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Getting Started
All Sketchpad documents (sketches) for Exploring Algebra 2 with The Geometer’s Sketchpad 

are available online for download. 

•	 Go to www.keypress.com/gsp5modules. 

•	 Log in using your Key Online account, or create a new account and log in.

•	 Enter this access code: EA2HS925

•	 A Download Files button will appear. Click to download a compressed (.zip) folder of 

all sketches for this book.

The downloadable folder contains all of the sketches you need for this book, organized by 

chapter and activity. The sketches require The Geometer’s Sketchpad Version 5 software 

to open. Go to www.keypress.com/gsp/order to purchase Sketchpad, or download a trial 

version from www.keypress.com/gsp/download.

Types of Sketches
Student Sketches: In most activities, students use a 

prepared sketch that provides a model, a simulation, or 

a complicated construction to investigate relationships. 

The name of a Student Sketch usually matches the activity 

title, and is referenced on the Student Worksheet for the 

activity, such as Logarithmic Functions.gsp.

Presentation Sketches: Some activities include sketches 

designed for use on a projector or interactive whiteboard, 

either for a teacher presentation or a whole-class 

activity.  Presentation Sketches often have action buttons 

to enhance your presentation. For activities in which 

students create their own constructions, the Presentation 

Sketch can be used to speed up, summarize, or review 

the mathematical ideas from the activity. Many activities 

include a separate page of Presenter Notes to help you 

facilitate a whole-calss presentation. The name of a 

Presentation Sketch always ends with the word “Present,”  

such as Radius and Arc Length Present.gsp.
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Sketchpad Resources

Sketchpad Learning Center
The Learning Center provides a variety of resources to help you 

learn how to use Sketchpad, including overview and classroom 

videos, tutorials, Sketchpad Tips, sample activities, and links to 

online resources. You can access the Learning Center through 

Sketchpad’s start-up screen or through the Help menu.

The Learning Center has three main sections:

Welcome Videos

These videos introduce Sketchpad from the point of view of 

students and teachers, and give an overview of the big ideas and 

new features of Sketchpad 5.

Using Sketchpad

This section includes 12 self-guided tutorials with embedded videos, 70 Sketchpad Tips, 

and links to local and online resources.

Teaching with Sketchpad

This section includes videos and articles describing how teachers make effective use of 

Sketchpad and how it affects their students’ attitudes and mathematical understanding. 

There are over 40 sample activities, each with an overview, teaching notes, student 

worksheet, and sketches, that you can use with students to support your subject area, level, 

and curriculum.
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Other Sketchpad Resources
Exploring Algebra 2 with The Geometer’s Sketchpad activities are an excellent introduction 

to Sketchpad for both students and teachers. If you want to learn more, Sketchpad contains 

resources for beginning and advanced users. 

•	 Reference Center: This digital resource, which is accessed through the Help menu, 

is the complete reference manual for Sketchpad, with detailed information on every 

object, tool, and menu command. The Reference Center includes a number of How-To 

sections, an index, and full-text search capability.

•	 Online Resource Center: The Geometer’s Sketchpad Resource Center  

(www.dynamicgeometry.com) contains many sample sketches and advanced toolkits, 

links to other Sketchpad sites, technical information (including updates and frequently 

asked questions), and detailed documentation for JavaSketchpad, which allows you to 

embed dynamic constructions in a web page.

•	 Sketch Exchange: The Sketchpad Sketch Exchange™ (sketchexchange.keypress.com) 

is a community site where teachers share sketches and other resources with Sketchpad 

users. Browse by keyword or topic for sketches that interest you, or ask questions and 

share ideas in the forum.

•	 Sample Sketches & Tools: You can access many sketches, including some with 

custom tools, through Sketchpad’s Help menu. You can use some sample sketches as 

demonstrations, others to get tips and information about particular constructions, and 

others to access custom tools that you can use to perform special constructions. These 

sketches are also available under General Resources at the Sketchpad Resource Center 

(www.dynamicgeometry.com).

•	 Sketchpad LessonLink™: This online subscription service includes a library of more 

than 500 prepared activities (including those used in this book) aligned to leading 

math textbooks and state standards for grades 3–12. For more information, additional 

sample activities, or a trial subscription, go to www.keypress.com/sll.

•	 Online Courses: Key Curriculum Press offers moderated online courses that last six 

weeks, allowing you to immerse yourself in learning how to use Sketchpad in your 

teaching. For more information, see Sketchpad’s Learning Center, or go to  

www.keypress.com/onlinecourses.

•	 Other Professional Development: Key Curriculum Press offers free webinars on a 

regular basis. You can also arrange for one-day or three-day face-to-face workshops for 

your district or school. For more information, go to www.keypress.com/pd.
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Addressing the Common Core State Standards for Mathematics

The Common Core State Standards emphasize the importance of students gaining 

expertise with a variety of mathematical tools, including dynamic geometry® software such 

as The Geometer’s Sketchpad. The Standards for Mathematical Practice recognize that 

effective use of technology is one aspect of mathematical proficiency.

5. Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a 

mathematical problem. These tools might include pencil and paper, concrete 

models, a ruler, a protractor, a calculator, a spreadsheet, a computer algebra 

system, a statistical package, or dynamic geometry software. Proficient students 

are sufficiently familiar with tools appropriate for their grade or course to make 

sound decisions about when each of these tools might be helpful, recognizing 

both the insight to be gained and their limitations. They are able to use 

technological tools to explore and deepen their understanding of concepts.  

(Common Core State Standards for Mathematics, 2010, www.corestandards.org)

This collection of Sketchpad activities uses the strengths of dynamic mathematical 

representations to enrich the study of second-year algebra. The study of functions is 

greatly enhanced by the use of dynamic representation; students explore linear, quadratic, 

exponential, logarithmic, and rational functions through graphs, tables, equations, and 

through unique visual representations such as dynagraphs. Students model relationships 

between quantities and interpret their results both mathematically and within problem 

contexts. The structure of expressions is fundamental to students’ work in Chapters 4  

and 5, in which students move among equivalent quadratic equations and then apply 

lessons from geometric transformations to transform functions.

The following content clusters from the Common Core State Standards for Mathematics 

are addressed in this collection.

Functions

Interpreting Functions 

•	 Understand the concept of a function and use function notation

•	 Interpret functions that arise in applications in terms of the context

•	 Analyze functions using different representations

Building Functions

•	 Build a function that models a relationship between two quantities

•	 Build new functions from existing functions

Linear, Quadratic, and Exponential Models

•	 Construct and compare linear and exponential models and solve problems

•	 Interpret expressions for functions in terms of the situation they model
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Trigonometric Functions

•	 Extend the domain of trigonometric functions using the unit circle

•	 Model periodic phenomena with trigonometric functions

•	 Prove and apply trigonometric identities

Algebra

Seeing Structure in Expressions  	

•	 Interpret the structure of expressions

•	 Write expressions in equivalent forms to solve problems

Arithmetic with Polynomials and Rational Functions 

•	 Understand the relationship between zeros and factors of polynomials

Creating Equations 	

•	 Create equations that describe numbers or relationships

Reasoning with Equations and Inequalities 

•	 Represent and solve equations and inequalities graphically

Number and Quantity

Vector and Matrix Quantities	

•	 Represent and model with vector quantities.

•	 Perform operations on vectors.

•	 Perform operations on matrices and use matrices in applications. 

Geometry

Congruence

•	 Experiment with transformations in the plane

Expressing Geometric Properties with Equations

•	 Translate between the geometric description and the equation for a conic section

Statistics and Probability

Interpreting Categorical and Quantitative Data

•	 Summarize, represent, and interpret data on a single count or measurement variable

•	 Summarize, represent, and interpret data on two categorical and quantitative 

variables
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Introducing Dynagraphs
Students explore dynagraphs, an alternative to Cartesian graphs, to develop a feel for 

various types of functional relationships.

From Dynagraphs to Cartesian Graphs
Students make connections between symbolic and dynagraph representations of functions 

by matching dynagraphs with equations, and then generate a Cartesian representation by 

geometrically manipulating a dynagraph.

Domain and Range
Students use dynagraphs and Cartesian graphs to explore the domain and range of various 

functions, including functions with restricted domains and/or range. They drag input 

variables, observe the behavior of the input and output of the functions, and then use their 

observations to design functions that have particular domain and/or range restrictions.

Function Composition with Dynagraphs
Students use dynagraphs to model composite functions, using the output of one function 

as the input to a second function.

Odd and Even Functions
Students explore odd and even functions using dynagraphs, identify characteristics of these 

functions in the Cartesian plane, and compare the original functions to transformed images

of their graphs.
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Inverse Functions
Students use linked dynagraphs to investigate inverse functions. They define inverses for 

various functions and test their results by inspecting values in a table and by observing the 

geometric behavior of the dynagraphs.

Functions Again and Again
Students define an iterated coordinate transformation on a point, observe the orbit, decide 

whether the iterated image represents a function, and if so, describe the function using a 

linear equation.
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Introducing Dynagraphs ACTIVITY NOTES

The motivation for developing and using dynagraphs comes from the 

often-noted diffi culty students have in seeing the graphs of functions as 

dynamic representations of functional relationships between two quantities 

and not just as static pictures. By decoupling the input and output axes, and 

having a segment connect points on parallel axes, students are better able 

to see the input-output machine view of functions expressed graphically. 

Being able to drag the input marker gives students the further advantage 

of actually varying the independent variable and seeing the function as a 

dynamic relationship between input and output.

Dynagraphs can serve as a bridge between the input-output machine model 

with which students are often introduced to functions and function graphs 

in the Cartesian plane. 

SKETCH AND INVESTIGATE
Q1 Answers will vary, but should basically describe functions as consistent 

input-output machines. In other words, they are relations or mappings 

between input values and output values such that any valid input value 

maps to a single output value. 

Q2 The dynagraphs do represent functions because they map input values 

to output values and they are consistent—a particular input value will 

always point to the same output value.

Q3 Answers will vary, but should not involve numbers or formulas. Good 

answers will in general include dynamic descriptions (“As the input 

is dragged steadily from left to right, the output . . . ”) and note any 

symmetries present.

NUMBERS, NUMBERS, NUMBERS
Q4 See Q3.

Q5 a. t(1) � �1   b. t(5) � 7 

c. x � �1    d. g � �6

e. p � �6   f. m � . . . , �7, �3, 1, 5, . . .

g. v(4) � 2   h. v(�4) is undefi ned

i. r � 9   j. z � 1

k. s � 3   l. a � 2.5



4 
 

 Exploring Algebra 2 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Introducing Dynagraphs ACTIVITY NOTES
continued

EXPLORE MORE
 Q6 Function j has an absolute minimum of 0 at 0. Function u has an 

absolute maximum of 6 at (. . . , �7, �3, 1, 5, . . .), and has an absolute 

minimum of �6 at (. . . , �5, �1, 3, 7, . . .). Function v has an absolute 

minimum of 0 at 0. 

WHOLE-CLASS PRESENTATION
Use Introducing Dynagraphs Present.gsp to explore this highly dynamic 

visual representation of functions with your students. Dynagraphs differ 

from Cartesian graphs in that you can make the variables really vary, so 

emphasize the variation in the presentation by using the Animation buttons 

and leaving variables moving on the screen.
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Introducing Dynagraphs Presenter Notes

This whole-class presentation allows students to gain a dynamic perspective on the 

notion of function and emphasizes the way in which the variables really vary.

SKETCH AND INVESTIGATE

 Q1 Begin by asking students to describe a function in their own words. Get 

responses from several students, and encourage a diversity of descriptions. 

Consider forming small groups of two or three students and asking each group 

to create its own written description, suitable for explaining functions to 

someone who isn’t familiar with them.

 1. Open Introducing Dynagraphs Present.gsp. Four dynagraphs appear, each in a 

different color.

 2. Explain that the input and output markers represent the variables and that this 

model allows you to vary the variables by dragging the markers. Use the Arrow 
tool to drag input marker a. After dragging it a bit, use the Animate a button to 

leave it in motion.

 Q2 Ask students whether the behavior they observe represents a function, based 

on their description of what a function is. Solicit different explanations from as 

many students as possible.

 Q3 Ask students to describe the behavior of this fi rst function. They will want to call 

the tick mark “zero” or “the origin,” and they will want to describe movement 

to the left or right as “increasing” or “decreasing.” These characterizations are 

based on numbers; resist them, and instead encourage students to describe 

the behavior in terms of position, movement, and symmetry. Consider asking 

students whether the function has a “fi xed point”—a state in which the input 

marker and the output marker are at exactly the same position.

Leave each function 
in motion while you 
drag and discuss the 
remaining functions.

 Q4 Drag the input marker for the second function and have students observe. 

Leave it in motion while students describe the behavior. (Students often want 

to call this function a “constant function.” Rather than describing this answer 

as wrong, ask them whether it’s the output that is constant or whether there is 

something else about this function that they view as being “constant.”)

 Q5 Use the Animate c button to put the third function’s input marker into motion. 

(Students will often laugh at this function, and you may want to ask them how 

often they have laughed at a mathematical function.) Have them describe this 

function in detail. They may want to give it a name.

 3. The remaining pages show dynagraphs with numbers added to the axes. Have 

students answer the questions on each page, and then allow them to see the 

algebraic formulas underlying the behavior of the dynagraphs.
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Introducing Dynagraphs

How many ways are there to represent a function? You’ve probably encountered A function is a 
mechanism that gives 
you one specifi c output 
value for any value that 
you put in.

  various representations of functions, using tables, graphs, or equations. In this 

activity you’ll explore a new way of representing functions: dynagraphs.

g(b)

f(a)

b

a

output

input

output

input

g

f

SKETCH AND INVESTIGATE

 Q1 Spend a few moments reviewing with your group or on your own what a 

function is. Based on what you already know, how would you describe functions 

to someone who isn’t familiar with them?

Each dynagraph has 
an input axis with an 
input marker and an 
output axis with an 
output marker. There is 
also a tick mark in the 
middle of each axis.

 1. Open Introducing Dynagraphs.gsp. You’ll see four dynagraphs labeled f, g, h, 

and j, each in a different color.

f(a)

a

output

input

f

 2. The input marker for dynagraph f is labeled a. To get an idea of how dynagraphs 

work, use the Arrow tool to drag this input marker.

 Q2 Based on your understanding of functions, does this dynagraph represent a 

function? Explain.

Next you’ll explore and describe in detail each of the dynagraphs on this page.

Here’s a description of the f dynagraph:

This description is in 
terms of the position 
and motion of the input 
and output markers. 
The description does 
not use numbers or 
formulas because 
there are no numbers 
or formulas on the 
dynagraphs.

 When the input marker is at the tick mark, the output marker is also at the tick 

mark. When the input marker is not at the tick mark, the output is always on the 

same side of the tick mark as the input. The output is always farther away from the 

tick mark than the input; it seems to be about twice as far away. When the input 

is dragged steadily from left to right, the output also moves steadily in the same 

direction, only faster.

 Q3 Drag the input markers for dynagraphs g, h, and j, and then write detailed 

descriptions of these functions. Imagine you’re describing the dynagraphs to 

someone who can’t see them.
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Introducing Dynagraphs
continued

NUMBERS, NUMBERS, NUMBERS

You may have thought that it would be convenient to have number lines as the 

dynagraph axes to make it easier to give a precise description of the behavior of 

each function. With only a single tick mark, it’s impossible to assign numbers to 

positions, such as “an input of 3 gives an output of 5.”

In this section you’ll explore four new dynagraphs, fi rst without numbers, then with.

 3. On page 2 are the new dynagraphs. Explore each by dragging its input marker.

 Q4 Write a description of each function, just as in the previous section.

 4. Press the Show Number Lines button. The dynagraph axes appear as number 

lines.

 5. Drag t ’s input control to 4.  

2 6

2 4 6

t(a)4 = 5.00

a = 4.00

The arrow points to an output of 5, as shown here. 

Using function notation, you can write t(4) � 5, 

which is read “t of four equals fi ve.”

 Q5 Solve for these unknowns. Be sure to use the correct function dynagraph for 

each one. Write each answer using function notation.

Hint: The answers to 
all but two of these 
questions are single 
numbers. One answer 
is “undefi ned,” and 
one consists of several 
numbers.

 a. t(1) � b. t(5) �

 c. t(x) � �5, x � d. u(�1) � g, g �

 e. u(3) � p, p � f. u(m) � 6, m �

 g. v(4) � h. v(�4) � 

 i. v(r) � 3, r � j. w(2) � z, z �

 k. w(4) � s, s � l. w(a) � 0, a �

EXPLORE MORE

A function has an absolute maximum if there is a largest output value—one the 

function can reach but can never exceed. Similarly, a function has an absolute 

minimum if there is a smallest output value—one the function can reach but can 

never go below.

 Q6 Of the eight functions in the sketch, which functions have an absolute 

maximum or an absolute minimum? What are these maximum/minimum 

output values, and for what input values do they occur?
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From Dynagraphs to Cartesian Graphs ACTIVITY NOTES

FUNCTION MATCHMAKING
 Q1 Explanations will vary, but should involve the relative direction and 

speed of the input and output. Students can animate the input marker 

to make it easier to judge relative speed. Explanations may also refer to 

range restrictions (in d) and the existence of an asymptote (in e). Here 

are the matches:

a. 4 b. 2 c. 5 d. 1 e. 3

FROM DYNAGRAPHS TO CARTESIAN GRAPHS
 Q2 Answers will vary. When the output axis is tilted, the two axes intersect, 

and there’s a change in the length and orientation of the segment 

connecting the two dynagraph markers. Even as these things change, 

the output value remains the same for any given input value, so the two 

markers continue to represent the same function. If f (a) � b before 

tilting, f (a) � b after tilting.

4. Consider having students construct the perpendiculars on their own 

instead of pressing the button. 

 Q3 The x-coordinate of the Cartesian point is a (the input value of the 

dynagraph). Similarly, the y-coordinate of the new Cartesian point is 

f (a) (the output value of the dynagraph). 

7. After generating the trace, students can use Construct⎮Locus to create 

a permanent image. But it’s important that they trace fi rst, to get a 

visual image of the way in which the dynagraph traces out the Cartesian 

graph over time.

 Q4 The graph is a line with a positive slope. The fact that it’s a line 

corresponds to the fact that as the input marker on the dynagraph is 

dragged at a constant speed, the output marker moves at a constant 

speed. Students may make additional observations: How far the input 

marker goes in a given unit of time corresponds to run, and how far 

the output marker goes corresponds to rise. The fact that the line has a 

positive slope corresponds to the fact that the two markers always go the 

same direction (see Q6). The fact that the slope of the line is greater than 

1 corresponds to the fact that the output marker moves faster than the 

input marker. (A slope of 1 corresponds to markers moving at the same 

speed; a slope between 0 and 1 corresponds to a slower output marker.)
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From Dynagraphs to Cartesian Graphs ACTIVITY NOTES
continued

SIMULTANEOUS REPRESENTATION
Q5 A dynagraph point contains one piece of information: its position 

on its axis. Thus two dynagraph points are required to show both 

input and output values for a function. A Cartesian point contains 

two pieces of information—its x-coordinate and its y-coordinate—so 

the Cartesian point can represent both the input and the output values 

at the same time.

Q6 When the input and output markers both move right, the Cartesian 

point moves up and to the right.

 When the input marker moves right and the output marker moves left, 

the Cartesian point moves down and to the right.

Q7 The Cartesian graph of f (x) � 5x is steeper than the graph of f (x) � x. 

This corresponds to the fact that the output marker moves faster for the 

dynagraph of f (x) � 5x than it does for that of f (x) � x. 

Q8 Student answers will vary, but should describe one advantage of each 

representation. Students may say that it’s easier to distinguish input 

values from output values on a dynagraph, and that the dynagraph 

allows them to actually vary the variable. The dynagraph relates more 

closely to the fundamental defi nition of a function: For any given 

input value, it produces one single output value. The Cartesian graph 

makes the global picture more accessible: At a glance you can see the 

characteristics of the entire function for all input values, with no need 

to drag or animate anything. Finally, the dynagraph shows clearly where 

each point on the Cartesian graph comes from.

WHOLE-CLASS PRESENTATION
In this presentation, students make connections between the behavior of 

a dynagraph that represents a function and an equation representing the 

same function. They then see how modifying the dynagraph representation 

produces a Cartesian representation, and they view different functions in 

both representations simultaneously.

1. Open Dyna To Cartesian Present.gsp. Press Animate to put the top 

dynagraph into motion. 

Q1 Have students guess which of the fi ve equations on the bottom of the 

screen corresponds to the top dynagraph. Ask them to give arguments 
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From Dynagraphs to Cartesian Graphs ACTIVITY NOTES
continued

for their guesses, and encourage observations that relate the direction 

or speed of the dynagraph markers to the equations. Repeat for all fi ve 

functions.

2. Page 2 contains a single dynagraph. Put it in motion.

 Q2 Ask students what they think will happen if you drag the point 

labeled tilt.

 Q3 With the input marker still moving, drag point tilt so that the bottom 

axis is only slightly off horizontal. Ask students to observe what has 

changed about the behavior of the dynagraph and what has stayed the 

same. Try this with several different positions of point tilt. The class 

should agree that although the direction of the output marker’s motion 

has changed, the motion of the marker along its axis, and its numeric 

value, remain unchanged.

 3. With the input marker in motion, press the Make Cartesian button.

 Q4 Ask students to report what they observe about the angle of the output 

axis and about the origin of the output axis.

4. With the input marker in motion, press the Show Perpendiculars button 

and ask students to observe the relationship between the dashed lines 

and the values of a and f (a).

5. Show the intersection.

 Q5 Ask students to observe the path of the intersection: its shape, its 

location on the screen, and so forth.

6. Turn tracing on so that students can check their answers.

7. Consider using this page to look at one or two different functions, such 

as f (x) �  x  2  or f (x) � ⎮x⎮.

 8. Page 3 contains both dynagraph and Cartesian representations. Animate 

the input marker a.

 Q6 Ask students what relationships they can detect about the connections 

between the two models. Students may make observations about the 

behavior of the markers on the four axes, or about the relation between 

the moving point labeled (a, f (a)) and the motion of the dynagraph.

 9. Edit the equation to change the function being displayed, and ask 

students how looking at a different function changes their observations 

about the connections. 
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From Dynagraphs to Cartesian Graphs ACTIVITY NOTES
continued

Finish with these three questions:

Q7 Ask students to fi ll in the blanks:

 When the input and output markers both move right, the Cartesian 

point moves .

 When the input marker moves right and the output marker moves left, 

the Cartesian point moves .

Q8 How does the Cartesian graph of f (x) � 5x compare to that of 

f (x) � x? How does this relate to the difference between their 

dynagraphs?

Q9 Compare dynagraphs and Cartesian graphs. In what ways do you think 

dynagraphs are better for representing functions? In what ways do you 

think Cartesian graphs are better?
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From Dynagraphs to Cartesian Graphs

Dynagraphs make it easy to change the input of a function 

and see how each input produces a corresponding output.  
f(a)

a

50

0

5

tilt

This strength is also a weakness, because you can see only a 

single pair of input-output values at any time.

In this activity you’ll change a dynagraph so that you can 

keep track of many input and output values at the same time.

FUNCTION MATCHMAKING

 Start out with some “function matchmaking”—you’ll match several dynagraphs to 

their corresponding algebraic equations. 

The dynagraphs don’t 
show any numbers, so 
you’ll have to fi gure 
out each match by 
observing the output 
marker as you drag the 
input marker.

 Q1 Open Dyna To Cartesian.gsp. The fi ve dynagraphs on page 1 correspond to the 

equations below. Pair each dynagraph with an equation and explain how you 

made the match.

 a. y � x  b. y � �x c. y � 2x

 d. y �  x  2  e. y �   1 _____ x � 1   � 1

FROM DYNAGRAPHS TO CARTESIAN GRAPHS

 1. On page 2 of Dyna To Cartesian.gsp, you’ll see a dynagraph for the function 

f(x) � 2x � 1. Drag the input marker to familiarize yourself with this function.

 2. Drag the point labeled tilt so that the output axis is at an angle to the input axis. 

Drag the input marker again. Do this for a few different angles of the output 

axis. (You can even turn it upside down!)

 Q2 When you tilt the output axis, what changes and what remains the same?

 3. Press the Make Cartesian button and watch as the two axes  

f(a)

a

5

tilt
of your dynagraph “morph” into the familiar x- and y-axes. 

Drag the input once more to convince yourself that you’re 

still dealing with the same dynagraph, only tilted.

 4. Press the Show Perpendiculars button to show lines through 

a and f(a) perpendicular to the two axes.

Click the intersection 
to construct the point 
of intersection.

 5. Construct the intersection of the two perpendiculars.

 6. With the new point selected, measure its coordinates by choosing 

Measure⎮Coordinates.

 Q3 Drag the input marker. What does the x-coordinate of the new point 

correspond to on the dynagraph? What does the y-coordinate correspond to?
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From Dynagraphs to Cartesian Graphs
continued

 7. Deselect all objects by clicking in blank space. Select the new point and choose 

Display⎮Trace Intersection. Now drag or animate the input marker and watch 

as P traces out the graph of f (x).

 Q4 Describe the shape of the graph traced by the intersection point. Why does this 

shape make sense given the behavior of the dynagraph?

SIMULTANEOUS REPRESENTATION

 8. Go to page 3 of Dyna To Cartesian.gsp.

You’ll see a dynagraph and a Cartesian graph, both modeling f (x) � 2x � 1. Drag 

the input marker on the dynagraph and watch both models change simultaneously.

 Q5 A classmate says, “One Cartesian point contains the same information as two 

dynagraph points.” Explain what she means.

Double-click the 
function equation 
f (x) � 2x � 1 to 
edit it.

 9. Explore each of the following functions on the combined dynagraph/Cartesian 

graph. Enter the function, and then drag the input marker slowly from left to 

right. Observe what happens to the point on the Cartesian graph as you drag.

 f (x) � 3 f (x) � x f (x) � �x

f (x) �  x  2   f (x) � � x  2   f (x) � 5x

 Q6 Fill in the blanks.

  When the input and output markers both move right, the Cartesian point 

moves .

  When the input marker moves right and the output marker moves left, the 

Cartesian point moves .

 Q7 How does the Cartesian graph of f (x) � 5x compare to that of f (x) � x? How 

does this relate to the difference between their dynagraphs?

 Q8 Compare dynagraphs and Cartesian graphs. In what ways do you think 

dynagraphs are better for representing functions? In what ways do you think 

Cartesian graphs are better?
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Domain and Range ACTIVITY NOTES

It’s a good idea to have an initial class discussion about domain and range 

before starting the activity, and it’s very important to have a class discussion 

after students fi nish the activity.

One or the other of these discussions should focus on why some numbers 

are not allowed as inputs for particular functions. Ask students to give 

examples of functions with restricted domains. One category of answers 

is covered in the activity—functions such as square root functions and 

rational functions that have undefi ned outputs for certain inputs. Another 

category, not covered in the activity, is functions that model real-life 

or geometric situations. For example, the function f (n) � 0.89n might 

represent the total cost of buying n apples each costing $0.89. But it doesn’t 

make sense to consider n � �2 or n � 3.71 here. Only positive whole 

numbers are part of this domain.

A good way to encourage exploration is to ask students to modify the 

various functions and observe the results. On page 1, you could ask 

students how the range would change if they changed the function to 

f (x) � round(x) � 1 (answer: it wouldn’t). You could then ask for what 

values of k would the function f (x) � round(x) � k have a range different 

from that of the original function (answer: non-integer values). You could 

follow this up by exploring what happens when you multiply round(x) by a 

constant. You could extend the activity in similar ways on the other pages.

SKETCH AND INVESTIGATE
 Q1 g (x): all real numbers

h (x): h (x) � 0

j (x): all real numbers

k (x): �2 � k (x) � 2

 Q2 The range appears to be all integers, as with f(x) � round(x). This 

is clearly wrong since many inputs result in non-integer outputs. 

For example, g(0.01) � 0.2. 

The output marker lands only on integers because the input marker can’t 

really be dragged continuously. You can only move it by one pixel (screen 

unit) at a time. This dynagraph’s scale is set to 1 pixel � 0.05 units. 

Moving the input marker by a single pixel moves the output marker by 

20 times as much, which is equivalent to a full unit. You can change the 

scale by pressing the Show Scale button and adjusting the slider.
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Domain and Range ACTIVITY NOTES
continued

In the next step, students are encouraged to use animation rather than 

dragging the marker directly, because an object being animated can be 

slowed down so that it moves less than a pixel at a time. 

Q3 The domain of function v(a) is a � 0. (When the input marker is to the 

left of 0, the output marker disappears.)

The range is v (a) � 0.

Q4 Negative numbers are not in the domain because the square root of any 

negative number is undefi ned over the set of real numbers.

Q5 The domain restriction is b � 2, and the range restriction is w (b) � 0. 

The value 2 is excluded from the domain because it would result in 

division by 0. The value 0 isn’t part of the range because the result of the 

division   1
 ____ x � 2   cannot be 0.

DOMAIN AND RANGE ON CARTESIAN GRAPHS 
On page 5, the graph’s properties are set to plot it discretely rather than 

continuously. If the plot were done continuously, the discontinuities 

would be connected with segments. To change whether a graph 

is plotted continuously or discretely, select the object and choose 

Edit⎮Properties⎮Plot.

Q6 One way to determine domain by looking at a Cartesian graph of a 

function is to imagine a vertical line that sweeps from left to right. Any 

location where the line touches the graph is part of the domain. Thus, if 

a vertical line crossing the x-axis at x � 3 touches the graph somewhere, 

3 is part of the domain of that function. Any location where the line 

doesn’t touch the graph at all is not part of the domain.

 Similarly, to determine the range from a Cartesian graph, imagine a 

horizontal line sweeping from bottom to top. Anywhere it touches some 

part of the graph is part of the range; anywhere it doesn’t, isn’t.

EXPLORE MORE
Q7 To make the range of f all even numbers, use f(x) � 2  � round(x).

 To make its range all odd numbers, use f(x) � 2  � round(x) � 1.

Q8 To make the domain and range of v all numbers less than or equal to 0, 

use v(x) � � � 
___

 �x  .
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Domain and Range ACTIVITY NOTES
continued

  To make w’s domain all real numbers except 0 and its range all real 

numbers except 2, use w(x) �   1 _ x   � 2 .

WHOLE-CLASS PRESENTATION
Open Domain Range Present.gsp and use the pages of this sketch to 

stimulate a class discussion.

 1. On page 1, drag input marker a and ask students to observe the possible 

positions of the input and output markers, and use their observations to 

describe the domain and range. After several students have volunteered 

descriptions in their own words, turn on tracing and drag again to verify 

the descriptions. You can use the Animation button to achieve smooth 

movement of the input marker.

2. For each of the four functions on page 2, ask students to guess ahead of 

time what the range will be. Then drag the input marker for that function 

to test their guesses. For each function, use tracing and animation to 

generate a smooth, detailed visual representation of the answer.

3. Use page 3 to emphasize the need to pay attention to details and not 

to jump to conclusions. By dragging the input marker, you’ll generate 

what appears to be a range of integer values only. Ask students to 

explain what’s going on here. This should generate a lively discussion. 

Encourage a number of students to describe the phenomenon in their 

own words. Finish this page by using animation to achieve movement 

by less than a pixel at a time.

4. On page 4, tracing shows the domain and range restrictions for v(a) 

clearly, but cannot show the restrictions for w (b) so clearly. Get students 

to discuss the differences in the two situations, so that they realize that 

w (b) is missing only a single number in its domain and a different 

number in its range.

5. On page 5, drag input marker a and have students observe both the 

dynagraph and Cartesian graph. Ask them to explain how the restricted 

range shows up on the Cartesian graph. Also ask them how to edit the 

function to generate only even numbers, or only odd numbers.

6. Use page 6 to compare the dynagraph and Cartesian representations for 

the functions from page 2.

Finish by asking students to summarize what they learned about domain 

and range. 
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Domain and Range

You can’t put a television in a blender, and you wouldn’t expect an elephant to come 

out of a gasoline pump. In math terms, a television isn’t an allowable input for a 

blender; it’s not part of a blender’s domain. And an elephant isn’t a possible output 

of a gasoline pump; it’s not part of a gas pump’s range. 

Similarly, functions have certain numbers that are and aren’t allowed as inputs, and 

other numbers that are and aren’t possible as outputs. In this activity you’ll explore 

these notions using both dynagraphs and Cartesian graphs.

f(a)

a

–5 5

–5 5

SKETCH AND INVESTIGATE

The range of a function is the set of possible outputs from that function. Let’s see 

how dynagraphs can make this idea clearer. You’ll start by exploring the range of 

everyone’s favorite dynagraph: the “blue hopper.”

 1. Open Domain Range.gsp. Drag the input marker to observe the behavior of the 

function f (x) � round(x). The input marker leaves a trace.

 You can drag the input marker to any value you want, so we say “the domain of f 

is all real numbers.” 

To turn on tracing, 
select the output 
marker and choose 
Display⎮Trace 
Triangle.

 2. Turn on tracing for the output marker. Then drag the input marker back and 

forth again. 

 The output marker leaves a trace of where it’s been. These traces point to every 

integer but never to any other values, so we say “the range of f is all integers.”

The range of each 
function on page 2 
will either be “all 
real numbers” or an 
inequality such as 
f (x ) � 5.

 Q1 On page 2, use the same method to fi nd the range of each of the four functions. 

When you use technology, it’s very important to think about the limitations of 

that technology. You’ll see that the method used above can be misleading in certain 

situations, and you’ll then learn a more reliable method.

 3. On page 3, turn on tracing for the output marker, then drag the input marker, as 

in step 2. For greater control, use the right and left arrow keys on your keyboard 

to drag one pixel (screen unit) at a time.

 Q2 What does the range of k(x) � 20  � x appear to be? Explain why this answer is 

actually wrong. Why do you think this happens?
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Domain and Range
continued

 4. Select the input marker and choose Display⎮Animate Pentagon. Repeatedly 

press the Decrease Speed button (the down arrow on the Motion Controller) 

until it’s clear that the range of this function really is all real numbers. Go back 

to pages 1 and 2 of the sketch, and convince yourself that your answers there 

were correct.

For most functions, the domain is “all real numbers,” meaning that any input 

produces some output. Sometimes, however, a domain might be restricted to 

something such as “all integers” or “x � 3.” 

 Q3 On page 4, drag v’s input marker back and forth. What is v’s domain? (In other 

words, where can you drag the input marker and still see the output marker?) 

What is v’s range?

 Q4 Based on its equation, why are some numbers not part of v’s domain? 

 Q5 The domain of w is all real numbers except for one particular value. The range 

of w is also all real numbers except for one particular value (a different value). 

What is the one value not in the domain of w? What is the one value not in the 

range of w?

DOMAIN AND RANGE ON CARTESIAN GRAPHS

Let’s transfer this knowledge to Cartesian graphs.

 5. Page 5 shows a rounding function. Drag the input marker and think about how 

you can tell domain and range on a Cartesian graph.

To edit the function, 
double-click its 
equation and then 
enter the new 
expression.

 6. On page 6, explore the function f (x) � 2x. Then edit the function and explore 

the functions listed here, again thinking about how to tell domain and range on 

a Cartesian graph.

g(x) �   x __ 2    h(x) �  x  2   j(x) � 2x � 1  k(x) � 2 sin �   �x ___ 2   � 
 Q6 How can you tell the range of a function just by looking at its Cartesian graph? 

How about its domain?

EXPLORE MORE

 Q7 On page 1, change f ’s equation so that its range is all even numbers. Then 

change it again to make it all odd numbers. Record the equations you used.

 Q8 On page 4, change v so that both its domain and its range include only numbers 

less than or equal to 0. Change w so that its domain is all real numbers except 0 

and its range is all real numbers except 2. Record the equations you used.
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Function Composition with Dynagraphs ACTIVITY NOTES

Composite functions often seem backward to students. Since they read 

g(f (x)) left to right, they may be surprised to see that its composite 

dynagraph starts at the input marker of f and ends at the output marker of 

g. The reason, of course, is that when evaluating g(f (x)), you start with the 

parentheses and apply the functions from right to left, even though you read 

the expression from left to right. Make sure students really do understand 

why composite dynagraphs are structured as they are.

A possible discussion topic with students is the fact that function 

composition lurks behind every function. For example, the simple function 

f (x) � 2x � 1 can be seen as g (h(x)), where 

g (x) � x � 1 and h(x) � 2x, or 

g (x) � 2x and h(x) � x � 0.5, or

g (x) � 2x � 1 and h(x) � x, or 

many other possibilities. Students may enjoy decomposing functions in 

this way, and the practice will be valuable when they learn to transform 

functions.

INTRODUCTION
Q1 a. 4 b. 18 c. 8 d. 18 e. 17 f. 17

Q2 No, f (g (x)) doesn’t always equal g ( f (x)). In this case, f (g (5)) � 50 and 

g ( f(5)) � 100.

SKETCH AND INVESTIGATE
Q3 f(�1) � �2

Q4 g ( f(�1)) � g(�2) � 4

Q5 g ( f(1.20)) � g(2.4) � 5.76

Q6 a. 2 b. 2 c. 98

Q7 The range of g(h(x)) is all squares of whole numbers, or, (0, 1, 4, 9, 16, 

25, 36, . . . ).

A nice way to see this is to turn on tracing for the output marker (by 

selecting it and choosing Display⎮Trace Triangle) and then drag the 

input marker. This is, in fact, the method used in the activity Domain 

and Range.
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Function Composition with Dynagraphs ACTIVITY NOTES
continued

 Q8 The output is always the same as the input in both cases. This is because 

f (x) and j (x) are inverse functions of each other, meaning that they 

“undo” each other. In other words, start with any number, double it, 

then halve it, and you’ll end up where you started. It works the same if 

you halve it fi rst, and then double it.

EXPLORE MORE
 Q9 a. f ( g (h (x)))

b. g ( f (h (x)))

c. g (j (h (x)))
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Function Composition with Dynagraphs Presenter Notes

By representing composite functions on a dynagraph, it is possible to show a 

number graphically as it leaves one function and becomes the argument of 

a second function. Seeing the concept in another way may help students to 

understand the process as opposed to memorizing a rule.

 1. Open Composite Functions Present.gsp. The fi rst page shows two functions: 

f(x) � 2x and g(x) �  x  2 . On each function, drag the input marker (the 

pentagon above the axis) and tell the class to observe the output.

 Q1 What is the range of each function? (The range of f is all real numbers. 

The range of g is all non-negative real numbers.)

Explain that function composition means using the output from f as the input to g.

 Q2 Drag the input marker for g so its value is reasonably close to the output for f. 

Ask if this is close enough. Get students to agree that you need a better method.

 2. Construct a perpendicular through point f (a) to function f ’s  output axis. Then 

construct the perpendicular’s intersection with g ’s input axis.

 3. Split point p from its axis, and merge it to the intersection.

To split a point from 
its axis use Edit⎮Split 
Points. To merge it to 
the intersection, select 
both points and choose 
Edit⎮Merge Points.

 Q3 What we have done graphically is to set b equal to f (a). Write “b � f (a)” in 

the sketch or on the board. Point to the marker for g(b) on the sketch. Using 

substitution, what would be a logical name for this value? (Pronounce it slowly 

as you write “g of f of a.”)

g(b) � g(f (a))

 4. The next page is labeled “g&f”. Use the same procedure to construct f (g(b)). 

Flip between the two pages as you compare the composite functions.

