen that you can 

approximate the area of such a region with rectangles 

and trapezoids, and that this area is called the 

integral. In this activity, you will explore how limits 

are used to defi ne the integral.

SKETCH AND INVESTIGATE

 1. Open the document AreaIntegral.gsp. On page 1 you will fi nd the plot of a 

function f (x).

 2. Press the Show Integral button to display the 

integral of f from point start to point end. 

The x-coordinate of point start is a, and the 

x-coordinate of point end is b.

In the activity Accumulating Area, you learn that 

the notation for this shaded region, or the integral, 

is  ∫ a  
b
  f  and that in words we say “the integral from 

x � a to x � b of the function f .” This is just the 

notation for the integral. The following steps will 

build the defi nition.

 3. Go to page 2 of the document. 

 4. Choose Riemann Rectangles from the Custom Tools menu. This tool constructs 

a special type of rectangle that you can use to defi ne the integral.

 5. To use this tool, click point start, and then click the x-axis 

a little to the right. As you move to make your second 

click, two points will be constructed. One marks the end 

of the new segment and a rectangle. The other point, 

called a sample point, is on the base of the rectangle and 

can be dragged. The tool uses the function’s value at this point 

for the rectangle’s height.

If you end up short of 
point end, drag the last 
constructed point to 
point end and adjust 
the others if you’d like.

 6. Repeat step 5 four more 

times, using the right 

endpoint of the previous 

rectangle for your fi rst 

point each time. Finish at 

point end. The widths of these rectangles do not need to be the same.

5

10

10

5

-5

start

end

1start

You’ll actually be 
clicking a segment 
which is on the x-axis.

The label has been left 
off to avoid clutter.

1 2 3start end
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Area and Integrals
continued

The tool also calculates the area of each rectangle—the width h times the height 

f �xi�, where xi is the sample point of the rectangle. This calculation is the building 

block of the integral’s defi nition. 

The rectangles you have made partition the interval [a, b] into 5 subdivisions, each 

with area f �xi� � h for i � 1 to 5. The sum of the areas of these rectangles is called a 

Riemann sum. If you place the sample point so that f �xi� is at the lowest y-value on 

the subinterval, the Riemann sum is called a lower sum.

Here, you will need 
to drag the light blue 
sample points on the 
x-axis, not the points 
on the function.

 7. Position your sample points to 

create a lower sum by moving 

each one to the point where 

the function’s value is lowest 

(see fi gure).

Click a measurement 
to enter it into the 
calculator.

 8. Choose Calculate from the Number menu and calculate the lower sum by 

summing up all fi ve product measurements f �xi� � h. Label this measurement 

Sum with the Text tool.

Q1 Write down the value you got in step 8 for the lower Riemann sum. Is it an 

overestimate or underestimate for the integral from x � a to x � b?

An upper sum is a Riemann sum where the sample points are positioned so that 

f �xi� is the greatest y-value on the subinterval.

9. Position your sample points to 

create an upper sum by moving 

each sample point to where the 

function’s value is greatest.

Q2 Write down the value for your 

upper Riemann sum. Is it an 

overestimate or underestimate for 

the integral from x � a to x � b ?

Q3 Why do you think there is a large difference between the lower sum and upper 

sum values that you found? What could you do to decrease this difference?

10. Go to page 3 of the document. On this page, there is the plot of a function f (x) 

with rectangles already constructed to calculate two Riemann sums—one that 

underestimates and one that overestimates the actual area under the curve.

1 2 3start end

1 2 3start end

Check the status 
message to make sure 
you have point i. If you 
don’t, click that point 
again.
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Area and Integrals
continued

 11. Adjust the slider for n so that there are six rectangles. Move the point on the 

Under Over slider so that the rectangles form a Riemann sum that overestimates 

the area. Then move the point so they form an underestimate for the area.

 Q4 Record both Riemann sums for this example with n � 6.

 12. Adjust the slider for n so that there are 

12 rectangles and use the Under Over slider 

to record both Riemann sums for n � 12.

You can continue 
dragging the slider 
point outside the 
window, or expand 
your window to reach 
n � 396.

 13. Repeat step 12 for n � 24, 48, 96, and 396. 

Make a chart of the Riemann sums for the 

different values of n.

If the limit of the Riemann sums exists as you 

make the largest of your h values approach 0, 

then the function is said to be integrable on 

the interval [a, b], and this limit is called the 

defi nite integral of f on the interval [a, b].

Try averaging the two 
Riemann sums for 
each n.

 Q5 Does it look like the Riemann sums are converging to the same limit in 

step 13? If so, to what limit? If not, explain why not.

 Q6 Check your answer by pressing the Show Area button. 

So the integral  ∫ a  
b
  f(x) dx  is defi ned as the limit of the sum of the n areas as h 

approaches 0 on the interval [a, b], or  ∫ a  
b
  f(x) dx  �   lim    

 h 
i
 →0

  � f �xi� � h
i
.

 Q7 Go to page 4 and estimate  ∫ 1  
10
  f(x) dx  using the limit of the Riemann sums 

as you did in steps 11–13. 

With this defi nition in hand, you can investigate some special properties 

of integrals. 

 14. Go to page 5 of the document. Shown is the constant function 

f (x) � d where d � 3.

 Q8 To fi nd the value of  ∫ �2  
3
   f(x) dx , you need only one Riemann rectangle. What is 

the value of this integral? Choose Riemann Rectangles from the Custom Tools 

menu to check. Click point start and then point end.

 15. Use the Riemann Rectangles tool again, but this time click point end fi rst and 

then point start. 

 Q9 What happens? What has changed in the calculation of f �xi� � h to cause this 

to occur?

 Q10 Write an integral that expresses the area that you just found in Q9.

10

8

6

4

2

10Area Sum = 50.04

Under    Over

n = 12.00

In this example, n must 
be at least 2 to create 
the overestimate. 
(Why?)
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Area and Integrals
continued

 16. Use the sliders to create the function f (x) � �3. 

 Q11 What is the value of  ∫ �2  
3
     f (x)dx for this function?  ∫ 3  

�2
    f (x)dx ?