 Q4 What are the ranges of g(f (x)) and f (g(x))? (All non-negative real numbers in 

both cases.)

 Q5 Is g(f (x)) � f (g(x)) for all x? This is true only for x � 0, but challenge students 

to work it out themselves before showing a counter-example.

 5. Go to the page labeled “f&j”, which has the functions f (x) � 2x and j(x) �   x _ 2  .

 Q6 What are f(j(x)) and j(f(x))? (They are both the identity x.)

 6. Perform the constructions to answer Q5.

You can undo all of the 
modifi cations to any 
page in the document. 
While holding down 
the Shift key, choose 
Edit⎮Undo All.

 In this document, there are a total of four functions. They all appear on the last page, 

“all 4”. Try the various combinations. In each case, ask students about the range of 

the composite function, and ask them whether the order of the functions matters.

You can also customize these functions. Double-click a function defi nition on the 

left side of the screen, and enter a new defi nition.
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Function Composition with Dynagraphs

In life, the answer to one question sometimes becomes a question that leads to 

another answer. Functions are much the same; sometimes we take the output of 

one function and make it the input for a second function. This is called function 

composition, and we say that the two functions have been composed. In this 

activity you’ll get a brief introduction to function composition and then see how 

dynagraphs can provide a compelling way of modeling composed functions.

INTRODUCTION

 We’ll introduce function  

2 4

2 4

2 4

2 4

g(b) � 4.00

f(a) � 2.00

b � 2.00

a � 1.00
composition informally by 

doing some examples with 

numbers.

The composite function 
g(f (3)) is pronounced 
“g of f of 3.”

 Given f (x) � 2x and 

g (x) �  x  2 , fi nd g ( f (3)).

You always evaluate 

parentheses fi rst, so start 

on the inside by evaluating 

f (3): f (3) � 2  � (3) � 6.

Take this output and make it g’s input: g ( f (3)) � g (6) � (6 ) 2  � 36.

That, in a tiny nutshell, is function composition.

 Q1 Given the functions

f (x) � 2x, g (x) �  x  2 , h(x) � round(x), and j (x) �   x __ 2  ,

  evaluate the following expressions:

 a. g (f (�1)) b. f (g (3)) c. f (h(3.6))

 d. j(g(�6)) e. j(f (17)) f. f (j (17))

 Q2 Do you think f (g (x)) always equals g (f (x))? Answer this question by 

comparing f (g (5)) and g (f (5)).

SKETCH AND INVESTIGATE

 1. Open Composite Functions.gsp. Drag each input marker to familiarize yourself 

with the dynagraphs of functions f and g.
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Function Composition with Dynagraphs
continued

You’ll use the dynagraphs to fi nd g(f (�1)).

 Q3 Start by fi nding f (�1). Drag the input marker for f to �1. What’s the value of 

the output marker?

 Q4 Now fi nd g(f (�1)), by dragging the input marker for g to match the output 

marker for f. What’s the value of g’s output marker? Does this match your 

answer from Q1 part a?

 Q5 Now use the dynagraphs to fi nd g(f (1.20)). You’ll need to adjust f  ’s input 

to 1.20 and then adjust g ’s input to match f  ’s output. What result do you get?

To evaluate g(f (x)) more easily, you need to make g’s input marker automatically 

match f  ’s output marker.

 2. To transfer the output from f to the input for g, you’ll construct a vertical line. 

Select point f (a) (at the tip of f  ’s output marker) and the output axis for f. Then 

choose Construct⎮Perpendicular Line.

 3. Use the Point tool to construct the intersection of the vertical line with the 

input axis for g.

 4. Select point b (at the tip of g’s input marker) and choose Edit⎮Split Point from 
Line. The point is separated from its axis.

 5. Select points b and the intersection point. Choose Edit⎮Merge Points.

The two points are merged into one, and the output of f is the input of g. Drag the 

input marker of f to explore your new composite function, g (f (x)), and to check 

your answer from Q1 part a.

�2 2

�2 2

�2 2

�2 2

g(b) � 1.44

f(a) � �1.20

b � �1.20

a � �0.60

 6. Go to page “g&f”, which contains the same two functions, but with a g above 

and f below. Use the method from steps 4 and 5 to model f (g (x)). 
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Function Composition with Dynagraphs
continued

 Q6 Use your composite dynagraph to evaluate these expressions:

 a. f (g (1)) b. f (g (�1)) c. f (g (�7))

Next, you’ll compose the “round” and “square” functions to create a composite 

function with an interesting set of outputs.

 Q7 Go to page “h&g” and model g (h(x)). What is the range of this composite 

function? In other words, what are its possible outputs?

Use the remaining 
pages of the document 
to experiment with 
other composite 
functions.

 Q8 Create the composite functions j ( f (x)) and f (j (x)) on the appropriate pages. 

Experiment with these functions. What special feature do you notice about 

these two composite functions? Why does this happen?

EXPLORE MORE

 Q9. There’s no reason you can’t compose more than two functions to get something 

such as h(g (f (x))). Go to page “all 4” and try this for different combinations of 

three or four functions. See if you can build the following functions:

 a. a function that outputs twice perfect squares (0, 2, 8, 18, . . .)

 b. a function that outputs squares of even numbers (0, 4, 16, 36, . . .)

 c. a function that outputs the perfect squares divided by 4 

(0, 0.25, 1, 2.25, 4, 6.25, . . .)
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Odd and Even Functions ACTIVITY NOTES

Before introducing odd and even functions, tell students that 

mathematicians often classify mathematical objects based on properties 

that make them unusual or special. For example, even numbers are special 

because they’re always divisible by 2; prime numbers are special because 

they have no proper divisors. What properties might make a function 

special? Students have already seen some: The round(x) function is unusual 

because it contains breaks—you can’t draw it without lifting your pencil. 

Such functions are called discontinuous. This discussion will set the stage for 

the investigation of odd and even functions.

One important thing when doing this activity is the difference between 

“negative” and “opposite.” In the equation f (�x) � �f (x) that characterizes 

odd functions, the input on the left side of the equation isn’t necessarily 

negative—it’s just the opposite of the input on the right side. Similarly, 

the output on the right side isn’t necessarily negative—it’s just the opposite 

of the output on the left side. It’s important that students understand 

this point.

In Explore More steps 2 and 3 and Q10, students actually construct 

the refl ected functions. This helps to make their conclusions about the 

symmetry of the graphs more concrete and more obvious to them. If your 

students are already comfortable with Sketchpad constructions, you should 

make this section of the activity mandatory for them. If not, consider using 

the presentation sketch to show these transformed images and explore their 

relationship with even and odd functions.

SKETCH AND INVESTIGATE
Q1 a. f (2) � 4; f (–2) � �4

b. f (�1) � 1; f (1) � �1

c. f (3) � 21; f (�3) � �21

d. f (�0.5) � 0.88; f (0.5) � �0.88

Q2 f (a) and f (–a) are opposites.

Q3 The function j(x) is also odd. The function h(x) is neither odd nor even.

Q4 a. t (2) � 2; t (�2) � 2

b. t (�1) � �1; t (1) � �1

c. t (3) � 7; t (�3) � 7

d. t (�0.5) � �1.75; t (0.5) � �1.75
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Odd and Even Functions ACTIVITY NOTES
continued

 Q5 t (x) and t (�x) are the same. For example, t (3) � 7 and t (�3) � �7.

 Q6 The functions u(x) and v (x) are also even. The function w (x) is neither 

even nor odd.

 Q7 If it’s odd, its behavior on the right side of the origin mirrors its 

behavior on the left. If it’s even, an input to the right of the origin gives 

the same output as an input the same distance to the left of the origin.

 Q8 Graphs of odd functions are symmetric about the origin. If the graph 

is rotated by 180° around the origin, it will look exactly the same. (This 

symmetry is often called point refl ection.)

Even functions are symmetric across the y-axis, meaning that refl ecting 

the graph across the y-axis will result in it looking exactly the same.

 Q9 f (x) � 5x, f (x) �  x  3  � 2x, and f (x) � sin(x) are all odd.

 f (x) �  x  2  � 2 and f (x) � cos(x) are both even.

 f (x) �  x  4  � 3 x  3  is neither even nor odd.

EXPLORE MORE
 2.–3. You cannot refl ect a graph directly, but steps 2 and 3 provide an easy 

way to accomplish the same result, by transforming a single point and 

then constructing the locus of the transformed image. By making the 

transformed graph thick and light in color, the original dashed graph 

will remain clearly visible when the function is edited so that the two 

graphs coincide.

 Q10 The results are the same as in Q9 but may be more obvious to students 

because the transformed image actually appears on the screen.

 Q11 An easy way to tell if a polynomial is odd or even is to look at the 

degrees of its terms (meaning the values of the powers of x). If they’re 

all odd, it’s an odd function. This is why odd functions are called 

“odd.” If the degrees are all even, it’s an even function. This is why even 

functions are called “even.” Constants �such as the 3 in f (x) �  x  2  � 3� are 

considered even-degreed terms since they can be thought of as being a 

constant times  x  0  �for example, 3 � 3 x  0 �.

There’s no such easy way of classifying functions that are not 

polynomials (such as sine and cosine functions).
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Odd and Even Functions ACTIVITY NOTES
continued

Q12 If f (x) and g (x) are both odd, (f  � g)(x) is also odd. One way to see this 

would be to redefi ne h(x) on page 1 as f (x) � g (x) and then explore the 

resulting dynagraph. Another way is as follows: (f  � g)(�x) � f (�x) � 

g (�x) � �f (x) � �g (x) � �[f (x) � g (x)] � �(f  � g)(x). Look at 

the fi rst and last expressions to see that (f  � g)(x) is indeed odd. Using 

one of these methods, you can see that if f (x) and g (x) are both odd, 

(f  � g)(x) must be even.

 The composition g (f (x)) is even if f is even, because a and �a both 

produce the same output from f. Because the output of f is the input to 

g, the output of g will also be the same for both a and �a. If f is odd, 

the output of f (and the input to g) is opposite for a and �a. The result 

of the composition is odd if g is odd, is even if g is even, and is neither if 

g is neither.

 If f is neither even nor odd, there is no way to draw any general 

conclusions about the composition.

WHOLE-CLASS PRESENTATION
Use this presentation to get students to think about characteristics of 

functions and to view certain types of symmetry that functions can exhibit.

Q1 Open Odd Even Functions Present.gsp and ask students to observe the 

output of the fi rst function (labeled Even) as you change the input to its 

opposite. Press the a �� –a button and ask students what they observe. 

Press the button again to let them watch again while a returns to its 

original position.

Q2 Ask students to make a conjecture about the behavior of even functions.

Q3 To test the conjecture for many values of a, press the Show f (–a) button 

and drag input a. Ask students whether the output behavior supports 

the conjecture.

Q4 Similarly, use the b �� –b button and ask students to make a conjecture 

about the behavior of odd functions. Test the conjecture for many 

values of c.

Q5 Use the c �� –c button and ask students what pattern they observe in 

the output. Test for many values of b.
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Odd and Even Functions ACTIVITY NOTES
continued

 Q6 On page 2, use dragging and/or the buttons to show the behavior of 

these functions one at a time. Ask students to determine whether each 

function is odd and to explain their conclusion. Similarly, have students 

determine which of the functions on page 3 are even.

 Q7 On page 4, drag the input marker and ask students to characterize the 

function 2x � 1. [It’s neither even nor odd.] Edit the function to be 

f (x) � 5x, and ask students to predict whether the function will be 

even, odd, or neither. Drag the input marker, and then press the Show 

f (–a) button and drag again. Ask students to describe in detail what 

they observed, and ask them to categorize this function as even, odd, or 

neither. Repeat for the functions below:

a. f (x) � 5x   b. f (x) �  x  3  � 2x

c. f (x) � sin(x)   d. f (x) �  x  2  � 2 

e. f (x) �  x  4  � 3 x  3    f. f (x) � cos(x)

 Q8 Ask students what they notice about the four polynomial functions 

they just categorized. Make a list of which ones were even (d), which 

were odd (a and b), and which were neither (e). Ask them if they have 

any ideas about why the names even and odd are used for the behaviors 

they observed.

 Q9 On page 5, ask students whether they think the function shown is even, 

odd, or neither. Then ask them which refl ection will coincide with the 

original graph—a refl ection across the y-axis or one through the origin. 

Show each refl ection in turn, to check students’ answers. Then reset the 

refl ections, edit the function, and repeat.

Finish with a class discussion connecting the behavior of the dynagraphs, 

the shape of the Cartesian graphs, and the refl ections of those graphs. 
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Odd and Even Functions

Just as there are odd and even numbers, there are odd and even functions. Unlike 

numbers, there are also functions that are neither odd nor even. Whether a function 

is odd, even, or neither depends on its symmetry. In this activity you’ll explore odd 

and even functions using both dynagraphs and Cartesian graphs.

SKETCH AND INVESTIGATE

 1. Open Odd Even Functions.gsp.

2 4 6

output2 4 6

input

f(a) = 4.00

a = 2.00

 Q1 Use the fi rst dynagraph to determine these values.

 a. f (2) and f (�2) b. f (�1) and f (1)

 c. f (3) and f (�3) d. f (�0.5) and f (0.5)

 Q2 In each case, what do you notice about how f (a) compares with f (�a)?

Functions like this, where the output for �x is the opposite of the output for x, are 

said to be odd or to have odd symmetry. We can make the following statement.

An odd function is one in which f (�x) � �f (x) for all x in its domain.

 Q3 Of the other three functions modeled on page 1, which are odd?

 Q4 On page 2, use the fi rst dynagraph to determine these values:

 a. t (2) and t (�2) b. t (�1) and t (1)

 c. t (3) and t (�3) d. t (�0.5) and t (0.5)

 Q5 In each case, what do you notice about how t (x) compares with t (�x)?

Functions like this, where the output for �x is the same as the output for x, are said 

to be even or to have even symmetry. We can make the following statement.

An even function is one in which f (�x) � f (x) for all x in its domain.

 Q6 Of the other three functions modeled on page 2, which are even?

 Q7 Describe how to tell whether a dynagraph you’re exploring represents an odd or an 

even function just by dragging (in other words, without looking at its equation).

 Q8 Go to page 3. Model the three odd functions from page 1 and the three even 

functions from page 2 on the combination dynagraph/Cartesian graph. What 

do odd functions look like when plotted in the xy plane? How about even 

functions?
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Odd and Even Functions
continued

 Q9 Model the following functions on the combination dynagraph/Cartesian graph. 

Some of the functions are odd, some are even, and one is neither. Use what you 

learned in Q8 to determine which are which, without using the dynagraph. 

To enter round(x), 
⎮x⎮, sin(x) or cos(x) 
in the Edit Function 
dialog box, use the 
Functions pop-up 
menu. Don’t worry 
if you’re not familiar 
with the sine or cosine 
functions—you can tell 
whether they’re odd or 
even just as with the 
other functions. 

 a. f (x) � 5x

 b. f (x) �  x  3  � 2x

 c. f (x) � sin(x)

 d. f (x) �  x  2  � 2 

 e. f (x) �  x  4  � 3 x  3  

 f. f (x) � cos(x) 

f(a)

a

f(a)

a

–5 5

50–5

0

5.20–5.20

–5.20

5.20

(a, f(a))

EXPLORE MORE

 On page 4, you will construct transformed images of a graph and compare odd and 

even functions with the transformed images of their graphs.

To refl ect P, select 
the y-axis and 
choose Transform⎮ 
Mark Mirror. Then 
select P and choose 
Transform⎮Refl ect. 

To construct the 
locus, select both 
P and its refl ected 
image, and choose 
Construct⎮Locus.

 2. Page 4 contains the graph of a polynomial function and a point P on the graph. 

Refl ect P across the y-axis. Then construct the locus of the refl ected point as P 

moves along the graph. Make the locus thick and light blue.

 3. Construct another transformed image of the original graph, this time refl ected 

across the x-axis. Construct a third transformed image of the original graph, 

this time refl ecting P across fi rst the y-axis and then the x-axis. Make each locus 

thick and a different light color from the others. Record your observations.

 Q10 Edit the original function to match each of the functions listed in Q9. For each 

function, record your observations about the original function and the images.

 Q11 Why are odd functions called “odd” and even functions called “even”? You 

may be able to fi gure this out by looking at the equations of the odd and even 

functions you’ve seen in this activity. (Hint: Focus on just the polynomial 

equations.) Test your answer by modeling your own odd and even functions in 

Sketchpad and verifying that they exhibit the characteristic symmetry.

 Q12 Imagine that both f (x) and g(x) are odd functions. What kind of function will 

( f � g)(x) be? What about ( f  � g)(x)? What about g (f (x))? What will the results 

be if f and g are both even? What if one is even and the other odd?
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Inverse Functions ACTIVITY NOTES

NOTATION
Point out that the variable x in f(x) � x � 3 is a placeholder and that 

f(y) � y � 3 represents exactly the same function. Page 1 of the sketch uses 

f(x) and g(y) to reduce confusion, but the other two pages use f(x) and g(x).

Point out that f is often used as a shorthand for f(x). This shorthand appears 

in several places in the activity.

Discuss with students the use of  f  �1 (x) to indicate the inverse of f(x). This 

notation is used in several places in the activity. It’s not used throughout 

because the sketch contains two different function defi nitions, which may 

or may not be inverses at any particular time. There’s no guarantee that 

the functions are inverses, so they are identifi ed as f and g rather than 

as f and  f  �1 .

INVESTIGATE
Q1 When x � 1.50, f(x) � 4.50.

Q2 When x � 4.50, g(y) � 3.50.

Q3 To make g(y) � x, redefi ne g(y) � y � 3.

Q4 The output of g(y) is equal to the input of f(x). Specifi c numeric 

examples will vary.

Q5 The function of g(y) allows you to start with the output of f(x) and get 

back the input. In other words, g(f(x)) � x. Encourage students to refer 

to their table data in thinking about this question.

Q6 After changing the defi nition of f(x), the functions are no longer 

inverses. Changing the defi nition of g(y) to x � 1 makes them inverses 

again.

Q7 Because x is multiplied by 2, we will have to use division by 2 to form 

the inverse.

Q8 The inverse of f(x) � 2x is  f  �1 (x) � x/2. 

Q9 The inverse of f(x) � 2/x is  f  �1 (x) � 2/x. In this example, the function 

is its own inverse. This does not work for the value x � 0, because f(x) is 

undefi ned when x � 0.

Use Q10 and Q11 to introduce the idea that some inverse functions do this 

successfully for the entire domain of the original function, and others do it 
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Inverse Functions ACTIVITY NOTES
continued

for a subset of the domain. If students are familiar with the vertical line test, 

encourage them to think about how this relates to inverses. (Functions that 

are invertible over their entire domain also pass a “horizontal line test.”)

 Q10 Here are the inverse functions:

a. f(x) � 2x � 1    f  �1 (x) � (x � 1)/2

b. g(x) � x/3 � 1   g  �1  (x) � 3(x � 1)

c. h(x) � 3(x � 2)   h  �1  (x) � x/3 � 2

d. p(x) � (x � 2)/4   p  �1  (x) � 4x � 2

e. q(x) �  x  2     q  �1 (x) =  � 
__

 x  

f. r(x) �  x  2  � 2    r  �1 (x) =  � 
_____

 x � 2  

 Q11 The last two functions are inverses only for the domain x � 0. Outside 

this domain, the inverses give the wrong result because they return the 

positive square root. There is no way the inverse function can know 

when it should use the positive square root and when it should use the 

negative square root.

EXPLORE MORE
 Q12 When f(x) and g(y) are inverse functions, the composite function 

g(f(x)) is the identity function: g(f(x)) � x. In other words, it’s a 

function for which the output is always equal to the input.

 Q13 If g(y) is the inverse of f(x), then f(x) is also the inverse of g(y). If 

there’s a limitation on the domain of one of the two functions, there’s a 

limitation on the range of the other.
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Inverse Functions Presenter Notes

In this presentation you’ll use dynagraphs to fi nd and present the inverses of several 

functions, and to fi gure out when inverse functions exist and when they don’t.

PRESENT

 1. Open Inverse Functions Present.gsp. Show the directions and buttons. This 

sketch contains dynagraphs of two functions, f(x) � x � 3 and g(y) � y � 3.

For easier operation, 
you can press the 
buttons provided on 
the sketch rather than 
dragging the input 
markers by hand.

 Q1 Drag the top input marker (x) to change the input variable. Ask students, “For 

this value of x, what’s the output of f(x)?”

 Q2 Drag the bottom input marker (y) to match the output of f(x). Ask students, 

“For this value of x, what’s the output of f(x)?”

 2. Select the input and output values of both functions, and choose Number⎮
Tabulate. Double-click the table to make the current values permanent.

 3. Drag the x input marker to a different value. Then drag the y input marker to 

match the f(x) output.

 Q3 Ask students how the output of g(y) compares to the input value x. 

Double-click the table to record these values. 

 4. Try several new values of x. Each time set y to match the f(x) output and record 

your values in the table.

 Q4 Ask students to make a conjecture concerning these two functions.

You can test your conjecture for many input values by attaching the y input to the 

f(x) output. This is called the composite function, written as g(f(x)).

 5. Use the Attach y to f(x) button, or the directions in steps 5–7 of the student 

activity sheets, to attach the input of g to the output of f. Drag x again and 

record four new sets of values.

 Q5 Ask students to explain whether the table data confi rm their conjecture.

Use page 2 of the sketch to defi ne and examine inverses for several other functions. 

Pay particular attention to f(x) �  x  2 , and have students describe the problems or 

limitations they observe in their own words.

Use page 3 to investigate another problem with a surprising feature.

Use page 4 to look at the connection between inverses and the identity function.

Use page 5 to determine the inverse of  f  �1 .
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Most arithmetic operations have inverses. If you add 3 to one number to get a 

second number, you can get back to your original number by adding �3 to your 

new number. Similarly, if you multiply one number by 2 to get a second number, 

you can get back to your original number by multiplying by 1/2. We say that �3 is 

the additive inverse of 3 and that 1/2 is the multiplicative inverse of 2.

Similarly, many functions have inverses, allowing you to start with the output of a 

function and get back the input. In this activity you’ll explore the inverses of several 

functions and fi gure out when inverse functions exist and when they don’t.

INVESTIGATE

 1. Open Inverse Functions.gsp. You’ll see two dynagraphs.

There are no numbers 
on the axes, but you 
can observe the value 
of x to move the input 
marker where you 
want it.

 Q1 Drag the f(x) input marker to 1.50. What is the output of f(x)? 

 Q2 Drag the g(y) input marker to the same value as  

y

x

output

input

output

input

g(y)

f(x)

the f(x) output. How does the output of g(y) 

compare to the input of f(x)?

To redefi ne the 
function, double-click 
it and enter a new 
function defi nition in 
the Calculator.

 Q3 How can you redefi ne g(y) so its output is the 

same as the f(x) input? Do it now.

 2. Select the input and output values of f(x) and 

the input and output values of g(y). Then 

choose Number⎮Tabulate. Double-click the table 

to make the current values permanent.

 3. Drag the f(x) input marker to a different value. Then drag the g(y) input marker 

to match the f(x) output.

 Q4 How does the output of g(y) compare to the input of f(x)? Write down the input 

and output of both functions. Double-click the table to record these values. 

 4. Try three new values of the f(x) input. Each time set the g(y) input to match the 

f(x) output, and record your values in the table.

 Q5 What can you conclude about these two functions? 

You can test your conjecture for many input values by attaching the g(y) input to 

the f(x) output. This is called the composite function, written as g(f(x)).

 5. In this step you’ll mark the f(x) output on the g(y) input axis. First drag the f(x) 

input to a new value. Then select both the f(x) output axis and the f(x) output 

point (at the top of the output marker), and choose Construct⎮Perpendicular 
Line. Construct a point at the line’s intersection with the g(y) input axis by 

clicking the Arrow tool on the intersection.
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Inverse Functions
continued

 6. Attach the g(y) input to this point by 

selecting the g(y) input point (at the  

y

x

output

input

output

input

g(y)

f(x)

bottom of the input marker) and choosing 

Edit⎮Split Point from Line. Then select 

both the intersection and the g(y) input 

point, and select Edit⎮Merge Points.

 7. Drag the f(x) input to make sure that the 

attachment worked. Record four new sets 

of values in your table.
The inverse of f (x ) is 
often written as  f  �1 (x ).  If the output of g(y) always matches the input of f(x), f and g are inverse functions.

To change the 
defi nition of a function, 
double-click the 
function and enter the 
new defi nition.

 8. Change the defi nition of f(x) to x � 1. 

 Q6 Are the functions still inverses? If not, how could you change the defi nition of 

g(y) to make them inverses again? Change the defi nition of g(y) to check your 

answer.

 Q7 Change the defi nition of f(x) to 2x. What operation do you think you should 

use so that the output of g(y) matches the input of f(x)? 

 9. Change the defi nition of g(y), and check your result by trying many values of x.

 Q8 What is the inverse of f(x) � 2x? Write your answer using  f  �1  notation.

 Q9 Change f(x) to   2 _ x   and fi gure out a defi nition of g that makes f and g inverses. Can 

you fi nd any values of x for which the input of f doesn’t match the output of g? 

Explain your results.

 Q10 Find the inverse of each of the following functions. Check your answers using 

the dynagraphs, and describe any limitations that you fi nd.

 a. f(x) � 2x � 1 b. g(x) �   x __ 3   � 1

 c. h(x) � 3(x � 2) d. p(x) �   
(x � 2)

 _______ 4  

 e. q(x) �  x  2  f. r(x) �  x  2  � 2

 Q11 What unusual features do you notice about the last two inverses from Q10?

EXPLORE MORE

 Q12 When f and g are inverse functions, what can you say about the behavior of the 

composite function g(f(x))? Use page 2 of the sketch to investigate.

 Q13 If g is the inverse of f (written as g �  f  �1 ), what does that mean about  g  �1  (the 

inverse of g)? To fi nd out, go to page 3 and follow the directions there.
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Functions Again and Again ACTIVITY NOTES

SKETCH AND INVESTIGATE
In addition to the function that relates the y-coordinate of each point to the 

x-coordinate, there is another function involved in this activity: the function 

that transforms a point to its image. This function takes an input point (for 

instance, point A) and generates an output point (for instance, A�). Such 

functions can be used to create iterated function systems and can produce 

striking images like the Barnsley Fern.

 2. After measuring the abscissa, students must deselect the new 

measurement, then reselect the point and measure its ordinate.

 Q1 Answers will vary. It’s important for students to try to imagine the 

results before doing the activity.

6. Students may need to drag the dialog box in order to see the point on 

which to click.

 Q2 The sequence of iterated images is a set of points that lie on a ray 

starting from point A.

 Q3 The values change according to the location of point A. Even though all 

the numbers change, the difference from one row to the next is always 1. 

The values do indicate a function, because each x-value corresponds to a 

single y-value.

 Q4 The slope of the line is 1.

 Q5 The y-intercept is 2, and the equation is y � x � 2.

 Q6 When the rule is changed to � y A  � 4�, the slope is 4 and the y-values 

increase by 4 from one row to the next. When the rule changes to 

� y A  � 3�, the slope is �3 and the y-values decrease by 3 from one row to 

the next. When the rules are � x A  � 1� and � y A  � k�, the slope is k.

 Q7 The slope in Q4 is 1. The slope of the imaginary line produced by the 

rules � x A  � c� and � y A  � d� is d/c. Therefore, when c � d, the slope will 

equal 1. 

 Q8 Answers will vary. Students must change c and d so that d/c � 3, and must 

drag point A to be on the desired line. A logical position for A is at (0, 2).

 Q9 Answers will vary. Students must make d/c � �1/2 and drag A 

appropriately—for instance, to (0, �1). 
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Functions Again and Again ACTIVITY NOTES
continued

EXPLORE MORE
Q10 If the rule for x is � x A  � 0�, all the x-values will be the same and will no 

longer defi ne a function.

Q11 Repeated multiplication by 2 produces an exponential curve. Starting 

at (0, 1) produces 1, 2, 4, 8, 16, . . . corresponding to y �  2 x . A negative 

initial y-value results in a graph that curves downward rather than 

upward. You can generalize this principle using these defi nitions:

x� � x � 1, y� � by, where b � 0

The points fi t the curve y � a b  x . The y-intercept is a.

The second defi nition in this section renders a more complicated 

pattern. Unlike a simple exponential curve, this sequence of points can 

cross the x-axis.

Q12 The new iteration forms two parallel rows of points. The lines 

containing the points have a refl ection symmetry across the line 

y � x � 1/2. If you construct segment AA� before iterating, you can see 

the sequence and the symmetry more clearly. The coordinates defi ne 

a function unless the fractional part of the initial x- and y-values are 

equal. If they are equal, there will be some x-values that correspond to 

more than one y-value.

WHOLE-CLASS PRESENTATION
Use the buttons and hints in Functions Again Present.gsp to present this 

activity to the class.
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Functions Again and Again

Imagine you have a long piece of licorice you want to split into eight equal pieces 

to share with seven friends. First, you break the licorice in half. Then, you break the 

halves in half. And fi nally, you break the smaller pieces in half for a total of eight 

equal-sized pieces.

The word for repeating a process over and over again is iteration. In the situation 

described above, you took an object, the licorice, and iterated an operation on 

that object, breaking the piece(s) in half. In this activity you’ll iterate arithmetic 

operations on the coordinates of points.

SKETCH AND INVESTIGATE

To adjust the scale, 
drag a number on 
either axis.

After measuring, the 
point should be labeled 
A. If not, use the Text 
tool to change its label 
to A.

 1. In a new sketch, choose Graph⎮Defi ne Coordinate System. Adjust the scale 

until the x-axis goes from about �50 to 50 units. 

 2. Use the Point tool to construct a point anywhere in the plane. Measure the 

x- and y-coordinates of the point by choosing Measure⎮Abscissa (x) and 

Measure⎮Ordinate (y).

 Q1 Without doing any calculations or drawings, imagine adding 1 to both the 

x- and y-coordinates and plotting the new point. Then imagine adding 1 to 

both coordinates of the new point to get another new point, and so forth. 

How would the points be arranged? If you connected them, what shape would 

they make?

 You will use Sketchpad to check your prediction. 

Choose 
Number⎮Calculate 
to open the 
Calculator. Click the 
measurements in the 
sketch to enter them 
into the calculation.

 3. Calculate  x 
A
  � 1. Similarly, calculate 

20

10

–10

–20 20

yA 
+

 
1 = 12.77

xA 
+

 
1 = 9.58

yA = 11.77

xA = 8.58

A'

A

 y 
A
  � 1. The results are the coordinates 

of your new point.

 4. Use the Arrow tool to select the new 

x-coordinate ( x 
A
  � 1) and the new 

y-coordinate ( y 
A
  � 1) in order. Then 

choose Graph⎮Plot as (x, y) to plot 

your new point. Label the new point A�.

Select the two 
measurements and 
choose Display⎮Hide 
Measurements.

 5. Hide the  x 
A
  and  y 

A
  coordinate measurements.

Now you will use iteration to create more points.
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Functions Again and Again
continued

 6. Select point A and choose Transform⎮Iterate. You’ll get a dialog box that asks 

you to map point A to another object. Click point A� in the sketch, to indicate 

that the same operation should next be applied to A�. Click Iterate.

In the sketch itself, Sketchpad plots several more points by repeating (iterating) the 

operation that maps point A to point A�. Sketchpad also creates a table showing the 

calculations for each iterated point.

 7. Select one of the iterated points, and press the � key several times. This will 

increase the number of iterations. Increase it until there are at least ten points.

The sequence is called 
the orbit of A.

 Q2 The moment of truth has arrived! Drag your initial point A around. Describe 

the sequence of images generated by this iteration.

A function is a set of 
ordered pairs in which 
each fi rst element 
(x ) is associated with 
only a single second 
element (y ).

 Q3 As you drag point A, what happens to the values in the table? What changes and 

what stays the same? Do these values represent a function? Why or why not?

 Q4 Imagine a line through your iterated sequence of points. What is the slope of 

this line? 

 Q5 Move point A as close as you can to (0, 2). What is the y-intercept of your 

imaginary line? Write an equation for the line. Check your result by choosing 

Graph⎮Plot New Function and plotting your equation. Once you have it right, 

delete or hide the new function you created.

Now change the iteration rule by changing the way y-coordinates are generated. 

Instead of adding 1 to the y-coordinate, what if you were to add 4 or �3? 



40 
 

 Exploring Algebra 2 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Functions Again and Again
continued

 Q6 Change the rule ( y 
A
  � 1) to ( y 

A
  � 4), and then to ( y 

A
  � 3). How do these 

changes affect both the table and the slope of the imaginary line?

To change a 
calculation, double-
click it, and then 
change the expression 
in the Calculator.  8. You can also change the iteration rule by changing the way you generate new 

x-coordinates. Try adding 2 to the x-coordinate. Try subtracting 0.5. Can you 

explain what happens?

 Q7 What other combinations of c and d in the iteration rules ( x 
A
  � c) and ( y 

A
  � d) 

give the same slope you found in Q4?

 Q8 Choose Graph⎮Plot New Function. Plot the equation f(x) � 3x � 2. Can 

you match your iteration to this plot by changing the starting position and the 

operations that generate new x- and y-coordinates? Describe how you did this. 

 Q9 Plot the equation f(x) � �0.5x � 1. How can you match your iteration to this 

plot? Delete or hide the function defi nitions when you are done.

EXPLORE MORE

 Q10 How could you change the iteration rules so that the values in the table do not 

defi ne a function?

 So far you’ve generated only linear sequences of points, but there are many other 

types of sequences you can generate with this simple iteration rule. Some look quite 

strange, and some look like functions you’re already familiar with.

If you want to 
increase the number 
of iterations for this 
investigation, select 
the iteration (by 
clicking one of its 
points) and press the + 
key on your keyboard.

 Q11 Instead of adding values to  y 
A
 , you could multiply it by a value. For example, 

instead of using ( y 
A
  � 1) you could try 2  �  y 

A
 . (For now, keep adding 1 to the 

x-coordinate.) You can express this iteration rule more simply like this:

x� � x � 1, y� � 2  � y

  Drag A and describe the pattern of the iterated points. Then investigate the 

patterns generated by defi nitions in this form:

x� � x � 1, y� � 2  � y � k

 Q12 Another interesting variation to try is to 

reverse the coordinates, using a rule like this:

x� � y, y� � x � 1

  Describe this sequence mathematically. Do 

the coordinates produce a function? 

5 10

4

6

8

10

2



2
Functions and Relations

Exploring Algebra 2 with The Geometer’s Sketchpad   41
© 2012 Key Curriculum Press

Relations and Functions
Students explore the definitions of relation and function using a model involving position 

and time, analyze one-to-many and many-to-one mappings, and develop a vertical line test 

for functions.

The Circumference Function
Students construct a circle based on its diameter. They measure, graph, and analyze the 

function that relates the diameter and circumference of a circle.

Radius and Arc Length
Students gather and plot data to explore the relationship between the radius of a circle and 

the arc length of a semicircle. They decide whether this relationship is a function, and if so, 

they determine the equation for the relationship.

Functions in a Triangle
Students measure segments constructed in a triangle, investigate the relations that result, 

and plot graphs to study how these relations behave and whether they are functions.

Functional Geometry
Students explore relations defined by geometric measurements. They create graphs of 

the relations, explain how they decided which would be the independent and which the 

dependent variable, and determine whether the relation is a function.
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Relations and Functions ACTIVITY NOTES

EXPLORE
Use this activity when introducing students to the concepts of relations and 

functions. The example of the rabbit is memorable and will remind students 

of their conclusion that time cannot be a function of location.

Q1 It is not possible to be in two places at the same time. It is possible to be 

in the same place at two different times. Explanations will vary, but this 

can generate an interesting discussion. Teachers generally describe the 

independent variable as a variable that you have control over—one that 

you have the ability to vary. But for these measurements, the dependent 

variable (location) is the one you can control, whereas the independent 

variable (time) proceeds rudely onward, oblivious to any attempt to 

control it.

Q2 Flopsy cannot be in two locations at the same time, but she is at position 

9 (for instance) at both t � 1 and t � 7. Thus she’s at the same place at 

two different times.

Q3 Both arrows lead away from 4 in the position bubble, leading to 2 and 

to 6 in the time bubble. Thus Flopsy was at this position at two different 

times: two seconds after starting and six seconds after starting.

Q4 Several values of position correspond to more than one ordered pair 

(in other words, to more than one row of the table). There are two pairs 

with a fi rst element of 16, two with a fi rst element of 9, two with a fi rst 

element of 4, and two with a fi rst element of 1.

Q5 When t � 2, Flopsy was at position 4.

Q6  There are no ordered pairs with the same time and different 

locations—that is, none with the same fi rst element and a different 

second element. This is the fundamental defi nition of a function.

Q7 The relation (t, s) on page 3 is a function. The relation (s, t) on page 2 

is not. You can tell from the arrows because there’s only a single arrow 

leading from any given fi rst element.

EXPLORE MORE
Q8 You can drag the points so that they have the same fi rst element and 

different second elements. For instance, the ordered pairs (3.50, 1.55) 

and (3.50, 6.72) are both part of the relation. Therefore, this relation is 

not a function. These points are aligned with each other vertically.
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Relations and Functions ACTIVITY NOTES
continued

 Q9 Problem b is a function; there are no ordered pairs with the same fi rst 

element and different second elements. Problem c is also a function. 

Problem d is not a function; numeric data to demonstrate this will vary, 

but students should observe that they are able to arrange the two points 

so they are aligned vertically.

 Q10 This is not a function, because there are several places where the same 

fi rst element corresponds to more than one second element. The vertical 

line demonstrates this condition by intersecting the function plot in two 

or more places.

 Q11 Problem b is a function, and the vertical line can never intersect it at 

more than a single place. Problem c is the inverse of the cosine function; 

this inverse is not a function itself, because the vertical line intersects it 

in many places. The inverse cosine must be defi ned to have a restricted 

range if it is to be dealt with as a function. Problem d is a step function. 

Though the vertical line comes close to two different segments of the 

graph at certain positions, in fact it never intersects the two segments at 

the same time. 
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Relations and Functions Presenter Notes

The presentation should follow the sequence in the student activity. Begin with 

an informal description of relations and functions, and use the presentation to 

motivate a more precise defi nition.

Start with these descriptions: A mathematical relation exists when two mathematical 

values are related in some way. A function is a specifi c kind of relation. 

EXPLORE

 Q1 Can you be in two different places at the same time? Can you be in the same 

place at two different times? Ask a number of students to respond and explain.

 1. Open Relations Functions Present.gsp and press Run! to see Flopsy steal a 

carrot. Run the animation again and point out the variables s (which shows 

Flopsy’s position) and t (which shows the time). 

 2. Reset Flopsy. To record her position and time, press Show Table and double-click 

the table to make the fi rst row of values permanent. 

 3. Press Dart! repeatedly to make Flopsy dart forward. At the end of each 

movement, double-click the table to record the new position and time. You 

should have nine rows of permanent data when you fi nish.

This table does not 
defi ne a function. Our 
purpose is to clarify the 
distinction, so the fi rst 
relation students work 
with should not be a 
function.