Now that you have done some examples and worked with Riemann rectangles, go 

back to the function on page 1. Without creating any rectangles, for each of the 

following integrals, decide whether the integral’s value is a positive or negative 

number and explain how the defi nition of the integral helps you decide.

 Q12   ∫ �3  
�1

   f (x) dx

 Q13   ∫ �1  
1
    f (x) dx

 Q14  ∫ �3.5  
�1

    f (x) dx

 Q15  ∫ �3  
1
    f (x)dx if the function f (x) is symmetric 

around x � �1.

 Q16 Using your answers above and what you now know about approximating 

integrals with rectangles and trapezoids, what approximation would you give 

for the integral of f (x) from x � �3.5 to x � 1.5 for the function on page 1? 

Explain.

EXPLORE MORE

Is it possible to add integrals? For any function f, does

 ∫ 
a
  
b

   f (x) dx �  ∫ 
b
  

c

    f (x) dx �  ∫ 
a
  

c

   f (x) dx ?

Use the defi nition of the integral to explain your answer for each case.

 Q1  If the value of  ∫ 1  
 5
   f (x) dx � 9, and  ∫ 1  

 5
   g (x) dx � 3, would  ∫ 1  

 5
   f (x) � 

g (x)dx � 12? Explain, and sketch two functions that support your answer.

 Q2  If the value of   ∫ 1  
 5
   f (x) dx � 9, would  ∫ 1  

 5
   2 f (x) dx � 18? Explain and sketch a 

function that supports your answer.

-2

a
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SKETCH AND INVESTIGATE
In Q1, the function f is a constant, so the area accumulates at a constant 

rate from x � �4 to the variable point x � xP and the region between the 

plot of the function and the x-axis is a rectangle. The trace does pass the 

vertical line test for functions. Although the rectangular region is always 

above the x-axis, the area function is negative left of x � a. This is because 

the defi nition of the integral is dependent on the widths and heights of the 

rectangles. Any rectangle formed to the left of x � a in this example will 

have a negative width because if xP � a then the width equals xP � a, which 

is less than 0. Multiplying by a positive height gives a negative signed area.

In Q2, A�xP� is always increasing; it is zero at xP � a. In Q3, the plot of A�xP� 
is a linear function. The equation is A�xP� � 0 � 3�xP � 4� using point-slope 

form and the plot, which can be shown by multiplying the height, 3, by the 

width, �xP � (�4)�.

The area of a trapezoid is 0.5�xP � a� � f   �xP� � f  (a)� for step 11. The problem 

is what happens if xP � 0 and there are really two triangles instead of a 

trapezoid. The sum of the area of the two triangles is 0.5xP � f   �xP� � 

0.5(0 � a) � f   (a). The two formulas are equivalent because 

0.5(x � a)( f  (x) � f  (a)) � 0.5(x � a)(2x � 2a) � 0.5(2)(x � a)(x � a) 

                � 0.5(2)�x 2 � a 2� � 0.5(2x)(x � 0.5)(2a)a  

         � 0.5x � f  (x) � 0.5(�a) � f  (a).

In Q4–Q7, the function A�xP� is decreasing on the interval (�
, 0), 

increasing on the interval (0, 
), and has a minimum where f (x) � 0 at 

xP � 0. The trace looks like a parabola. This can be proven by using the 

points (�4, 2(�4)) and (x, 2x) in the formula for the area of the trapezoid: 

0.5(x � a)(f (x) � f (a)) � 0.5(x � 4)(2x � 8) � x 2 � 16. Substituting any 

value into this expression gives the integral from �4 to your value.

In steps 14–23, students use an approximation of the integral to create a plot 

of accumulated area. 

The idea behind these steps arises from a 

Riemann sum. You can create a plot of 

accumulated area from the area of each of the 

rectangles by plotting a sequence of partial 

sums of area. For example, imagine a right 

Riemann sum with 8 subdivisions. At x0, no 

area has been accumulated. At x � x1, the area 

The Area Function ACTIVITY NOTES
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of the fi rst rectangle, f  �x1�h, has been accumulated. At x � x 2, a total area 

of f  �x1�h � f  �x 2�h has been accumulated. Each of these partial sums can be 

plotted in the plane at the corresponding value of x up to x � xi. 

The greater the number of subdivisions used, the more accurate the 

approximation of the integral function A(x) at any value of x. 

In Q8, a plot created in this manner shows an overestimate when the trace 

of the rectangle goes above the curve and an underestimate, below. 

EXPLORE MORE
In Q1, the antiderivative is ln(x); in Q2, it is x 3/3; and in Q3, it is e x � 1.

EXTENSION
As suggested in the Explore More section, this activity can be used to help 

students think about the integral as an accumulator of the rate of change 

of a function. You can relabel the axes to refl ect different contexts and then 

discuss the meaning of the area function in each context.

For example, consider a graph that gives the rate of water fl owing out of a 

pipe in gallons per hour as a function of time. What would the area function 

for this graph represent?

Or, consider a graph of the cost per mile of drilling underground as a 

function of the distance underground. What would the area function for 

this graph represent?

The Area Function ACTIVITY NOTES
continued
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The Area Function

In other activities, you can use tools to approximate the 

area between a curve f and the x-axis from x � a and 

x � b. By fi nding the limit of your approximations, 

you can calculate the integral—the actual signed 

area—with a high degree of accuracy. But what if you 

wanted to fi nd the signed area from x � a to x � b 

where b � �4, �3, �2, . . . ? Calculating all these limits, one at a time, would take 

forever. What we really need is a function that calculates the integral of f from x � a 

to any point on the x-axis. Does such a function exist? 

SKETCH AND INVESTIGATE

 1. Open the document AreaFunction.gsp. On page 1 you will fi nd the plot 

of a function f (x), point start (a, 0), and point end (b, 0), where a and b are 

parameters.

Suppose that you want to fi nd the value of the integral of f from a � �4 to any 

point x � x
P 
, or  ∫ –4  

x
P

   f (x)dx. Does this expression defi ne a function? 

Double-click the point 
with the Text tool to 
change its label.

 2. With the Point tool, construct a point on the x-axis. Choose Measure⎮
Abscissa (x) to measure the x-coordinate. Label the point P.

 3. Choose Number⎮Calculate and calculate the value of f �xP�. 

Select xP and f (xP ), 
in that order. Choose 
Graph⎮Plot as (x, y).

 4. Plot the point �xP 
, f �xP��.

In this case, the integral   ∫ –4  
x

P

   f (x)dx is equal to the area of the rectangle from 

a � �4 to x � x
P 
, with width x

P
 � a and height f �xP�. 

 5. Calculate this area by choosing Calculate from the Number menu. Label this 

calculation Area(P) with your Text tool.

Select the four points 
in order: point start, 
point P, (xP , f (xP )), and 
(a, f (a)).

 6. To illustrate the integral, plot the point (a, f (a)). 

Then select the four points that defi ne the rectangle 

and choose Construct⎮Quadrilateral Interior.

 7. Move point P to different places on the x-axis—go 

left and right of point start. Observe the measurement 

Area(P). Can you tell whether this measurement is a function?

The measurement Area(P) is the integral of f from x � a to x � x
P
, but it’s hard to 

tell whether it defi nes a function just by observing its values. A plot of the values for 

measurement Area(P) would help.

-2

a

2

endstart P
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The Area Function
continued

8. At each point P, where x � x
P 
, we want the y-coordinate to be the accumulated 

area under f from a � �4 to point P, or Area(P). So, plot the point �xP 
, Area �P ��. 

Label this new point A
P
. (If you can’t see the new point, drag point P closer to 

point start.)

To make a smoother 
trace, choose 
Display⎮Animate 
Point. Then decrease 
the speed on the 
Motion Controller.

 9. With point A
P
 selected, choose Display⎮Trace Plotted Point to turn on 

tracing for point A
P
. Slowly drag point P along the x-axis to the left and 

right of point start. 

Q1 This trace is the plot of A�xP� �  ∫ –4  
x

P

   f (x)dx. Does the trace look like it defi nes a 

function? (Does it pass the vertical line test?) If you move point P to the left of 

a � –4, the rectangular area is above the x-axis, but Area(P) is negative. Why?

Q2 Where is A�xP� zero? Increasing? Decreasing? 

Q3 What type of plot is the trace itself  ? Write an expression for the function that 

you think the point is tracing. Can you prove that your answer is correct?

10. Go to page 2 to examine A�xP� �  ∫ a  
x

P

   f (x)dx for 

a � �4 and a different f (x). Here, f is linear, so 

the region between the plot of f and the x-axis is 

not a rectangle, and you will need to calculate 

the area differently. 

Sometimes the 
shape looks like two 
triangles. Why does 
the trapezoid area 
formula still work?

 11. Use the formula for the area of a trapezoid to calculate 

the area from a � �4 to x � x
P
. Label this calculation Area(P). 

12. As before, plot the point �xP 
, Area(P)�. Turn on tracing for this point.

Reducing the speed 
of the animation will 
trace in more points.

 13. With just point P selected, choose Display⎮Animate Point to move point P 

along the x-axis and to trace the values of the integral  ∫ –4  
x

P

   f (x)dx as x
P
 varies. 

Q4 Where is A�xP� �  ∫ –4  
x

P

   f (x)dx � 0? Where is it increasing? Decreasing? 

Q5 Describe what happens to the plot of A�xP� where f (x) � 0.

Q6 What type of curve is the trace itself ? Write an expression for the function that 

you think the point is tracing. How can you prove that your answer is correct? 

(Hint: Use the function f (x) � 2x in the formula for the area of the trapezoid.) 

Q7 Pick any constant. If you substitute this constant into your expression from Q6, 

does it give the same value as the area from a � �4 to your constant? 

In the cases above, you can fi nd an expression that tells you the value of A�xP� for 

any value of x
P
. To evaluate  ∫ –4  

b
    f (x)dx, all you need to do is substitute b into this 

expression. For functions that are not linear or constant, you cannot use a formula 

from geometry to create the expression, but you can use limits. 

-10

-5

x = a P

Remember to enter 
subscripts in brackets.
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The Area Function
continued

You have built rectangles and calculated the sum of their areas to estimate 

the integral before. Here, you’ll build one rectangle, and use it to trace an 

approximation of the plot of A�xP� �  ∫ –4  
x

P

   f (x)dx, for a � �4.

 14. Go to page 3. On this page, you will fi nd a cubic function f (x) and 

an independent point P. You will use point P to trace the plot of the 

approximate integral function.

Remember to enter 
subscripts in brackets.

 15. Use the parameter zero to plot the point �xP  
, 0�. Label this point P0.

 16. Calculate f �xP� and plot the point �xP 
, f �xP��.

Again, we need to make a small rectangle so the estimate is fairly accurate. 

The small adjustable measurement h is used for the width of our rectangle.

 17. To make the base of the rectangle, calculate x
P
 � h. 

Plot the point �xP
 � h, 0�. Label this point P1.

  18. We want the right side of the rectangle to be the same 

height as the left side, which is f �xP�. So plot the point 

�xP
 � h, f �xP��. Now you have four points that form 

a rectangle.

Select the points 
in clockwise or 
counterclockwise 
order. 

 19. Construct the interior of the rectangle by selecting the 

four new points and choosing Construct⎮Quadrilateral 
Interior.

 20. Finally, calculate the area of this rectangle, h � f �xP�. Label this calculation 

Area(P).

Now, to sum up, or accumulate, the Area(P) values as x
P
 varies, we need a starting 

value. We will use the y-coordinate of point P. 

To see the 
accumulation, 
construct a segment 
from point P to point Q.

 21. From point P0 to P1, only the area of the rectangle, Area(P), will be accumulated, 

so calculate the value y
P
 � Area(P). Plot the point �xP 

� h, y
P
 � Area(P)� and 

label this point Q. 

Now, you can plot the approximate value of the integral function, 

A �xP� �  ∫ a  
x

P

   f (x)dx where a � �4, by using points P and Q. 

 22. Because y
P
 is the starting value for accumulating the area, if we move point P so 

that its x-coordinate is x
P 
� �4 then y

P
 must be 0. (Why?) So press the 

Move P→a button.