 Give students a more precise defi nition, now that it’s illustrated by a table: A relation 

is any set of ordered pairs, such as the ordered pairs (s, t) that appear in your table.

 6. On page 2, press the When was she at s � 4? button. Question students, and 

discuss the meaning of the arrows, until they are all convinced that there’s not 

just one right answer to this question.

 7. These two arrows show part of the mapping from position (s) to time (t). Reset 

the maps and then use either Show button to show the full mapping.

For a relation to be a 
function, each input 
value must correspond 
to only a single output 
value.

 8. Contrast the full mappings (with all arrows showing) from pages 2 and 3 to 

further clarify the distinction between the relation that is a function (page 3) 

and the one that is not (page 2).

 9. Use page 4 to see which problems allow ordered pairs that violate the function 

defi nition and to point out that the two ordered pairs are aligned vertically 

when they prove a relation is not a function.

 10. Use page 5 to demonstrate the vertical line test for functions.

Finish with a class discussion reviewing the defi nitions. Ask students why they think 

functions might be so important in mathematics. [One benefi t of working with 

functions is that the ability to fi nd a unique output, given any input, makes many 

problems much easier to manage.]
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Relations and Functions

A mathematical relation exists when two mathematical values are related in some 

way. A function is a specifi c kind of relation. In this activity you’ll explore several 

relations, decide which of them are functions, and develop a graphical test to 

determine whether a relation is a function.

EXPLORE

 Q1 Think about the mathematical relation  ts

0 0

4
2

–2

9
3

–3

4

–4
16

–1

1
1

between your location and the time. Is it 

possible for you to be in two different 

places at the same time? Is it possible for 

you to be in the same place at two different 

times? Explain your answers.

Understanding the answers to these two 

questions will help you to differentiate 

between relations that are functions and those 

that are not.

 1. To explore a relation between position and time, open Relations and 
Functions.gsp.

 2. Press Run! to see Flopsy steal a carrot. Notice the variables s (which shows 

Flopsy’s position) and t (which shows the time). When Flopsy fi nishes running, 

press Reset.

To create the 
table, select 
measurements s and 
t in order, and choose 
Number⎮Tabulate.

 3. Create a table to record the position and time. Double-click the table to make 

the fi rst row of values permanent. 

 4. Press Dart! to make Flopsy dart forward. Double-click the table to record her 

new position and time.

 5. Continue moving Flopsy (by pressing Dart!) and recording the data (by double-

clicking the table) until Flopsy has returned to her original position. The table 

should contain nine rows of permanent data when Flopsy fi nishes.

Defi nition: A relation is any set of ordered pairs, such as the ordered pairs (s, t) that 

appear in your table.

 Q2 Review the data in this relation involving s and t. Is it possible for Flopsy to be 

in two different places at the same time? Is it possible for her to be in the same 

place at two different times? Explain by referring to the data.

 6. Page 2 of the sketch shows the same table for s and t, and also shows two large 

bubbles containing all the numbers that appear in the table.
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Relations and Functions
continued

 Q3 Press the When was she at s � 4? button. Answer this question using the arrows 

that appear. How does this relate to the questions that opened this activity?

 7. These two arrows show part of the mapping from position (s) to time (t). Reset 

the maps and then use either Show button to show the full mapping.

 Q4 From the arrows, are there any ordered pairs that have the same fi rst element (s) 

but different second elements (t)? Which ones? 

 8. Go to page 3. You will look at the same data, in the form (t, s) rather than (s, t).

 Q5 Press the Where was she at t � 2? button. Where was Flopsy when the time 

measurement was 2? 

 9. The arrows on this page show the mapping from time (t) to position (s). Reset 

the maps and then use either Show button to show the full mapping.

 Q6 From the arrows, are there any ordered pairs that have the same fi rst element (t),

but different second elements (s)? Which ones?

When a relation is 
a function, the fi rst 
element is called the 
independent variable, 
and the second is the 
dependent variable.

 Defi nition: A function is a relation for which there is exactly one second element for 

each fi rst element. (If t is the fi rst element and s is the second element, this means 

that Flopsy cannot be in two different places at the same time.)

 Q7 Is the relation (t, s) shown on page 3 a function? What about the relation (s, t) 

shown on page 2? How can you tell from the arrows? 

EXPLORE MORE

You will now develop a visual test for determining whether a relation is a function.

 Q8 Page 4 contains two movable points that are part of a relation. Try to drag the 

two points so that they both have the same fi rst element but different second 

elements. Can you do this? Is the relation a function? If not, what values did you 

use to prove it’s not? Where are the points located relative to each other?

 Q9 Press the Problem b button and try dragging these points. Can you make both of 

them have the same fi rst element but different second elements? If so, what are 

the values, and where are the points relative to each other? Is it a function? Also 

try problems c and d on this page.

 Q10 Page 5 shows the graph of a relation, and also shows a movable vertical line. 

Drag the line back and forth to be sure it remains vertical. How can you use the 

vertical line to tell whether the graph represents a function?

 Q11 Investigate relations b, c, and d on page 5. Which are functions? For each one 

that’s not, at what coordinate did you place the vertical line to prove that it’s not?
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The Circumference Function ACTIVITY NOTES

IMAGINE AND PREDICT
One of the interesting things about this activity is the relationship between 

formulas and functions. Most students at this level know the formula 

c � � � d, and most can graph the line y � 3x or y � 3.14x or even y � �x. 

Yet very few are able to recognize the fi rst formula as being equivalent to 

the fi nal equation. In this activity, students are challenged to think of c as 

a dependent variable just like y, and of d as an independent variable just 

like x. Rich connections can result from a lively classroom discussion.

 Q1 It is important that students take the opening part of the activity—

Imagine and Predict—seriously. This gives them an investment in the 

activity and exercises an important part of their mathematical thinking. 

The key issue here isn’t right or wrong answers, it’s the quality of the 

explanations. Use your judgment about providing hints during this 

section; too much information may diminish some students’ interest in 

the rest of the activity.

SKETCH AND INVESTIGATE
 2. Students need to click fi rst on the midpoint and then on one of the 

endpoints for the circle to be attached properly. The most common 

mistake students make is to click the second time in blank space in such 

a way that the circle may appear to pass through the endpoint but is not 

constructed to do so. Dragging either endpoint will reveal this problem.

 3. The measurement commands won’t be available if too many objects are 

selected. Students can deselect all objects fi rst by clicking in blank space.

 Q2 The trace is a ray, emanating from the origin. More details to come in 

subsequent answers!

FURTHER INVESTIGATION
 Q3 It makes sense that the graph goes through the origin, because a circle 

with a diameter of zero would have a circumference of zero. If students 

don’t accept that a zero diameter, zero circumference circle exists, use 

a limit argument: Drag an endpoint so the circle has a tiny diameter, 

and watch the two measurements approach zero as the plotted point 

approaches the origin. If the two endpoints actually coincide, the 

construction and measurements disappear. (This is a nice situation 
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The Circumference Function ACTIVITY NOTES
continued

in which to investigate a limit and see why it’s important to make the 

quantity as small as you can—but not to make it zero.) 

That the trace goes through (or at least to) the origin tells us that 

the y-intercept (b) is 0. However, this fact tells us nothing about the 

slope (m).

Q4 The circumference is approximately 3.14. This number is � (to the 

nearest 0.01). Students can use the properties of the measurement 

(Edit⎮Properties⎮Value) to increase the precision, but the accuracy of 

the result still depends on how close to 1 they can make the diameter. 

Consider challenging students to fi nd a method of constructing a circle 

with a diameter of exactly 1.

Q5 The ratio stays the same—a close approximation of �—no matter 

the size of the circle. This approximation is closer than the one from 

the previous question, because the diameter is incorporated into the 

calculation. The result doesn’t depend on dragging the diameter to a 

precise value.

8. Students can use the Ray tool to construct the ray. (Press and hold on 

the current Straightedge tool; then drag and release over the Ray tool in 

the palette of tools that appears.) Or they can use Construct⎮Ray after 

selecting the origin and the plotted point.

Q6 It tells us that m � � since m represents a line’s slope. The construction 

assumed that b � 0, because the ray started from the origin.

Q7 The function students should plot is f(x) � � � x.

EXPLORE MORE
Q8 The appropriate domain is either x � 0 or x � 0. (This distinction could 

make for an interesting discussion!)

Q9 The plot will be a parabola. Specifi cally, it will be the parabola with the 

equation y � � x  2 , which corresponds with the familiar area formula 

A � � r  2 . It has the same domain as the linear graph.

WHOLE-CLASS PRESENTATION
Use Circumference Fn Present.gsp to present this activity to the whole 

class. Use the animations provided in that sketch to view the behavior and 

measurements, answer questions, and stimulate a class discussion.
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The Circumference Function

In a function, one quantity depends on another quantity, just as the number of 

songs a jukebox plays depends on how much money is put in. In the case of a circle, 

we can say that its circumference depends on its diameter—the farther it is across a 

circle, the farther it is around it. In this activity you’ll explore this connection as a 

functional relationship between two changing quantities.

IMAGINE AND PREDICT

Imagine using a compass to draw a circle. You  

4

2

–2

–5 5

(1.36, 4.27)c = 4.27 cm
d = 1.36 cm

C

A

B

measure the circle’s diameter (1.36 cm) and calculate 

its circumference (4.27 cm). You then plot the point 

(1.36, 4.27) on a piece of graph paper. You draw a 

second circle, measure its diameter (d), calculate its 

circumference (c), and plot a second point (d, c). You 

do this for many more circles. 

 Q1 What will your graph look like after you plot many points? Discuss this with 

your group. Will the graph be straight or curved? Why? If it’s straight, what will 

its slope be? If it’s curved, will it bend up or down? Will it go forever in both 

directions, or will it start or stop somewhere? Write down your predictions.

SKETCH AND INVESTIGATE

The Segment tool

 Now test your prediction using Sketchpad. 

 1. In a new sketch, construct a segment using the Segment tool. 

With the segment selected, choose Construct⎮Midpoint.

The Compass tool

 2. Construct a circle whose diameter is the segment. To do this,  

choose the Compass tool and click fi rst on the midpoint and 

then on one endpoint. Drag each endpoint of the diameter to

make sure your construction holds together.

 3. Measure the segment’s length by selecting it and choosing 

Measure⎮Length. Similarly, select the circle and measure its circumference.

Double-click a 
measurement with 
the Text tool (the A in 
the Toolbox) to edit its 
label.

 4. Label the diameter measurement d and the circumference measurement c.

 5. Plot the point (d, c) by selecting the measurements in order and choosing 

Graph⎮Plot as (x, y). The plotted point appears.

 6. Select the plotted point and choose Display⎮Trace Plotted Point.You can drag the tick 
mark numbers on the 
axes to change the 
scale of the graph.

 Q2 The moment of truth has arrived. Drag either endpoint and observe the point 

being traced. Describe this trace on your paper. Was your prediction correct?
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The Circumference Function
continued

FURTHER INVESTIGATION

You’ve now seen the shape of the diameter-circumference trace. But why does it 

look the way it does? You may know that lines can be modeled with equations of the 

form y � mx � b, or c � md � b in this case. So what are m and b for this line? 

 Q3 Why does it make sense that the trace goes through the origin? What does this 

tell you about m and b in the equation c � md � b?

 Q4 Drag the diameter endpoints so that d is as close to 1.00 as you can make it. 

What is the approximate circumference of the circle? Is this number familiar to 

you? If so, what’s it called?

Choose 
Number⎮Calculate 
to open the Calculator. 
Click c and d in the 
sketch to enter them 
into the calculation.

 Q5 Use Sketchpad’s Calculator to fi nd the ratio  

2

4c = 4.77 cm

d = 1.52 cm

C
A

B

c/d. Drag one of the diameter endpoints and 

observe the ratio. What happens and why?

 7. Turn off tracing for your plotted point.

 8. Construct a ray from the origin through the 

plotted point. Then measure the ray’s slope.

 Q6 What does the slope measurement tell you 

about m and b in c � md � b?

You’ve now seen the same number in three places: 

• the circumference of a circle with diameter 1

Choose Graph⎮Plot 
New Function and 
enter your proposed 
expression. Use x for 
the diameter (because 
you used d for the 
x-coordinate earlier).

 • the ratio of any circle’s circumference to its diameter

• the slope of the graph of a circle’s circumference as a function of its diameter

 Q7 Use your results for m and b from Q3 and Q6 to plot a line that includes the ray 

from step 8. On your paper, write the function you used.

EXPLORE MORE

 Q8 What’s an appropriate domain for the circumference function? Select the 

function plot from Q7 and choose Properties from the Edit menu. Go to the 

Plot panel and set an appropriate domain for this situation.

 Q9 Consider a circle’s area as a function of its radius. How will the plot of that 

function compare with the diameter-circumference plot? Make a prediction, 

and then use the techniques from this activity to confi rm.
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Radius and Arc Length ACTIVITY NOTES

RADIUS-ARC LENGTH RELATIONSHIP
 Q1 The second wheel made a different vertical bar, in a different horizontal 

position and of a different height.

 Q2 The farther point C is dragged from the origin, the higher the traced 

bar is. In other words, the greater the radius of the wheel, the longer the 

string is and the higher the balloon goes.

 Q3 The line appears to be straight.

 Q4 The plotted points appear to be in a straight line, and it appears that the 

line may also go through the origin.

 Q5 The constructed line does appear to go through all the points. The 

distance measurements will confi rm this; they should all be zero.

 Q6 The equation is approximately y � 3.14159x � 0.00000. The slope is 

3.14159, and the intercept is very nearly zero. (These results will be 

more accurate if students use points far apart, and will be less accurate, 

perhaps signifi cantly so, if they use points that are very close to each 

other.)

 Q7 The intercept of zero indicates that the line goes through the origin. 

This makes sense: If the radius of the wheel were zero, the length of 

string would also be zero. Because the line goes through the origin, this 

function is an example of direct variation.

 Q8 The value of the slope is �. This makes sense because the circumference 

of a circle is 2�r, so the arc length of half a circle should be �r.

 Q9 This relation is a mathematical function, because each possible value of 

the radius is associated with only a single string length.

 Q10 The equation is l � �r. Using function notation, students could also 

write l(r) � �r.

 Q11 The equations are c � 2�r or c(r) � 2�r and c � �d or c(d) � �d. To 

fi gure the fi rst equation out from the equation in Q10, multiply by 2 

because the entire circumference is twice as long as the string. To fi gure 

the second equation out from the equation in Q10, you must realize that 

the diameter is also twice as long as the radius. Because both numbers 

are twice as big, the same equation works.
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Radius and Arc Length ACTIVITY NOTES
continued

EXPLORE MORE
Q12 There is a simple linear relationship between the angle and the length of 

the arc. Like the previous example, this is direct variation. The equation 

is length � k  � angle, where k is a constant that depends on the radius. In 

fact, k � �r/180 because at 180° the arc will be a semicircle and the arc 

length will be equal to �r.

Q13 No matter the size of the wheel, the arc angle must be close to 57.3° to 

make the arc length equal to the radius. This angle is called a radian and 

is very important in later mathematics.

WHOLE-CLASS PRESENTATION
Use the Presenter Notes and Radius and Arc Length Present.gsp to present 

this activity to the whole class.
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Radius and Arc Length Presenter Notes

In this presentation you’ll gather and plot data about the radius and arc length of a 

semicircle, decide whether the relation is a function, and measure the equation.

Start by describing the model, as in the introduction to the student activity pages.

RADIUS-ARC LENGTH RELATIONSHIP

 1. Open Radius and Arc Length Present.gsp. Press Go Up to show the wheel and 

balloon in action. 

To change the radius, 
drag point C or press 
Increase Radius or 
Decrease Radius.

 2. The actual sculpture will have eight wheels of different radii. Set a different 

radius by pressing Go Down and then increasing or decreasing the radius.

 3. Operate this different-size wheel by pressing Go Up.

 Q1 Ask students what they observe about the height.

 4. Measure the height, and mark it by pressing the Mark Height 1 button.

Double-click the table 
to record the current 
values permanently.

 5. Make a table to record the data by selecting the radius and height measurements 

and choosing Number⎮Tabulate.

 6. Make at least four more measurements, each time recording the data in the table 

and marking the height of the balloon with one of the numbered points.

You can erase the 
traces at any time 
by choosing Display⎮
Erase Traces.  

You should have at least fi ve traces left showing where the balloon went. You should 

also have at least fi ve rows of data in your table and fi ve of the height traces marked 

by numbered points.

 Q2 Ask students to use the table to decide whether the relation is a function.

 Q3 Ask whether a line through the tips of the traces will be straight or curved.

Use the Line tool or 
the Construct⎮Line 
command.

 7. Construct a line through two of the height markers. 

 Q4 Ask students whether the line appears to go through all the data points or only 

some of them. Ask them to estimate the slope of the line and the y-intercept.

Select the 
measurement, choose 
Edit⎮Properties, and 
change the precision in 
the Value panel.

 Q5 Measure the line’s slope. Change the precision of the measurement to 

hundred-thousandths. Ask students whether they’ve seen this number before.

 Q6 Ask students to write the equation of the line. Then measure the equation and 

compare their equations with the measured one.

Use page 2 to investigate the angle of rotation for which the arc length is equal to 

the radius. Follow the directions on the sketch.

You may also want to 
mention that students 
will see this angle 
later.

 Q7 Ask students how this angle depends on the radius. What do they think about 

their results? 

 Q8 Tell students this angle is called a radian; ask how they think it got its name.
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Radius and Arc Length

In this activity you’ll explore the relationship between the radius and the arc length 

of a semicircle, and decide whether this relationship is a function.

Suppose you want to build a moving sculpture for your sister’s birthday. The 

sculpture will be made of eight wheels of different sizes, with a string attached to 

each wheel. When the sculpture is in motion, a balloon attached to the other end 

of each string fl ies upward, pulling the string and spinning the wheel one-half of a 

revolution. To properly design the sculpture, you need to know how the height each 

balloon will reach is related to the radius of its wheel.

RADIUS-ARC LENGTH RELATIONSHIP

 1. Open Radius and Arc Length.gsp. Press Go Up to watch a single wheel and 

balloon in action. 

 2. The actual sculpture will have eight wheels of different radii. Set a different 

radius by pressing Go Down and then dragging point C.

 3. Operate this different-size wheel by pressing  
6

4

2

–2

C

h

A

B

Go Up. 

 Four traces are fi nished and a fi fth 
 trace is in progress.

 Q1 What do you observe?

 4. Repeat steps 2 and 3 six more times. Try to space 

the wheel sizes fairly evenly.

You can erase 
the traces at any 
time by choosing 
Display⎮Erase 
Traces.

 You should have eight traces left showing where the 

balloon went.

 Q2 Describe how the height reached by the balloon 

changes as the radius of the circle changes.

 Q3 If you draw a line through the tips of the traces, 

will it be straight or curved?

Next, you will collect some data on the circle radius 

and string length.

 5. Erase the traces by choosing Display⎮Erase Traces.

Select the point and 
choose Measure⎮
Abscissa (x). Select 
the point again and 
choose Measure⎮
Ordinate (y).

 6. With the balloon in its upper position, measure the x- and y-values of point h.

 7. Put these measurements in a table by selecting them and choosing Number⎮
Tabulate. Enter the current values permanently by double-clicking the table.

 8. Operate the balloon again with a different-size circle. When the motion stops, 

record the next set of coordinates by double-clicking the table.
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Radius and Arc Length
continued

 9. Repeat step 7 until you have data from eight circles of different sizes.

 10. Plot the data from the table by selecting it and choosing Graph⎮Plot Table 
Data. Make sure the options are correct before closing the dialog box.

 Q4 How are the plotted points arranged? Do they appear to be in a straight line? 

What else do you observe about their arrangement?

Use the Line tool, 
or select the two 
points and choose 
Construct⎮Line.

 11. Construct a line through the two plotted points that are farthest apart.

 Q5 Does this line appear to go through all the other points? Check your answer by 

measuring the distance from several of the other points to the line. (To do this, 

select one point and the line, and choose Measure⎮Distance.) What do your 

results tell you?

 Q6 Measure the equation of the line. What are the slope and intercept?

 Q7 What does the value of the intercept tell you? Explain why this makes sense.

 Q8 Where have you seen the value of the slope before? Explain why this number 

makes sense.

 Q9 Is the relation between the radius and the string length a mathematical 

function? Why or why not?

 Q10 Write the equation for the function using l for string length and r for radius.

 Q11 Write equations representing the functions (r, c) and (d, c), where c is the 

circumference and d is the diameter. Explain how you can fi gure out each of 

these equations from the equation you wrote for Q10.

EXPLORE MORE

 12. On page 2, operate the wheel by hand by dragging B. Notice the measurements 

that show the angle and distance through which you have moved B.

After plotting the data, 
adjust the scales on 
the x-axis and y-axis to 
show the data better.

 Q12 Do you think there’s a simple relationship between the angle and the length of 

the arc? Leave the radius constant, gather data in a table, and plot the table data. 

What do you observe about the plotted data? What is the equation of the data? 

Can you fi nd an interpretation for the constant in this equation?

Your result will reveal 
an angle that’s 
important in later 
mathematics.

 Q13 Drag B so that the arc length is as close to the radius as you can make it. What’s 

the arc angle? Tabulate the radius, arc length, and arc angle for several different 

values of the radius, each time making the radius and arc length as close to 

equal as you can. What do you observe about the arc angle?
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Functions in a Triangle ACTIVITY NOTES

CONSTRUCT A TRIANGLE
The key geometric relationship in this activity is that �DBE is similar to 

�ABC. As D travels along segment AB, �DBE forms an infi nite number 

of similar triangles. Since corresponding parts of similar triangles are 

proportional, the ratio of the length of  
___

 DE   to the distance from B to  
___

 DE   will 

always be the same. This ratio will be the slope in the linear function.

Students who have taken high school geometry should understand and 

be able to discuss this geometric relationship. Students without this 

background should also understand it, albeit less formally.

2. Students need to be sure to click on existing endpoints of segments 

when drawing the second and third sides of the triangle. At the end of 

this step, they should have three segments and three points (labeled A, 

B, and C ) in their sketches. (If students make and then delete mistakes, 

their labels may no longer match the descriptions here. In this case they 

should use the Text tool to change the labels to match the directions.)

3. Make sure  
___

 AB   is highlighted before you click. Drag the new point with the 

Arrow tool after this step to confi rm that it moves only along the segment.

5. An alternate way to construct the point of intersection is to select the 

line and the segment and choose Construct⎮Intersection.

6. To hide the line, select it and choose Display⎮Hide Line. Use 

the Segment tool to construct  
___

 DE  , or select D and E and choose 

Construct⎮Segment.

FUNCTIONAL RELATIONSHIPS
Q1 No matter what you drag, it’s not possible to make one measurement 

increase while the other decreases. This suggests that there’s a 

mathematical rule governing the behavior of the measurements.

Q2 Either choice is acceptable, and class discussion will be improved if 

different students make different choices here. Most students will probably 

choose option a (the distance from B to  
___

 DE  ) as the independent variable 

because that measurement seems to change more directly as point D 

moves up and down  
___

 AB  . 
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Functions in a Triangle ACTIVITY NOTES
continued

 Q3 Answers will vary. Encourage students to put thought into their prediction. 

Ask them to explain their choices in writing or to compare and discuss 

them in groups. The graphs of students who chose different independent 

variables will be especially interesting throughout the activity.

 Q4 The graph is a straight line—or, more specifi cally, a straight line 

segment—with one endpoint at the origin and the other somewhere in 

the fi rst quadrant. The fact that the graph is linear tells you that as one 

quantity changes at a consistent rate, so does the other, though one may 

change faster than the other. The fact that it goes through (or at least up 

to) the origin means that when the distance between B and  
___

 DE   is zero, 

so is the length of  
___

 DE  , and vice versa. 

 Q5 For choice a (the distance from B to  
___

 DE   is the independent variable), the 

domain is the set of distances from zero to the height of �ABC, inclusive. 

The minimum distance, zero, occurs when D is at B. The maximum value 

corresponds to the height of �ABC and occurs when D is at A and  
___

 DE   

coincides with  
___

 AC  . For choice b, the above is true of the range. 

  For choice a, the range is the set of lengths from zero to the length of  
___

 AC  , inclusive. The minimum value, zero, occurs when D is at B. The 

maximum value is equal to the length of  
___

 AC   and occurs when D is at A 

and  
___

 DE   coincides with  
___

 AC  . For choice b, the above is true of the domain. 

 Q6 For choice a, the wider the base is relative to the height, and the shorter 

and wider the triangle is, the steeper the slope will be. (For choice b, the 

slope will be less steep.) This is true because the length of  
___

 DE   changes 

very quickly for very small changes in the distance between B and  
___

 DE  . 

The smaller the base is relative to the height, and the taller and skinnier 

the triangle is, the less steep the slope will be for choice a. (It will be 

more steep for choice b.) This is true because as the distance from B to  
___

 DE   changes a lot, the length of  
___

 DE   changes much more slowly. Since the 

locus of choice b behaves like a refl ection of choice a, the opposite of the 

preceding will be true for choice b.

Furthermore, any pair of similar triangles would produce graphs with 

the same slope. The only difference is that the larger triangle would have 

a larger domain and range.
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Functions in a Triangle ACTIVITY NOTES
continued

EXPLORE MORE
13. Since the slope of the segment is the ratio of the two measurements, the 

function to plot is 

f(x) � (m  
___

 DE  /Distance B to  
___

 DE  )  � x for choice a, and 

f(x) � (Distance B to  
___

 DE  /m  
___

 DE  )  � x for choice b.

To make the plot coincide exactly with the trace of the plotted point, 

change the function’s domain using Edit⎮Properties⎮Plot.

Q7 These plots will be similar to the original plot—segments from the 

origin—but with slopes less than or equal to that of the original 

plot. This is because the shortest distance from B to  
___

 DE   is along a 

perpendicular, and this is how the distance from B to  
___

 DE   is measured. 

Since the ratio corresponding to the slope of the plots has BD, BE, or 

the distance from B to  
___

 DE   in the denominator, the shortest distance 

corresponds to the greatest slope. The slopes would be equal for right 

triangles. (For example, if C were a right angle, the length of  
___

 BE   would 

equal the distance from B to  
___

 DE  , and these two plots would coincide.)

Q8 Relationships between linear values (height, for example) and the area 

will be quadratic.
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Functions in a Triangle

In this activity you’ll construct a triangle, make two measurements, change the 

shape of the fi gure, and observe how these measurements are related. This kind 

of relationship—where one quantity changes as a result of another quantity 

changing—is an example of a function. 

CONSTRUCT A TRIANGLE

Choose Edit⎮
Preferences, click the 
text tab, and check 
For all new points.

 1. In a new sketch, change Sketchpad’s preferences to  

E

C

B

A

D

label points automatically as you construct them.

 2. Construct �ABC using the Segment tool.

 3. Construct point D on side AB by using the 

Point tool.

Select D and   
__

 AC  . 
Then choose 
Construct⎮Parallel 
Line.

 4. Construct a line through point D parallel to  
___

 AC  .

 5. Construct point E where this line intersects  
___

 BC  . To do this, click the spot with 

the Arrow tool.

 6. Hide the parallel line and construct  
___

 DE  . 

 7. Measure the distance from B to  
___

 DE   by selecting the point and segment and 

choosing Measure⎮Distance. Then measure the length of  
___

 DE   by selecting the 

segment and choosing  Measure⎮Length.

FUNCTIONAL RELATIONSHIPS

Now that you’ve measured your construction, explore the relationship between the 

two measurements.

 8. Drag point D back and forth. Observe how the measurements change and think 

about how they relate to each other. 

 Q1 Is it possible to drag any of the points in a way that makes one measurement get 

larger while the other one gets smaller? What can you conclude from dragging?

The behavior of these measurements suggests that they relate to each other 

according to a rule. To investigate this rule and decide whether it’s a mathematical 

function, you can graph it. 

First, you must decide which of the two measurements to use as the independent 

variable. You can (a) make the distance from B to  
___

 DE   the independent variable and 

the length of  
___

 DE   the dependent variable, or (b) make  
___

 DE   the independent variable 

and B to  
___

 DE   the dependent variable. 
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Functions in a Triangle
continued

 Q2 Decide which of these choices (a or b) makes the most sense to you. Explain 

your reasoning. 

 Q3 On your paper, draw an x- and a y-axis, and a prediction of what you think a 

graph of the relationship might look like. Don’t bother to scale the axes or to 

plot points of actual measurement values. Use only your intuitive sense of how 

the measurements change in drawing your prediction.

If you don’t see the 
plotted point right 
away, make your 
triangle smaller or 
drag any one of the 
tick mark numbers on 
the x-axis toward the 
origin.

 9. Select the two measurements—fi rst the independent variable, then the dependent

variable—and choose Graph⎮Plot as (x, y). A set of axes and a plotted point will 

appear. Drag point D and observe the path of the plotted point on the grid. 

 10. To see the set of all possible plotted points, select the plotted point and choose 

Display⎮Trace Plotted Point. Then drag D again, moving it all the way from 

A to B to see the entire graph. (You can erase the traces at any time by choosing 

Display⎮Erase Traces.)

 Q4 How close was your prediction? What does the graph’s shape tell you about the 

functional relationship in the triangle?

The domain of a 
function is the set of 
possible values for the 
independent variable. 
The range is the set of 
possible values for the 
dependent variable.

 Q5 Describe the domain and range of this function. What do the maximum values 

of each correspond to in the construction?

 11. To make the graph permanent, select both D and the plotted point, and choose 

Construct⎮Locus. Also turn off tracing for the plotted point.

 12. Drag any vertex of the triangle to change the triangle’s shape and size. Observe 

how this affects the graph.

 Q6 Describe the different types of graphs you get with different kinds of triangles. 

For example, what shapes give graphs with steeper slopes? Less steep slopes? Try 

to come up with general rules that describe how the function changes as you 

alter the shape of the triangle. 

EXPLORE MORE

With the New Function 
dialog box open, click 
the measurements 
in the sketch to enter 
them into the function 
equation.

 13. Choose Graph⎮Plot New Function. Make use of the measurements in the 

sketch to plot a function that coincides with your locus graph.

 Q7 How do you think the plots of length  
___

 BD   versus length  
___

 DE   or length  
___

 BE   

versus length  
___

 DE   would compare to your existing plot? Draw a graph of your 

prediction on paper. Then test it by measuring the distances and plotting a 

point as you did before. 

 Q8 Make other measurements in the construction and investigate other functional 

relationships. See if you can fi nd one that’s not linear.
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Functional Geometry ACTIVITY NOTES

Use this activity to encourage students to explore examples of relations 

and functions on their own. They will fi nd many interesting functional 

relationships. There are even some quartic (4th-degree) polynomials lurking 

for those curious enough to fi nd them.

INDEPENDENT AND DEPENDENT VARIABLES
This activity provides an excellent opportunity to explore and discuss 

the terms independent variable and dependent variable, so make sure that 

students plot each pair of quantities both ways, fi rst with one quantity as the 

independent variable, and then with the other. 

In the class discussion, point out that the terms have both a strict 

mathematical meaning and a common meaning. Mathematically, the terms 

describe the input and output values of a function, involving no causality 

beyond the association of each input value with a single output value. 

Mathematically, that’s the end of the story; there’s no deeper mathematical 

meaning in these terms.

However, the terms independent and dependent prompt students to think 

beyond the strict mathematical meaning and consider real-world causality. 

Can they change the thing being measured by the independent variable, and 

in doing so cause a change in the thing being measured by the dependent 

variable? Such a physical (or geometric) dependence is more complex, more 

ambiguous, and more interesting than the precise and limited mathematical 

connection between independent and dependent variables.

Encourage students to argue about which variable should be independent 

and which dependent for particular combinations of values. Arguments 

will relate mainly to the non-mathematical meanings of the words. 

Point this out, and ask students to keep in mind also the mathematical 

meanings. They should end up with a sense of the distinction between 

the mathematical and non-mathematical meanings of these terms. In the 

mathematical realm, they should realize that the question of whether a 

particular pair of quantities can be considered independent and dependent 

variables is precisely the question of whether the second is a function of 

the fi rst: Does the second measurement ever have more than one value 

corresponding to any particular value of the fi rst?

The circle model on page 1 of the sketch is a good place to start this 

discussion. Ask students whether the radius really depends on the diameter, 
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Functional Geometry ACTIVITY NOTES
continued

or the diameter on the radius. The relation between the radius and the 

diameter is intentionally ambiguous; you can drag either and the other 

changes. You will likely have students willing to expound on either side of 

the argument, as well as some who will claim that both are correct. Also 

discuss the function relating the circumference to the radius, and challenge 

students to describe physical scenarios in which the circumference (or even 

the area) can be varied independently, with the radius depending upon it.

Another topic for the discussion is linear and nonlinear relationships. 

When do you expect the graph to be a line, and when do you expect it to 

be a curve? You might expect a line when plotting lengths against other 

lengths—such as a side length and the perimeter of a fi gure—and a curve 

when plotting a length against an area, but there are plenty of exceptions for 

students to encounter and explore.

CONSTRUCTION TIPS
Students will want to control the appearance and scale of their graphs. Show 

them how to do each of these tasks.

• Drag the origin using the Arrow tool.

• Hide the grid by choosing Graph⏐Hide Grid.

• Change the scale by dragging the tick mark numbers.

• Allow independent scaling of each axis by choosing Graph⏐Grid 
Form⏐Rectangular.

RADIUS AND DIAMETER
Q1 The diameter depends on the radius: Given a radius, there’s only one 

possible value for the diameter.

Q2 It works both ways: Given a diameter, there’s only one possible value for 

the radius. Both the relation and its inverse are functions, because if you 

know either of the two values, you also know the other.

Q3 Students can use either measurement in either role.

Q4 The graphs that students predict will vary. The crucial point is that they 

make a prediction ahead of time.
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Functional Geometry ACTIVITY NOTES
continued

 Q5 The graph shows direct variation with a slope of 2 or 0.5, depending 

on the choice of independent variable. The equations can be written 

radius � diameter/2 or diameter � 2 � radius.

 Q6 Either measurement can be the independent variable. Both graphs are 

linear, but they have different slopes.

 Q7 Both relations are functions, because there’s only a single output value 

possible for any input value. 

INVESTIGATE
Circle: A relation of the area and any linear measure results in half of a 

parabola, opening up or to the right depending on which is used for x and 

which for y. Because the measures are positive, these are all functions.

Triangle: (AD, DE) is direct variation (a linear function through the origin). 

The constant of proportionality (the slope) depends on the triangle’s shape. 

For the original shape, the constant is approximately 0.92.

(Distance A to DE, DE) is also direct variation, with a constant that depends 

on the shape of the triangle.

Xquad: (AD, DE) is a function; the graph is in the shape of a V because 

it involves an absolute value. (DE, AD) is not a function: There are two 

possible values for AD that correspond to any given distance DE. 

Rect 1: (AD, AB) is a function. ABCD is a constant-area rectangle, so the 

two sides are related by inverse variation, and the graph is in the shape 

of a hyperbola. Here’s one form of the equation: AB � (10/AD). This is 

one graph that’s unchanged when students switch the dependent and 

independent variables.

(AD, Perimeter ABCD) is also a function, though (Perimeter ABCD, AD) is not. 

Here’s the equation for the perimeter: Perimeter ABCD � 2(10/AD) � 2AD.

(AD, Area ABCD) is a constant function. Area ABCD � 10.

Rect 2: (AD, AB) is a linear function with a slope of �1. This is a 

constant-perimeter rectangle, so the sum of the lengths of the two sides 

stays constant: AB � �AD � 10.

(AD, Perimeter ABCD) is a constant function. The value of the constant 

depends on the length of a hidden segment in the construction.
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Functional Geometry ACTIVITY NOTES
continued

(AD, Area ABCD) is a function, with a graph in the shape of a parabola 

opening down. (Area ABCD, AD) is not a function, because any value 

of the area (except when ABCD is a square) corresponds to two possible 

positions of D.

Polygons: For each polygon, the area is a function of side length, and the 

graph is in the shape of a half-parabola in Quadrant I. The graph is of form 

Area � a A D  2 , where the value of a depends on the number of sides. For a 

triangle, a � 0.5; for a square, a � 1; for a pentagon, 

a �   
5 �  2 
 _________ 

4 � 
______

  �  2  + 1  
   �   

 � 
__________

 25 � 10 � 
__

 5    
  ____________ 4  � 1.72

where � is the golden ratio.

The perimeter of each polygon varies directly with the side length: 

Perimeter � n � AD, where n is the number of sides.

Ladder: The relation (AD, AB) is a function. The graph is a quarter circle 

centered at the origin: AB �  � 
_________

 1 0  2  � A D  2   

Hanger: Because the four sides of the hanger are fi xed in length, there are a 

number of constant functions here. The area is a function of AD and can be 

expressed as the square root of a quartic, related to Hero’s formula.

Tube: The fi eld of view varies directly with distance, and also varies directly 

with tube diameter. It varies inversely with tube length.
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Functional Geometry

In many geometric fi gures, different aspects or quantities change in related ways. 

When two things change in a related way, their connection is called a relation. For 

example, the diameter and radius of a circle change together, so they form a relation.

Sometimes the second thing in a relation not only changes  R

D

with the fi rst, but actually depends on it. In this case we say 

the relation is also a function. In this activity you’ll explore 

relations between geometric measurements and determine 

which of those relations are functions.

RADIUS AND DIAMETER

 Q1 Does the diameter of a circle depend on the radius? Is the relation between the 

diameter and the radius a function? Explain your reasoning.

 Q2 Does it also work the other way? Can you also think of the radius as a value that 

depends on the diameter? Is this relation a function? Explain.

 1. Open Functional Geometry.gsp. Familiarize yourself with the fi gure by 

dragging each of the two points.

To measure these 
aspects of the circle, 
select each one at 
a time and choose 
Measure⎮Length. 

 2. Measure the circle’s radius and diameter, and decide which measurement 

you want to control directly. This is the independent variable, and the other 

measurement is the dependent variable.

 Q3 Which measurement will you use as the independent variable? Which point 

must you drag to change it? 

 Q4 As you drag your chosen point, observe how the two values change together, 

and try to imagine what a graph of the function would look like. Draw your 

prediction on your paper.

If the plotted point isn’t 
visible, drag one of the 
tick numbers closer to 
the origin.

 3. To test your guess, select the two measurements in order (independent variable 

fi rst, then dependent variable) and choose Graph⎮Plot as (x, y). Drag your 

chosen point and observe the behavior of the plotted point.

 4. Select the plotted point and choose Display⎮Trace Plotted Point. Observe the 

path of the plotted point as you drag your chosen point.

 Q5 Compare your guess with the actual graph. Why is the graph the shape it is? 

 Q6 Think back to your decision to designate one of the measurements as the 

independent variable. Did it matter which one you chose? Why or why not? 

How are the graphs different? To answer this question, repeat steps 2–4, but this 

time make the opposite choice. 

 Q7 Based on what you’ve learned, is the relation a function? Why or why not?
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Functional Geometry
continued

INVESTIGATE

This sketch has eight more geometric fi gures on the remaining pages. On each page, 

explore how two different aspects of the fi gure relate to one another. 