Check the status line 
to make sure you have 
selected point P. If not, 
click the point again.

 23. The y-value of point Q is now the approximate value of A(x) �  ∫ a  
x

   f  at x � a � h. 

To trace the value of this integral as x varies, select point P, then point Q, and 

choose Edit⎮Action Buttons⎮Movement. Choose instant speed and click OK.

10

5

-5

-2

f xP  = 7.17

xP = -1.53

P1P0

P

)(
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The Area Function
continued

24. Select point P and the rectangle; then choose Display⎮Trace Objects to turn 

on tracing. 

25. Press the Move P→Q button a few 

times with h � 0.5. (If h is negative, 

the movement will be to the left.)

Q8 Can you tell whether your trace is an 

overestimate or an underestimate?

Select the Move 
button and choose 
Edit⎮Properties. 
On the Move panel, 
change speed to 
medium. 

 26. To see a more accurate trace, adjust the 

slider for h to a smaller value, and your 

Move P→Q button to medium speed. 

Press the Move P→a button and then 

press the Move P→Q button.

Although this plot is only an approximation of 

the function A�xP� �  ∫ a  
x

P

   f (x)dx, it gives a good idea of the plot of the function. 

In the activities Plotting the Integral and Getting Down to Fundamentals, you can 

explore how to fi nd an expression for the integral function when you can’t use a 

geometric formula.

EXPLORE MORE

You can edit the expression for f (x) or the value of the parameter a to create traces 

of A�xP� �  ∫ a  
x

P

   f (x)dx for other functions and values of a.

Go to page 4 and experiment with tracing the integral approximation for values less 

than x � a by adjusting the Direction slider to –1 and pressing the Move P→a 

button. Try tracing the integral function on both sides of a for each of the 

combinations below.

Q1 Try f (x) � 1/x for a � 1. Be careful as point P approaches the discontinuity in 

the graph of f. Do you recognize this function?

Q2 Try f (x) � x2 for a � 0. Do you recognize this function?

Q3 Try f (x) � e x for a � 0, as well. What is this function?

10

-10

5

Q

P1P0

a b

P

By tracing the 
rectangle, you can 
see if your trace is 
underestimating or 
overestimating the 
integral.
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SKETCH AND INVESTIGATE
In Q1, the function A�xP� is always increasing, and has a value of 0 at 

x � a. In Q2, moving point P moves point AP along the locus. When you 

change the value of a, the locus itself will move so that the location of the 

zero remains with x � a. In Q3, the expression for A�xP� is 3�xP � a�, 
because the height of the rectangle is 3, and the width is �xP � a�. The locus 

is a plot of the function 3(x � a). In Q4, adjusting the slider allows you to 

see the plot of the family of functions f (x) � c. As you vary c, the function 

plot will move vertically. The locus for A�xP�, which is a linear function, 

will change slope. Using the formula for the area of a rectangle as in Q3, 

A�xP� � c �xP � a�. The expression for the locus is then c(x � a).

In Q5, the function A�xP� � 0 at x � a and x � �a. The function is 

decreasing on the interval (�
, 0) and increasing on the interval (0, 
). In 

Q6, moving point P will move point AP along the locus. When you change 

the value of a, however, the locus itself will move so that the locations of the 

zeros remain at x � a and x � �a. In Q7, consider the shaded region that 

represents the integral. Using the equation for the area of a trapezoid, the 

function is A�xP� � 0.5�2xP � 2a��xP � a�. In expanded form, 

A�xP� � �xP�2 � a2. Challenge: Show that the formula for the area of a 

trapezoid is still valid if the shaded region is composed of two triangles. 

In Q8, you can fi nd the distance between the two plots for different values 

of a by subtracting the function A with two different values of a. Consider 

the fi rst example, where f (x) � 3. Subtract A�xP� � 3�xP � a1� from A�xP� � 

3�xP � a2�. The distance between these functions is ⏐3a1 � 3a2⏐. When 

rewritten in the form 3�a1 � a2�, you can see that this difference is equal 

to the area of the rectangle between a1 and a2. In general, the difference 

between the plots is always equal to the area under the plot between the 

two values of a, because for any function,   ∫ a  
b
   f �  ∫ c  

b
   f �  ∫ a  

c
   f .  In Q9, the 

function A(x) will increase where f � 0, and decrease where f � 0. The 

locations where the function will have a zero depend on the value of a, 

but occur at regular intervals approximately equal to �. In Q10 through 

Q13, the function will oscillate similarly for values of x � a. The family of 

curves for different values of a are a family of trigonometric functions. The 

function f (x) � cos(x) matches the shape of the function for all values of a 

(ignoring the vertical translation.) The function A must have a zero at the 

point x � a, so the expression �cos(x) � (�cos(a)) will match the iterated 

plot.

Plotting the Integral  ACTIVITY NOTES
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In Q14, where f � 0, A(x) is increasing, and where f � 0, it is decreasing. 

Where f changes sign, A(x) has a maximum or a minimum. Where f is 

increasing, A(x) is concave up, and where f is decreasing, it is concave down. 

Where f has a maximum or a minimum, A(x) has a point of infl ection. In 

Q15, where A(x) is increasing, f is positive, and where A(x) is negative, it is 

decreasing. Where A(x) has a maximum or minimum, f changes sign. Where 

A(x) is translated vertically f is unchanged.

EXPLORE MORE
In Q1, the segment you construct has a positive slope where the signed 

area of the constructed trapezoid is positive, and a negative slope where it 

is negative. In Q2, where the function f is decreasing, the signed area of the 

next trapezoid is less than the previous, causing the slope of the segment to 

be less. In Q3, the plot has a maximum or minimum where the sign of one 

trapezoid is different from that of the next.

EXTENSION
Some AP questions ask for a sketch of   ∫ a  

x
   f (x)dx given a graph of f. Find

such a question and apply the ideas in the Explore More section to help 

you respond to the question. To plot the integral when your function is not 

defi ned by an algebraic expression, use the Area Under Graph custom tool, 

described in the “Extension” pages of PlotIntegral Work.gsp.