Measure two aspects of the fi gure that you’re interested in exploring, and use these 

measurements to complete steps 2–4 and to answer Q3 and Q4. 

Compare your prediction with Sketchpad’s graph of the function. Why did the 

graph take the form that it did? Did it matter which measurement you designated as 

the independent variable? Why or why not? 

Repeat the process, but this time make the opposite choice, and compare the two 

graphs.

Knowing what you’ve learned about the two aspects you’ve chosen in the fi gure, is 

either of the relations a function? Explain your answer.

SOME FUNCTION SUGGESTIONS

Page Suggested Measurements

Circle diameter, radius, circumference, area

Triangle AD, DE, distance from A to DE

Xquad AD, DE

Rect 1 AD, AB, perimeter, area

Rect 2 AD, AB, perimeter, area

Polygons AD, area, perimeter for each polygon (Compare the graphs.)

Ladder AD, AB

Hanger AD, �BDC, area, perimeter

Tube View tube length, tube diameter, distance, fi eld of view

EXPLORE MORE

 5. See if you can write an equation for one or more of the functions you graphed. 

Plot that function (choose Graph⎮Plot New Function) to see if it matches the 

locus graph (choose Construct⎮Locus). You might need to measure things in 

the sketch to use as parameters in your function.
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Solving Systems of Equations
Students find the intersection of two graphs to solve a system of equations that reflects  

a real-world scenario. They then use a slider to see how the solution changes as the  

situation changes.

Graphing Inequalities in Two Variables
Students explore the graphs of inequalities by dragging a point in the Cartesian plane 

and observing where the inequality is true and where it is false. Students investigate the 

relationship between an inequality and the corresponding equation, and compare the 

graphs of different (but related) inequalities.

Graphing Systems of Inequalities
Students graph a single inequality and then combine it with a second inequality to form 

the graph of a system of inequalities. They then use what they have learned to graph several 

systems of inequalities and find their solutions.

Linear Programming: Swans and Giraffes
Students explore a linear programming problem. They turn the problem statements into 

constraint equations, explore the feasible region, and determine how to maximize a desired 

quantity.
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Solving Systems of Equations ACTIVITY NOTES

SKETCH
Q1 The price formula for We-Haul-It is

 g(x) � 42.50 � 0.40x

Q2 Answers will vary for the values, but should be close to (13, 47.7). The 

units are miles and dollars, so students might express the result as 

(13 miles, $47.70). Remind students that the y-value should be rounded 

to two decimal places because it is currency.

Q3 The numerical values to three decimal places are (12.979, 47.691). 

With the units, and rounding off the y-value to the nearest cent, the 

solution can be written (12.979 miles, $47.69). This point represents the 

distance at which the two rental companies have exactly the same cost.

Q4 It is called the break-even point because it is the place where the price to 

rent a truck is the same for both companies. The renter will neither lose 

nor save money by using the other company. 

Q5 He should rent from Cercano Rentals because it will be cheaper. 

Q6 Yes, Cercano Rentals is good for moves that are nearby, because it is 

cheaper for moves of less than about 13 miles.

Q7 The technique of using a slider to answer what-if questions is a powerful 

one. It’s a good idea to talk about this technique during the wrap-up 

discussion.

 To match We-Haul-It for a 40-mile trip, Cercano needs to set its price 

per mile at $1.16. Here are the rates Cercano must use to match 

We-Haul-It at other distances:

50 mi: $1.01  60 mi: $0.91  100 mi: $0.70

Note: Student answers may vary by a few cents because of limitations in 

manipulating the slider. 

In case the intersection goes off-screen, remind students that they can 

rescale the axes by dragging the tick numbers.

Q8 This is the system of equations:

Current phone plan: f(x) � 0.69x 

Calling card plan: g(x) � 3.99 � 0.15x 

The point of intersection is (7.389 minutes, $5.09). If Diego talks for 

more than about seven minutes a month, the international calling plan 

will save him money.
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Solving Systems of Equations ACTIVITY NOTES
continued

 Q9 Yes, there can still be a solution to a system of equations even if not all 

of the equations are linear. 

  Yes, there can be more than one intersection point.

 Q10 Answers will vary. A simple example to show is a parabola with 

any linear equation that intersects it. For example, the system 

f(x) �  x  2  � 6x � 9 and g(x) � 0.5x � 1 has two solutions. If you 

plot these two functions, you can use the Find Intersection tool to 

determine the actual intersections.

VARIATIONS
You may wish to give students different types of real-life word problems that 

involve fi nding an intersection. You could also ask them to make up their 

own break-even point problem.

WHOLE-CLASS PRESENTATION
You can present this activity to the entire class using Solving Systems 
Present.gsp.

Use the buttons and directions there to guide the presentation, and be sure 

to solicit student ideas and encourage discussion as you present.
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Solving Systems of Equations

The graphical solution to a system of two equations is the intersection of the graphs 

of the equations. In real life, you can often solve a system of equations to make 

a calculated choice between two options. In this activity you’ll solve a system of 

equations to make some decisions for a truck rental company.

SKETCH

The end of the month is a popular time to move, so many people rent moving 

trucks. Each truck rental company has its own formula to determine the price of 

renting a truck. The rental rates depend on two factors: the Drive-off Fee and the 

Price per Mile Driven. Use the table below to compare the rates of two different 

companies.

Rate Comparison for 14-foot Moving Trucks

Company Drive-off Fee Price per Mile Driven

Cercano Rentals $12.00 $2.75 

We-Haul-It $42.50 $0.40

With the rate information, the renter can make an informed decision. The price of 

renting a 14-foot truck will depend on the number of miles driven. Here is the price 

formula for Cercano Rentals:

f(x) � 12.00 � 2.75x

 Q1 What is the price formula for We-Haul-It rentals? 

Which company is cheaper depends on how many miles you drive. To compare the 

prices, you can graph each equation and fi nd the intersection of the graphs.

The sketch is blank, 
but this document 
contains some tools 
that will be useful to 
you.

 1. Open Solving Systems.gsp and choose Graph⎮Defi ne Coordinate System. 
Hide the point at the origin and the point at (1, 0). Use the Arrow tool to 

drag one of the numbers along the x-axis closer to the origin until you see “20, 

40, 60, …” for the scale on the x-axis. Then drag either axis to move the origin 

to the lower left-hand corner of the screen. 

You can adjust the 
window, the scroll 
bars, and the scale of 
the x-axis to improve 
your view of the graph.

 2. Choose Graph⎮Plot New Function. Type 12.00 � 2.75*x and click OK. The 

graph and its equation appear on the screen. With the graph and equation 

selected, choose Display⎮Color and make them blue.

 3. Make sure no objects are selected. Choose Graph⎮Plot New Function. Type 

42.50 � 0.40*x and click OK. The graph and its equation appear on the screen. 

Use Display⎮Color to make them dark green.
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Solving Systems of Equations
continued

Solve this system of equations by fi nding the intersection of the graphs. First fi nd an 

approximate solution. 

 4. Click the Point tool on one of the graphs. A point appears on the graph. 

 5. Use the Arrow tool to drag the point to the  50

40

30

20

10

20

A: (12.979, 47.691)

g(x) = 42.5 + 0.4·x
f(x) = 12 + 2.75·x

Aapproximate intersection of the two lines. Choose 

Measure⎮Coordinates.

 Q2 What are the values and units of the x- and 

y-coordinates that appear?

 6. Now fi nd a more exact location of the intersection. 

Drag the point away from the intersection to avoid 

future confusion.

 7. Press and hold the Custom tool icon. From the menu 

that appears, choose the Find Intersection tool.

 8. Click this tool on the two functions f(x) and g(x) in the 

sketch. (Be sure to click the functions themselves, not the function plots.) Then 

click a spot on the x-axis to the left of the intersection point, and fi nally a spot 

on the x-axis to the right of the intersection point.

The tool constructs an intersection of the two functions between the x-values of the 

two points and shows the coordinates of the intersection point.

 Q3 What are the coordinates of the point of intersection? What are the units for 

each coordinate? What is the signifi cance of this point? 

 Q4 Why do you think the point of intersection is often called the break-even point?

 Q5 If the renter of the moving truck will drive 10 miles, from which company 

should he rent? 

 Q6 In Spanish, cercano means “nearby.” Do you think that the name Cercano 

Rentals is appropriate for the way people use its trucks?

EXPLORE VARIATIONS

The owners of Cercano Rentals would like the company to be more competitive in 

moves of longer distances. The company investigates how it can change its rates to 

attract more long-distance movers. For marketing reasons, the company believes 

it is important to maintain its low Drive-off Fee of $12.00. Therefore, it decides to 

explore different scenarios by adjusting its Price per Mile Driven. Create a slider to 

make the Price per Mile Driven a variable rate. 
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Solving Systems of Equations
continued

 9. Choose the Basic Horizontal tool and click in a blank space in the sketch to 

construct a slider.

To change the 
measurement’s label, 
double-click it with the 
Text tool.

 10. Change the label of the slider’s measurement to r. Also change the label of 

the slider’s active endpoint to match. The label r will represent the varying 

Price per Mile Driven. Drag the slider’s endpoint back and forth to see how the 

measurement behaves.

 11. Choose Graph⎮Plot New Function. Type  

50

40

30

20

10

20

h(x) = 12 + r·x

r = 1.39

g(x) = 42.5 + 0.4·x
f(x) = 12 + 2.75·x

A

r

12.00 � r*x and then OK. (Click r in the sketch 

to insert it into the formula.). The graph and its 

equation appear on the screen. Choose Display⎮
Color and make the line red.

As you drag the point at the end of the slider to the 

left or right, you will notice that the slope of the red 

line changes and, as a result, so does the break-even 

point.

Use the Find 
Intersection tool to 
get accurate results to 
these questions.

 Q7 Approximately what Price per Mile Driven 

should Cercano Rentals charge so that it is more 

competitive for moves of less than 40 miles? Less 

than 50 miles? Less than 60 miles? Less than 

100 miles?

AN INTERNATIONAL QUANDARY

Add a page to the 
sketch by choosing 
File⎮Document 
Options. 

 Diego recently moved to California from Argentina and enjoys calling his family 

and friends back home to stay in touch. Currently, Diego pays $0.69 per minute for 

his calls to Argentina. The local phone company is encouraging Diego to buy an 

international calling plan. If he buys the plan, he will pay $3.99 per month plus an 

additional $0.15 per minute for his calls to Argentina. 

 Q8 On a new page, create and solve the system of equations to determine the 

minimum number of minutes of phone calls per month for which it would 

make sense for Diego to buy the international calling plan. Write down the 

equations you used and the break-even point.

EXPLORE MORE

 Q9 If one or more of the equations in the system are non-linear, is there a solution 

to the system? Can there be more than one intersection point? 

 Q10 Can you write a system of equations that has two solutions? If yes, try it out.
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Graphing Inequalities in Two Variables ACTIVITY NOTES

KEEP ME SATISFIED
 Q1 The calculation 2x � 3 stays greater than 5 as long as P is to the right of 

a vertical line through 1 on the x-axis.

 Q2 The calculation 2y � 3 stays greater than 5 as long as P is above a 

horizontal line through 1 on the y-axis.

 Q3 The tracer is cyan (light blue) when the calculation is greater than 5, 

black when it’s equal to 5, and magenta (light purple) when it’s less 

than 5.

 Q4 The graph of 2y � 3 � 5 is the horizontal line with a y-intercept of 1. 

The points satisfying 2y � 3 � 5 are all points above that line.

EXPLORE
 Q5 When you move P straight down, the y-value decreases. In the 

expression, y is multiplied by �2, so the value of the �2y term increases 

when y decreases. Similarly, when you move P to the right, the x-value 

increases, so the value of the 3x term also increases.

 Q6 The statement 3x � 2y � 5 is true when P is to the right of or below 

the line that is the graph of 3x � 2y � 5. Because the value of the 

expression is 5 when P is on the line, and the value increases when you 

move P to the right or down, every point on this side of the line must 

correspond to an expression value greater than 5.

 Q7 In the expression x � 2y, the value of the expression increases when 

you move P to the right or up, because the fi rst term (x) increases when 

you increase x by moving P right, and the second term (2y) increases 

when you increase y by moving P up. For this reason, the statement 

x � 2y � �1 is true when P is to the right of or above the line that is 

the graph of x � 2y � �1. 

 Q8 To satisfy the inequality 3x � y � 2, the value 

of the expression must be greater than the 

value of the expression on the line 3x � y � 2. 

The x term has a positive coeffi cient, so P 

must be to the right of the line; the y term 

has a negative coeffi cient, so P must be below 

the line. All points to the right of and below the 

line satisfy the inequality.

4

2

–2

–4

–5 5

3x – y > 2

P
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Graphing Inequalities in Two Variables ACTIVITY NOTES
continued

Q9 a. 4

2

–2

–4

–5 5

–x + 2y > –1

 b. 4

2

–2

–4

–5 5

x + 2y > 1

c. 4

2

–2

–4

–5 5

–x + 2y > 1

 d. 4

2

–2

–4

–5 5

x – 2y > 1

Q10 The points that satisfy the inequality y �  x  2  are the points below the 

parabola y �  x  2 .

Q11 The inequality y � 3x � 5 is true when y is above the line because y has 

a positive coeffi cient and is on the greater-than side of the inequality. It’s 

true when x is left of the line because x has a positive coeffi cient and is 

on the less-than side of the inequality.

4

2

–2

–4
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Graphing Inequalities in Two Variables ACTIVITY NOTES
continued

EXPLORE MORE
 Q12 a. 

4

2

–2

–4

–5 5

x3
 + 4 > 12

 

b. 
4

2

–2

–4

–5 5

x3
 + 4 < 12

  

c.  d. 
4

2

–2

–4

–5 5

|x| – |y| < 3

 

 e. 
4

2

–2

–4

–5 5

|x| – |y| < –3

 f. 

 Q13 After students sketch the graphs, comparing graphs a and b and graphs d 

and f helps them to see that the direction of the inequality sign determines 

whether the cyan region or the magenta region represents the solution. 

  The curve(s) representing equality divide the plane into two regions. If you 

reverse the sign of the inequality, you change which region is the solution.

 Q14 Each of these inequalities has a factored polynomial on the left side and 

zero on the right. To determine whether the inequality is satisfi ed for a 

given point, you only need to know the sign of the left side. Find that by 

determining the sign of each factor. The boundaries are vertical lines at 

the roots. Every time you cross one, one of the factors changes sign, and 

that changes the sign of the whole polynomial. Watch out for double 

roots; none are used in these examples.

4

2

–2

–4

–5 5

x3
 + 4 < –12

4

2

–2

–4

–5 5

|x| – |y| > 3

P
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Graphing Inequalities in Two Variables ACTIVITY NOTES
continued

Q15 This inequality has an interesting shape. Students may want to adjust 

the grid extent to view more of it.

5

–5

–10 10

3x – xy2
 + y3

 < 5

The related inequality 3x � x y  2  �  y  3  � 5 has the inequality sign 

reversed, so the solution is the complementary region (the region not 

colored in the diagram). The inequality ��3x � x y  2  �  y  3 � � �5 has the 

same shape as 3x � x y  2  �  y  3  � 5, because the direction of the inequality 

is reversed, and the signs of both sides have also been reversed.

If you change the inequality to an equation and solve for x in terms of y, 

you can graph the result. (In the Function Calculator, set the Equation 

form to be x � f(y).) You’ll need to increase the number of samples in 

the function plot to see the complete graph.

WHOLE-CLASS PRESENTATION
Use the sketch Graphing Inequalities Present.gsp to present this activity 

to the class. The presentation follows the steps and questions of the student 

activity, but is streamlined to make it easy to present. Each page of the 

presentation sketch has directions and buttons to help you present the 

activity. Use pages 1 through 7 to present the main part of the activity. 

Pages 8 through 10 correspond to the Explore More questions.
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Graphing Inequalities in Two Variables

Imagine yourself as a point in the coordinate plane, free 

to wander. In this activity you’ll travel to different  

4

2

–4

–5 5

x – 2y < –1

P

–2

locations, learning how to keep inequalities satisfi ed.

KEEP ME SATISFIED

 1. Open Graphing Inequalities.gsp. Move point P 

around the plane, and observe how the coordinates 

of the point vary. 

 Q1 Where can you move the point so that the calculation 2x � 3 stays greater than 

5? Describe these locations.

To edit the calculation, 
double-click it. Click 
the y measurement in 
the sketch to enter it 
into the calculation.

 Q2 Edit the calculation to 2y � 3. Now where can you move the point so that the 

calculation of 2y � 3 stays greater than 5? Describe these locations. 

 Q3 Press Show Tracer and move point P around again, this time anywhere you like. 

What happens to the tracer when the calculation 2y � 3 is greater than 5, when 

it’s equal to 5, and when it’s less than 5?

Although the inequality 
2y � 3 � 5 has only 
one variable, we’re 
still interested in all 
the coordinate points, 
which have two 
variables.

 A graph of an inequality in two variables is the collection of all the points in the 

plane that satisfy the inequality. In this context, satisfy means “make true.” For 

example, any time point P is in a position where 2y � 3 is greater than 5, the 

inequality 2y � 3 � 5 is true. 

 Q4 What points satisfy the equation 2y � 3 � 5? How might knowing this help you 

describe the points that satisfy the inequality 2y � 3 � 5?

EXPLORE

To change the 
calculation, 
double-click it 
and then use the 
Calculator. Enter values 
of x or y by clicking the 
x or y measurements 
in the sketch. 

 2. Erase the traces, hide the tracer, and change the calculation to 3x � 2y. 

 Q5 Given any position of point P, if you move it straight down (without moving it 

left or right), the value of 3x � 2y increases. Explain why. What happens to the 

calculation if you move P to the right without moving it up or down? Why?

 3. Show the tracer and move point P around the plane. 

 Q6 Describe the locations of point P where 3x � 2y � 5 is true. Use your answer to 

Q4 to explain why any point to the right of (or below) the line 3x � 2y � 5 is a 

point that satisfi es the inequality 3x � 2y � 5.

 4. On page 2, drag point P and notice how it moves between closely spaced points. 

Show the tracer and drag P again. The tracer changes color, showing for each 

location of point P whether x � 2y � �1 is true.
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Graphing Inequalities in Two Variables
continued

 Q7 Use your answers to Q5 and Q6 to explain why one side of the line x � 2y � �1 

contains all the points where x � 2y � �1. 

 Q8 Without using Sketchpad, use your answers to Q4 through Q6 to predict 

what points in the plane will satisfy the inequality 3x � y � 2. Write out your 

thinking in a sentence, and draw a sketch of the graph on your paper. Then 

check your answer by editing the calculation and moving point P.

 Q9 For each inequality below, sketch on your paper your prediction of the graph. 

Then use Sketchpad to check your result. 

 a. �x � 2y � �1 b. x � 2y � 1

 c. �x � 2y � 1 d. x � 2y � 1

 Q10 Use page 3 to fi nd points that satisfy the inequality y �  x  2 . How can you 

determine, without Sketchpad, which points in the plane satisfy y �  x  2 ?

 Q11 Answer Q10 for the inequality y � 3x � 5, again without using Sketchpad.

EXPLORE MORE

To see the entire 
graph quickly, select 
both P and the tracer 
square, and choose 
Construct⎮Locus. 
Then use Edit⎮
Properties⎮Plot to 
increase the number 
of samples so that the 
locus fi lls the entire 
region.

 Q12 Use page 4 to fi nd the points in the plane that satisfy the inequalities below. 

Draw a sketch of each solution. Think about how you could go about predicting 

the points that satisfy the inequality without Sketchpad available. 

 a.  x  3  � 4 � 12 b.  x  3  � 4 � 12 

 c.  x  3  � 4 � �12 d. ⎮x⎮�⎮y⎮� 3

 e. ⎮x⎮�⎮y⎮� �3 f. ⎮x⎮�⎮y⎮� 3

 Q13 When you’re done, compare the solutions to a, b, and c with each other, and the 

solutions to d, e, and f with each other. What conclusions, if any, can you draw 

about reversing the inequality sign?

 Q14 Use page 5 to fi nd the points that satisfy the inequalities below. How could you 

predict the points that satisfy the inequality without Sketchpad available? 

 a. (x � 2)(x � 1) � 0 b. (x � 2)(x � 1)(x � 4) � 0

 Q15 Use page 6 to fi nd points that satisfy the inequality 3x � x y  2  �  y  3  � 5. (Make 

sure you drag point P to a variety of locations.) What points would satisfy the 

inequality 3x � x y  2  �  y  3  � 5? Why? What points would satisfy the inequality 

�(3x � x y  2  �  y  3 ) � �5? Why? Check your answers with the sketch and explain 

the results that you see.
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Graphing Systems of Inequalities ACTIVITY NOTES

A SINGLE INEQUALITY
The graphing tools used in this activity require inequalities (like y � x � 2 

or x �  y  2  � 5) that have been “solved” for either x or y. Most of the 

inequalities in this activity are already in this form. In Q7 students are 

asked to do the “solving” themselves. Use Q7 as a chance to review the 

properties of inequality needed to convert complicated expressions to 

the form required by the tools.

Q1 The graph crosses the y-axis at �2 and the x-axis at 1.33 and goes up 

and to the right with a slope of 1.5.

Q2 The inequality says that y must be less than the value of the function 

just graphed, so the graph of the inequality must be below the line. 

It extends infi nitely down and to the right. 

4. If the graph appears bounded by a solid line rather than a dashed line, 

the student probably failed to delete the original line in step 2. Undo the 

custom tool, delete the line, and then use the custom tool again.

5. To avoid the need to increase the number of samples for every graph, hold 

down the Shift key and choose Edit⏐Advanced Preferences. On the Locus 

panel, change the number of point-locus samples from 300 to about 1000. 

(The exact value required depends on the size of the sketch window.)

Q3 The line itself is not included in the graph because y cannot be equal to 

the value of the function. For this reason it should appear as a dashed line.

SYSTEMS OF INEQUALITIES
Q4 Answers will vary; the important thing is that students make a 

conjecture before constructing the graph. (It’s actually the region 

of the plane above and to the right of the line x � �y � 1.)

Q5 The graph is a portion of the plane bounded by the two lines, shown 

by the darkest area in the fi gure. This graph is infi nite in extent.
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Graphing Systems of Inequalities ACTIVITY NOTES
continued

Q6 The area where the two shades overlap is the solution to the system. The 

graphs in problem e do not overlap, so it has no solution. In problem h, 

have students set the angle units to radians before graphing. 

a.  b. 

c.  d. 

e.  f. 

g.  h. 

EXPLORE MORE
Q7 a. The fi rst inequality can be expressed as x � 2y � 2 or as y � 1/2x � 1.

The second inequality can be expressed as y � x/2 �⎮x⎮.
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Graphing Systems of Inequalities ACTIVITY NOTES
continued

b. The fi rst inequality can be expressed as x �  y  2  � 2y � 2. The second 
inequality can be expressed as x � 3. 

 

 Q8  For some of the inequalities, it’s possible to express the answers with 

either x or y on the left side. Here is one answer for each graph, with y 

on the left side of each inequality. 

a. y � 0.5x � 1, y � x � 1, and y � �2x � 1

b. y �⎮x⎮ and y � �0.5x � 1

 Q9 It’s not possible to rewrite the inequality y �⎮x⎮ in a simple form with 

x on the left side. Here are the results for rewriting each of the other 

inequalities, with the original form on the left and the rewritten form 

on the right:

 y � 0.5x � 1 x � 2y � 2

 y � x � 1 x � y � 1

 y � �2x � 1 x � �0.5y � 0.5

 y � �0.5x � 1 x � �2y � 2

 Q10 Answers will vary. Consider asking a few students to show and explain 

their answers to the class.

WHOLE-CLASS PRESENTATION
Use Systems of Inequalities Present.gsp to present this activity to the 

class. The presentation sketch fi rst reviews graphing the single inequality 

y � 3/2x � 2.

1. On page 1, remind students that the fi rst step in graphing an inequality is 

to graph the related equation. Use the button to show the function plot.

 Q1 Ask students to predict where the graph of the inequality will be.

2. Hide the function plot and show the inequality.
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Graphing Systems of Inequalities ACTIVITY NOTES
continued

 Q2 Ask students why the boundary of the graph is a dashed line. Review the 

convention that a boundary that is part of the graph is shown as a solid 

line, and a boundary that is not part of the graph is shown dashed.

 3. Go to page 2 to add the second inequality.

 Q3 Ask students to predict where the graph will be. Have them explain how 

the graph of the inequality is related to the graph of y � �x � 1. Use 

Sketchpad’s Line tool to draw an arbitrary line and have students tell 

you where to drag it to indicate the boundary. 

 Q4 Once students agree on where to place the boundary, ask them which 

side of the boundary the graph will be on. Use the tracer provided to 

check the result.

 4. Press Show y �� �x � 1 to show the result.

 Q5 Ask students, “Why is this boundary solid?”

 Q6 Ask students, “Where are the points that satisfy both inequalities? What 

is the solution region?”

 5. Go to page 3, which contains a different system of inequalities.

Pages 3 through 8 contain various systems of inequalities for students to 

practice on. Use as many of these pages as are appropriate. Be sure to have 

students make a prediction before showing them the result on the computer.

 Q7 Ask, “What will the fi rst inequality look like?”

 6. Use the buttons to show fi rst the related function and then the 

inequality. 

 7. Similarly, ask about and show the second function and inequality, and 

then discuss the solution.

Pages 9 and 10 contain graphs of systems of inequalities. (These are the 

graphs from Q8 in the activity.) Use either page as a challenge to students 

to come up with a system of inequalities that matches the graph. Use the 

custom tools in Inequality Tools.gsp to verify student answers.
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Graphing Systems of Inequalities

When you solve a system of equations graphically, you 

usually get a single point as the solution. In this activity  

you’ll solve a system of inequalities graphically, and see 

what the solution of such a system looks like.

A SINGLE INEQUALITY

Begin by graphing the equation y �   3 _ 2  x � 2 and the 

related inequality y �   3 _ 2  x � 2.

 1. In a new sketch, graph y �   3 _ 2  x � 2 by choosing Graph⎮Plot New Function and 

entering the equation into the New Function dialog box.

 Q1 What is the slope of the line and what are its x- and y-intercepts?

 Q2 Based on the graph of the equation, what do you think the graph of the 

inequality will look like?

To delete the graph, 
select it and press the 
Delete or Backspace 
key on your keyboard.

 2. Delete the function plot you just created, but leave the function itself; you will 

use it again in a moment.

To graph the inequality, you will use a custom tool from Inequality Tools.gsp.

 3. Open Inequality Tools.gsp. Then switch back to your original sketch. (As long 

as Inequality Tools.gsp is open, you can use the tools it contains.)

Switch back to the 
Arrow tool after the 
graph appears.

 4. Press and hold the Custom tool icon, and choose Inequality Tools⎮y � f(x) 

from the menu that appears. Click the function f(x) in your sketch. A graph of 

the inequality appears.

You can also right-click 
(Windows) or control-
click (Mac) the strips 
to get to the Properties 
dialog box.

 5. If the graph of the inequality appears as strips, you can change the Plot 

Properties of this object so that it appears as a solid area. Select the strips, 

choose Edit⎮Properties, and use the Plot panel of the Properties dialog box to 

increase the number of samples. (Approximately 400 should be enough.)

 Q3 Is the boundary of the inequality graph solid or dashed? Explain why its 

appearance makes sense in terms of the inequality.

SYSTEMS OF INEQUALITIES

Next you’ll graph a second inequality (x � �y � 1) on the same coordinate system.

This function should 
be labeled g. If not, 
choose Display⎮Label 
Function to change its 
label to g.

 6. Create another function by choosing Graph⎮New Function. This inequality 

expresses x in terms of y, so use the Calculator’s Equation pop-up menu to 

choose x � f(y). Then enter the equation g(x) � �y � 1.
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 Q4 What do you think the graph of x � �y � 1 will look like? Write down your 

guess before you construct the graph.

 7. To create the graph, choose the custom tool Inequality Tools⎮x �� f(y). Click 

the tool on the function g(y) in your sketch. 

Remember to switch 
back to the Arrow 
tool once the graph 
appears.

 Q5 Which shaded area contains points that satisfy both inequalities? Construct a 

point in that area, measure its coordinates, and use algebra to confi rm that the 

point satisfi es both inequalities.

In addition to the 
colors in the color 
menu, you can choose 
Other… to specify a 
different shade or tint. 

 Q6 For each system of inequalities below, add a new page to your document (using 

File⎮Document Options) and construct a graph of the system. If the graphs of 

two inequalities appear in the same color, change the color of one of the graphs 

so you can easily see the area of overlap. 

 a. y � 2x � 1, y � �  1 __ 2  x � 3 b. y � 2, x � �3

 c. y �   1 __ 2   x  2 , x � y d. y �   1 __ 2   x  2 , x � y � 1
For problem h, use 
Edit⎮Preferences⎮
Units and change the 
angle units to radians.

 e. x � y � 3, y � x � 1 f. y �   x ___ 10   �  x  2  � 3, y � 2

 g. x �  � 
______

 9 �  y  2   , y � 1, x � �1 h. y � sin x, y � 0.5

EXPLORE MORE

 Q7 Change these inequalities so that each variable appears on only one side of 

the inequality, making sure to keep the properties of inequality in mind. Then 

graph the system and describe the solution.

 a. 2y � x � 2,⎮2x⎮� 2y � x b.  y  2  � x � 2y � 2, x � 3 � 0 

Some inequalities 
can be expressed 
with either x or y on 
the left side, so more 
than one answer 
may be possible for a 
particular graph.

 Q8 Study each graph below and decide on a system of inequalities that will produce 

it. Check each answer on a new page of your document.

 a.  b. 

 Q9 You probably expressed your answers to the preceding question in a form with y 

alone on the left side of each inequality. Where possible, rewrite your answers so 

that x is alone on the left side.

 Q10 Use inequalities to graph an interesting shape in Sketchpad. Then challenge a 

friend to guess the inequalities you used.
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Linear Programming: Swans and Giraffes ACTIVITY NOTES

ASSIGN VARIABLES AND WRITE THE EQUATION
 Q1 Profi t � 4s � 6g

 Q2 The closer point R is to the origin, the less the profi t. The farther up and 

to the right, the greater the profi t. (Some students may notice already 

that the relationship is a bit more subtle than this, because the profi t 

at (0, 16) is more than the profi t at (16, 0). This observation becomes 

important when answering Q4.)

 Q3 It makes sense to have point R snap to locations with integer coordinates 

because Rei can sell only whole numbers of swans and giraffes. It doesn’t 

make sense to consider her making 3.71 swans or 4.2 giraffes.

 Besides limiting both s and g to integers, there are two more implicit 

restrictions: s � 0 and g � 0: Rei cannot make negative numbers of 

either animal. These restrictions limit R to the fi rst quadrant. 

SET UP THE CONSTRAINT INEQUALITIES
 Q4 The paper constraint is satisfi ed only within (and on the perimeter of) 

the triangle bounded by the two axes and the purple line. Within this 

region, the profi t is greatest at the upper-left corner, or (0, 16). This 

makes sense since, without the time constraint, the greatest profi t would 

be made by using all 16 pieces of paper to make giraffes.

 Q5 3s � how long it takes Rei to make s swans

6g � how long it takes Rei to make g giraffes

 Q6 3s � 6g � 60 

 Q7 In the yellow region, neither constraint is met. In the light green region, 

only the time constraint is met. In the red region, only the paper 

constraint is met. In the dark blue region, both are met.

FIND THE MAXIMUM
 Q8 Rei should make 12 giraffes and 4 swans for a profi t of $72.

EXPLORE MORE
 Q9 This increases the size of the feasible region a bit, moving the 

upper-right vertex a little down and to the right. Rei would be able to 

make a greater profi t with this change. In fact, increasing the number  
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Linear Programming: Swans and Giraffes ACTIVITY NOTES
continued

of pieces of paper Rei has would increase her profi t up to the point at 

which she has 20 pieces. Having more than 20 pieces of paper wouldn’t 

make any difference (because of the time constraint).

Q10 Each additional piece of paper increases her profi t by $2, to a maximum 

of $80 profi t with 20 pieces of paper.

Q11 The line g � 8 corresponds to the constraint “Rei didn’t want to make 

more than eight swans.” This is a region to the left of a vertical line 

that cuts the original feasible region into a smaller pentagonal region. 

The maximum profi t for this situation is $68, occurring again at the 

upper-right vertex of the feasible region: eight swans and six giraffes.

Q12 The profi t line represents all combinations of giraffes and swans that 

give the same profi t. To see this, drag point R along the line: The profi t 

doesn’t change. With the profi t line far up and to the right, you get a 

large profi t, but R doesn’t touch the feasible region. With the profi t line 

cutting through the feasible region, R can take on feasible values, but the 

profi t isn’t at its greatest. Only when the profi t line just touches a corner 

of the feasible region is the profi t maximized.
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Linear Programming: Swans and Giraffes

In business, it’s often diffi cult to 

fi gure out how to maximize profi t 

because there are so many factors 

to consider: labor costs, time 

constraints, production capacity, 

etc. Linear programming is a branch 

of algebra that helps deal with 

complicated situations such as this. 

Here’s a typical linear programming 

problem:

Origami is the ancient 
Japanese art of paper 
folding.

 Rei volunteers to bring origami swans and giraffes to sell at a charity crafts fair. It 

takes her three minutes to make a swan and six minutes to make a giraffe. She plans 

to sell the swans for $4 each and the giraffes for $6 each. If she has only 16 pieces 

of origami paper and can’t spend more than one hour folding, how many of each 

animal should Rei make to maximize the charity’s profi t?

ASSIGN VARIABLES AND WRITE THE EQUATION

There’s a lot of information to deal with here. The actual question is “How many of 

each type of animal should Rei make?” so start by assigning variables:

Let s � the number of swans Rei makes.

Let g � the number of giraffes Rei makes.

In other words, if Rei 
makes s swans and 
g giraffes, how 
much money will 
that bring in?

 Q1 Write an equation for profi t in terms of s and g.

 1. Open Linear Programming.gsp. You’ll see the profi t equation calculated using 

the coordinates of point R. Each location of point R is a potential solution to 

the problem. For example, (6, 8) represents a solution of six swans and eight 

giraffes. (Does the profi t equation agree with the one you came up with?)

 Q2 Drag point R around and observe how the coordinate and profi t measurements 

change. Describe how the profi t relates to R’s location in the plane. Where is 

profi t greatest? Where is it smallest?

 2. Choose Graph⎮Snap Points to turn on point snapping. Drag R again.

 Q3 What is the effect of point snapping? Why does it make sense to use it for this These limitations are 
implicit constraints: 
constraints implied in 
the problem but not 
explicitly mentioned.

  problem? In addition to point snapping, what other constraints (limitations) 

should there be when you drag R? Why do your proposed constraints make 

sense in terms of the original problem?
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Linear Programming: Swans and Giraffes
continued

SET UP THE CONSTRAINT INEQUALITIES

The more origami fi gures Rei makes, the greater the profi t will be. But this ignores 

the constraints (limitations) listed in the problem. The fi rst constraint is that she has 

only 16 pieces of origami paper. We’ll call this the paper constraint and express it 

mathematically with the constraint inequality s � g � 16. 

 3. Go to page 2. You’ll see a new line and a  
15

10

5

10

Constraint Boundary: s + g = 16 

Paper Constraint: s + g < 16 

Profit = 4sR + 6gR = 72 

Paper = sR + gR = 14 

R: (6, 8)

Swans = sR = 6

Giraffes = gR = 8

–
new calculation. The line s � g � 16 

defi nes the boundary of the paper 

constraint, and divides the fi rst quadrant 

into two regions. The calculation,  s 
R
  �  g 

R
  

shows how many pieces of paper are used 

for the current point R.

 Q4 Where in the sketch can you drag R and 

have the paper constraint satisfi ed? 

Within that region, where is the profi t 

greatest?

In the next two steps you’ll develop a similar inequality for the time constraint.

 Q5 The problem states: “It takes her three minutes to make a swan and six minutes 

to make a giraffe.” Use this information to write two expressions: one for how 

long it takes Rei to make s swans, and the other for how long it takes her to 

make g giraffes.

 Q6 Use your expressions from Q5 to write a constraint inequality for the time 

constraint—that Rei can’t spend more than one hour folding.

 4. Go to page 3. This page includes a blue line for the limit of the time constraint. 

This line and the red line divide the fi rst quadrant into four regions, each with a 

different color. 

15

10

5

10 20 30

Profit = 4sR + 6gR = 72 

Constraint Boundary: 3s + 6g = 60 

Time Constraint: 3s + 6g < 60 

Time = 3sR + 6gR = 66 

Paper = sR + gR = 14 

Paper Constraint: s + g < 16 

R: (6, 8)

Swans = sR = 6–

–

Giraffes = gR = 8
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 Q7 For each of the four regions, list which of the two major constraints (paper and 

time) are met and which aren’t. In which region(s) can you drag R and have 

both major constraints met?

FIND THE MAXIMUM

The region you found in Q7 in which both constraints are satisfi ed is called the 

feasible region. Your goal now is to fi nd the one point within this region that 

maximizes profi t. You can drag point R around and try to fi nd where the highest 

profi t occurs, but there’s an easier way. Linear programmers can prove that the 

maximum value always occurs at a corner point of the feasible region. But which 

corner is it?

 5. To investigate, fi rst attach point R to the feasible region. To do so, select both R 

and the feasible region, and choose Edit⎮Merge Point To Quadrilateral. 

 Q8 Drag point R around the perimeter of the feasible region, noting the profi t value 

at the corner points. How many swans and giraffes should Rei make in order to 

maximize the profi t? What is the maximum profi t?

EXPLORE MORE

 Q9 Suppose that Rei actually has 18 pieces of paper. Change page 3 of the sketch to 

investigate this new problem. (To do so, press the Show Parameters button, then 

double-click Sheets of Paper and change its value.) How does this change the 

feasible region? Can Rei increase profi ts with this new feasible region?

  Q10 Continue experimenting with changing the paper constraint. How much does 

the maximum profi t increase with each extra sheet?

 Q11 Rei was limited by only two major constraints. What if a third were added? For 

instance, what if Rei didn’t want to make more than eight swans? Turn this new 

constraint into a constraint inequality and describe the new feasible region as 

well as the maximum profi t.

 Q12 Go to page 4 of Linear Programming.gsp. You’ll see a new line labeled Profi t. 

Alternate between dragging point R along this new line and dragging the 

line itself. (Drag the line by dragging its y-intercept.) Explain what the new 

line represents. Then explain how it demonstrates why profi t will always be 

maximized at a corner point of the feasible region.
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Parabolas in Vertex Form
Students plot the graph of a quadratic function in vertex form, investigate the relationship 

between this form and its graph, and use their observations to write functions from various 

descriptions of graphs.

Exploring Parabolas in Vertex Form
Students explore quadratic functions written in vertex form and the effect of each constant 

on its graph.

Parabolas in Factored Form
Students plot a quadratic function in factored form, investigate the relationship between 

the equation and its graph, and use their observations to create functions from various 

descriptions of their graphs.

Parabolas in Standard Form
Students plot the graph of a quadratic function in standard form, investigate the 

relationship between this form and its graph, and use their observations to create functions 

from various descriptions of their graphs.

Changing Quadratic Function Forms
Students convert quadratic functions between standard, vertex, and factored forms. They 

check their results by changing parameters and comparing the graphs.