TOOL TIPS 
Here are the steps required to create the tools used in this activity’s 

document PlotIntegral.gsp. For a full explanation of custom tools, 

choose Help⏐Tools. 

Tool: Plot Area with Trapezoids 
Given: Point A, function f, and parameter h 

Result: A trapezoid with width h between the plot of f and the x-axis, and a 

segment AB. The change in y between points A and B is equal to the area of 

the trapezoid, allowing you to use segment AB to create an approximate plot 

of the integral of f (x). 

Plotting the Integral ACTIVITY NOTES
continued
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Plotting the Integral ACTIVITY NOTES
continued

 1. Construct point A and measure its x-and y-coordinates. 

 2. Calculate f  �xA�, xA � h, and f �xA � h�. 

 3. Plot the points �xA, f �xA�� and �xA � h, f �xA � h��. 

 4.  Calculate xA � xA. (This will give you a value of zero to use in the next 

step.) Label this zero, and check Use label in custom tools.

 5. Plot the points �xA, zero� and �xA � h, zero�. 

 6. Select these four plotted points, and choose Construct⏐Quadrilateral 
Interior.

 7. Calculate the area of the trapezoid: h /2 � � f �xA� � f �xA � h� � 2yA�. Label 

it AreaP, and check Use label in custom tools.

 8. Calculate yA � AreaP. 

 9. Plot the point �xA, yA � AreaP� and label this point B. 

 10. Construct segment AB. 

 11. Select point A, function f, and measurement/parameter h, the 

trapezoid’s interior, segment AB, and point B. Choose Create New Tool 
from the Custom Tools menu. 

 12. To automatch function f (x) and h, open Script View. Double-click 

Given function f, and check Automatically match sketch object. Do the 

same for h. 

Tool: Plot Area with Trapezoids(left)
Given: Point A, function f, and parameter h

Result: A trapezoid with width h to the left of A between the plot of f and the 

x-axis, and segment AB. The change in y between points A and B is equal 

to the area of the trapezoid, allowing you to use segment AB to create an 

approximate plot of the integral of f (x).

 1. Construct point A and measure its x- and y-coordinates.

 2. Calculate f  �xA�, xA � h, and f  �xA � h�.

 3. Plot the points �xA, f  �xA�� and �xA � h, f  �xA � h�.

 4. Calculate xA � xA. (This will give you a value of zero to use in the next 

step.) Label this zero, and check Use label in custom tools.

 5. Plot the points �xA, zero� and �xA � h, zero�.
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Plotting the Integral ACTIVITY NOTES
continued

 6. Select these four plotted points, and choose Construct⏐Quadrilateral 
Interior.

 7. Calculate the area of the trapezoid: h/2 � f  �xA� � f  �xA � h) � 2yA). Label 

it AreaP, and check Use label in custom tools.

 8. Calculate yA � AreaP.

 9. Plot the point (xA, yA � AreaP) and label this point B.

 10. Consruct segment AB.

 11. Select point A, function f, and measurement /parameter h, the 

trapezoid’s interior, segment AB, and point B. Choose Create New Tool 
from the Custom Tools menu.

 12. To automatch function f (x) and h, open Script View. Double-click 

Given function f, and check Automatically match sketch object. Do the 

same for h.
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Plotting the Integral

In the activity The Area Function, you can explore 

the concept of an area function by plotting the 

accumulated signed area from a fi xed point 

(a � � 4) to a varying value x
P
. 

In this activity you will investigate the properties 

of functions defi ned by integrals. Along the way, 

you will explore how to fi nd expressions for these 

functions and learn how to sketch them using 

paper and pencil.

SKETCH AND INVESTIGATE

 1. Open the document PlotIntegral.gsp. On page 1 of this document you will fi nd 

the plot of a function f and some measurements. 

To evaluate  ∫ a  
x

P

   f  for any values of a and x
P 
, it would be convenient to have an 

expression into which you could substitute values directly. Coming up with such 

an expression that works for all values of a and x
P
 requires some experimenting.

All of these 
measurements and 
objects are constructed 
in the activity The Area 
Function. 

 2. If f is constant, then  ∫ a  
x

P

   f  is equal to the area, labeled Area(P), of the rectangle 

from x � a to x � x
P
. Point A

P
 has coordinates �xP 

, Area(P)�. Move point P to 

see the trace of the integral function for the given a.

 3. To create a dynamic plot of the integral function for different values of a, select 

points A
P
 and P. Choose Locus from the Construct menu. 

To change the value 
of a, move the point 
on the x-axis where 
x � a.

 4. You now have a plot of A�xP� �  ∫ a  
x

P

   f  where both a and x
P
 can vary. Experiment 

with moving point P, and then with changing the value of a.

 Q1 For any value of a, where is the integral function zero? Increasing? Decreasing?

 Q2 What happens to the locus when you move point P ? 

When you change the value of a?

 Q3 Write an expression for this locus for all values of a. 

(Your expression will involve x
P
 and a.)

 Q4 Challenge: Press the Show c button and then adjust the 

slider for c. Describe what happens to both f (x) and the 

locus. Then write an expression for the locus in terms 

of a, c, and x
P
.

Now let’s see what happens for a different function. 

20

10

-10
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5 AP

Px = a
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Plotting the Integral
continued

 5. Go to page 2 of the document. Here f is a linear function. Again, point A
P
 plots 

the point �xP 
, Area(P)� where Area(P) is the value of the integral from x � a to 

x � x
P 
, and both a and x

P
 can vary. 

 6. Select points A
P
 and P; then choose Locus from the Construct menu. 

 7. You now have a plot of A�xP� �  ∫ a  
x

P

   f  where both a and x
P
 can vary. 

Experiment with moving point P , and then with changing the value of a.

 Q5 For any value of a , where is the integral function zero? 

Increasing? Decreasing?

 Q6 What happens in your sketch when you move point P ? 

When you change the value of a?

 Q7 Write an expression for this locus for all values of a. 

(Your expression will involve x
P
 and a.)

Another challenge: Can 
you answer Q4 for this 
function?

 Q8 Challenge: In both examples above, varying a resulted in a 

family of vertically translated functions. Can you determine 

the distance between the plots for two different values of a? 

Once you go beyond linear functions, you can’t use a geometric formula for 

Area(P). Instead, we will use approximations and limits. 

See the activity The 
Area Function for the 
construction steps or 
for more explanation.

 8. Go to page 3. Here you will fi nd a plot of f (x) � sin(x), points P and Q, and a 

trapezoid. The trapezoid approximates the integral of f on the interval x � a to 

x � a � h. You will use these objects to construct a dynamic approximation of 

A(x) �  ∫ a  
x

   f  using iteration. 

 9. The difference between the y-coordinates of points P and Q is the signed area 

of the trapezoid. Move point P and track how point Q moves in response to the 

changes in the trapezoid and its area. 

 10. Because A(x) �  ∫ a  
x

   f  � 0 at x � a, merge point P with the point at x � a. To do 

this, select point P and then the point where x � a. Choose Merge Points from 

the Edit menu.

 11. Select the point where x � a and choose Transform⎮Iterate and then click 

point Q for the First Image. Uncheck Tabulate Iterated Values from the 

Structure pop-up menu, and then press Iterate. The images of three more 

trapezoids will be constructed. Also, the image of point Q will create an 

approximate plot of A(x).

5

AP

Px = a

See the activity The 
Area Function to learn 
how the objects here 
were constructed. The 
trapezoid formula was 
used for Area (P ) here.

Point P is now the 
point where x � a.

As in the activity The 
Area Function, the 
y-coordinate of point 
P will be the starting 
point for accumulating 
the area.
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Plotting the Integral
continued

To select an iterated 
image, click any of 
the newly constructed 
images.

 12. Select the iterated image of the trapezoids and press 

the plus (�) key to increase the number of iterations 

and see more of the plot.

 Q9 For this approximate plot of A(x) �  ∫ a  
x

 

   f , where is 

A(x) � 0? Increasing? Decreasing? 

 Q10 What will the plot of A(x) look like for values of x 

less than a? Sketch your prediction in the margin.

 Q11 Go to page 4 to see the answer to Q10. Move around the point where x � a. 

Describe the family of curves for A(x), for varying a.

A basic function 
is one that has no 
transformations— x 
and sin(x ) are basic 
functions; x � 3, 5x, 
sin(3x ), and sin(x ) � 4 
are not.

 Q12 Does the plot of A(x) look familiar? 

Write down which basic function 

you think is being approximated here. 

 13. Choose Graph⎮Plot New Function. Enter 

your prediction from Q12. Does your plot 

match the iterated image’s shape for all values of a (ignoring translations)? 

 Q13 Challenge: Now try to match the plot exactly, including the translation. Double-

click your prediction to edit the expression. Can you determine the role of a in 

the expression that will match the plot?

You have looked at three different types of functions and predicted very specifi c 

expressions for the integral function A(x) �  ∫ a  
x

   f  . Now let’s look for some general 

relationships. Look back over pages 1– 4 and use page 5, as well, to answer these 

questions and sum up the relationship between f and A(x).

 Q14 What can you say about A(x) �  ∫ a  
x

   f  if 

 a. f  is positive? f  is negative?

 b. f  changes sign? 

 c. f  is increasing? 

 d. f  is decreasing? 

 e. f  has a maximum or minimum? 

 Q15 What can you say about f when 

 a. A(x) is increasing? 

 b. A(x) is decreasing? 

 c. A(x) has a maximum or minimum? 

 d. A(x) is translated vertically? 

1

-1

x = a

5

Q

x = a

10

5

-5

x = a
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Plotting the Integral
continued

Are the connections between the plots of f and A(x) familiar? Make a conjecture 

about the relationship between f and A(x) based on your answers to Q14 and Q15.

EXPLORE MORE

Earlier, you constructed an approximate plot of the integral using iteration. Here, to 

gain more experience sketching a plot of the integral function by hand, you will use 

a tool that mimics how you might draw it yourself with paper and pencil.

Go back to steps 8 and 
9 if you have forgotten 
what these objects 
represent.

 1. Go to page 6. Choose Plot Area with Trapezoids from the 

Custom Tools menu. With the tool click the point where 

x � a to create a trapezoid and a segment.

This tool will automatically match the function f and the parameter 

h and create a trapezoid between the function plot and the x-axis. It 

will also construct two points whose y-values differ by the signed area 

of the trapezoid and the segment between these two points.

 2. Using the tool again, click the right 

endpoint of the segment constructed in 

step 1. This will add the area of the next 

trapezoid to the fi rst one. 

 3. Continue using the tool to build the 

approximate plot of the integral function, 

each time using the right endpoint of the 

previously constructed segment.

 4. Choose Plot Area with Trapezoids(left) from the Custom Tools menu. Click 

again on the point where x � a to extend your plot to the left. Continue using 

this tool, each time clicking the left endpoint of the previous segment.

 Q1 When will the constructed segment have a positive slope? A negative slope? 

 Q2 How can you tell whether the next constructed segment will be sloped at a 

greater or lesser angle than the previous segment? 

 Q3 When will the plot you make have a maximum? A minimum?

Go to page 7 and sketch the plot of A(x) �  ∫ a  
x

    f  for the given function in the margin, 

using your answers from Q1– Q3 above. Then check your answer using 

the tool, step by step. How did you do?

-2

x = a

-2

x = a
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SKETCH AND INVESTIGATE
In the activity The Area Function, steps 14–23 detail the construction of an 

approximate plot of A(x) �  ∫ a  
x
   f  using rectangles. The difference in the 

y-coordinates of the constructed points P and L is equal to h � f  �xP�, and the 

difference in the x-coordinates is h. You then traced a plot of the integral 

function using points P and L. The slope of segment PL, h � f  �xP��h, 

is equal to f  �xP�. So between any two points on the plot of this kind of 

approximation of A(x), the slope of the secant is equal to f  �xP�. So for this 

approximation of A(x) using rectangles, the “derivative” of A must be f, at 

the discrete points upon which the approximation is built. 