Quadratic Quandary: Find the Equation of a Parabola
Students approximate a parabola’s axis of symmetry, then construct it and the vertex, and 

use their results to determine the exact equation of the parabola.
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The Discriminant
Students calculate the discriminant of a quadratic function and observe its relationships to 

the roots of the function and to curve intersections and tangency.

Parabolas: A Geometric Approach
Students use a locus definition to construct a parabola geometrically, and relate the result to 

parabolas that are plotted algebraically.

Patty Paper Parabolas
Students fold a piece of paper so that the creases outline the shape of a parabola. They 

compare their parabolas with those of other students to see how the shape depends on 

the positions of the focus and directrix. Students then do the same construction with 

Sketchpad and explore how moving the focus or directrix changes the shape of the folds. 

Finally students are challenged to construct the parabola itself (not just the folds) and to 

prove that their construction matches the geometric locus definition of a parabola.

From Locus to Graph
Students find the relationship between a geometrically defined parabola (based on the 

focus and directrix) and an algebraically defined parabola (expressed in vertex form). They 

change parameters of the algebraic parabola to match the shape of the geometric parabola, 

measure the coordinates of the focus and directrix, and find the relationship between the 

parameters of the equation and the positions of the focus and directrix.

Parabolas in Headlights and Satellite Dishes
Students construct a two-dimensional model of a parabolic reflector and explore what 

makes it ideal for reflecting and collecting rays.

Conic Reflections
Students explore interesting reflective properties of ellipses and of other conic sections.

Modeling Projectile Motion
Students use vectors to make a model of a projectile as its position, velocity, and gravity 

interact. They observe what happens to the projectile in a short period of time, and then 

iterate that process to see how it produces reasonable long-term behavior of the projectile’s 

motion.
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Parabolas in Vertex Form ACTIVITY NOTES

You may wish to draw attention to the similarities between this equation 

form for the parabola and the point-slope form of a line (as well as the 

formula used in the Absolute Value Functions activity, if students have done 

that). A good topic of discussion is whether there’s a notion of slope with 

parabolas. If so, how is it different from the slope of a line? If not, what does 

a control?

SKETCH AND INVESTIGATE
Q1 There are many possible answers.

 This is a good calculator activity for substituting an x-value into the 

right side of a function to determine a y-value. Any small discrepancy 

is due to Sketchpad’s rounding (depending on the Precision settings in 

Preferences).

EXPLORE FAMILIES OF PARABOLAS
Q2 If a is positive, the parabola opens upward; if a is negative, the parabola 

opens downward. The larger the absolute value of a, the narrower the 

parabola. The closer a is to zero, the wider the parabola.

Q3 The coordinates of the vertex are (h, k). 

Q4 The parabola moves right and left as h changes (right as h gets bigger, 

left as it gets smaller). The parabola moves up and down as k changes 

(up as k gets bigger, down as it gets smaller).

Q5 a. y � 5(x � 1 ) 2  � 1

b. y � 0.5(x � 4 ) 2  � 3

c. y � �0.5(x � 5 ) 2  � 2

d. y � 2(x � 2 ) 2  � 2

e. y � 4(x � 1 ) 2  � 3

 It’s very important that students fi nd the equations of these parabolas 

using paper-and-pencil calculations and use Sketchpad to check their 

answers. Slider accuracy may account for small differences.

Q6 x � 3; x � h

Q7 (1, 9)
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continued

EXPLORE MORE
 Q8 Since x � h is the axis of symmetry, Q�(2h � s, t) is the refl ected image 

of Q(s, t). This relationship will hold no matter which side of the 

parabola point Q is on.

 Q9 The coordinates of points Q and Q� should be consistent with the 

relationship described above. 
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Parabolas in Vertex Form Presenter Notes

Before beginning this presentation, it would be a good idea to review the fact that 

graphs of quadratic functions are parabolas. Also, you can expand some vertex 

form quadratic functions to show that they are in fact quadratic.

 1. Open Vertex Form Present.gsp. Drag the sliders one at a time so that students 

can see how they connect with the function at the top of the screen.

 2. Press the Show Graph button.

 Q1 Ask the class what will happen when you drag the slider for parameter a. 

After giving them suffi cient time for discussion, drag the slider. Be sure to 

show positive and negative values, and give some attention to the special 

case of a � 0. 

 Q2 Move on to the sliders for parameters h and k. Again, ask students to make 

predictions before you actually change any values.

 Q3 What are the coordinates of the vertex of this parabola? [The coordinates 

are (h, k).]

 3. Select in order parameters h and k. Choose Graph⎮Plot as (x, y). Drag the 

sliders one at a time to show that the new plotted point stays at the vertex.

 Q4 Ask students how we can change this parabola so that the vertex is at (0, 4) 

and the graph contains the point (1, �1). The most obvious way is to alternate 

dragging each of the three sliders until the desired result appears. Use whatever 

method the class suggests.

 Q5 Hide the graph. Ask students how to put the vertex at (�4, �3) and make 

the graph go through point (�2, �1). Knowing the vertex should tell them 

that h � �4 and k � �3. Show them how to substitute these values into 

the equation along with x � �2 and y � �1. Then solve for a (a � 0.5). 

Press Show Graph to test your solution. Try a few other examples.

 Q6 All parabolas have an axis of symmetry. Where is the axis of this parabola? What 

is the equation of the axis? [The axis is a vertical line through the vertex, and its 

equation is x � h.]

 4. Select the vertex and the x-axis. Choose Construct⎮Perpendicular Line.

 5. Construct a point on the parabola.

 Q7 Ask, “If we refl ect this point across the axis of symmetry, where will it fall?” 

[The refl ected image should also be on the parabola.]

 6. Double-click the axis of symmetry. Select the point on the parabola. Choose 

Transform⎮Refl ect. Drag both the point and the sliders to show that this 

works in all cases.
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Parabolas in Vertex Form

Things with bilateral symmetry, such as the human body, have parts on the sides that 

come in pairs (such as ears and feet) and parts down the middle that there’s just one 

of (such as the nose and belly button). Parabolas are the same way. Points on one 

side have corresponding points on the other. But one point is unique: the vertex. It’s 

right in the middle, and, like your nose, there’s just one of it. Not surprisingly, there’s 

a common equation form for parabolas that relates to this unique point.

SKETCH AND INVESTIGATE

 1. Open Vertex Form.gsp. You’ll see an equation in the form y � a(x � h ) 2  � k, 

with a, h, and k fi lled in, and sliders for a, h, and k. Adjust the sliders (by 

dragging the points at their tips) and watch the equation change accordingly. 

There’s no graph yet; you’ll create that in the next step.

To enter a, h, 
and k, click their 
measurements in the 
sketch. To enter x, 
click the x in the 
Calculator keypad.

 2. Choose Graph⎮Plot New Function. The  4

2

–4

5

f(x) = a.(x – h)2
 + k

y = 0.3[x – (1.5)]2 + (–0.7)

xP = 2.0

k = –0.7

h = 1.5

a = 0.3

–2

P

New Function dialog box appears. If 

necessary, move it so that you can see 

the measurements of a, h, and k. Enter 

a∗(x�h)^2 �k and click OK. Sketchpad 

plots the function for the current values 

of a, h, and k. 

Notice point P on the x-axis. The 

measurement  x 
P
  is the x-coordinate of 

this point. You’ll now plot on the parabola a point that has the same x-coordinate. 

Choose Number⎮
Calculate. Click the 
function equation from 
step 2. Then click  x P  to 
enter it, and click OK.

 3. Calculate f( x 
P
 ), the value of the function f evaluated at  x 

P
 . You’ll see an equation 

for f( x 
P
 ), the value of the function f evaluated at x

P
.

 4. Select, in order,  x 
P
  and f( x 

P
 ). Choose Graph⎮Plot as (x, y). This command plots 

a point on the parabola. Label the new point Q. Drag P if you can’t see Q.

 Q1 Using paper and pencil or Sketchpad’s Calculator, show that the coordinates of 

point Q satisfy the parabola’s equation. If the numbers are a little off, explain 

why this might be.

EXPLORE FAMILIES OF PARABOLAS

By dragging point P, you’re exploring how the variables x and y vary along one 

particular parabola with particular values for a, h, and k. For the rest of this activity, 

you’ll change the values of a, h, and k, which will change the parabola itself, allowing 

you to explore whole families of parabolas.

 Q2 Adjust slider a and observe the effect on the parabola.
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continued

  Summarize the role of a in the equation y � a(x � h ) 2  � k. Be sure to discuss its

sign, its magnitude, and anything else that seems important.

 Q3 Changing a appears to change all the points on the parabola but one, the 

vertex. Change the values of h and k; then adjust a again, focusing on where 

the vertex appears to be. How does the location of the vertex relate to the 

parameters h and k? 

 Q4 Adjust the sliders for h and k. Describe how changing h transforms the parabola. 

How does that compare to the way that changing k transforms it?

To use Graph⎮Plot 
as (x, y), fi rst 
select exactly two 
measurements to be 
used as the values for 
x and y.

 5. Plot the vertex of your parabola using the Graph⎮Plot as (x, y) command.

 Q5 Write the equation in vertex form y � a(x � h ) 2  � k for each parabola described 

below. As a check, adjust the sliders so that the parabola is drawn on the screen.

Note: In this activity, 
the precision of 
measurements has 
been set to one 
decimal place. It’s 
important to be aware 
of this and to check 
your answers by hand, 
in addition to adjusting 
the sliders in the 
sketch.

 a. vertex at (1, �1); y-intercept at (0, 4)

 b. vertex at (�4, �3); contains the point (�2, �1)

 c. vertex at (5, 2); contains the point (1, �6)

 d. same vertex as the parabola �3(x � 2 ) 2  � 2; contains the point (0, 6)

 e. congruent to the parabola 4(x � 3 ) 2  � 1; vertex at (�1, 3)

 Q6 The axis of symmetry is the line over which a parabola can be fl ipped and still 

look the same. What is the equation of the axis of symmetry for the parabola 

y � 2(x � 3 ) 2  � 1? What is the general equation for the line of symmetry 

corresponding to the parabola y � a(x � h ) 2  � k?

 Q7 Just as your right ear has a corresponding ear across your body’s axis of 

symmetry, all points on a parabola (except the vertex) have corresponding 

points across its axis of symmetry.

  The point (5, 9) is on the parabola y � 2(x � 3 ) 2  � 1. What is the 

corresponding point across the axis of symmetry?

EXPLORE MORE

 Q8 Move point Q (s, t) to the right half of the parabola y � a(x � h ) 2  � k. What is 

the corresponding point Q� across the axis of symmetry, in terms of s and t? If 

(s, t) were on the left half of the parabola, what would the answer be?

 Q9 Use Construct⎮Perpendicular Line to construct the axis of symmetry of your 

parabola. Then use Transform⎮Refl ect to refl ect point Q across the axis of 

symmetry. Measure the coordinates of the new point, Q�. Are they what you 

expected?
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QUESTIONS TO PONDER, DISCUSS, OR WRITE ABOUT
 Q1 The integer points visible in the sketch window are (0, 0), (1, 1), (�1, 1), 

(2, 4), (�2, 4), (3, 9), and (�3, 9). Four other integer points not visible 

but on the parabola are (4, 16), (�4, 16), (5, 25), and (�5, 25). (Many 

other answers are possible for the second part of this question.)

 Q2 It must be of the form y � a x  2 . In vertex form, a parabola with vertex 

(0, 0) is written as y � a(x � 0 ) 2  � 0, which simplifi es to y � a x  2 .

 Q3 They are all symmetrical across the y-axis. This is because the square of a 

number is the same as the square of its opposite. For example, if y � 2 x  2 , 

both (3, 18) and (�3, 18) are on the graph because  3 2  � (�3 ) 2 . These two 

points are refl ections of each other across the y-axis. Functions that have 

this property, f(�x) � f(x), are called even functions.

 Q4 Point (�c, d) is also on the parabola.

 Q5 If a is positive, the parabola opens upward. If a is negative, it opens 

downward. As the magnitude of a gets bigger, the parabola takes on 

narrower form.

 Q6 They become horizontal lines.

 Q7 Coeffi cient m controls the slopes of lines and a controls something for 

parabolas that’s very much like slope: how narrow (steep) or wide (fl at) 

a parabola is. The sign of m determines whether the graph rises or falls 

as you move to the right. The sign of a determines whether the graph 

rises or falls as you move horizontally away from the vertex.

 Q8 It makes sense because the y-coordinate at x � 1 is a. To see this, just 

substitute 1 for x in y � a x  2 . You get y � a.

 Q9 The equation of the axis of symmetry for both y � a x  2  and y � a x  2  � k is 

x � 0. The equation of the axis of symmetry for y � a(x � h ) 2  � k is x � h.

 Q10 Dragging h and k results in horizontal and vertical translations, 

respectively. Dragging a stretches the graph vertically.

EXPLORE MORE
One way to do this is to construct a vertical line through the vertex. 

The vertex is already plotted on the direct-control page. To plot the 

vertex on the slider-control page, select h and k in that order and choose 

Graph⎮Plot as (x, y). Now select the vertex and the x-axis and choose 

Construct⎮Perpendicular Line. 
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Exploring Parabolas in Vertex Form

This activity is an open-ended exploration of quadratic functions expressed in 

vertex form. Play with the various pages in Explore Vertex Form.gsp and let 

your curiosity be your guide. The questions below are meant to point you toward 

interesting areas of inquiry, but you or your teacher may decide that other questions 

are more interesting or relevant. Happy exploring!

EXPLORE

Open Explore Vertex Form.gsp. Use the link buttons to navigate from page to page. 

The various pages are described below.

y �  x  2  (basic parabola) The vanilla parabola, the base model: no frills, no 
coeffi cients, nothing added. Understand this parabola 
and you’re on your way to understanding them all.

y � a x  2  (slider)
y � a x  2  (direct)

What happens when you multiply  x  2  by a constant? Find 
out on these two pages. On the fi rst, the parameter a 
is controlled by a slider. On the second, it’s controlled 
directly by a point on the parabola. The underlying math 
is the same for both.

y � a x  2   � k (slider)
y � a x  2   � k (direct)

What happens when you add a constant k to a x  2 ? Again, 
a and k are controlled with sliders on one page and 
directly with points on the parabola on the other, but the 
math is the same.

y � a(x � h ) 2  � k (slider)
y � a(x � h ) 2  � k (direct)

What happens when you now subtract a constant h from 
the x in y � a x  2  � k? Find out here.

QUESTIONS TO PONDER, DISCUSS, OR WRITE ABOUT

 Q1 Name all of the points on y �  x  2  that are visible in the current window and that 

have integers for both x- and y-coordinates. Without scrolling, name four other 

points on y �  x  2  with integer coordinates.

 Q2 What can you say about the equation of a parabola if its vertex is at the origin?

 Q3 What kind of symmetry do all parabolas in the family y � a x  2  exhibit? Why do 

they have this symmetry?

 Q4 If the point (c, d) is on the parabola y �  x  2 , name one other point that must be 

on the parabola.

 Q5 How does the sign of a affect the parabolas on these pages?

 Q6 What do the various graphs look like if a � 0?

 Q7 How is the coeffi cient a in these equations similar to the coeffi cient m in 

y � mx, y � mx � b, and y � m(x � h) � k? How is it different?



102 
 

 Exploring Algebra 2 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Exploring Parabolas in Vertex Form
continued

 Q8 The third page shows y � a x  2  and lets you control a with a drag control located 

one unit to the right of the axis of symmetry (the y-axis). Why does it make 

sense for the drag control to be there?

 Q9 The axis of symmetry is the line a parabola can be fl ipped over and still look 

the same. The axis of symmetry for y �  x  2  is x � 0 (the y-axis). What is the 

equation of the axis of symmetry for parabolas in the family y � a x  2 ? 

y � a x  2  � k? y � a(x � h ) 2  � k?

 Q10 Transformations used in geometry include translations, rotations, dilations, 

refl ections, stretchs, shrinks, and shears. Look up these terms, then describe 

which apply to the transformations to parabolas you observe when dragging 

the sliders for a, h, and k.

EXPLORE MORE

Use commands from the Graph and/or Construct menus to construct the axis of 

symmetry of the parabola on one of the last two pages. Then use commands from 

the Transform menu to refl ect point P across this axis.
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Parabolas in Factored Form ACTIVITY NOTES

It’s important that students understand that a parabola remains a parabola 

regardless of the form its equation is written in. Any parabola’s equation can 

be written in many different forms. The forms we study are the ones that are 

especially simple or that convey special information. 

The factored form of a parabola is different from the standard form and the 

vertex form, because parabolas that don’t cross or touch the x-axis cannot 

be written in factored form. When you summarize this activity, you might 

discuss the existence of roots and the possibility of categorizing parabolas 

based on whether they have 0, 1, or 2 distinct real roots. If students have 

studied the discriminant, this would be a good connection to make.

The activity is shorter if you use page 2 of the sketch document and start 

with the Exploring Families of Parabolas section of the worksheet.

SKETCH AND INVESTIGATE
Q1 The plotted point follows a curved, parabolic path. The exact shape 

(narrow or wide, opening up or down) depends on the values of the 

sliders.

EXPLORING FAMILIES OF PARABOLAS
Q2 If a is positive, the parabola opens upward; if a is negative, the parabola 

opens downward. The larger the absolute value of a, the narrower the 

parabola. The closer a is to zero, the wider the parabola.

Q3 When you drag a, the two x-intercepts remain fi xed. One x-intercept 

exactly matches the value of slider  r 1 , while the other exactly matches 

the value of slider  r 2 .

Q4 Dragging either r slider changes the x-intercept corresponding to that 

slider.

Q5 A parabola with two equal roots has its vertex on the x-axis. Such roots 

are called double roots.

Q6 a. y � 0.04(x � 4)(x � 6)

b. y � 2(x � 5)(x � 1)

c. y � 0.3(x � 0)(x � 3) or y � 0.3x(x � 3)

d. y � 1(x � 3)(x � 1) or y � (x � 3)(x � 1)

e. y � 2(x � 4)(x � 1)
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continued

  It is very important that students fi nd the equations of these parabolas 

using paper-and-pencil calculations and use Sketchpad to check their 

answers.

 Q7 The ball will land 120 feet away. The equation is 

 y �  �   �1
 ___ 90   � (x � 0) (x � 120) or y �  �   x __ 90   � (x � 120).

EXPLORE MORE
 Q8 Because of the symmetry parabolas exhibit, the x-coordinate of 

the vertex is the average of the two roots, or � r 1  �  r 2 �/2. To fi nd the 

y-coordinate of the vertex, substitute � r 1  �  r 2 �/2 for x in the original 

equation:

y � a  �    r 1  �  r 2  ______ 2   �  r 1  �   �   
 r 1  �  r 2  ______ 2   �  r 2  � 

Simplifying, you get:

y �   �a ___ 4  � r 1  �  r 2 �  
2 

 Q9 The vertex will trace out a parabola whose vertex is at � r 2 , 0�, opens in 

the opposite direction of the given parabola, and is the same shape. 

The equation is y � �a �x �  r 2 � �x �  r 2 � or y � �a�x �   r 2 � 
2 . 

WHOLE-CLASS PRESENTATION
Use Factored Form Present.gsp to present this activity to the whole class, 

following the directions and using the buttons in the sketch.

RELATED ACTIVITIES
Parabolas in Standard Form, Parabolas in Vertex Form, Changing Quadratic 

Function Forms 
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Parabolas in Factored Form

If you use a parabola to model a thrown ball, you might want to know exactly where 

it hits the ground. Or if you model a profit function with a parabola, you might be 

interested in the break-even point—the cutoff between profitability and loss. In both 

cases you’re interested in the roots of the equation—where the function’s value is 

zero. In this activity you’ll explore a quadratic form that’s based on the roots.

SKETCH AND INVESTIGATE

 1. Open Factored Form.gsp. This sketch contains three  

r2 = –1.7

r1 = 2.0

a = –0.5  

sliders (a,  r 
1
 , and  r 

2
 ). Adjust each slider by dragging  

the point at its tip. Observe how the values change as  

you drag.

First you’ll create a function, evaluate it for an input variable, and plot the  

resulting point.

 2. Use the slider values to define the function f(x)  a(x   r 
1
 )(x   r 

2
 ). To do so, 

choose Number New Function. The New Function dialog box appears. If 

necessary, move it so that you can see the measurements of a,  r 
1
 , and  r 

2
 .

To enter a, r1, 
and r2, click their 
measurements in the 
sketch. To enter x,  
click the x key in the 
dialog box.

 3. Enter a (x  r 
1
 ) (x  r 

2
 ) and click OK. Sketchpad creates the function.

 4. Measure the x-coordinate of point P by choosing Measure Abscissa.

 5. Calculate f( x 
P
 ), the value of function f evaluated at  x 

P
 . To do so, choose 

Number Calculate. Click on the function object f(x) and then on 

measurement  x 
P
 . Finally click OK. The value of the function appears.

 6. To plot the point, select  x 
P
  and f( x 

P
 ) and choose Graph Plot as (x, y).

To turn tracing on or 
off, select the plotted 
point and choose 
Display Trace 
Plotted Point.

 Q1 Drag P back and forth along the x-axis to change the input variable for the 

function. How does the plotted point behave? Turn on tracing for the plotted 

point to better observe its behavior. What shape does this function trace out?

Traces are temporary in Sketchpad. Instead of using traces, you’ll now make the 

graph permanent so you can compare the graphs of different functions.

4

2

–5

f(xP) = 1.59

f(x) = a.(x – r1).(x – r2)

xP = 0.67

r2 = –1.7

r1 = 2.0

a = –0.5

P
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 7. Turn off tracing for the plotted point. Then choose Display Erase Traces and 

drag P to make sure the traces no longer appear.

 8. Plot a permanent graph of the function by selecting the function and choosing 

Graph Plot Function. Drag P back and forth to make sure that the graph really 

corresponds to the path of the plotted point.

EXPLORING FAMILIES OF PARABOLAS

By dragging point P, you explored how x and y vary for one particular function with 

specific values of a,  r 
1
 , and  r 

2
 . Now you’ll change the values of a,  r 

1
 , and  r 

2
 , which 

changes the function itself, allowing you to explore whole families of parabolas.

 Q2 Adjust slider a and describe its effect on the parabola. Discuss the effect of a’s 

sign (whether it’s positive or negative), its magnitude (how big or small it is), 

and anything else that seems important.

 Q3 Dragging a appears to change all the points on the parabola but two: the  

x-intercepts of the parabola (the roots). Adjust all three sliders and observe the 

effect that each has on the x-intercepts. How are the locations of the x-intercepts 

related to the values of the sliders? 

 Q4 Adjust slider  r 
1
 . What happens to the parabola as  r 

1
  changes? What happens as  

 r 
2
  changes?

 Q5 Adjust the sliders so that  r 
1
    r 

2
 . Describe the resulting parabola.

Figure out the 
equations using pencil 
and paper only. Once 
you think you have the 
equation, you can use 
the sketch to check 
your result. 

 Q6 For each description below, write an equation for a parabola in factored form 

f(x)  a(x   r 
1
 )(x   r 

2
 ). Check your answers by adjusting the sliders.

 a. x-intercepts at ( 4, 0) and (6, 0); vertex at (1, 1)

 b. x-intercepts at ( 5, 0) and (1, 0); contains the point (3, 32)

 c. x-intercepts at (0, 0) and ( 3, 0); contains the point (2, 3)

 d. same x-intercepts as y  2(x  3)(x  1); contains the point (0, 3)

 e. same shape as y  2(x  3)(x  1); x-intercepts at ( 4, 0) and (1, 0)

 Q7 You throw a baseball and it flies in a parabolic path across a field. If the ball 

reaches its apex (highest point) 60 feet away from you, and the apex is 40 feet  

above the ground, how far away from you will the ball land? What is the 

equation of the ball’s flight in factored form? (Assume that the ball starts at  

the point (0, 0).)
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EXPLORE MORE

 Q8 When you have a parabola in the form f(x)  a(x  h ) 2   k, it’s easy to find  

its vertex, but harder to find its roots. The opposite is true with the form  

f(x)  a(x   r 
1
 )(x   r 

2
 ). Explain what you do know about the vertex of 

parabolas in this form. Can you write an expression for the x-coordinate of  

the vertex in terms of  r 
1
  and  r 

2
 ? The y-coordinate?

 9. Use the expressions you just wrote for the coordinates of the vertex to plot 

the vertex. If you do this properly, the plotted point will remain at the vertex 

regardless of how you drag the sliders. You can use Sketchpad’s Calculator to 

calculate the x- and y-coordinates of the vertex using the expressions you found 

in the previous question. You can then select the two calculations and choose 

Graph Plot as (x, y).

 Q9 If you successfully plotted the vertex, try this: Turn on tracing for the vertex by 

choosing Display Trace Plotted Point. Then adjust slider  r 
1
 . What shape does 

the vertex trace? Can you write an equation for this curve in terms of a and  r 
2
 ?
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Parabolas in Standard Form ACTIVITY NOTES

It’s important that students understand that a parabola remains a parabola 

regardless of the form of its equation. Any parabola’s equation can be 

written in many different forms. The particular forms we study are the ones 

that are especially simple or that convey special information. 

SKETCH AND INVESTIGATE
 Q1 As you drag P, the plotted point moves up or down, staying directly 

above or below P. This makes sense, because the point was constructed 

to have the same x-value as P. The plotted point follows the shape of 

a parabola. The precise shape depends on how the student has set the 

three parameters.

EXPLORING FAMILIES OF PARABOLAS
 Q2 If a is positive, the parabola opens up; if a is negative, the parabola 

opens down. The larger the absolute value of a, the narrower the 

parabola. The closer a is to zero, the wider the parabola.

 Q3 Neither parameter a nor parameter b has any effect on the y-intercept. 

The value of parameter c exactly matches the y-intercept.

 Q4 Adjusting slider c moves the parabola up and down. The transformation 

is a vertical translation.

 Q5 This is a translation. The shape and orientation of the parabola stay 

constant, but the axis of symmetry and both the x- and the y-coordinates 

of the vertex change. The path of the vertex is itself a parabola.

 Q6 The refl ection of point Q also remains on the graph, but on the opposite 

side.

 Q7 As the parabola changes shape, the axis moves so that it always goes 

through the vertex, splitting the parabola into two halves that are mirror 

images. Dragging Q confi rms that its refl ection stays on the parabola no 

matter what the shape of the parabola is.

 Q8 There are many possible answers. For example, each of the following has 

an axis of symmetry of x � 2: y � 1 x  2  � 4x � 13, y � �1 x  2  � 4x � 10, 

and y � 3 x  2  � 12x � 127. (The value of c is irrelevant in every case—it 

doesn’t affect the axis of symmetry.)
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Parabolas in Standard Form ACTIVITY NOTES
continued

Q9 a. y � 0.5 x  2  � 2x � 4

b. y � 2 x  2  � 8x � 11

c. y � 0.25 x  2  � 0.5x � 3.75

d. y � �0.5 x  2  � 3.5x � 4

Make sure that students fi nd the equations of these parabolas using 

paper-and-pencil calculations and use Sketchpad to check their answers.

EXPLORE MORE
Q10 One approach is to make measurements in the sketch and to verify 

the statement numerically. For instance, you can use the Calculator to 

 calculate the x-coordinate of one of the x-intercepts using the  quadratic 

formula.Use Plot as (x, y) to plot the x-intercept, using the zero 

 parameter for its y-coordinate. Now measure the distance from the 

x-intercept to the axis of symmetry using Measure⎮Coordinate 
Distance. Compare the result with the result you get when calcu-

lating the value of the second part of the quadratic formula.

To derive the result algebraically, it’s easier to use the factored form of 

the equation. See the activity Changing Quadratic Function Forms for 

some ideas on how to proceed.
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The vertex form of a parabola, y � a(x � h ) 2  � k, and the factored form, 

y � a(x �  r 
1
 )(x �  r 

2
 ), both provide useful information about the graphs they 

describe. Perhaps the most common equation form for parabolas, though, is the 

standard form, y � a x  2  � bx � c. In some ways this is the simplest way to express a 

quadratic function, but it takes a little more effort to connect this form to the shape 

and position of the graph.

SKETCH AND INVESTIGATE

 1. Open Parabolas in Standard Form.gsp. The sketch contains sliders labeled a, b, 

and c. You can change the values of the sliders by dragging the points at their tips.

First, create a function, evaluate it for an input variable, and plot the resulting point.

 2. Use the slider values to defi ne the function f(x) � a x  2  � bx � c. To do this, 

choose Graph⎮New Function. The New Function Calculator appears. If 

necessary, move it so that you can see the measurements of a, b, and c.

To enter a, b, 
and c, click their 
measurements in the 
sketch. To enter x, 
click the x key in the 
dialog box.

 3. Enter a∗ x  2  � b∗x � c and click OK. Sketchpad creates the function.

 4. Select P and measure its x-coordinate by choosing Measure⎮Abscissa (x).

 5. Calculate f( x 
P
 ), the value of function f evaluated at  x 

P
 . To do so, choose 

Number⎮Calculate. Click the function object f(x) and then measurement  x 
P
 . 

Finally, click OK. The value of the function appears.

 6. To plot the point, select  x 
P
  and f( x 

P
 ) and choose Graph⎮Plot as (x, y).

To turn tracing on or 
off, select the plotted 
point and choose 
Display⎮Trace 
Plotted Point.

 Q1 Drag P back and forth along the x-axis to change the input variable for the 

function. How does the plotted point behave? Turn on tracing for the plotted 

point to better observe its behavior. What shape does this function trace out?

Traces are temporary in Sketchpad. Instead of using traces, you’ll now make the 

graph permanent so you can compare the graphs of different functions.

 7. Turn off tracing for the plotted point. Then choose Display⎮Erase Traces and 

drag P to make sure the traces no longer appear.

4

2

–5

f(xP) = 1.79

f(x) = a.x2
 + b.x + c

xP = 0.67

c = 1.0

b = 1.5

a = –0.5

P
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Parabolas in Standard Form
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 8. Plot a permanent graph of the function by selecting the function and choosing 

Graph⎮Plot Function. Drag P back and forth to make sure that the graph really 

corresponds to the path of the plotted point.

EXPLORING FAMILIES OF PARABOLAS

To make a line 
dashed, select it and 
choose Display⎮Line 
Style⎮Dashed.

 By dragging point P, you explored how x and f(x) vary for one particular function 

with specifi c values of a, b, and c. Now you’ll change the values of a, b, and c, 

changing the function itself and allowing you to explore whole families of parabolas.

 Q2 Adjust slider a and describe its effect on the parabola. Discuss the effect of a’s 

sign (whether it’s positive or negative), its magnitude (how big or small it is), 

and anything else that seems important.

 Q3 Dragging a appears to change all the points on the parabola but one: the 

y-intercept. Adjust each slider in turn and observe the effect on the y-intercept. 

How is the location of the y-intercept related to the values of the three sliders?

 Q4 Adjust slider c. Describe how the parabola is transformed as c changes.

 Q5 Adjust slider b. What happens to the parabola as  
4

2

b changes?

The axis of symmetry is the line that you can fl ip a 

parabola across without changing its position. In the 

next several steps you’ll show that the axis of symmetry 

for any parabola in standard form is the vertical line 

that passes through the point (�b/(2a), 0) on the x-axis.

To enter a and b, click 
their measurements in 
the sketch. 

 9. For the x-coordinate of this point, use the Calculator to compute �b/(2a).

 10. For the y-coordinate, choose Number⎮New Parameter. Name the new 

parameter zero and set its value to 0.

 11. Select in order the �b/(2a) calculation and the parameter zero, and choose 

Graph⎮Plot as (x, y). The axis of symmetry should pass through this point.

 12. To actually construct the axis, select both the plotted point and the x-axis, and 

choose Construct⎮Perpendicular Line. Label this line axis. 

 13. Make line axis dashed, and mark it as a mirror by selecting it and choosing 

Transform⎮Mark Mirror.

To verify that this line really is the axis of symmetry, you can put a point on the 

graph and refl ect the point across the line.
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Parabolas in Standard Form
continued

 14. Use the Point tool to construct a point on the graph. Label it Q. Then with the 

point selected choose Transform⎮Refl ect.

 Q6 Drag point Q along the graph. What do you notice about the refl ected point?

 Q7 Change the shape of the parabola by dragging sliders a, b, and c. What happens 

to line axis as you change the parabola’s shape? Drag point Q again. How does 

the plotted point behave?

 Q8 Write the equations in standard form for three parabolas with different a values 

that have the same axis of symmetry. Check your work by adjusting the sliders 

in the sketch.

You can do some of 
these problems more 
easily by starting 
with the vertex form 
or factored form and 
converting to standard 
form when you’re 
done.

 Q9 Write the equation in standard form a x  2  � bx � c for each of the parabolas 

described. As a check, adjust the sliders so that the parabola is drawn on the 

screen.

 a. vertex at (2, 2); y-intercept at (0, 4)

 b. vertex at (�2, 3); contains the point (0, 11)

 c. x-intercepts at (�3, 0) and (5, 0); vertex at (1, �4)

 d. contains the points (0, �4), (1, �1), and (2, 1)

EXPLORE MORE

 Q10 The quadratic formula, which gives the roots of a parabola in terms of a, b, 

and c, is usually written

 x 
roots

  �   �b � � 
________

  b  2  � 4ac    ______________ 2a  

  By the rules of fraction addition, the right side can also be written as 

  �b ___ 2a   �    � 
________

  b  2  � 4ac   __________ 2a  

  You’ve already seen that the fi rst part of this expression represents the x-value of 

the axis of symmetry. Show that the second part of the expression represents the 

distance from the axis of symmetry to each of the roots.
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Changing Quadratic Function Forms ACTIVITY NOTES

A few students may get through this quickly, but most will need a lot of 

time. It will be especially diffi cult for students who have poor computer 

skills. With so many expressions to enter, they may tend to make mistakes 

with order of operations. It is important not to rush them. Encourage them 

to work together.

VERTEX TO STANDARD
4. It will be helpful to students if you can demonstrate ahead of time how 

to use hot text to insert values into a caption. In your demonstration 

include the technique used in step 5, calculating the value of �h before 

inserting it as an addend.

Q1 2 x  2  � 32x � 133

STANDARD TO VERTEX
Q2 h � �  b ___ 

2a
    k �   4ac �  b  2  ________ 4a  

Q3 When a � 0, the formulas for both h and k are undefi ned. However, 

it is also true that when a � 0, the standard form function is linear, 

not quadratic. In fact, you can rewrite any quadratic function from 

standard form to vertex form.

OTHER CONVERSIONS
Factored to Standard
Q4 b � �a� r 1  �  r 2 �  c � a r 1  r 2 

Standard to Factored

Q5  r 1  �   �b �  � 
________

  b  2  � 4ac    ______________ 2a     r 2  �   �b �  � 
________

  b  2  � 4ac    _______________ 2a  

Q6 The condition a � 0 occurs here once more, but again, that would 

only exclude functions that are not quadratic anyway. The only real 

problem is having a negative discriminant. You cannot use factored 

form if  b  2  � 4ac � 0.
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Changing Quadratic Function Forms ACTIVITY NOTES
continued

Vertex to Factored

 Q7  r 1  � h �  � ___

 �  k __ 
a

       r 2  � h �  � ___

 �  k __ 
a

    

 Q8 In this case, either k and a must have opposite signs, or k must be 

zero. Otherwise,  r 1  and  r 2  would both be undefi ned. This happens 

only when the function has no real roots.

Factored to Vertex

 Q9 h �   
 r 1  �  r 2  ______ 2    k � �   

a� r 1  �  r 2  �  
2 
 ________ 4  

Students may give the formula for k in various unsimplifi ed forms. 

They may even answer simply k � f(h). If they have calculated h, 

then it is possible to do that in Sketchpad.
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Changing Quadratic Function Forms

Below are three widely used forms of a quadratic function.

Standard: a x  2   bx  c  Vertex: a(x  h ) 2   k  Factored: a(x   r 
1
 )(x   r 

2
 )

Which is better? That really depends on the situation. What information do you 

have? What do you need? It can even depend on your own personal style. Whatever 

the case, it is useful to be able to switch from one form to the other.

VERTEX TO STANDARD

Converting a function from vertex form to standard form is really just a matter of 

expanding the vertex expression.

 a x  2   bx  c  a(x  h ) 2   k

 a x  2   bx  c  a( x  2   2hx  h ) 2   k

 a x  2   bx  c  a x  2   2ahx   a h  2   k

As you may already 
know, the parameter 
a has the same effect 
on all three quadratic 
function forms. Perhaps 
that’s why we use the 
same variable name in 
all three versions.

 If both sides express the same function, corresponding coefficients must be equal.

a  a  b  2ah  c  a h  2   k

 1. Open Changing Forms.gsp. The “Vertex To Standard” page already has a 

quadratic function in vertex form along with its graph. Change the parameters 

to verify that everything works as you would expect.

To use the 
Calculator, choose 
Number Calculate.

 2. Use Sketchpad’s Calculator to compute 2ah, and change the label of the result 

to b. Use the Calculator again to compute a h  2   k, and change this label to c.

You will not be able 
to change the values 
of b or c directly. The 
parameters a, h, and 
k are still controlling 
everything.

 3. Press the Hide Vertex Form  6

4

2

–2

–4

–5 5

y = 0.60x2
 + (–3.24)x + (1.27)

g(x) = a.x2
 + b.x + c

y = 0.60[x – (2.70)]2 + (–3.10)

f(x) = a.(x – h)2 + k
 

Graph button. Choose  

Graph Plot New Function.  
Enter the function in  

standard form:  

g(x)  a x  2   bx  c.

By using the Hide/Show button,  

you can compare the two  

graphs to verify that the two  

function forms are equivalent.  

If the graphs do not overlay  

precisely, go back and check your calculations.
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Changing Quadratic Function Forms
continued

 4. To show the equation in standard form, you’ll modify the red text, y  a   x  2    

b  x  c. Double-click the text to edit it, select the letter a, and click parameter a 

in the sketch. The parameter’s value replaces the selected letter. Then select the 

red  b and hold the Shift key while clicking your calculated value of b. From 

the menu that appears, choose Value as Addend. (This command inserts the 

value preceded by the appropriate sign.) Similarly, replace the red  c with the 

appropriate calculated value as an addend.

 Q1 What is 2(x  8 ) 2   5 in standard form?

STANDARD TO VERTEX

Converting standard form to vertex form is a bit more involved. Naturally, a is  

still a. One way to find b and c is to make use of these two equations from the 

previous section:

b  2ah  c  a h  2   k

Use the first equation to write h in terms of a and b. Substitute the result into the 

second equation and write k in terms of a, b, and c.

 Q2 What are h and k in terms of a, b, and c?

 5. Open the “Standard To Vertex” page. Using the techniques from the previous 

section, construct a presentation for converting standard form to vertex form. 

Here is a summary of the steps:

 Create calculations for h and k.

 Create and plot a new function in vertex form using a, h, and k. Verify that the 

graph of the new function exactly overlays the original graph.

 Using the blue text and the calculations, insert the appropriate values in place of 

a, h, and k, and present the function form. (Because h is subtracted from x, you 

cannot insert it as an addend. Instead, calculate h and insert that calculation 

as an addend.)

 Q3 Change parameter a to zero. The vertex form graph should disappear entirely. 

Does this mean that you can express certain quadratic functions in standard 

form but not vertex form? Explain.

OTHER CONVERSIONS

There are still four function conversions left. Open the document pages in order 

and use the summary in step 5 as a guide.

For more information 
on using Hot Text, 
press the Hot Text Help 
button.
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Changing Quadratic Function Forms
continued

Factored to Standard

Moving from factored form to standard form works the same way as the conversion 

you did in the first section. Expand the expression.

 Q4 How did you define b and c?

Standard to Factored

Remember that in factored form, a(x   r 
1
 )(x   r 

2
 ), the parameters  r 

1
  and  r 

2
  are  

the roots of the function. Use the quadratic formula to find the roots in terms of  

a, b, and c.

 Q5 How did you define  r 
1
  and  r 

2
 ?

 Q6 Under certain conditions, you cannot convert the function from standard form 

to factored form. What are those conditions? Explain.

Vertex to Factored

As in the previous case, the parameters r
1
 and r

2
 are the roots. You can find the  

roots by setting the function equal to zero and solving for x. Find the two solutions 

to this equation:

a(x  h ) 2   k  0

 Q7 How did you define  r 
1
  and  r 

2
 ?

 Q8 Under what conditions is it not possible to convert a vertex form quadratic 

function into factored form?

Factored to Vertex

There is a geometric shortcut for this  4

2

–2

5

(h, k)

 x = 

r1 + r2

2

(r1, 0)(r2, 0)

 

conversion. The coordinates of the  

vertex are (h, k) and the x-intercepts  

are  r 
1
  and  r 

2
 . The vertex is on the axis of  

symmetry of the parabola. The x-intercept  

points are reflections of each other across  

the axis of symmetry. Therefore, the  

x-coordinate of the vertex must be the  

mean of the roots. That gives you h.  

The parameter k is f(h).

 Q9 How did you define h and k?



118 
 

 Exploring Algebra 2 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Quadratic Quandary: 
Find the Equation of a Parabola ACTIVITY NOTES

INTRODUCE
Show the presentation sketch Quadratic Quandary Present.gsp and ask 

students whether they see any symmetry in the shape of the graph. Ask a 

volunteer to adjust either the horizontal or vertical line (by dragging the 

point on the respective axis) in order to show the symmetry. Note the value 

of x that corresponds to the position of the line. 

Then have another student volunteer move the line aside, show the refl ected 

point, and move the line so that the refl ected point lies on the opposite side 

of the graph as the original. Ask students what it means to have the refl ected 

image of point P also lie on the parabola. Ask students to discuss whether 

the refl ected image will remain on the parabola if point P is dragged, and 

ask them to justify their answers. Have the student volunteer drag P to test 

the conjectures. Ask students to note the value of x.

Finally, have another volunteer move the line aside, show the refl ected graph, 

and move the line so that the refl ected graph and the original coincide. Again, 

have students note the value of x, and compare all three values. 

Ask which method (dragging without any refl ections visible, dragging with 

a point refl ection visible, or dragging with the refl ection of the entire graph 

visible) allows for the most precise determination of the x-value of the axis 

of symmetry.

DEVELOP
Pass out the worksheets, and explain that in this activity students will not 

only approximate the axis of symmetry, but that they will also construct the 

exact axis, and then use it to fi nd the exact vertex as well. 

Tell students to begin the activity and to write out their answers to the 

questions as they work.

While students work, circulate around the room. Pay particular attention to 

students’ answers to the questions, encouraging them to make their answers 

as precise and well reasoned as they can.
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Quadratic Quandary: Find the Equation of a Parabola ACTIVITY NOTES
continued

SUMMARIZE
Bring the class together, and review any diffi culties students had in answering 

the questions. You may also want to review any diffi culties that came up 

during the construction.

Point out to students that they had a pretty good estimate of the position 

of the axis of symmetry before beginning the construction. Ask, Since you 
already had an answer, why should you bother doing the construction? 

This discussion can bring out the importance of fi nding precise answers 

rather than estimates. Try to make sure that students realize that sometimes 

an estimate is all that’s needed, but that sometimes a precise answer is 

important.

Pay special attention to reviewing Q6 and Q7. Have several students explain 

why they need to construct point P and measure its coordinates in order to 

determine the value of a. Also have students discuss why they can choose 

different locations for point P, but all get the same answer (for the original 

parabola) for a.

EXPLORE MORE
These challenges are appropriate for students who already have some 

familiarity with creating custom tools. The required constructions, and the 

tools that result from them, are included on the later pages of Quadratic 
Quandary Present.gsp.

ANSWERS
Q1 If students have not changed the original parabola (by pressing the 

New Parabola button), their result should be between 3.0 and 3.1.

Q2 The placement of the line is not accurate; explanations will vary.

Q3 The horizontal line allows you to locate two intersections, spaced equally 

on either side of the axis of symmetry. These intersections allow you to 

locate the axis precisely.
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Quadratic Quandary: Find the Equation of a Parabola ACTIVITY NOTES
continued

 Q4 Answers will vary. An algebraic explanation might be based on the 

fact that the y-values of the two intersections are the same, so that the 

values of (x � h ) 2  must also be the same, and that the only way this can 

happen for two different values of x is if those two values of x are greater 

than h and less than h by the same amount, respectively. A geometric 

explanation might be based on the fact that because the axis is vertical, 

it must go through the midpoint of any horizontal segment between 

two intersections. A dynamic explanation might focus on moving the 

horizontal line toward the vertex and observing that the segment gets 

shorter and shorter until its length is zero at the vertex.

 Q5 Answers will vary.

 Q6 To calculate a, substitute the coordinates of point P into the equation. 

Also substitute the values of h and k. Solve the resulting equation for a.

a �   
(yP � k)

 ________ 
(xP � h ) 2 

  

 Q7 In the fi rst part of this question, students check to make sure that their 

calculations are correct even when the shape of the parabola changes. 

In the last part of the question, all students should have the same 

result for a even though they’ve used different positions for point P. 

Explaining this is an important discussion topic in the whole-class 

summary.
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Quadratic Quandary: Find the Equation of a Parabola

If you are given the graph of a parabola but not its equation, how can you fi nd its 

axis of symmetry and vertex? In this activity you’ll approximate the location of a 

parabola’s axis of symmetry and then use a geometric construction to pinpoint 

both the axis of symmetry and the parabola’s vertex.

ESTIMATE THE AXIS OF SYMMETRY

 1. Open Quadratic Quandary.gsp. You’ll see a parabola and two lines, each of 

which is parallel to one of the axes.

 2. Drag the vertical line. As you drag, the equation of the line changes.

 Q1 Drag the vertical line as close as you can to the parabola’s axis of symmetry. 

Record the equation of the line.

 Q2 How accurately do you think you placed the line? Do you think it is exact? 

Why or why not?

CONSTRUCT THE AXIS OF SYMMETRY

Now construct the axis of symmetry and see how close your estimate was.

 Q3 Drag the vertical line to the side. Before you continue, think about this question: 

How could you use the horizontal line to help you construct the exact location 

of the axis of symmetry?

 3. Drag the horizontal line so it intersects 

the parabola in two places. Select the 

line and the parabola and choose 

Construct⏐Intersections. Label the 

intersection points C and D.

 4. Construct  
___

  CD  . With  
___

  CD   selected, 

choose Construct⏐Midpoint.

 5. Select the midpoint and the x-axis. Choose Construct⏐Perpendicular Line. 

 Q4 Why is this line the axis of symmetry for the parabola?

 6. Select the line and choose Measure⏐Equation.

 Q5 Look back at your answer to Q1. How close was your approximation of the axis 

of symmetry? 

1

–1

–2

2 4 6

y = 0.56DC
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Quadratic Quandary: Find the Equation of a Parabola
continued

CONSTRUCT THE VERTEX

 7. Use the axis of symmetry to construct the vertex of the parabola.

 8. Select the vertex and measure its abscissa (x-value) and ordinate (y-value). 

Label these coordinates h and k.

 9. Press New Parabola. Each time that you press this button, you’ll get a new 

parabola. If you don’t see your axis of symmetry and vertex, drag the horizontal 

line so that it intersects the parabola.

 10. Construct point P on the graph, and measure its abscissa and ordinate.

 Q6 Recall that the vertex form of a parabola is y � a(x � h ) 2  � k. You already know 

the values of h and k. How can you use the coordinates of point P to fi nd the 

value of a? 

 11. Use Sketchpad’s Calculator to compute the value of a based on your answer 

to Q6. Check your result by graphing y � a(x � h ) 2  � k and seeing whether 

the plotted function matches the parabola already on the screen.

 Q7 Press Original Parabola to return to the very fi rst parabola. Do your results 

for a, h, and k appear correct? Check your results with those of other students. 

Did you get the same result for a? Did you use the same point P? How could 

you and your classmates get the same value for a even though you were using 

different points for P?

EXPLORE MORE

 12. Create a custom tool to fi nd the vertex of any parabola. In this version of the 

tool, you’ll have three given objects: the quadratic graph, a point to determine 

the horizontal line, and the x-axis. (The main difference from the construction 

you’ve already done is that you’ll have to construct the horizontal line yourself, 

as a line parallel to the x-axis through a given point.) In a new sketch, graph 

several parabolas and test your tool on them. 

 13. Create a custom tool that’s easier to use by eliminating the x-axis as a given. 

With this tool you can click only the graph and one point.

 14. Create a custom tool that’s even easier to use by using a point on the parabola 

itself. (Hint: Merge the given point to the parabola.) With this tool you need 

to click only once, on the parabola.

 15. Extend your tool so that it also displays the equation of the parabola. 

Select the vertex 
and hold the Shift 
key while choosing 
Measure⏐Abscissa & 
Ordinate.

Hint: To construct the 
horizontal line without 
using the x-axis, 
translate the given 
point by 1 cm at 0°.
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The Discriminant  ACTIVITY NOTES

SKETCH AND INVESTIGATE
3. Students can simplify these calculations by fi nding delta fi rst and then 

using that in the calculations for  r 1  and  r 2 .

Q1 The roots are �1 and 3. The discriminant is 16. Since the roots are the 

solutions to the equation f(x) � 0, these are also the x-intercepts of the 

graph.

Q2 The only difference between the two root formulas is the sign of the 

radical. If the discriminant is zero, then the radical effectively goes away.

 r 1  �   �b �  � 
________

  b  2  � 4ac    _______________ 2a   �   �b �  � 
__

 0   _________ 2a   � �  b ___ 
2a

  

 r 2  �   �b �  � 
________

  b  2  � 4ac    ______________ 2a   �   �b �  � 
__

 0   _________ 2a   � �  b ___ 
2a

  

The graph is tangent to the x-axis at (1, 0).

Q3 The discriminant is �4. Both of the roots are undefi ned. When the 

discriminant is negative, the root formulas include the square root of a 

negative number, which is why they are undefi ned. Since the function 

has no roots, its graph has no x-intercepts.

GRAPH INTERSECTIONS
Q4  a 1  x  2  � � b 1  � m�x � � c 1  � u� � 0

7. Check in with students at this step. If they do not correctly defi ne the 

parameters of the new function, nothing else in the activity will work 

out right.

 a � a

 b �  b 1  � m

 c �  c 1  � u

Q5 When the discriminant is positive, the graphs intersect in exactly 

two points. When the discriminant is zero, the graphs are tangent. 

When the discriminant is negative, the graphs do not intersect.

Q6 The roots of h(x) are the x-coordinates of the intersection points of the 

graphs of f(x) and g(x). Graphically, this means the intersection points 

are horizontally aligned with the x-intercepts of the graph of h(x).



124 
 

 Exploring Algebra 2 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

The Discriminant ACTIVITY NOTES
continued

TANGENCY
 Q7 The y-intercept of f(x) is 2, the constant term of the function. In order 

to give g(x) the same y-intercept, let u � 2. The graphs will be tangent 

if and only if the discriminant is equal to zero. Adjust the slope, m, until 

the discriminant is equal to zero.

g(x) � �3x � 2

 Students may notice that these are the last two terms of f(x). In fact, 

this works for any quadratic function. The last two terms defi ne a linear 

function that shares the same y-intercept and is tangent at that point.

 After fi nding that u � 2, students might fi nd m analytically, by setting 

the discriminant equal to zero.

  b  2  � 4ac � 0

 � b 1  � m � 2  � 4 a 1 � c 1  � u� � 0

 (�3 � m ) 2  � 4(�2)(2 � 2) � 0

 (�3 � m ) 2  � 0

 m � �3
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The Discriminant Presenter Notes

  The purpose of this presentation is to show the connections between quadratic 

functions and their discriminants. The discriminant can give quite a lot of 

information regarding roots, intersections, and tangency.

A SIMPLE EXAMPLE

 1. Open Discriminant Present.gsp. Page 1 starts with a quadratic function written 

in standard form. Briefl y review the defi nition.

 2. Press the Show Discriminant button to show that defi nition, and press Show 

Roots to show where the discriminant appears in the quadratic formulas.

 Q1 What happens if the discriminant is zero? [The roots are equal.] What happens 

if the discriminant is negative? [Both roots are undefi ned.]

 3. Go to page 2. This is the graph of a quadratic function. The parameters a, b, and 

c control the coeffi cients of the function defi nition. Select parameter c and tap 

the � key.

 Q2 As the graph moves upward, stop occasionally to ask the same questions. How 

many roots are there? Why? In each case, show how the number of roots is 

related to the sign of the discriminant. Give special attention to the tangency 

that occurs when the discriminant is zero.

 4. Go to page 3. This shows two functions, one quadratic and one linear. Lead the 

class into a discussion of the intersection points of their graphs. For any given x, 

the functions represent the y-coordinates of the corresponding points on their 

graphs. At any intersection point, the graphs must have the same y-coordinate.

 Q3 Press the f (x) � g (x) button to set the functions equal. What do you get when 

you group like terms on the left side of the equation? [A single quadratic 

function is equal to zero.] Press Group Terms to do the same thing on the screen. 

Press Show h (x) and Show Parameters to identify the parameters of the new 

function.

 5. Go to page 4. This is a graphic representation of the same problem, a quadratic 

f (x) and a linear g (x). Press Show h (x) to show the function that was derived 

on the previous page. Its discriminant will also appear. Change the function 

parameters.

 Q4 What is the relationship between the discriminant and the intersections of f (x) 

and g (x)? [The graphs have two intersection points when the discriminant is 

positive, are tangent when it is zero, and do not intersect when it is negative.]

 Q5 How do the intersections relate to the graph of h(x)? [They are horizontally 

aligned with the zeroes of h(x).] Press Show Intersections to illustrate this fact.
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The Discriminant

All quadratic functions have zero, one, or two real roots. The discriminant is a useful 

calculation that tells you how many roots there are for a given quadratic function.

This is the general defi nition of a quadratic function in standard form:

f(x) � a x  2  � bx � c, where a � 0

If the function has roots, you can fi nd them with these formulas:

 r 
1
  �   �b �  � 

________
  b  2  � 4ac    _______________ 2a     r 

2
  �   �b �  � 

_______
  b  2  �4ac    ______________ 2a  

The discriminant is the part under the radical signs. We often write it as 	 (delta).

	 �  b  2  � 4ac

SKETCH AND INVESTIGATE

 1. Open Discriminant.gsp. It has the graph of the quadratic function f(x). Above 

the function defi nition are parameters a, b, and c.

 2. Experiment by changing the parameters and observing the changes in the 

graph. When you fi nish, set the parameters so that the function now has 

this defi nition:

f(x) �  x  2  � 2x � 3

To show the 
Calculator, choose 
Number⎮Calculate.

 3. Use Sketchpad’s Calculator to compute the two roots and the discriminant, 

using the formulas above and the parameters on the screen.

To put a subscript at 
the end of a label, 
enclose the subscript 
in square brackets. 
For instance, r[1] will 
appear as r1.

 4. Label the calculations  r 
1
 ,  r 

2
 , and delta. 4

2

–2

–4

–5 5

y = f(x)

r1 = –1.00
r2 = 3.00

delta = 16.00

f(x) = a.x2
 + b.x + c

 Q1 What are the roots and the discriminant? 

Does the graph confi rm the root 

calculations? Explain.

 5. Select parameter c and tap the � key. 

Observe the changes. Stop when c � 1.

 Q2 At this point, the two roots should be 

equal. Use the discriminant to explain 

why this is true. Describe the graph.

 6. Increase parameter c further. Let c � 2.

 Q3 What are the values of the discriminant and the roots? How does the 

discriminant explain the roots? Describe the graph.
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The Discriminant
continued

GRAPH INTERSECTIONS

It is often possible to use the discriminant to fi nd information about the intersections

of two curves. The idea is to fi rst work the equations into a single quadratic equation. 

Consider the graphs of these two general functions, one parabola and one line:

f(x) �  a 
1
  x  2  �  b 

1
 x �  c 

1
   g(x) � mx � u

At any point where these graphs intersect, their y-coordinates must be equal. 

Therefore, you can set the functions equal to each other:

 a 
1
  x  2  �  b 

1
 x �  c 

1
  � mx � u

 Q4 Group the terms of this equation to form a quadratic function on the left side 

and zero on the right:

( ) x  2  � ( )x � ( ) � 0

 7. Go to page 2. Functions f(x) and g(x) are defi ned as shown above. Based on 

your answers to Q4, use the Calculator to compute values for a, b, and c.

 8. Use the parameters from the previous step to calculate the discriminant.

 Q5 Change the parameters of functions  6

4

2

–2

–5 5

y = h(x)

y = g(x)

y = f(x)

f(x) and g(x), and observe the 

graph. What do you see when the 

discriminant is positive? Zero? 

Negative?

 9. Using the parameters from step 7, 

plot another quadratic function:

h(x) � a x  2  � bx � c

 Q6 What is the relationship between 

the roots of function h(x) and the intersection points of f(x) and g(x)? Verify your 

answer by constructing the intersection points and the roots, and measuring the 

x-coordinates of all four points.

TANGENCY

 10. Hide the graph of h(x). Change the parameters so that function f(x) has the 

defi nition below:

f(x) � �2 x  2  � 3x � 2

 Q7 What is the y-intercept of the graph of f(x)? Now change the parameters of g(x) 

so that the two graphs have the same y-intercept and are tangent at that point. 

What is the new defi nition of g(x)? Explain how you got it.
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Parabolas: A Geometric Approach ACTIVITY NOTES

A good way to introduce this activity might be to talk a little about the 

history of parabolas. Parabolas have been studied for over 2000 years, but 

algebraic equations for them have only been known about for the past 500 

years or so. How did people describe and defi ne parabolas before? How were 

they drawn without coordinate geometry? Where do parabolas come from? 

(They are sections of cones created by a cutting plane parallel to the side of 

a cone). This kind of historical perspective may help students appreciate the 

true power of the algebraic equations.

CONSTRUCTION TIPS
 2. Holding down the Shift key while drawing the line helps keep it 

horizontal.

 3. Perform your fi rst click the directrix itself (though not on one of its 

control points). (The directrix should be highlighted before you click.)

 5. Use the Arrow tool in this step.

 7. Refer to step 6 for a reminder on how to do this.

 11. Make sure only point F is selected here. To deselect all objects, click in 

blank space.

 12. Traces will gradually fade because of the Preference setting made in 

step 1. If you prefer that traces not fade, uncheck Fade traces over 
time on the Color panel of the Preferences dialog box. To clear 

traces from the screen, choose Display⎮Erase Traces.

 13. Again, make sure only F is selected.

A PARABOLA FROM SCRATCH
 Q1 It’s the same distance from either endpoint. This is a theorem from 

geometry and can be proven, but for our purposes it’s probably okay 

just to leave this up to students’ common sense.

 Q2 The two length measurements are always equal to each other. 

(This should confi rm the students’ conjectures from Q1.) The length 

of segment FC is the distance from F to the directrix, and the length of 

FD is the distance from F to the focus. Point F, then, fi ts the defi nition 

from the activity’s introduction and is therefore on the parabola 

defi ned by the given focus and directrix.
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Parabolas: A Geometric Approach ACTIVITY NOTES
continued

Q3 The farther point C is from the directrix, the wider the parabola; 

the closer, the skinnier.

Q4 When point C is below the directrix, the parabola opens downward.

EXPLORE MORE
Q5 Select the focus and the directrix, and choose Construct⎮Perpendicular 

Line. Click the spot where this new line intersects the directrix to 

construct the point of intersection there. Hide the line and then construct 

a segment between the focus and the new point. Construct the midpoint 

of this segment using Construct⎮Midpoint. This point is the vertex of 

the parabola.

RELATED SKETCH
The page “Conic Sections” in Parabolas Geometric Present.gsp allows 

you to vary the angle at which a plane intersects a cone and to view the 

intersection from various directions.
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Parabolas: A Geometric Approach

You may think of algebra and geometry as two very different branches of 

mathematics. In many ways they are. But you’ve seen that algebraic equations, such 

as y � x � 3, can be graphed as lines, which are geometric objects. Now you’re 

studying parabolas—the graphs of equations such as y �  x  2  � 3. Can parabolas be 

described geometrically, without using algebraic equations? In this activity you’ll see 

that they can.

FOCUS AND DIRECTRIX

A circle can be described as the set of points in a  

directrix

focus

plane that are the same distance from a fi xed 

point—the center. Similarly, a parabola can be 

described as the set of points in a plane that are 

the same distance from a fi xed point—the 

focus—as from a fi xed line—the directrix.

This is a more complicated defi nition than the 

circle’s, but as you do this activity it should make more and more sense.

A PARABOLA FROM SCRATCH

If the Line tool isn’t 
showing, press and 
hold on the current 
Straightedge tool and 
choose the Line tool 
from the palette that 
pops up.

 1. In a new sketch choose Edit⎮Preferences. On the Text panel, check Show labels 
automatically: For all new points. On the Color panel, check Fade traces 
over time.

 2. Using the Line tool, construct a horizontal line AB. (To make it exactly 

horizontal, hold the Shift key while you construct.) The line should be about 

a third of the way from the bottom of the sketch window. Show the line’s label 

and change it to directrix.

 3. Use the Segment tool to construct segment CD where C is on the line and D is 

about an inch above it.

Click an object with 
the Text tool to show 
its label. Double-click 
the label itself to 
change it.

 4. Change point D’s label to D: Focus.

 5. Construct the midpoint of segment CD by  

directrix
E

A

D: focus

C B

selecting it and choosing Construct⎮
Midpoint.

 6. Select segment CD and midpoint E, and 

choose Construct⎮Perpendicular Line.  
After step 6The line you just constructed—perpendicular to 

segment CD through its midpoint—is called the perpendicular bisector of segment CD.
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Parabolas: A Geometric Approach
continued

 Q1 Imagine a point anywhere on the perpendicular bisector. How do you think the 

point’s distance to C compares to its distance to D?

 7. Construct a line perpendicular to   
‹
 

___
 
›
 AB   and passing through point C.

 8. Select the two perpendicular lines (the ones constructed in the last two steps) 

and choose Construct⎮Intersection.

You just constructed point F—the fi rst point on the parabola. 

To hide objects, select 
them and choose 
Display⎮Hide.

 9. Hide   
‹
 

___
 
›
 FC  . Then, using the Segment tool,  

directrix

F

E

A

D: focus

C B

construct  
___

 FC   and  
___

 FD  . 

After step 9

 10. Measure the lengths of the two new segments. 

To do this, select them and choose 

Measure⎮Length.

 Q2 Using the Arrow tool, drag C back and forth 

along line AB.

Refer back to the 
parabola defi nition in 
the introduction.

  What do you notice about the length measurements as you drag C? Explain how 

this demonstrates that F is indeed always a point on the parabola defi ned by the 

given focus and directrix.

 11. Select point F and choose Display⎮Trace Intersection. Now once again drag C 

back and forth. Point F will leave a trail as it traces out the parabola.

 12. Drag the focus away from the directrix. Again, drag point C. Notice how this 

curve compares to the previous one. Now drag the focus closer to the directrix 

than it was originally and repeat the process.

Tracing the curve in this way works well enough to show you the shape of the 

parabola. But it can get a little annoying having to drag point C again and again. 

Here’s a more effi cient approach.

Select the point and 
choose Display⎮Trace 
Intersection to turn 
tracing on or off.

 13. Turn off tracing for point F.

 14. Select points F and C, and choose  

directrix
E

F

A

D: focus

C B

Construct⎮Locus.

  The entire curve appears. It’s called the locus 

of point F as point C moves along    
‹
 

___
 
›
 AB  .

To hide objects, select 
them and choose 
Display⎮Hide.

 15. To make the diagram less cluttered, hide 

everything except the parabola, the focus, and 

the directrix.

 16. Drag the focus around and observe how the curve changes. 
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Parabolas: A Geometric Approach
continued

 Q3 What happens to the parabola as the focus is dragged farther away from the 

directrix? Closer to it? 

 Q4 What happens to the parabola when the focus is dragged below the directrix?

 17. Save your sketch. You may want to use it for another activity, Building 

Headlights and Satellite Dishes.

EXPLORE MORE

 Q5 Use the commands in the Construct menu to construct the vertex of your 

parabola. This point should remain the vertex no matter where you drag the 

focus and the directrix.

 Q6 Show that the equation of a parabola with its vertex at the origin and its focus 

at (0, p) is y �    x  2 
 __ 4p  . To do this, select the vertex you constructed in Q5 and 

choose Defi ne Origin from the Graph menu. Then measure the y-coordinate 

(ordinate) of the focus and relabel this measurement p. Now use Graph⎮Plot 
New Function to plot    x  2 

 __ 4p  . This plot should be right on top of the parabola, even 

if you drag the focus or the directrix.
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Patty Paper Parabolas ACTIVITY NOTES

The paper-folding technique in this activity is a simple and impressive way 

to generate parabolas. In fact, since all it requires is a single sheet of paper, 

this method can be downright addictive. Got a blank sheet of paper? Fold a 

parabola!

(This activity originally appeared in Exploring Conic Sections with The 

Geometer’s Sketchpad by Daniel Scher, available from Key Curriculum Press.)

CONSTRUCT A PHYSICAL MODEL
To model the folding process before students begin, follow the fi rst few steps 

of the Presenter Notes.

Q1 Point A is the focus and the bottom edge of the paper is the directrix.

Q2 The curve would appear narrower.

Q3 The crease is the perpendicular bisector of segment AB.

CONSTRUCT A SKETCHPAD MODEL
10. In this step, students must decide how to construct the crease line in 

Sketchpad. If possible, allow them to get the satisfaction of fi guring 

the construction out by themselves. It helps if they’ve already realized 

(perhaps from Q3) that the crease is the perpendicular bisector of 

segment AB.

As another hint, you might suggest to students that they take a fresh 

sheet of patty paper or notebook paper, mark two random points, fold 

one onto the other, and then unfold the paper. Ask them, “What is the 

geometric relationship of the crease line to the two points?”

Q4 Construct the crease line between A and B in three steps: (a) construct 

segment AB; (b) construct the midpoint of the segment; and (c) con-

struct the perpendicular bisector—the perpendicular to the segment 

through the midpoint.

Q5 The curve passes between point A and the line, and opens upward. It 

appears to be a parabola.

Q6 As point A approaches the horizontal line, the curve appears narrower.

Q7 As point A moves away from the horizontal line, the curve appears wider.

Q8 When point A moves below the horizontal line, the curve opens 

downward instead of upward.
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PLAY DETECTIVE
 Q9 The point of tangency is directly above point B.

 20. In this step students must construct the perpendicular to the horizontal 

line through point B. They may need some encouragement to observe 

carefully the relationship between point B and the point of tangency. If 

they continue to struggle even after they’ve observed that the point of 

tangency is always directly above point B, you could ask them to think 

about what construction includes all points directly above point B. 

 Q10 To create the new line, construct a perpendicular to the horizontal line 

through point B. The point of tangency is the intersection of this line 

with the crease line.

It’s interesting to consider whether a parabola has asymptotes; that is, if 

there are lines that the curve approaches but never crosses. By observing 

the tangent line as point B moves farther and farther away from the 

focus, we see that the curve becomes more and more perpendicular to 

the directrix. So if there are asymptotes, they must be perpendicular to 

the directrix.

But given any perpendicular line, there is a point on it that is equidistant 

from the focus and the directrix. Thus the curve crosses the line, and the 

line cannot be an asymptote.

PROVE IT
 Q11 To prove that point D traces a parabola, you must prove that AD � BD.

 Q12 You can use SAS. Segments AC and BC are equal because point C is the 

midpoint of segment AB. Angles ACD and BCD are equal because both 

are right angles. And segment CD is equal to itself.

Q13 The two triangles are congruent, so their corresponding sides are equal: 

AD � BD. Because segment BD is perpendicular to the horizontal line, 

its length is the distance from point D to the line. Therefore point D is 

equidistant from the focus (point A) and the directrix (the horizontal 

line).

Patty Paper Parabolas ACTIVITY NOTES
continued
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Patty Paper Parabolas ACTIVITY NOTES
continued

EXPLORE MORE
22. Since the circle is tangent to the line at point B, the radius CB is perpen-

dicular to the line. Thus segment CB represents the distance of point C 

from the line. Segments CB and CA are both radii of the circle and equal 

in length. Therefore C traces a parabola with a focus at point A.

23. As point A travels farther and farther off screen, the portion of the circle 

that we see gets straighter and straighter. When point A fi nally stops 

moving, we’re left with a construction that looks like the Patty Paper 

Parabola—a single focus (point B) and a nearly straight directrix.

24. �GDF � �BDC, as they are vertical angles. Since �ADC � �BDC, 

we have �ADC � �BDC. Putting these two statements together gives 

�GDF � �ADC.

WHOLE-CLASS PRESENTATION
This activity is most effective when students begin by actually folding 

the patty paper. To do it this way, distribute patty paper and hand out the 

fi rst page of the student worksheet. After students have fi nished folding 

their parabolas, continue with the Construct a Parabola section of the 

Presenter Notes.

Alternatively, you can use an overhead projector and a transparency to do the 

folding. In this case, use the Fold a Parabola section of the Presenter Notes.

If there’s no overhead available, use a large sheet of paper, mark point A, 

and use the bottom edge of the paper as the directrix. 

The various stages in the folding process are illustrated here:

Ready to Fold

A

 

A

Two Folds  

A

Seven Folds

A

Many Folds
 

A

Closer to Directrix
 

A

Farther from Directrix
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In this presentation you’ll use geometric methods to construct a parabola—fi rst by 

paper-folding and then by using the equivalent construction with Sketchpad. 

FOLD A PARABOLA

Before you begin, prepare a transparency by marking a vertex A and a directrix.

 1. On the overhead projector, show the transparency. Describe the objective: to 

fi nd the pattern created when you fold various points of the line onto point A. 

Explain that A is called the vertex and the line is called the directrix.

 2. Have a student fold the transparency so that a point on the directrix falls on 

point A. Straighten out the transparency; the fold will be visible. Have another 

student fold a different directrix point onto point A. Draw attention to this 

fold also. Have students continue folding until there are six or seven folds.

 Q1 Ask students, “Do you see a pattern yet?” Ask a student to come to the projector 

and use a fi nger to trace the observed pattern.

 Q2 Ask, “How do you think the pattern would change if the vertex were closer to 

the directrix?” Solicit conjectures and discuss them. 

 3. Observe that folding is a slow way to test student conjectures, and that it’s time 

to move to Sketchpad.

CONSTRUCT A PARABOLA

You can do the Sketchpad construction in a blank sketch, or you can use the 

presentation sketch. To do the construction in a blank sketch, follow the steps in the 

Construct a Sketchpad Model section of the student worksheet, and adapt the steps 

and questions below.

 4. Open Patty Paper Parabolas Present.gsp and show the vertex and directrix.

 Q3 Show point B and ask students to describe where the crease will appear if B is 

folded to the vertex. After discussing, show the crease.

 Q4 Ask, “What geometric construction would we need to make the crease?” After 

discussing, show the construction objects.

 5. Say, “We can use this construction to generate many folds very quickly.” Animate 

B, ask students to predict the shape of the traces, and then trace.

 Q5 Ask, “How will the shape change if the vertex is closer to the directrix?” After 

discussion, move the vertex, erase the old traces, and then trace again.

 Q6 Ask, “How will the shape change if the vertex is farther from the directrix?” After 

discussion, move the vertex, erase the old traces, and then trace again.

Patty Paper Parabolas Presenter Notes  

It’s best if students 
fold their own patty 
paper at their desks, 
following the fi rst 
page of the student 
worksheet. In this case, 
skip this section and 
start with Construct a 
Parabola.

If you don’t have an 
overhead projector, 
you can do the folding 
on a large sheet of 
paper. Use the bottom 
edge of the paper 
as the directrix, and 
trace each fold with 
a marker.

Extend the presen-
tation by using other 
sections of the student 
worksheet, or by 
exploring other pages 
of the sketch.
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Here’s the geometric defi nition of a parabola.

A parabola is the set of points equidistant from a fi xed point 
(the focus) and a fi xed line (the directrix).

With nothing more than a sheet of paper and a single point on the page, you can 

create a parabola. No rulers and no measuring required!

CONSTRUCT A PHYSICAL MODEL

You’ll need a rectangular or square piece of wax paper or patty paper. If you don’t 

have these materials, use a plain sheet of paper.

 1. Mark point A approximately one inch from  

A

the bottom of the paper and centered between 

the left and right edges. 

 2. Fold the paper as shown, so that the bottom edge 

lands directly on point A. Make a sharp crease 

to keep a record of this fold. Unfold the crease.

 3. Fold the paper along a new crease so that a  

A

different point on the bottom edge lands 

on point A. Unfold the crease and repeat 

the process.

 4. After you’ve made about a dozen creases, 

examine them to see if you spot any emerging 

patterns.

 5. Resume creasing the paper. Gradually, you should see a well-outlined curve 

appear. Be patient—it may take a little while.

 6. Discuss what you see with your classmates and compare their folded curves 

to yours. If you’re doing this activity alone, fold a second sheet of paper with 

point A farther from the bottom edge.

 Q1 The creases on your paper seem to form the outline of a parabola. Where do its 

focus and directrix appear to be?

 Q2 If you move point A closer to the bottom edge of the paper and fold another 

curve, how do you think its shape will compare to the fi rst curve?

 Q3 Each time you crease the paper, some point on the bottom edge of the paper 

lands on top of point A. Call this point B. What’s the geometric relationship of 

the crease to points A and B?

Patty Paper Parabolas

If you’re doing this 
in class with other 
students, different 
students should 
place A at different 
distances from the 
edge. If you’re working 
alone, do steps 1–5 
twice—once with A 
close to the edge, once 
with A farther from the 
edge.

Mathematicians 
would call your set of 
creases an envelope 
of creases.
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Patty Paper Parabolas
continued

CONSTRUCT A SKETCHPAD MODEL

Fold and unfold. Fold and unfold. Creasing your paper takes work. Folding one or 

two sheets is fi ne, but what if you want to test many different locations for point A? 

You’ll need to keep starting over with fresh paper, folding new sets of creases.

Sketchpad can streamline your work. After constructing only one set of creases, you 

can drag point A to new locations and watch the creases adjust instantaneously.

 7. Open a new sketch. Use the Line tool to draw a horizontal line near the bottom 

of the screen. This line represents the bottom edge of the paper.

 8. Draw point A above the line, roughly centered between the left and right edges 

of the screen.

 9. Construct point B on the horizontal line.

 10. Construct the “crease” formed when point B  creaseA

B

is folded onto point A. Make the crease thick.

 Q4 What construction did you use to make 

your crease?

 11. Drag point B along its line. If you constructed the crease correctly, it should 

adjust to the new locations of point B.

 12. Select the crease line and choose Display⏐Trace Perpendicular Line.

 13. Drag point B along the horizontal line to create a collection of creases.

 14. Drag point A to a different location. If necessary, choose Display⏐Erase Traces.

 15. Drag point B again to create another collection of creases.

Retracing creases for each location of point A is certainly faster than folding paper. 

But you can do even better; you can make the creases relocate automatically as you 

drag point A. The Construct⏐Locus command makes this possible.

 16. Turn tracing off for your original crease by selecting it and again choosing 

Display⏐Trace Line. If you have traces still showing, erase them.

 17. Select your crease line and point B. Choose Construct⏐Locus. An entire set of 

creases appears: the locus of crease locations as point B moves along its path. If 

you drag point A, the creases will readjust automatically.

 Q5 The creases mark out a curve. Describe the shape of the curve.

 Q6 How does the curve change as you move point A closer to the horizontal line?

 Q7 How does the curve change as you move point A away from the horizontal line?

 Q8 How does the curve change when you move point A below the horizontal line?

Holding the Shift key 
while drawing the line 
will help you make it 
horizontal.

If you don’t want your 
traces to fade, go to 
Edit⏐Preferences⏐
Color and remove the 
checkmark from the 
Fade traces over time 
checkbox.
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PLAY DETECTIVE

Each crease on your paper touches the parabola at exactly one point. Another way 

to describe this is to say that each crease is tangent to the parabola. By doing some 

detective work, you can locate the point of tangency and use it to construct only the 

parabola without its creases.

 18. Position point A so that your parabola looks 

A

B

similar to the one shown.

 19. Drag point B and notice that the crease remains 

tangent to the parabola. If it’s hard to see the 

crease against the locus, set the locus to be thin 

or dashed. Observe the position of the point of 

tangency closely as you drag point B.

 Q9 How does the position of the point of tangency seem to be related to the 

position of point B?

 20. The exact point of tangency lies at the intersection of two lines—the crease line 

and another line not yet constructed. Construct this line in your sketch. Then 

construct the point of tangency and label it D.

 Q10 What construction did you use to construct the new line in step 20?

 21. Select point D and point B and choose Construct⏐Locus. If you’ve constructed 

point D correctly, you should see a curve appear: the parabola itself. Drag 

point A to see how the parabola changes.

PROVE IT

Your construction seems to generate parabolas. Can you prove this? Try developing 

a proof on your own or work through the following steps and questions.

This picture should resemble your Sketchpad construction. 

C

DA

B

F

E

G

Line EF (the perpendicular bisector of segment AB) 

represents the crease formed when point B is folded 

onto point A. Point D is the point of tangency that 

defi nes the curve.

 Q11 Recall the locus defi nition of a parabola. To prove that point D traces a 

parabola, which two segments must you prove equal in length?

 Q12 Use a triangle congruence theorem to prove that �ACD � �BCD.

 Q13 Use the distance defi nition of a parabola and the result from Q12 to prove that 

point D traces a parabola.

Patty Paper Parabolas
continued

Select this new locus 
and make it thick so 
that it’s easier to see.

A parabola is the set 
of points equidistant 
from a fi xed point (the 
focus ) and a fi xed line 
(the directrix ).
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EXPLORE MORE

 22. Go to page “Tangent Circle” of Patty Paper Parabolas.gsp. You’ll see a circle, 

with a center at point C, that passes through point A and is tangent to a line at 

point B. Drag point B. Why does point C trace a parabola?

 23. A parabola can also be described as an ellipse with one focus at infi nity.

  Go to page “Ellipse Connection” of Patty Paper Parabolas.gsp. You’ll see an 

ellipse construction based on a circle and two focal points (points A and B), 

where A is the center of the circle. Press Send Focus Far Far Away. Point A will 

travel far off the screen.