In the activity Plotting the Integral, you can use trapezoids, and this 

approximation is used here in steps 11–14. When you plot the slope of this 

approximation, you get a series of steps that approximate f. 

In Q1 and Q2, as the steps become smaller in size, they all approach the 

value of f  �xA�. The approximation of A(x) was built by adding the area of a 

trapezoid with height h and bases f  �xA� and f  �xA� h� to the y-coordinate of 

point A.

In this construction, the y-coordinate of point B is yA � (1/2) �f  �xA� � 

f �xA � h��h. When you use the Secant Slope tool, you plot the slope of 

segment AB. The slope of this segment is determined by yB – yA′ which 

equals  yA � (1/2)� f  �xA � � f  �xA � h��h � yA.  Because xB � xA � h, the 

slopeof segment AB is just   
0.5 (f (xA) + f (xA � h))h

  _______________ 
h
  , which for h � 0 is the average 

of f  �xA� and f  �xA + h�. As h → 0, this average approaches f  �xA�.

Both of these approximations of A(x) suggest that A′(x) � f (x).

In Q3 through Q5, you can show that this is true for the actual function 

A(x). In Q3, because integrals on adjacent intervals “add”, they also subtract. 

A �xP � h� is the integral from x � a to x � xP, and A �xP� is the integral from 

x � a to x � xP � h. The areas defi ned by those integrals overlap on an area 

equal to the integral from x � xP to x � xP � h. In Q5, because this area, 

and also A �xP � h� � A �xP�, can be approximated using the formula for the 

area of a rectangle, the expression f  �xP�h can replace the number of  

  lim    
h→0

  �A�xP � h� � A�xP� � h�. The expression becomes    lim    
h→0

  �f  �xP�h � h� � f  �xP �.

Getting Down to Fundamentals  ACTIVITY NOTES
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EXPLORE MORE
In Q1, the points where the horizontal segments intersect the plot of the 

derivative are the points where the Mean Value Theorem is true. At these 

points, the average rate of change of f is equal to the instantaneous rate of 

change. For an interval 	x0, x1
 this can be written    
f �x1� � f �x0� ________ x1 � x0

   � f  ′ �c1�. 
In Q2 and Q3, when you move your sample points to these locations, the 

area of the rectangle on the interval 	x0, x1
 is f  ′ �c1� �x1 � x0�, which is equal 

to f  �x1� � f  �x0�, the change in f on the interval. If you construct rectangles in 

this way, starting at a point x � a and ending at x � b, the total area of the 

rectangles will be the total change in f on [a, b]. To show that the integral 

is equal to f (b) � f (a), you can show that a Riemann sum formed the way 

you made it here falls between an upper and lower sum and so has the same 

limit as the width of the intervals approaches 0. In Q4, your explorations 

show that you can fi nd the exact value of an integral of f by fi nding the 

net change in the antiderivative of f. In Q5, g is an antiderivative of f. Its 

derivative is f, so g ′(x) � f (x) for all x. 

EXTENSION
Make your own document that demonstrates that the function g �  ∫ a  

x
   f ′  

does not necessarily equal the derivative of the function A(x) �   ∫ a  
x
   f.

Getting Down to Fundamentals ACTIVITY NOTES
continued
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Getting Down to Fundamentals

In the activity Plotting the Integral, you can explore 

properties of the function A(x) �   ∫ a  
x

   f   for any a. 

The relationships that you fi nd between the plots of 

f and A(x) hinted that A(x) is an antiderivative of f (x). 

In this activity you will examine this possibility in 

a variety of ways.

SKETCH AND INVESTIGATE

First, let’s see if a plot of A(x) �  ∫ a  
x

   f  matches a symbolic antiderivative. 

 1. Open the document Fundamentals.gsp. On page 1 of this document you will 

fi nd the plot of the function f (x) � 3x 2 
� 4x � 1 and some sliders.

Click measurement 
C to enter it into the 
function editor.

 2. Choose Plot New Function from the Graph menu, and enter the antiderivative 

of f (x), x 3 � 2x 2 � x � C. 

Leave the plot’s 
thickness as Thin.

 3. Double-click the equation for the antiderivative with your Text tool and label it F.

 4. Press the C→2 button so that F has an intercept at x � �1.

Now you will use a tool from a previous activity to trace a plot of the integral 

function A(x) and see if the trace is identical to the plot of F(x).

 5. Choose Area with Trapezoids from the Custom Tools menu. This tool will 

automatically match the function f (x) and the parameter h.

 6. With the tool, click in an empty spot in the plane. With 

the Text tool, label this point P. Label the other point Q. 

This tool also creates a trapezoid whose area approximates 

the integral of f (x) on �xP 
, x

Q�. Now, you can create an 

approximated trace of A(x) with these two points by having 

point P chase point Q. 

Select point P, 
then point Q, and 
choose Edit⎮Action 
Buttons⎮ Movement.

 7. Make a button that will move point P to point Q at 

medium speed. 

 8. Move point P to (�1, 0). Then select point P and the trapezoid and choose 

Trace Objects from the Display menu. 

 9. Press the h→0.01 button so you will get a very close approximation of A(x) 

when you create the trace. 

2

-2

2

-2

2

Q
P
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Getting Down to Fundamentals
continued

If point P moves off 
your screen, choose 
Edit⎮Undo Animate 
Point.

 10. Then press the Move P→Q button to create an approximate trace of the 

integral function.

Your trace of A(x) �  ∫ a  
x

   f  and the plot of F(x) should be 

almost identical. Try this again. Adjust the slider for C to 

any value, then move point P to any point on the plot of F, 

erase your traces, and then press the Move P→Q button. 

Does it work again?

Is A(x) �  ∫ a  
x

   f   really an antiderivative of f ? If it is, then 

A′(x) must be f (x). Let’s see if this is the case.

See the activity 
Plotting the Integral to 
learn how to construct 
A(x ) using iteration. 

 11. Go to page 2. Here you will fi nd a plot of an 

approximation of A(x) constructed using iteration. 

Although this plot is only an approximation, you can still use it to look for 

evidence that its derivative is f (x). We’ll test this idea graphically by plotting 

the slope of some secants to the plot of A(x), and then taking a limit.