  When the movement stops, examine the result. In what ways does it resemble 

the Folded Rectangle construction?

 24. Use the illustration from your parabola proof to show that �GDF � �ADC. 

The page “Headlights” of Patty Paper Parabolas.gsp illustrates a nice 

consequence of this result.

Patty Paper Parabolas
continued
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From Locus to Graph ACTIVITY NOTES

DESCRIBE THE GEOMETRIC PARABOLA ALGEBRAICALLY
Q1 Here are some things that students may notice:

The x-coordinates of the focus and vertex are h.

The y-coordinate of the vertex is k.

The value of k is halfway between the y-coordinate of the focus and the 

y-value of the directrix.

In each case, the important thing is that students test their conjectures 

by adjusting the geometric parabola, fi tting the algebraic one, and 

checking the results.

Q2 Encourage students to invent and test a variety of conjectures.

Q3 When the directrix is on the x-axis, the y-coordinate of the focus is 

twice the value of k.

Q4 When the focus is at the origin, the y-value of the directrix is twice the 

value of k.

13. There are several ways to do the construction. One is to construct the 

perpendicular from the focus to the directrix (the axis of symmetry). 

Then construct the midpoint of the segment from the focus to the 

intersection of the axis of symmetry and the directrix.

Q5 When the origin is halfway between the focus and directrix, h � 0 and 

the focus and directrix are equally distant from the origin.

Q6 When the directrix is not horizontal, you can no longer fi t the graph to 

the geometric parabola.

EXPLORE MORE
Q7 The distance from the vertex to the focus is   1 __ 4a  .

Q8 The coordinates of the focus are (h, k �   1 __ 4a  ). The equation of the 

directrix is y � k �   1 __ 4a  .
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In this presentation you’ll use algebraic methods to describe a parabola. Consider 

having a student operate the computer during the presentation.

A GEOMETRIC PARABOLA

 1. Use the buttons on page 1 of From Locus to Graph Present.gsp to review the 

locus defi nition of a parabola.

You’ll use page 2 to review the geometric construction of a parabola.

 2. Use the fi rst three buttons on page 2 to show the perpendicular bisector trace.

 Q1 While the bisector is animating, ask, “How do you think the shape will change 

if we move the focus closer to the directrix?” Solicit several responses before 

dragging the focus. After dragging, ask students to explain why the shape 

changed in this way.

 Q2 Ask students to explain how the shape will change if the focus is farther away.

 3. Use the remaining buttons to construct the locus and select objects to copy. 

Then choose Edit⏐Copy.

AN ALGEBRAIC PARABOLA

We’d like to go beyond vague descriptions of shape by precisely analyzing the 

relationships between the shape of the parabola and the positions of focus and 

directrix. For that we will need analytic geometry—applying algebra to geometry. 

So let’s make an algebraic parabola and analyze the connections.

 4. Page 3 contains three sliders, for a, h, and k. Use the values of the sliders to 

graph the function f(x) � a(x � h ) 2  � k.

 5. Drag a, h, and k to move the parabola around and change its shape.

 6. Paste the previously copied geometric parabola by choosing Edit⏐Paste.

 Q3 Ask, “How could we make the two parabolas match?” Solicit conjectures and test 

them by adjusting a, h, and k. Emphasize the value of incorrect conjectures in 

understanding how the parabola does and does not behave.

 7. Once the parabolas match, measure the equation of the directrix and the 

coordinates of the focus and vertex. Tabulate the values of a, h, k, and these 

three new measurements.

 Q4 Ask, “What relationships can we fi nd between the values of the sliders (the 

algebraic objects) and the measurements of the focus, directrix, and vertex (the 

geometric objects)?” Solicit and test a number of conjectures.

From Locus to Graph Presenter Notes  

If students are familiar 
with the defi nition and 
locus construction of a 
parabola, skip to step 3 
to copy a geometric 
parabola.

Point C is also con-
structed; this point will 
be the point of tangency 
of the perpendicular 
bisector and the parabola.

Choose Graph⏐Plot 
New Function and 
enter the equation.

To tabulate, select 
all these measure-
ments and choose 
Number⏐Tabulate. 
Double-click the table 
to make the current 
entry permanent.
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Analytic geometry is the study of geometric shapes using the methods of algebra. 

Sometimes called coordinate geometry, it is fundamental to modern mathematics. 

René Descartes, who invented Cartesian coordinates, is considered the father of 

modern analytic geometry. In this activity you’ll use algebraic methods to study 

and describe a parabola that you’ve defi ned geometrically.

A GEOMETRIC PARABOLA

Here’s one geometric defi nition of a parabola:

A parabola is the set of points equidistant from a fi xed point 
(the focus) and a fi xed line (the directrix).

 1. Begin with a geometric construction of a parabola, using either the activity 

Patty Paper Parabolas or page 2 of From Locus to Graph.gsp. 

AN ALGEBRAIC PARABOLA

Here’s one algebraic formulation of a parabola:

An equation in the form f(x) � a(x � h ) 2  � k has as its graph a 
parabola with a horizontal directrix.

 2. Graph this equation using sliders for a, h, and k, and determine the role that 

each of these values plays in determining the shape of the graph. (The activity 

Parabolas in Vertex Form describes how to do this, or you can use page 3 of 

From Locus to Graph.gsp.)

DESCRIBE THE GEOMETRIC PARABOLA ALGEBRAICALLY

 3. In the sketch containing the geometric parabola, make the directrix precisely 

horizontal.

 4. Copy the focus, the directrix, and the locus (the parabola itself). 

 5. Paste the geometric parabola into the sketch containing the algebraic graph of 

a parabola (or into page 3 of the sketch From Locus to Graph.gsp).

 6. Adjust the sliders that control the values of a, h, and k until the algebraic 

parabola exactly matches the geometric one. Notice the values of a, h, and k.

 7. Measure the equation of the directrix, and measure the coordinates of the focus.

 Q1 What connections do you think there might be between these measurements 

and the values of the sliders? Write down one conjecture and then use the next 

few steps to test it.

From Locus to Graph

To copy the objects, 
select them all and 
choose Edit⏐Copy.

You can measure the 
equation of a line, but 
not a segment. If the 
directrix is a segment, 
construct a line on top 
of it and measure the 
equation of the line.
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 8. Tabulate the two measurements from step 7 and the values of a, h, and k. 

(Do this by selecting the two measurements and the values a, h, and k, and 

then choosing Number⏐Tabulate.)

 9. Double-click the table to make the current values permanent.

 10. Move the directrix and focus to new locations. Be sure to keep the directrix 

horizontal as you move it.

 11. Adjust the sliders until the algebraic parabola again matches the geometric one. 

Double-click the table to make these values permanent.

 12. Repeat steps 10 and 11 several more times, experimenting with different 

positions for the focus and directrix.

 Q2 Write down several more conjectures about the connections between the 

algebraic values (a, h, and k) and the measurements of the geometric objects. 

Test your conjectures by using the data already in the table, or by collecting 

additional data.

 Q3 What happens when the directrix is on the x-axis? Why?

 Q4 What happens when the focus is at the origin? Why?

 13. The vertex of the parabola is halfway between the focus and directrix. Using 

these two objects, construct the vertex geometrically and measure its coordinates.

 Q5 What happens when you place the vertex at the origin? Why?

 Q6 What happens when the directrix is not horizontal? Explain.

EXPLORE MORE

 14. Experiment to fi nd how a is related to the distance from the directrix to the 

vertex. Measure this distance, and then make a new table containing these two 

values (a and the distance you just measured). Place the directrix on the x-axis. 

Then move the focus to (0, 1) and add these values to the table. Do this again 

with the focus at different positions, such as (0, 2), (0, 3), (0, 0.5), and (0, �1).

 Q7 What can you conclude about the relationship between a and the distance from 

the vertex to the directrix?

 Q8 Express the coordinates of the focus and the equation of the directrix in terms 

of a, h, and k.

 15. Use a digital camera to photograph a curved shape that seems to be parabolic. 

Copy the picture and paste it into your sketch containing the algebraic graph of 

a parabola. Adjust a, h, and k to see if you can fi t the graph to the picture.

From Locus to Graph
continued

If it’s not convenient to 
take such a photo, fi nd 
one on the web.
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Parabolas in Headlights and
Satellite Dishes ACTIVITY NOTES

One way to introduce this activity is to ask students what shape a “burning 

mirror”—a mirror designed to refl ect the sun’s rays to one point—should be. 

Why would a straight line (fl at mirror) be a bad choice? Students may be 

interested to know that Diocles discovered—and used—the answer to this 

question c. 200 B.C.E. Diocles was improving on work done a century earlier 

by Archimedes, who, as legend has it, used burning mirrors to set the Roman 

fl eet ablaze as it entered Syracuse harbor. Diocles’ principle is still used today 

in solar-powered steam generators. (See Toomer, G.J., Diocles on Burning 

Mirrors. New York: Springer-Verlag, 1976. The Archimedes legend was the 

subject of Mythbusters Episode #46 on the Discovery Channel.)

SKETCH AND INVESTIGATE
Q1 When the light source is at the focus, the rays will refl ect parallel 

to each other.

Q2 Provided the light source is at the focus, the rays will refl ect parallel to 

each other (and to the axis of symmetry of the parabola) no matter 

how narrow or wide the parabola is.

Q3 Place the sensor at the focus of the three-dimensional parabola (called a 

parabaloid). The signals coming in roughly parallel to the direction the 

dish is facing will refl ect right to the sensor whereas all other signals will 

bounce and miss the sensor.

EXPLORE MORE
Q4 Another example of a parabolic dish is the parabolic microphones often 

seen on the sidelines of football games and used to catch the sounds of 

the game. These work the same way a satellite dish works: Sound waves 

coming in parallel to the direction the device is aimed bounce toward 

the microphone, which is located at the focus. Sound waves from other 

directions bounce harmlessly away.
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Parabolas in Headlights and Satellite Dishes

Have you ever wondered why satellite dishes are shaped the way they are? And what 

is it about the way headlights are designed that makes the light travel outward in 

one direction? It turns out that both devices use parabolic refl ectors because of their 

special refl ective properties. In this activity you’ll construct a two-dimensional 

model of a parabolic refl ector and explore what makes it ideal for refl ecting and 

collecting rays.

BACKGROUND

The two angles are 
measured relative 
to the normal 
line—the line that’s 
perpendicular to the 
tangent.

 In order for this activity to make sense, there are two things you need to know 

about the Law of Refl ection. First, when a ray of light refl ects from a fl at surface, 

such as a mirror, the angle of incidence (�1 in the illustration) equals the angle of 

refl ection (�2 in the illustration). This is a fancy-sounding law of physics that states 

something very simple: Light bounces off at the same angle it hits. Second, if light 

bounces off a curved surface, the Law of Refl ection still holds—just imagine the 

light bouncing off a line tangent to the curve.

mirror

21

light ray

 

tangent
line 

curved
reflector 

2
1

light ray
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Parabolas in Headlights and Satellite Dishes
continued

SKETCH AND INVESTIGATE

 1. If you have completed the activity Parabolas:  

directrix

F
D: focus

C

A Geometric Approach, open your sketch from 

that activity. Otherwise, open Refl ector.gsp and 

skip to step 4.

To hide objects, select 
them and choose 
Display⎮Hide.

 2. Choose Display⎮Show All Hidden. Then hide 

all but the following objects: the parabola, 

focus, directrix, points C and F, and the line 

that’s tangent to the parabola.

 3. To make the parabola fl atter, drag the directrix 

down near the bottom of the window and the 

focus about two-thirds of the way to the top.

You need a light source—the tiny bulb inside a headlight whose light bounces off 

the refl ector into the outside world.

 4. Using the Point tool, draw a new point G inside the parabola somewhere not 

too far from the focus. 

Now you need a ray of light coming from the source and hitting the refl ector.

Either use the 
Segment tool or 
select the two 
points and choose 
Construct⎮Segment.

 5. Construct a segment between points G and F.

The bulb actually sends out rays of light in all directions. Use a Sketchpad locus 

construction to show 15 of these rays.

 6. Select the new segment and point C, and choose Construct⎮Locus. With 

the locus selected, choose Display⎮Line Style⎮Dashed. With the locus still 

selected, choose Edit⎮Properties. On the Plot panel, set the number of 

samples to 15.

You’ll see 15 rays coming from the light source and hitting the refl ector.

The normal line is 
perpendicular to the 
tangent at the point 
where the ray hits the 
refl ector.

 Each ray must bounce off the refl ector at the same angle at which it hit the refl ector. 

The easiest way to construct this involves the normal line.

 7. To construct the normal line, select point F and the line that’s tangent to the 

parabola. Then choose Construct⎮Perpendicular Line.

The symmetry of 
refl ection guarantees 
that the incoming ray 
and the outgoing ray 
will both make the 
same angle with the 
normal.

 8. Double-click the new line to mark it as a mirror for refl ection. Now select point 

G and choose Transform⎮Refl ect. The refl ected image of point G, G�, appears.

 9. Select in order point F and point G�. Then choose Construct⎮Ray.
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Parabolas in Headlights and Satellite Dishes
continued

This ray is the original ray of light after it’s 

bounced off the refl ector. By refl ecting G across  

directrix

G'D: focus

F

G

C

the perpendicular line, you guaranteed that the 

angle of incidence would equal the angle of 

refl ection, as the Law of Refl ection states. 

After step 10

 10. Repeat step 6 using the new ray in place of 

the segment. Give the new locus a thin line 

weight (instead of dashed) to distinguish it 

from the other, and set the number of 

samples to 15 as well.

You should now see the 15 rays of light coming 

from the light source and bouncing off the 

refl ector.

 Q1 Drag the light source around and observe 

how its location affects the refl ected light. Where does the light source need to 

be in order for the light to travel out in parallel rays, as with car headlights?

 11. Merge the light source and the focus. To do this, select these two points and 

choose Edit⎮Merge Points.

The two points merge into one. Now the light source is at the focus and light is 

bouncing off in parallel rays.

 Q2 Drag the focus and the directrix separately to change the shape of the refl ector. 

Do the refl ected rays remain parallel?

 12. Clean up the sketch by hiding segment GF, the perpendicular line through point 

F, the ray originating at F, point G� defi ning that ray, and anything else you’d 

like out of the way.

 Q3 A satellite dish operates similarly to a car’s headlights, except that instead of 

emitting rays, it collects them. Explain how you would design a satellite dish.

EXPLORE MORE

 Q4 Do some research to fi nd other objects shaped like a parabolic dish. Explain why 

each of them uses this shape.
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Conic Refl ections ACTIVITY NOTES

When you review this activity with your class, ask the students to explain 

the connection between conic sections and kidney stones.

REFLECTIONS IN AN ELLIPSE
Q1 When you drag point B to one focus, the rays are concurrent at the 

other focus.

Q2 Remember that the rays must converge inside a person’s body. If that 

point is inside the ellipse, then the patient must be inside. Students may 

guess (incorrectly) that the refl ecting chamber must be big enough to 

hold the patient.

 In practice, the chamber is nowhere near that large. It is ellipsoidal in 

shape, but one end is open (see below). This still allows most of the 

shock energy to reach the target, but some of it passes out the open end.

REFLECTIONS IN OTHER CONICS
Q3 A circle is an ellipse with both foci at the same center point. Therefore, 

rays sent from the center refl ect back to the center.

Q4 In a hyperbola, send the rays from one focus. After refl ection, they will 

travel directly away from the other focus.
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Conic Refl ections Presenter Notes

To present the refl ective properties of conic sections, you can use the prepared 

document Conic Refl ections Present.gsp. This document allows you to skip the 

construction work and present a summary of the observations. In general, just walk 

through the pages in order, pressing the action buttons in order from the top down.

 1. Open the “Flat Surface” page of Conic Refl ections Present.gsp. This shows 

a refl ection on a fl at surface, like a mirror or a pool table cushion. Point B is 

the source of a ray that strikes the surface at A.

 2. Press Show Normal Line. Explain the  

normal
angle of reflection

angle of incidence

B'

B

A

physics principle that the angle of 

incidence is equal to the angle of 

refl ection, and you measure both angles 

with respect to the normal line.

 3. Press Show Refl ection. Identify the 

angles of incidence and refl ection. 

Drag points A and B to show the 

changes in the refl ection.

 Q1 Open the “Curved Surface” page. What 

happens when we have a curved surface? How do we fi nd the normal line? 

[The normal is perpendicular to the tangent at the same point A.]

 4. Show the hidden objects. When dragging point B, be sure to show that the 

same principle holds when it is on the concave side of the curve.

 Q2 The remaining pages show refl ective properties of conic sections in turn. Each 

page opens with a single refl ected ray. Press Show Rays to show 15 rays all 

originating at point B. No particular pattern is visible until you drag point B to 

a focus. In each case, challenge students to predict what the refl ected ray pattern 

will be. What will happen when we drag this to the focus? What practical 

applications can we fi nd for this effect?

 Q3 After showing that an ellipse refl ects a ray from one focus to the other, drag 

point B away from the focus and hide the rays. Press Move F2 to F1 and let 

students see that a circle is actually an ellipse with coincident foci. With this 

fact in mind, what should happen when point B is at the center of a circle? 

[The refl ected rays go straight back to the center.]

 5. The hyperbola refl ection pattern may be more diffi cult to see, so give students 

more time. When point B is on F1, the refl ected rays move out away from the 

second focus rather than through it. Press Show Extensions to help them see the 

alignment.
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Conic Refl ections

You may already know that light rays from the focus of a parabola refl ect to form 

parallel rays. (For instance, the refl ector in a searchlight or a car’s headlight is shaped 

like a parabola.) A parabola is the graph of a quadratic function, but it is also a conic 

section. As it turns out, all of the conic sections have special refl ective properties.

REFLECTIONS IN AN ELLIPSE

Light and sound are 
very different in nature 
but share many 
common properties. You 
can imagine either of 
them as waves or rays.

 Kidney stones are a very painful ailment caused by crystallization of salts inside the 

kidney. They are in fact small stones. A modern treatment is extracorporeal shock 

wave lithotripsy (ESWL). Patients are happy about the extracorporeal part, because 

the word means “outside the body.” Surgery usually is not necessary. The idea is to 

create a sonic pulse outside so that the shock waves converge at the stone and break 

it into smaller pieces that can pass out of the kidney.

 1. Open the “Ellipse” page of Conic Refl ections.gsp. Drag the points to see how 

they affect the image. This particular ellipse is defi ned by the two foci ( F 
1
  and  F 

2
 ) 

and a free point P on the curve. Point A is attached to the ellipse, and the line 

through A is tangent to the ellipse.

Point B represents the 
source of the waves of 
sound or light.

 2. Construct point B in the interior of the ellipse. Construct line segment BA. This 

represents a ray of sound traveling from B and striking the surface at point A.

The locus shows the 
position of segment 
BA for various possible 
positions of point A on 
the ellipse.

 3. Select point A and segment BA. Choose Construct⎮Locus. Select the locus and 

choose Edit⎮Properties. On the Plot panel, change the number of samples to 

15. Select the locus again and change the line style to dashed. You should now 

see 15 rays coming from B and striking the surface at various points.

P
F1 F2

B

A

 

B' PF1 F2

B

A

 

B' PF1 F2

B

A

When a ray refl ects from a surface, the angle of incidence is equal to the angle of 

refl ection, and you measure those angles from a line that is perpendicular to a 

tangent at that point on the surface. This principle applies to all curved surfaces.

The normal line 
intersects the tangent, 
and the curve itself, at 
a right angle.

 4. Select point A and the tangent line. Choose Construct⎮Perpendicular Line. 
This is called a normal line. 

 5. Double-click the normal line to mark it as a refl ection line. Select point B and 

choose Transform⎮Refl ect. Construct ray AB�. This is the refl ected ray.
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Conic Refl ections
continued

 6. Construct the locus of the refl ected ray. Again, change the number of locus 

samples to 15.

 Q1 Point B is the source of the sonic pulses. Drag it around the screen and watch 

the pattern change. Where can you place it in order to get the refl ected rays to 

converge at a single point? When this happens, where do the rays converge again?

 Q2 You may notice that the rays come together at a point inside the ellipse. Why is 

this a problem for the ESWL treatment? Suggest a solution.

REFLECTIONS IN OTHER CONICS

There are still two conic sections—the circle and the hyperbola—that you have not 

investigated for refl ective properties. The Sketchpad document contains a page for 

each of them. Repeat these same construction steps to explore their properties.

C

P
B

A

 

F1

F2

P

B

A

 Q3 You can think of a circle as a special case of an ellipse. The two foci are in the 

same place, which is the circle center. With this in mind, where would you 

expect the ray refl ections to go if their source is at the center of a circle?

 Q4 The hyperbola may be a bit more diffi cult to see. Instead of watching where the 

rays go, try to see where they appear to be coming from. If the source of the rays 

is on one focus, where do the refl ected rays appear to come from?

PRESENT

The “Parabola” page is already completed. It summarizes the fi ndings from the 

Building Headlights and Satellite Dishes activity. On each of the other pages, use the 

Text tool to describe the special refl ective properties of the curve.

Notice that the “Parabola” page has a button that moves point B to the focus. 

To create a similar button on the other pages, select in order point B and the 

destination point. Choose Edit⎮Action Buttons⎮Movement.
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Modeling Projectile Motion ACTIVITY NOTES

SKETCH
Q1 During the fi rst period of time, the velocity’s magnitude is reduced and 

its direction is less steeply upward. Students may not be familiar with 

the terms magnitude and direction. It’s not important that they learn the 

terms at this time, but it is important that they recognize both changes: 

The ball is going more slowly, and its direction has changed so that its 

path is less steep than it was at fi rst. Students can see both effects by 

comparing vectors  v 0  and  v 1 . Vector  v 1  is shorter in length and is 

pointed less steeply upward.

Q2 With each interval of time, the velocity vector points more downward. 

As the velocity vector moves downward, the ball is not moving upward 

as steeply as it was at fi rst (and it soon starts to move downward). 

Q3 The path of the ball levels off, becoming more horizontal and less 

vertical. Soon the ball begins to move downward. (In the default state 

of the sketch, the ball reaches its apex near  p 3  and then begins to move 

downward.)

Q4 If the velocity pattern continues, the ball’s direction of travel will be 

more and more downward at each time interval. This agrees with 

students’ knowledge of how balls fl y through the air, but it is also 

important that they observe how the changes in the velocity vector 

correspond to the actual movement of the ball. 

Q5 The shape of the ball’s path looks like an arc of a parabola. The more 

downward the velocity vector points, and the longer it gets in this 

direction, the more vertical the ball’s path becomes.

Q6 In the original state of the sketch, the ball begins to move downward 

during the fourth interval. The  v 3  vector is the fi rst one to point 

downward, with the result that after  p 3 , the ball begins to move 

downward. 

Q7 Answers will vary. If there is no gravity, the velocity vector will not 

change over time. With no changes in velocity, the ball will continue 

to travel in the initial direction, and its path will be a straight line. 

Encourage students to explain their drawings, and make sure they 

understand that the ball moves in a straight line forever because 

gravity does not alter the ball’s velocity. 

Q8 Students have a mental image of how a thrown ball moves through the 

air, but it’s still useful to demonstrate by gently tossing a soft object. 
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Modeling Projectile Motion ACTIVITY NOTES
continued

The real ball moves through the air in a smooth arc, while the 

construction is a rough approximation because its position is only 

measured at intervals, where the segments connect. 

Some students may raise a more sophisticated question about the 

terminal velocity of a ball and point out that the Sketchpad model doesn’t 

allow for air resistance.

 Q9 You should shorten both the velocity and gravity vectors by half. You 

should shorten the velocity vector because the ball should travel less far 

in a shorter interval of time. Similarly, you should shorten the gravity 

vector because during a half-second interval the ball’s velocity should 

not change by as much as it does during a full-second interval.

 Q10 As it gets smoother, the iterated path becomes more and more parabolic 

in shape.

EXPLORE MORE
 10. Students can also make the parabola and the iterated path match 

by changing the path. This approach requires modifying the initial 

position of the ball, the initial velocity of the ball, and the length of the 

gravity vector. (The gravity vector must remain vertical or the objects 

won’t match.)
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Modeling Projectile Motion

When you toss a ball into the air, the laws of 

physics control its motion through the air and back  

to the ground. In this activity you’ll use Sketchpad’s 

Iterate command to model a projectile as its 

position, velocity, and gravity interact.

To create the model, you’ll make a sketch showing 

what happens to the projectile in a short period of 

time. You’ll use iteration to repeat the construction 

and create a graph of the projectile’s motion over a much longer period of time.

SKETCH

 1. Open Projectile Motion.gsp. Notice the vector for gravity  

p0

v0

g
(g), the vector for the initial velocity ( v 

0
 ) of the object, and 

the point for the initial position ( p 
0
 ) of the object. Vector g 

points down to represent the downward acceleration gravity 

exerts on projectiles. Vector  v 
0
  points diagonally to indicate the movement of the 

ball at the instant it is thrown.

At this instant, the ball has not moved from its initial position. To begin, you’ll 

construct a segment to represent the ball’s motion by using the velocity vector to 

fi nd the ball’s position after the fi rst interval of time. 

In the Translate dialog 
box, select Marked for 
all translations.

 2. To mark the velocity vector as the vector for translation,  p1

p0

v0

g
select its initial and fi nal points, and choose Transform⎮
Mark Vector. To translate the position, select point  p 

0
  

and choose Transform⎮Translate. Label the translated 

position  p 
1
  and connect the initial position and the translated position with a 

segment.

The new segment shows how the ball moves through the air during the fi rst period 

of time. But if you’ve ever thrown a ball, you know that gravity affects its fl ight. In 

your sketch you must also take into account gravity’s effect on the ball’s velocity. To 

do this, you’ll use the gravity vector to construct a new velocity vector.

This segment 
represents the velocity 
vector at the end of the 
fi rst period of time.

 3. Mark the gravity vector as the vector for translation. Translate point  v 
0
  by this 

vector, and then construct a segment from the original tail of the velocity vector 

to  v 
1
  (the new translated point).

The v
1
 vector represents the object’s velocity at the end of  

v1

p1

p0

v0

g
the fi rst interval of time. So  v 

1
  describes the ball’s velocity 

when it’s at  p 
1
 .
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Modeling Projectile Motion
continued

 4. Repeat steps 2 and 3 for the second period of 

time. Be sure you construct the new position  
v2

v1

p2

p1

p0

v0

gsegment from the end of the old one, but the 

new velocity vector with its tail in the same place 

as the existing velocity vectors.

 Q1 How did the velocity change as the ball moved from  p 
0
  to  p 

1
 ? Is the ball going 

faster or slower? How did the direction of its motion change?

 5. Repeat steps 2 and 3 for a third period of time.

 Q2 What do you notice when you compare the velocities  v 
0
 ,  v 

1
 ,  v 

2
 , and  v 

3
  for the 

three periods? How is the velocity vector changing the object’s path?

 Q3 What do you notice when you compare positions  p 
0
 ,  p 

1
 ,  p 

2
 , and  p 

3
 ? Describe the 

motion of the object.

 Q4 Make a prediction for how the position will change during the next ten periods 

of time.

It would be a lot of work to do the same construction ten more times. You can use 

iteration to make the process easier.

Choose Edit⎮Undo 
repeatedly until you 
get back to the end of 
the fi rst period.

 6. Undo your work back to the end of the fi rst period of  
v1

p1

p0

v0

g
time.

 Gravity is constant, so you didn’t translate that vector. This 

means that you only have to keep track of changes in the position and the velocity. 

The fi rst step of the iteration will map  p 
0
  →  p 

1
  and  v 

0
  →  v 

1
 .

Points  p 0  and  v 0  are 
called the pre-image 
points of the iteration, 
and points  p 1  and  v 1  
are the image points.

 7. To create the iteration, select the pre-image points  p 
0
  and  v 

0
  and choose 

Transform⎮Iterate. Then click  p 
1
  and  v 

1
  in the sketch so that each pre-image 

point is correctly mapped to its image point. Click Iterate to complete the 

iteration and show the next three steps.

p1

p0

v0

v1

g
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Modeling Projectile Motion
continued

 8. With the iterated images still selected, press the � key on your keyboard to 

increase the number of iterations until you have about 15 of them.

 Q5 Describe the shape of the object’s fl ight. For each period of time, how do the 

direction of the velocity vector and the path of the object relate to each other?

 Q6 During which period of time does the velocity begin to point downward? Can 

you tell at what moment the ball begins to fall downward by looking only at the 

velocity vector? Can you tell when the velocity vector begins to point downward 

just by looking at your construction of the ball’s path?

To turn gravity off and 
check your prediction, 
drag the end points of 
the gravity vector so 
that they coincide.

 Q7 What do you think the path would look like if there were no gravity? Draw your 

prediction on paper.

 Q8 How well does the shape of the path represent the actual fl ight of a ball through 

the air? Think of a time when you’ve seen a ball fl y through the air. How does 

your constructed path differ from your observation of how balls fl y through 

the air?

The model can be more accurate if you make each iteration represent a shorter 

period of time. To make this change, you will have to change the lengths of the 

original vectors.

 Q9 To make each period of time half of its original value, how much shorter must 

you make the vectors? How many more iterations will you need to model the 

same period of time?

 9. Shorten the gravity and initial velocity vectors and increase the number of 

iterations until your model shows smooth motion for the projectile.

 Q10 What shape does the projectile’s motion appear to have?

EXPLORE MORE

 10. Using Graph⎮Plot New Function and the form f(x) � a x  2  � bx � c, try to 

match a parabola to the path of the ball. Adjust the parameters to change the 

shape of your parabola.

 11. Extend the model to use a parameter to represent the time interval. (Hint: Use 

the parameter to dilate the original vectors before you iterate them.) Page 2 of 

the sketch describes one way to do this.
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Translating Coordinates
Students use the vertices of a triangle plotted in the coordinate plane to explore the 

relationship between the coordinates of points in an original triangle and the coordinates 

of the vertices when translated along vectors. They observe the effects of transformation 

on a point’s coordinates and discover an algebraic connection between the coordinates of a 

point and its image.

Rotating Coordinates
Students investigate what happens to the coordinates of points after rotating them about 

the origin by multiples of 90°.

Reflecting in Geometry and Algebra
Students reflect a point across the coordinate axes and discover algebraic connections 

between the coordinates of the point and its image.

Stretching and Shrinking Coordinates
Students multiply the coordinates of a point to stretch or shrink a polygon toward or away 

from the axes. They multiply by different numbers, observe the resulting transformations, 

and discover algebraic connections between the coordinates of the point and its image.

Transforming Coordinates
Students perform elementary transformations in the coordinate plane by applying mapping

formulas to point coordinates and observing the geometric effect of the plotted images.
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Translating Functions
Students translate function graphs vertically and horizontally by adding constants to the 

function value and to the function’s argument.

Reflecting Functions
Students reflect function plots across the coordinate axes and explore connections between 

algebraic and geometric transformations.

Stretching and Shrinking Functions
Students stretch and shrink function graphs vertically and horizontally by multiplying the 

function value and dividing the function argument by constants.

Transforming Odd and Even Functions
Students transform the coordinates of a point according to the definitions of odd and even 

functions. They use the resulting transformed point to explore the symmetry shown by the 

graphs of various specific functions and to test a variety of functions to see if they are odd 

or even.
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Translating Coordinates ACTIVITY NOTES

You may wish to begin this activity by discussing vectors. What are vectors? 

How are they different from lines, rays, or segments?

If students fi nish early, you might suggest that they try translating several 

times with the same vector or translating using two or more different 

vectors. How are the fi nal images related to the translation vectors in each 

case? Students may also try using vectors whose tails aren’t attached to the 

origin.

You might also ask students to extend the activity by exploring the various 

ways of specifying a translation in Sketchpad. This activity uses a marked 

vector defi ned by two points (its tail and head). One alternative is to specify 

a distance and an angle (a polar vector); another is to specify a horizontal 

distance and a vertical distance (a rectangular vector). Any of these three 

methods of specifying a vector can be used in Sketchpad, though the focus 

of this discussion should not be on Sketchpad functionality, but rather on 

various ways to specify a vector. You could ask students to discuss when they 

might want to use one method and when they might want to use another.

INVESTIGATE
Q1 If you drag point D along the x-axis, the y-coordinates of a vertex and 

its image point will be equal. If you drag point D along the y-axis, the 

x-coordinates of a vertex and its image point will be equal.

Q2 If the vector translates the triangle to the left and up, point D is in the 

second quadrant. Its x-coordinate is negative (causing the leftward 

movement) and its y-coordinate is positive (causing the upward 

movement).

Q3 The image of (x, y) under a translation by (s, t) is the point (x � s, 

y � t). Note that this answer holds regardless of the signs of x, 

y, s, or t.

If this question is diffi cult for students, have them use actual values for 

x, y, s, and t, all positive at fi rst, and have them look for patterns.

Q4 Point M� will be at (4, 1). The reason is that the translation vector here 

is (3, �1), three to the right and one down. (1 � 3, 2 � (�1)) is (4, 1).

Q5 Point D is at (3, �1).
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Translating Coordinates ACTIVITY NOTES
continued

EXPLORE MORE
 Q6 All of the measurements are preserved except for the point coordinates.

Q7 Triangle XYZ cannot be the image of triangle UVW under translation 

because the three translation vectors aren’t the same. The vectors used to 

get from U to X and from V to Y are both (�2, �2), whereas the vector 

used to get from W to Z is (�1, �3). Other arguments are possible (for 

example, the two triangles aren’t similar)
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Translating Coordinates Presenter Notes

This presentation uses coordinates to represent three major components: a triangle 

in the coordinate plane, a translation vector, and the translated image of the 

triangle. In Q4–Q6, you will remove one of these things from view and challenge 

the class to derive it from the two remaining. Do plenty of repetitions, and be sure 

to give students a look at some negative numbers.

 1. Open Coordinate Translation Present.gsp. Press Translate. A quick animation 

will show the translation of the triangle by the vector from the origin to point D.

Spend a few minutes discussing the meaning of translation. As you speak, drag 

points A, B, C, and D. The image will move accordingly. Students will tend to pick 

up on the geometric relationships better when they see the objects in motion. This 

would be a good opportunity to acquaint them with the terms pre-image (�ABC), 

image (�A�B�C�), and translation vector ( 
 
 

___
 
›
 OD  ).

 Q1 What is the image of point A? [A�]

 Q2 Concentrate on the coordinates of points A, A�, and D. What relationship is 

there between these numbers? Give plenty of time for a response. [xA � xD � xA� 

and yA � yD � yA�]

 Q3 What about points B and C and their images? What’s the connection? [They 

have the same association. The differences between corresponding coordinates 

of a point and its image are defi ned by the coordinates of point D.]

 2. Press Secret Translation. This hides all of the objects and moves the pre-image 

and point D to new locations. By construction, the image must move also. 

 3. Show the pre-image and point D. 

 Q4 What are the coordinates of the image points? (Give students time to work it 

out, and then press Show Image.)

 4. Press Secret Translation again. This time show the pre-image and the image.

 Q5 What are the new coordinates of point D? (Press Show Point D.)

 5. Press Secret Translations again. Show D and the image.

 Q6 What are the coordinates of the pre-image points? (Press Show Pre-image.)

When you think students are ready, turn off the presentation and do the same thing 

on a board, this time using coordinates only—no sketches.
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Translating Coordinates

Analytic geometry is a branch of mathematics that uses a coordinate system to 

study geometry. In this activity you’ll do some analytic geometry as you study what 

happens to the coordinates of points—specifi cally, the vertices of a triangle—when 

they’re translated.

SKETCH

Choose Graph⎮Defi ne 
Coordinate System. 
Then choose 
Graph⎮Snap Points.

 You’ll start by creating a coordinate system and drawing the triangle to be 

translated.

 1. In a new sketch, create a new coordinate system with point snapping turned on.

 2. All the coordinate measurements in this activity will be integers, so change 

Sketchpad’s preferences to display the coordinates to the nearest integer. Choose 

Edit⎮Preferences, and on the Units panel set the precision for Others to units.

 3. Using the Polygons and Edges tool, draw a triangle whose vertices are grid 

points. Finish by clicking again on the fi rst vertex.

Select the three points 
with the Arrow tool, 
and choose Measure⎮
Coordinates.

 4. Measure the coordinates of the triangle’s three vertices. The vertices are labeled 

A, B, and C.

Now you need to tell Sketchpad how to translate the triangle. To do this, you’ll 

construct a segment and use it to defi ne a translation vector.

 5. Draw a segment from the origin to 4

2

–2

–4

–5

D: (2, -4)
C'

B'

A'

A

B

C

D

D: (2, –4)

C': (1, -3)

B': (-2, -1)

A': (-4, -2)A': (–4, –2)
B': (–2, –1)
C': (1, –3)

C: (-1, 1)

B: (-4, 3)

A: (-6, 2)

B: (–4, 3)
C: (–1, 1)

A: (–6, 2)

a point D in the plane.

 6. Measure the coordinates of point D. 

Drag this new coordinate 

measurement so that it’s away from 

the others.

Select in order 
the origin and 
point D. Choose 
Transform⎮Mark 
Vector.

 7. Mark the vector from the origin to 

point D. A brief animation shows 

the vector that you’ve marked.

Now translate the triangle and measure 

the new coordinates.

 8. Translate the triangle by the marked vector by selecting the entire triangle 

(vertices, sides, and interior) and choosing Transform⎮Translate.
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Translating Coordinates
continued

 9. Measure the coordinates of the new triangle’s vertices.

 10. Experiment by dragging point D or any of the triangle vertices. Look for a 

relationship between a point’s coordinates, the coordinates of its image under a 

translation, and the coordinates of point D.

INVESTIGATE

 Q1 Where can you drag point D so that the original points and their corresponding 

image points always have the same y-coordinates? The same x-coordinates?

 Q2 When the vector you defi ned translates the triangle to the left and up, in what 

quadrant is point D? How do you know?

 Q3 Suppose point D has coordinates (s, t). What are the coordinates of the image of 

a point (x, y) under a translation by (s, t)?

 Q4 Quadrilateral JKLM has vertices J: (�2, �1), K: (�3, 3), L: (�1, 1), and 

M: (1, 2). In its translated image J�K�L�M�, J� is at (1, �2), K� is at (0, 2), and 

L� is at (2, 0). Where is M�?

 Q5 In the previous problem, assume that JKLM was translated to J�K�L�M� using 

the vector in the sketch. What are the coordinates of point D?

EXPLORE MORE

 Q6 Using Sketchpad’s Measure menu, you can measure angles, point coordinates, 

segment slope and length, and perimeter and area of the interior. Which of 

these measurements are preserved (don’t change) under a translation? Which 

are not preserved?

 Q7 Triangle UVW has vertices U: (5, 8), V: (2, �5), and W: (�1, 3). Triangle XYZ 

has vertices X: (3, 6), Y: (0, �7), and Z: (�2, 0). Explain why XYZ cannot be the 

image of UVW under a translation.
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Rotating Coordinates ACTIVITY NOTES

While this activity is progressing, you may want to ask students why only 

multiples of 90° are being considered. The Explore More section addresses 

this issue, but students may not get that far and the issue is worth thinking 

about before then anyway.

A good extension to this activity involves asking students why the 

relationships in this activity hold. Consider suggesting that students form 

the triangles defi ned by the origin, a point, and the point’s image.