 12. Choose Secant Slope from the Custom Tools menu. 

With the tool, click points A and B. This tool creates 

a horizontal segment—a “step”—with y-value equal 

to slope AB, on the interval �xA
, x

B�.
Press the Hide 
Area button before 
performing the 
iteration to avoid 
creating unnecessary 
objects. 

 13. With the Arrow tool, select point A for the pre-image 

point and choose Transform⎮Iterate. For the fi rst image, 

click point B. Uncheck Tabulate Iterated Values in the 

Structure pop-up menu. Press the plus (�) key until 

Number of Iterations is 10. Click Iterate.

 14. Select just point A again for the pre-image point and 

choose Transform⎮Iterate. This time, for the fi rst image, 

click point C. Uncheck Tabulate Iterated Values in the 

Structure pop-up menu. Press the plus (�) key until 

Number of Iterations is 10. Click Iterate.

 15. Adjust the slider for h to a small value to approximate the limit. 

 Q1 Explain what happened graphically in step 15 at point A and to the “steps.” 

How does this add evidence that A′(x) � f (x) at point A? 

 Q2 If A′(x) � f (x), then what is the value of   lim    
x

B
→x

A

    
y

B
�y

A ______ 
x

B
�x

A

  ?

4

2

-2

P

To erase a trace, press 
the Esc key twice.

2

C

B

A

2

-2

2

C

B

A



220 
 

 Exploring Calculus with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Getting Down to Fundamentals
continued

 16. Test your answer to Q2. Make h � 0.25. Select segment AB and choose 

Measure⎮Slope. Then use the slider to adjust h and make point B approach 

point A. How did you do? 

From the steps above, it looks like the slope of A(x) is the y-value of f (x) at 

point A. In fact, each iterated “step” intersected the plot of f. To prove that 

A′(x) � f (x) algebraically, we can apply the defi nition of the derivative to the 

function A.

Now the question is: Does   lim    
 h→0

    A(x � h) �A(x) __________ 
h
   equal f (x)? You can answer this 

question by looking at this limit at an arbitrary point.

 17. Go to page 3. Here you will see the integral of f 

from x � a to x � x
P
 shaded in light green. This 

area is equal to A�xP�.

 Q3 Press the Show Locus button to see the integral from 

x � x
P
 to x � x

P
 � h. Explain why this integral 

equals A�xP
 � h� � A�xP�.

You can move point P 
to see how the areas 
change.

 18. Hide this locus and then press the Show Rectangles 

button. One of these rectangles is an overestimate 

of the value of A�xP
 � h� � A�xP�, and the other is an 

underestimate. 

 Q4 Write an expression for the left rectangle in terms of f. (Hint: What is the 

rectangle’s height? Width?)

 Q5 Use the expression from Q4 in place of the numerator of the above limit to 

show that it equals f �xP�.

EXPLORE MORE

Above, you showed that A(x) is an antiderivative of f. Here you’ll look at this 

fundamental connection between slope and area in another way.
To plot F ′, select the 
equation for F ′ and 
choose Graph⎮Plot 
Function.

 1. Go to page 4 of the document. Select the function F and choose 

Number⎮Derivative. Plot F ′(x). Relabel the function F ′ as f.

 2. Choose Riemann Area from the Custom Tools menu. With this tool, click the 

point (a, 0) to start the area plot.

6

4

2

-2

(a, 0) P

You won't see anything 
created at fi rst.
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Getting Down to Fundamentals
continued

 3. Click on the point (a, 0) a second time to start the fi rst 

rectangle and then click again on the x-axis, but a little to 

the right of the point (a, 0). As you make this third point, 

the tool creates a random point between them, called a 

sample point. The tool uses the y-value of f (x) at the sample 

point for the height of the rectangle and will also create a 

segment where the difference between the y-coordinates of 

the endpoints represents the signed area of the rectangle.

After you use the tool once, you only need to select the two points on the x-axis that 

determine the base of the rectangle. The tool automatically strings together 

the segments for the plot of accumulated area. 

 4. Use the tool to make seven more rectangles. Each time, match the fi rst point on 

the x-axis with the last point of the previous interval. Your intervals do not need 

to be the same size.

The plot of approximated area probably does 

not match the plot of F(x) very well, but you 

can apply a theorem about derivatives to make 

a better match.

 5. First, move the left endpoint of your fi rst 

rectangle to the x-intercept of F(x) as in 

the fi gure at right.

 6. Choose Average Rate from the Custom 

Tools menu. This tool uses points on the 

x-axis instead of points on the plot and 

automatically identifi es F(x). 

You will need to click 
twice on each interior 
point once to end a 
segment and once to 
start the next segment.

 7. With the tool, click the endpoints of each of the intervals you made above. 

This tool creates horizontal segments, each with y-value equal to the average 

rate of change of F on its interval. 

 Q1 What theorem about derivatives is demonstrated at the points where the 

horizontal segments (the average rates of change of F on the interval) intersect 

the plot of the derivative? Write out the theorem in its symbolic form.

Now, we’ll use these intersections to place the sample points.

5

-2

(a, 0)

5

-5

(a, 0)
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Getting Down to Fundamentals
continued

Or move the sample 
point so that the top of 
the rectangle and the 
horizontal step are the 
same.

 8. Move the sample point in each interval 

so that its corresponding point on the 

rectangle’s top is the intersection of 

the derivative plot and the horizontal 

segment.

 Q2 Use your answer to Q1 to explain why 

the area of each rectangle is now the 

exact value of the net change in F on each 

interval, and write an expression for the 

area of each rectangle in terms of F.

 Q3 Explain why the sum of an arbitrary number of rectangles constructed in this 

way on an interval [a, b] will equal F(b) � F(a). (You can also use limits to 

prove that the integral of F ′ on [a, b] equals F(b) � F(a).)

 Q4 Explain how to use the ideas in this activity to fi nd the exact value of the 

integral of a function whose antiderivative you know. 

 Q5 Given a function f with f (4) � �1.3 and the function g �  ∫ 7  
x

   f , explain in your 

own words why g′(4) � �1.3. 

10

5

-5

(a, 0)
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