As another extension, you could discuss whether these relationships 

will hold if the center of rotation is a point other than the origin.

CONSTRUCTION TIPS
The instructions call for the Snap Points setting. It’s not actually necessary 

to change this, but the coordinate relationships will be easier for students 

to see if they work with integers.

SKETCH AND INVESTIGATE
 Q1 A fourth rotation would map the image to the original pre-image 

quadrilateral.

Q2 If you switch the x- and y-coordinates of the original point, then change 

the sign of the new x-coordinate, you get the coordinates of the image 

point after a 90° rotation about the origin. The coordinates of the image 

point are (�b, a).

Q3 Both the x- and y-coordinates of the image point are the opposite of 

those of the original point. The coordinates of the image of point (a, b) 

are (�a, �b).

Q4 The coordinates of the image point are (b, �a).

Q5 The answer will depend on the coordinates of point B. The coordinates 

of the four points will have the form B(a, b), B′(�b, a), B″(�a, �b), 

and B″′(b, �a).
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Rotating Coordinates ACTIVITY NOTES
continued

EXPLORE MORE
Q6 Angles, length, perimeter, and area are preserved. Coordinates and slope 

are not.

Q7 In polar coordinates, the fi rst coordinate represents the distance of a 

point from the origin. That distance does not change when the origin 

is the center of rotation. The second coordinate, the angle from the 

positive x-axis, changes in increments of 90°. Starting with point A(a, b), 

the images should be in the form A′(a, a � 90°), A″(a, a � 180°), and 

A″′(a, a � 270°).

Q8 In a square coordinate system, it’s diffi cult to see the relationship 

between the coordinates of a point and those of its image under a 45° 

rotation. In a polar coordinate system, the relationship is simple: The 

r-coordinates are the same, and the �-coordinate of the image point is 

that of the original point plus 45°.
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Rotating Coordinates Presenter Notes

To begin this presentation, explain that you intend to investigate some relatively 

simple rotations. The origin will be the center of rotation, and all rotations will 

be multiples of 90°.

 1. Open Coordinate Rotation Present.gsp.

 2. Press the Rotate button. This generates rotations of the quadrilateral by angles 

of 90°, 180°, and 270°. Drag some of the vertices on the red quadrilateral to 

show how the rotations respond.

 3. Take a moment to introduce or review the transformation notation used here. 

When a point is transformed, a prime (′) symbol is added to the label of its 

image, which is why all of the point labels on the last image have three prime 

symbols.

 4. Press Show A.

 Q1 These are the coordinates of point A. What should the coordinates be for A′? 
The actual answer will depend on the coordinates of A. Given A: (a, b), the 

coordinates of A′ will be (�b, a).

Go through each of the Show buttons one at a time to see all three images of A. 

Pause each time to ask for predictions. The general form will be as follows:

A(a, b), A′(�b, a), A″(�a, �b), A″′(b, �a)

 5. Press Show B.

 Q2 What are the coordinates for the three images of point B ? Give students time to 

agree on an answer for all three before revealing the coordinates. They should 

anticipate the same pattern.

Page 2 is actually the same sketch, but with the settings changed. Walk through the 

same presentation again, and ask the class to predict coordinates on the rotated 

points. This progression follows a different, simpler pattern:

A(a, b), A′(a, b � 90°), A″(a, b � 180°), A″′(a, b � 270°)

All of the �-coordinates will be reduced to equivalent angles between �180° 

and 180°.

If time allows, press Reset, hide the coordinates, and drag vertices to start again 

with a different quadrilateral. Do this on both pages. Try putting the pre-image 

somewhere other than the fi rst quadrant.
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Rotating Coordinates

In this activity you’ll investigate what happens to the coordinates of points after 

you rotate them about the origin, mainly by multiples of 90°. If you do the Explore 

More exercises, you’ll do the same thing in polar coordinates.

SKETCH AND INVESTIGATE

Choose Graph⎮Defi ne 
Coordinate System 
and then Graph⎮Snap 
Points.

 1. In a new sketch, create a new coordinate system with point snapping turned on.

 2. Using the Segment tool, draw a  
6

4

2
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C

quadrilateral whose vertices are 

grid points. Use the Text tool to 

label the vertices A, B, C, and D.

 3. Select the four vertices 

consecutively clockwise or 

counterclockwise, and choose 

Construct⎮Quadrilateral 
Interior.

 4. Mark the origin of your coordinate 

system as a center of rotation by 

selecting it and choosing 

Transform⎮Mark Center. 

To rotate one or 
more objects, select 
them and choose 
Transform⎮Rotate. 
Enter the angle to use 
in the dialog box that 
appears. Click Rotate 
when the settings are 
correct.

 5. Rotate the entire quadrilateral (points, sides, and interior) by 90°.

 6. Drag a vertex of the original quadrilateral, and observe how the image responds.

 7. Now rotate the image quadrilateral by 90°. Rotate the next image too. You 

should have four quadrilaterals on the screen.

 Q1 If you were to rotate the fourth quadrilateral, where would its image be?

 8. Select point A and its three rotated images (its corresponding points on the other 

three quadrilaterals). Choose Measure⎮Coordinates.

 Q2 What is the relationship between the coordinates of a point and the coordinates 

of its image point after a 90° rotation about the origin? Suppose that a point 

with coordinates (a, b) is rotated by 90° about the origin. What are the 

coordinates of its image point?

 Q3 What is the relationship between the coordinates of a point and the coordinates 

of its image point after a 180° rotation about the origin? If a point with 

coordinates (a, b) is rotated by 180° about the origin, what will the coordinates 

of its image point be?
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Rotating Coordinates
continued

 Q4 If you rotate an object by �90°, it will be rotated clockwise rather than 

counter-clockwise. Suppose you rotate a point with coordinates (a, b) by �90°. 

What will the coordinates of the rotated point be?

 Q5 What are the coordinates of B? Without doing any other measurements or even 

looking at the screen, what are the coordinates of the three rotated images of B?

EXPLORE MORE

 Q6 Using Sketchpad’s Measure  
6
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menu, you can measure angles, 

point coordinates, a segment’s 

slope and length, and a  

polygon’s perimeter and area. 

Which of these measurements 

are preserved (don’t change) 

under a rotation? Which are 

not preserved?

 9. Many people prefer to use a 

polar grid for certain kinds of 

graphing. To get a polar grid, 

choose Graph⎮Grid Form⎮
Polar. Now once again measure the coordinates of a point and its image 

points. Then drag the points around to determine the relationship between the 

coordinates of rotated points.

 Q7 Again suppose that a point has coordinates (a, b), but in this case they are polar 

coordinates. What are the coordinates of the images when you rotate this point 

90° about the origin three times in succession?

 Q8 Rotate a point by 45° about the origin. Measure the coordinates of the original 

point and its image point in both a square coordinate system and a polar 

coordinate system. In which type of coordinate system is the relationship 

between the coordinates clearer?
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Refl ecting in Geometry and Algebra ACTIVITY NOTES

This activity works well as a brush-up for students having problems with 

the coordinate plane, as an introduction to using Sketchpad for both 

geometry and algebra, and as preparation for function transformation in 

other activities.

Before starting this activity, it would be a good idea to brainstorm what 

students already know about refl ection. A useful question to discuss—

anticipating Q4 and Q6—is “If you stand 3 feet from a mirror, how far 

do you appear to be from your refl ected image?”

During the activity you may wish to encourage students to continually 

connect the geometric and algebraic realms. For example, how do the 

relationships found in Q4 and Q6 relate to those from Q2?

If your class has done this activity and the activities Rotating Coordinates 

and Translating Coordinates, you may want to end this activity by 

comparing all three transformations—translation, rotation, and refl ection. 

Which transformation was the easiest to understand from an algebraic 

perspective? Which was the most surprising?

CONSTRUCTION TIPS
3. You may choose instead to leave Fade traces over time unchecked so 

that traces remain on screen to be examined. In this case, students 

would periodically need to choose Erase Traces from the Display menu 

to clear traces from their screens.

14. The reason for using Coordinate Distance instead of Length or 

Distance from the Measure menu is that the scale of the axes can be 

changed. A unit on the coordinate grid does not necessarily have the 

same length as the distance measurement unit.

SKETCH AND INVESTIGATE
Q1 Dragging a refl ecting point results in a mirror pattern with the two 

traces mirroring each other across the line. Dragging a line point 

causes the refl ected image point to draw a circle around the other 

line point. The radius of this circle is the distance between the 

other line point and the refl ecting pre-image.

Q2 The line is the segment’s perpendicular bisector, meaning that the angle 

they form is 90° and the line cuts the segment in half.
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Refl ecting in Geometry and Algebra ACTIVITY NOTES
continued

FROM GEOMETRY TO ALGEBRA 
 Q3 (�a, b)

Q4 The distance is ⎮2a⎮ or 2⎮a⎮, but give some credit for the answer 2a. 

The absolute value signs ensure that the answer will be positive even if a 

is negative. This is desirable because the distance between two objects is 

always considered to be non-negative.

Q5 (a, �b)

Q6 ⎮2b⎮ or 2⎮b⎮, and maybe 2b (See the answer to Q4 above.)

EXPLORE MORE
 Q7 The coordinates switch places. The image of a point (a, b) refl ected 

across the line y � x is the point (b, a).

Q8 These three transformations are equivalent. The coordinates of (a, b) 

after any of the transformations are (�a, �b).
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Refl ecting in Geometry and Algebra Presenter Notes

 1. Open Refl ection Present.gsp. Drag point P as you explain that P� is its 

refl ection across the blue line. Also drag the points that defi ne the line. 

Experiment with the Show Traces button to emphasize the refl ection properties.

 2. Construct line segment PP�.

 Q1 What is the relationship between this line segment and the mirror line? 

[The mirror line is the perpendicular bisector of the line segment.]

 3. Open page 2. This is essentially the same construction moved to the coordinate 

plane. Now you can control the mirror line only by using the action buttons. 

Press Refl ect Over x-axis to align the mirror line with the x-axis.

All of the answers on 
this page are with 
respect to coordinates 
(a, b) for point P.

 Q2 The coordinates of point P are on the screen. Ask, “Knowing what you do about 

the properties of refl ection, what are the coordinates of P�?” [For P(a, b), the 

coordinates of P� are (a, �b).] Press Show Coordinates of P�.

 Q3 What is the distance PP�? �⎮2b⎮�

 4. Press Hide Coordinates of P�, Hide PP�, and Refl ect Over y-axis.

 Q4 Now what are the coordinates of P�? [�a, b]

 Q5 What is the distance PP�? �⎮2a⎮�

 5. Hide the measurements again, and press Refl ect Over y � x. This one is more 

diffi cult, so take it slowly.

 Q6 What are the coordinates of P�? [b, a]

 Q7 What is the distance PP�? �⎮  � 
__

 2   (a � b)⎮�

 6. Press Refl ect Over x-axis.

 Q8 Here it is refl ected on the x-axis again. Ask, “What will you get if you refl ect 

this image, P�, across the y-axis?” �The second image is P �(�a, �b), and 

PP � � 2 � 
_______

  a  2  �  b  2   .�

 7. After plenty of discussion, press Show Second Refl ection, Show Coordinates of P �, 

and Show PP�.

 Q9 Ask, “What happens if you refl ect it on the y-axis fi rst and then the x-axis?”

 8. Leaving all of the objects still showing, press Refl ect Over y-axis. Both of the 

mirror lines will rotate together, and as this happens, students will see that P � 

does not move at all. This should lead to a general conclusion about refl ections 

on two perpendicular lines.
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Refl ecting in Geometry and Algebra

If you’re like most people, you’ve spent at least a little time looking at yourself in 

the mirror, so you’re already familiar with refl ection. In this activity you’ll add to 

your knowledge on the subject as you explore refl ection from both geometric and 

algebraic perspectives.

SKETCH AND INVESTIGATE

 1. In a new sketch, use the Point tool to draw a point. 

 2. With the point still selected, choose a color from the 

Display⎮Color submenu. Then choose Display⎮Trace 
Point. Use the Arrow tool to drag the point around. 

The trail the point leaves is called its trace.

 3. If the trace remains on the screen without fading, choose Edit⎮Preferences. 
On the Color panel, check Fade traces over time and click OK.

To choose the Line 
tool, press and hold 
the pointer on the 
Straightedge tool; 
then drag and release 
over the Line tool 
in the palette that 
appears.

 4. Using the Line tool, draw a line. With the line selected, choose Transform⎮Mark 
Mirror. An animation indicates that the mirror line has been marked.

 5. Using the Arrow tool, select the point. Choose Refl ect from the Transform 

menu. The point’s refl ected image appears.

 6. Give the new point a different color, and turn on 

tracing for it as well.

Starting in this step, 
we’ll refer to the two 
points defi ning the line 
as line points and the 
other two points as 
refl ecting points.

 7. What will happen when you drag one of the 

refl ecting points? Ponder this a moment. Then 

drag and see. What do you think will happen when 

you drag one of the line points? Find the answer to 

this question too.

 Q1 Briefl y describe the two types of patterns you  

observed in step 7 (one when dragging a refl ecting 

point, the other when dragging a line point).

 8. Select the refl ecting points; then choose Display⎮
Trace Points to toggle off tracing.

 9. With the two points still selected, choose 

Construct⎮Segment. A segment is constructed 

between the points. Drag the various objects 

around and observe the relationship between the 

line and the segment. 
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Refl ecting in Geometry and Algebra
continued

 Q2 What angle do the line and the segment appear to make with each other? How 

does the line appear to divide the segment?

FROM GEOMETRY TO ALGEBRA

Now that you’ve reviewed some geometric properties of refl ection, you can apply 

this knowledge to refl ection in the xy plane. Start by exploring refl ection across the 

y-axis.

 10. Click in blank space to deselect all objects. Drag one of the line points so it’s 

near the center of the sketch. With this point selected, choose Defi ne Origin 
from the Graph menu. A coordinate system appears. The selected point is the 

origin, (0, 0).

 11. Deselect all objects; then select the y-axis  
6

4

2

–2

–5 5

A' A

and the other line point (the one that 

didn’t become the origin). Choose Edit⎮
Merge Point to Axis. The point now 

attaches itself to the y-axis, which acts as 

the mirror line.

 12. Drag one of the refl ecting points and 

consider the coordinates of both points 

as they move. How do the coordinates 

of the two points compare?

 13. Select both of the refl ecting points. Choose Measure⎮Coordinates.

 Q3 A point with coordinates (a, b) is refl ected across the y-axis. What are the 

coordinates of its refl ected image?

 14. Now consider the distance between the two refl ecting points and how it relates 

to their coordinates. Make a prediction. Then select the two points and choose 

Measure⎮Coordinate Distance.

A special challenge 
is to make sure 
your answers to this 
question and Q6 work 
regardless of what 
quadrants the points 
are in.

 Q4 A point with coordinates (a, b) is refl ected across the y-axis. How far is it from 

its refl ected image?

 15. Deselect all objects. Then select the point on the y-axis that you merged in 

step 11. Choose Split Point from Axis.

The point is split from the y-axis.

 16. With the point still selected, select the x-axis as well. Then choose Edit⎮Merge 
Point to Axis from the Edit menu. The x-axis now acts as the mirror line. Drag 

one of the refl ecting points and observe the various measurements.
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Refl ecting in Geometry and Algebra
continued

 Q5 A point with coordinates (a, b) is refl ected across the x-axis. What are the 

coordinates of its refl ected image?

 Q6 A point with coordinates (a, b) is refl ected across the x-axis. How far is it from 

its refl ected image?

EXPLORE MORE

 17. Plot the line y � x. Split the point from the x-axis and merge it to the new line.

 Q7 A point with coordinates (a, b) is refl ected across the line y � x. What are the 

coordinates of its refl ected image?

 18. Consider the following transformations (each is separate):

 a. Refl ect a point over the x-axis, and then refl ect the image over the y-axis.

 b. Refl ect a point over the y-axis, and then refl ect the image over the x-axis.

 c. Rotate a point by 180° about the origin.

 Q8 How do these three transformations compare? What would the coordinates of a 

point (a, b) be after each of these transformations?
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Stretching and Shrinking Coordinates ACTIVITY NOTES

STRETCH AND SHRINK
The informal defi nition of stretches and shrinks in the fi rst paragraph of 

this activity describes them as moving points toward or away from the 

axes, suggesting that only a single object is involved. The activity itself 

uses the terms pre-image and image, implying two separate objects. This 

apparent contradiction—whether a transformation involves changing a 

single object or creating a second object related to the fi rst—is confusing 

and merits class discussion. In fact, we often use both ways of talking about 

transformations, because a transformation can be viewed in a static way 

(with a pre-image giving rise to a separate image) or in a dynamic way 

(with a single object changing from one form to another). Each way of 

describing transformations is useful; encourage students to become 

comfortable with both.

Q1 The y-value tells how far the point is from the x-axis. (The x-value tells 

you how far it is from the y-axis.)

Q2 A point twice as far from the x-axis must have a y-value twice as great, so 

you should multiply the y-value by 2.

Q3 The image point always stays twice as far from the x-axis, no matter 

where you move the pre-image.

Q4 The image is now only half as far from the x-axis as the pre-image. This 

is a shrink.

Q5 The image point traces out a path related to the border of the polygon, 

but with a vertical shrink. This path has the same width as the polygon, 

but is only half as high.

Q6 When a � 2, the image point traces out a path related to the border 

of the polygon, but with a vertical stretch. This path is as wide as the 

polygon, but is twice as high. When a � 1, the image coincides with the 

pre-image.

Q7 When both a and b are 2, the image is twice as large as the original 

polygon, both vertically and horizontally. This is equivalent to a 

geometric dilation by a factor of 2.

Q8 a. When a � 0.50 and b � 0.50, the image is half the size of the original, 
both vertically and horizontally.

b. When a � 1 and b � 1, the image coincides with the original polygon.
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Stretching and Shrinking Coordinates ACTIVITY NOTES
continued

c. When the two sliders have equal values, the image is transformed 
the same way vertically and horizontally, so the image has the same 
shape as the original, although it may be larger or smaller.

Q9 a. When a � 1 and b � 3, the image is stretched by a factor of 3 
horizontally, but not at all vertically, so it’s three times as wide as the 
original and the same height as the original.

b. When a � 0.50 and b � 1, the image is half as high as the original 
and the same width.

c. When a � 2 and b � 3, the image is twice as high as the original and 
three times as wide.

EXPLORE MORE
 Q10 a. When a � 1 and b � �1, the image is the same size as the original, 

but is refl ected across the y-axis. 

b. When a � �1 and b � 1, the image is the same size as the original, 
but is refl ected across the x-axis. 

c. When a � �0.5 and b � �0.5, the image is half the size as the 
original, both vertically and horizontally. However, it is rotated by 
180° about the origin. (This rotation is equivalent to two refl ections, 
across each of the axes.)

Stretches and shrinks by negative values result in refl ection about the 

corresponding axis.
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Stretching and Shrinking Coordinates Presenter Notes

This presentation lays the groundwork for using stretches and shrinks to transform 

functions. First remind students how dilation works in geometry. Explain that the 

transformations involved in this presentation are different, because dilation involves 

equal stretches or shrinks both vertically and horizontally, but here they will see 

stretches and shrinks that are different in the two directions.

STRETCH AND SHRINK

First you’ll shrink or stretch to move a point toward or away from the x-axis.

 1. Open Stretch Shrink Coords Present.gsp. The sketch contains point A.

 2. Press the buttons to measure A’s coordinates and to multiply the y-value by 2.

 3. Press Construct Image of A to plot a new point using the calculated y-value.

 Q1 Drag point A to a variety of different locations, and ask students to describe the 

behavior they observe. 

Now make the multiplier adjustable by using the a slider.

 4. Press Show Slider to make the slider visible, and press Use Slider as Multiplier to 

use it in the calculation in place of the constant 2.

  Q2 Drag point A to several different locations, and ask students to describe how the 

image behaves. Then change the value of the slider and drag A again.

 5. On page 2 the pre-image point A has been attached to a polygon. Drag the point 

and ask students to observe the behavior of its image A�. Press Show Polygon 

Image to show the path of the image point.

 Q3 Adjust the a slider. Ask students to describe the shape and behavior of the image 

for various values of a. 

 6. On page 3 are two sliders, allowing you to transform the x- and y-values 

separately. Press the fi rst few buttons to show the various elements and to 

show the image of the polygon.

 Q4 Ask students to predict the image for each combination of slider values listed 

in the sketch. Then adjust the sliders to determine how accurate the predictions 

were. (All the combinations on this page have a � b, so the image is a similar 

shape to the pre-image.)

Pages 4 and 5 contain similar lists of slider values. If students can predict most of 

these correctly, they have a good sense of how stretches and shrinks work.
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Stretching and Shrinking Coordinates

In geometry dilation is defi ned in terms of moving toward or away from a center 

point. On the coordinate plane we can defi ne an additional transformation in which 

an object is moved toward or away from a line, usually one of the coordinate axes. 

Such transformations are usually called shrinks and stretches. In this activity you’ll 

create shrinks and stretches and investigate their properties.

STRETCH AND SHRINK

First you’ll use a stretch to move a point away from the x-axis.

 1. Open Stretch Shrink Coords.gsp. The sketch contains a coordinate system, a 

polygon, and a slider labeled a.

Use the Text tool to 
label the point.

To measure the 
x-coordinate, select 
the point and choose 
Measure⎮Abscissa 
(x). Use a similar 
method for y.

 2. Construct a point using the Point tool. Label it A and measure its x- and 

y-coordinates.

 Q1 Which of these two measurements tells you how far the point is from the x-axis?

 Q2 How could you change the point’s coordinates to defi ne a new point that’s twice 

as far away from the x-axis?

Enter the value yA 
into the calculation 
by clicking the yA 
measurement in the 
sketch.

 3. Use Sketchpad’s Calculator to multiply the measured y-coordinate by 2. To do 

this, choose Number⎮Calculate and calculate 2y
A
.

 4. Construct the new point by selecting in order the values x
A
 and 2y

A
 and then 

choosing Graph⎮Plot as (x, y). This new point is called the image, and the 

original point A is called the pre-image.

 5. Drag pre-image A and observe the behavior of the image.

 Q3 How does the image behave when the pre-image is  2

1

–1

2

0 1

xA = 0.70

a⋅yA = 0.9

yA = 1.80

a  = 0.50

A

a

a = 0.50

a⋅yA = 0.90
yA = 1.80
xA = 0.70

near the x-axis? How does it behave when the 

pre-image is below the x-axis?

To edit the calculation, 
double-click it. Then 
change the expression 
to put a (the value of 
the slider) in place of 
the 2.

 6. Edit the calculation 2y
A
 to make it a � y

A
, so that it 

multiplies by the value of the slider instead of by 

the constant 2. 

 7. Drag the slider to set its value to 0.50.

 Q4 Drag the pre-image point. How does the image 

point behave now? Is this a stretch or a shrink?

Now you’ll attach the point to the polygon border and use it to apply the same 

transformation to every point of the polygon.

 8. Merge point A to the hexagon by selecting both the point and the hexagon 

interior and choosing Edit⎮Merge Point to Hexagon.
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Stretching and Shrinking Coordinates
continued

 Q5 Drag point A around the hexagon. How does the image point behave now?

 9. To construct the locus of the image as  
2

1

–1

2

0 1

A

a

a = 0.50

xA = 1.73

a ⋅yA = 0.79
yA = 1.58

pre-image A moves around the hexagon, 

select both points and choose 

Construct⎮Locus.

 Q6 Drag the slider so a � 2. How does this 

change the locus? What does the locus 

look like if you make a � 1?

 10. Page 2 contains a polygon and two sliders, 

a and b. Construct a new point A to be the 

pre-image. Measure its x- and y-coordinates.

 11. Use Sketchpad’s Calculator to compute the new coordinates: b � x
A
 and a � y

A
.

 12. Construct the image point by selecting the two calculations in order and 

choosing Graph⎮Plot as (x, y).

 13. As you did before, attach point A to the polygon, and then construct the locus 

of the image point as pre-image A moves around the polygon.

 14. Experiment by dragging the sliders and observing the effect on the locus.

 Q7 Set the sliders so a � 2 and b � 2. Describe the shape of the locus compared to 

the original polygon.

 Q8 Describe the shape of the locus, relative to the original polygon, for each 

combination of slider values here.

 a. a � 0.50 and b � 0.50 b. a � 1 and b � 1

 c. What conclusion can you draw when the two sliders have equal values?

 Q9 Now describe the results for these slider values.

 a. a � 1 and b � 3 b. a � 0.50 and b � 1

 c. a � 2 and b � 3

EXPLORE MORE

 Q10 Describe the transformations that result from these slider values.

 a. a � 1 and b � �1 b. a � �1 and b � 1

 c. a � �0.5 and b � �0.5

  What can you conclude about stretches and shrinks by negative values?
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Transforming Coordinates ACTIVITY NOTES

The presentation document has constructions for all of the transformations 

in Q1 and Q2. If there is a need to save time, or if the students have 

not acquired the necessary Sketchpad skills, they can use this prepared 

document.

GETTING STARTED
 2. If students are not already familiar with the Calculator, demonstrate 

the process of clicking measurements in the sketch to insert them into 

a calculation.

 Q1 This is a translation by vector (3, �5).

Q2 a. Refl ection across the y-axis

b. Rotation by 180° about the origin

c. Rotation by 90° counterclockwise about the origin

d. Refl ection across the line y � x

e. Dilation with respect to the origin by ratio 2

f. Horizontal stretch from the y-axis by ratio 3

Q3 a. xA� � �yA, yA� � �xA

b. xA� � yA, yA� � �xA

MORE DIFFICULT TRANSFORMATIONS
 Q4 a. xA� � �5 � � yA � 2�, yA� � 2 � �xA � 5�

b. xA� � xA, yA� � 12 � yA

EXPLORE MORE
 Q5 Examples of dilation and rotation about arbitrary points are shown 

on pages B and C of the presentation fi le, Coordinate Transformation 
Present.gsp.

Q6 Pages B and C of the presentation fi le also contain sliders to defi ne the 

ratio or angle.

Q7 The example given in the question describes a translation combined 

with a shear, and is illustrated on page D of the presentation fi le. (That 

page also contains a slider to allow you to adjust the shear.) Calculations 

that use linear combinations of xA and yA make possible the full set 

of affi ne transformations, including translation, rotation, refl ection, 
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Transforming Coordinates ACTIVITY NOTES
continued

dilation, stretching, and shear. An affi ne transformation is one that 

preserves collinearity and ratios of distances. In other words, any affi ne 

transformation of a segment with a midpoint results in another segment 

with a midpoint: The segment remains straight (collinearity) and the 

midpoint remains in the middle (ratio of distances). 
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Transforming Coordinates Presenter Notes

Other activities are available to show the effects that geometric transformations 

have on coordinates. In this presentation you will turn it around by transforming 

the coordinates in order to transform the image.

 1. Open Coordinate Transformation Present.gsp. Drag point A and ask students 

to observe its coordinates.

 Q1 Point out the two calculations in blue. The fi rst one adds 3 to xA, and the second 

one subtracts 5 from yA. These will be the coordinates of a new point. Where 

will it appear in relation to point A? (3 units to the right and 5 down)

 2. Select the blue coordinates in order and choose Graph⎮Plot as (x, y). Label the 

new point A�. Drag point A again so students can see that A� moves with it.

 Q2 Press the Show Polygon button. What would the result be if you added 3 to the 

x-coordinate and subtracted 5 from the y-coordinate of every point on the 

polygon? [The entire polygon would be translated.]

 3. Select point A and the polygon. Choose Edit⎮Merge Point to Polygon. Animate 

or drag point A so that it moves around the polygon.

 Q3 As point A is moving, what is A� doing? [It is tracing a congruent polygon.]

 4. Select points A and A� and choose Construct⎮Locus. The translated polygon 

image appears. Drag vertices of the pre-image polygon to help show the 

relationship.

The pages labeled (a)–(f) correspond to Q2 from the student activity. In each 

case point A is already attached to the polygon. The transformation has been 

constructed, but it is hidden. Stop at each page and challenge the class to describe 

the coordinate transformation. Use the Show buttons to show the results.

 Q4 Move to the next page. Where will the polygon image be? Press the Show Image 

button to see the transformed polygon.

 Q5 Ask for a precise geometric description of the transformation. Press the Show 

Description button to check the responses.

The pages labeled A, B, C, and D are considerably more complex. The fi rst three 

involve transformations with respect to points other than the origin, and page D 

involves a shear. A slider controls the scalar r, and a dial controls angle q.

The fi nal page, labeled “Custom,” may be used to create your own transformations. 

Describe a transformation and ask students how to defi ne it. Edit the blue 

coordinate calculations according to their directions.
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Transforming Coordinates

There are several Sketchpad activities in which you transform a point geometrically 

and then predict and observe the effect on the point’s algebraic coordinates. In 

this activity you’ll do the reverse: You’ll transform the coordinates and observe the 

geometric effect on the plotted images.

GETTING STARTED

The coordinate system 
appears automatically.

 1. In a new sketch, construct a point and measure its coordinates using 

Measure⎮Abscissa (x) and Measure⎮Ordinate (y). 

To put a measurement 
like xA into a 
calculation, click the 
measurement in the 
sketch.

To change the label 
of a calculation, 
double-click it using 
the Text tool. Put the 
subscript in square 
brackets: x[A�] for xA�

.

 2. To transform the coordinates algebraically, choose Number⎮Calculate, and use 

the Calculator to defi ne these two values:

x
A�

 � x
A
 � 3 y

A�
 � y

A
 � 5

 3. Plot the point determined by these transformed coordinates 4

2

A'

A
xA = 0.75

xA' = 3.75

yA' = –0.66

yA = 4.34by selecting them in order and choosing Graph⎮Plot as (x, y). 
Label the new point A�.

 Q1 The two formulas defi ne the coordinates of image point A�. 

Drag A and describe how the transformation behaves. What 

type of transformation is this?

You can understand the transformation more easily by applying it to more than one 

point. Here you will apply it to a polygon.

To show the frame, 
choose Edit⎮
Properties. On the Unit 
panel, check Frame 
polygon perimeter. 
Set the polygon’s 
Opacity to 0.25.

 4. Use the Polygon tool to draw an interesting polygon. Finish by clicking again on 

the fi rst vertex. Then show the polygon’s frame.

 5. To attach point A to the polygon frame, select both A and the polygon, and 

choose Edit⎮Merge Point to Polygon.

 6. Drag point A around the polygon and observe the path of A�. Then construct 

the locus of A� by selecting points A and A� and choosing Construct⎮Locus.

6

4

2

–2

5

A'

A

 

6

4

2

–2

5

A'

A
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Transforming Coordinates
continued

Now you can see the transformation more clearly. Drag the polygon vertices and 

watch how the image moves. Does this confi rm your response to Q1?

 Q2 You can change the defi nitions for the ordered pair (x
A�

, y
A�

). Double-click a 

calculation in order to edit it. For each pair of defi nitions below, draw on your 

paper a prediction of what the polygon image will look like. Then change the 

coordinate defi nitions to check your prediction.

 a. (�x
A
, y

A
) b. (�x

A
, �y

A
) c. (�y

A
, x

A
)

 d. (y
A
, x

A
) e. (2x

A
, 2y

A
) f. (3x

A
, y

A
)

 Q3 Here are some transformations that were not included in the list above. State 

defi nitions for (x
A�

, y
A�

) that will create these transformations:

 a. Refl ect on the line y � �x.

 b. Rotate 90° clockwise about the origin.

MORE DIFFICULT TRANSFORMATIONS

 7. The coordinate defi nitions below produce a dilation by ratio 3 with respect to 

the point (2, 4). Edit the coordinates accordingly to confi rm that this is correct.

x
A�

 � 2 � 3(x
A
 � 2) y

A�
 � 4 � 3(y

A
 � 4)

 Q4 Using a method similar to that in step 7, fi nd the coordinate defi nitions for the 

following transformations:

 a. Rotate 90° counterclockwise about the point (�5, 2).

 b. Refl ect across the line y � 6.

EXPLORE MORE

 Q5 Construct a point in an arbitrary location, and use it as the center of dilation or 

rotation. The trick is to measure the coordinates of the center point, and then 

use them in the calculations that defi ne the coordinates of A�.

 Q6 You can also use a slider or a parameter to defi ne the ratio of dilation. Give that 

a try.

 Q7 Each of the coordinate defi nitions described here contained only one variable 

(either x
A
 or y

A
). Try a defi nition like x

A�
 � x

A
 � 0.5y

A
 � 4, y

A�
 � y

A
 � 1. 

Describe your results.



Exploring Algebra 2 with The Geometer’s Sketchpad 
  

187
© 2012 Key Curriculum Press

Translating Functions ACTIVITY NOTES

ADD TO THE FUNCTION
Q1 The path of A is y � f(x), the function plot.

Q2 Point B is four units above A. This relationship holds no matter where 

point P is.

Q3 Since B is always four units above A, and A is always on the function 

graph, the path of B has the same shape as the function graph and is 

four units higher.

Q4 The graph of y � f(x) � 4 is the graph of y � f(x) translated four units 

upward.

Q5 For any function f(x) and any constant k, the graph of y � f(x) � k 

is the same as that of y � f(x) translated k units upward. If k � 0, the 

translation is downward.

SUBTRACT FROM THE ARGUMENT
Q6 Point A falls on the function graph and is two units to the left of point P.

Q7 Points A and B are at the same height because their y-coordinates are 

the same. The x-coordinate of B is two units greater than that of A, so 

B is two units to the right of A.

Q8 Since B is always two units to the right of A, and A is always on the 

function graph, the path of B has the same shape as the function graph 

and is two units to the right of the function graph.

Q9 For any function f(x) and any constant h, the graph of y � f(x � h) 

is the same as the graph of y � f(x) translated h units to the right. 

If h � 0, the translation is leftward.

SUMMARY
Q10 For any function f(x) and constants h and k, the graph of 

y � f(x � h) � k is the same as y � f(x) translated h units to the right 

and k units upward.
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Translating Functions Presenter Notes

In this presentation you will demonstrate the function translations of a graph 

in the form y � f(x � h) � k by showing the vertical and horizontal translation 

components separately.

 1. Open Translating Functions Present.gsp. Drag point P to show that it controls 

the measurement xP. Drag the slider to show changes to parameter k.

 2. Press Show A. Point A has coordinates �xP, f  �xP��, so it must fall on the graph.

 Q1 Drag the slider so that k � 3. For now, you are interested in seeing what 

happens when you add some constant to the function. If you plot the point 

�xP, f  �xP� � k�, where will it fall? [It will be 3 units above point A.]

 3. Press Show B. Drag P to show that B is always three units higher.

 Q2 What is the path of point B as you drag P left and right? [Its path is a translation 

of the graph of y � f(x), 3 units upward.]

 4. Select point B and choose Display⎮Trace Plotted Point. Drag point P to trace 

the path.

 Q3 What is the equation of this curve? [y � f(x) � 3. Show it with other values of k 

by dragging slider k to a new value and then dragging P again.]

 5. Go to page 2 and show point A. This time it has coordinates �xP � h, f  �xP � h��. 
This again places it on the graph.

 Q4 Drag the slider so that h � 4, and plot �xP, f  �xP � h��. Where will it fall? [It will 

be 4 units to the right of point A.]

 6. Press Show B and drag point P left and right.

 Q5 What is its path? [It is a translation of y � f(x), 4 units to the right.]

 7. Trace point B to demonstrate the shape of the path.

 Q6 What is the equation of its path? [y � f(x � h)]

 8. Page 3 has sliders for both h and k. The combined graph y � f(x � h) � k is 

plotted. There are Show/Hide buttons for it. Try several different combinations 

for the two parameters, and challenge students to describe the translation 

before you reveal it in the sketch.

 9. Double-click the defi nition for f(x) to edit it. Try several different defi nitions. 

Students need to understand that the nature of the parent function has nothing 

to do with the translation principle.
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Translating Functions

When you analyze a function, it helps to be able to picture its graph without 

necessarily drawing it. This is not easy if the function defi nition is complicated, but 

you may be able to recognize it as a translation of a simpler graph.

ADD TO THE FUNCTION

 1. Open Translating Functions.gsp. You will see the function graph y � f(x). The 

function itself is not important to this investigation. It’s just a curve with plenty 

of ups and downs, giving it a distinctive shape. Point P is attached to the x-axis. 

The measurement x
P
 is the x-coordinate of P.

In this section you will transform the function by adding a constant to the value of 

the function itself.

Enter the function f by 
clicking the function 
defi nition on the 
screen.

 2. Choose Number⏐Calculate and calculate f(x
P
).

 3. Select in order x
P
 and f(x

P
). Choose Graph⎮Plot as (x, y). A new point appears. 

Label it A.

 Q1 Drag point P along the x-axis. What is the path of point A?

Now you will see what happens graphically when you add a constant to the 

function.

 4. Using the Sketchpad Calculator again, compute the value f(x
P
) � 4. Plot point B 

with coordinates (x
P
, f(x

P
) � 4).

 Q2 Where is point B in relation to point A? Is this relationship the same for all 

values of x? Test this by dragging point P.

 Q3 Describe the path of B as you drag point P.

 5. Select B and choose  
8

6

4

2

–2

–5 5 10

B

A

P

Display⎮Trace Plotted 
Point. Drag P again to trace 

the path of B.

 Q4 The curve you have just traced is 

y � f(x) � 4. Describe it as a 

translation of y � f(x).

To erase the old traces, 
press the Erase Traces 
button at the bottom of 
the screen.

 6. Double-click the calculation 

f(x
P
) � 4. Change it to f(x

P
) � 7. 

Drag point P and observe the path of B again. Try some other constants. 

Double-click the original function to change its defi nition. Make up a function 

of your own.
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Translating Functions
continued

 Q5 From your observations, what general conclusion can you draw about the shape 

of a graph in the form y � f(x) � k?

SUBTRACT FROM THE ARGUMENT

You just saw what happens when you add a constant to the function. In this section 

you will subtract a constant from the argument (x).

 7. Go to page 2. This should look familiar. It’s the same as page 1.

 8. Calculate x
P
 � 2 and f(x

P
 � 2). Plot the point (x

P
 � 2, f(x

P
 � 2)). Label the 

point A.

 Q6 Where does point A appear?

 9. Plot the point (x
P
, f(x

P
 � 2)). Label it B.

 Q7 Where does point B appear with respect to point A? Explain why this is so. Drag 

point P to confi rm that this relationship is always true.

 Q8 As you drag point P, changing x, what is the path of point B? Trace point B to 

confi rm this.

 10. Experiment with subtracting other constants (positive and negative) from the 

argument. Try several different functions.

 Q9 From your observations, what general conclusion can you make about the 

shape of a graph in the form y � f(x � h)?

SUMMARY

 11. Open page 3. The two sliders control the parameters h and k.

 12. Choose Graph⎮Plot New Function. Defi ne the function g(x) � f(x � h) � k.

 13. Drag each slider in turn and observe its effect.

 Q10 Describe the graph of y � f(x � h) � k as a transformation of y � f(x).
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Refl ecting Functions ACTIVITY NOTES

A key goal of this activity is for students to understand the notation 

y � f(x). Specifi cally, it should help them understand that the part inside 

the parentheses refers to the input (the x-value), and that using the 

opposite of x as the input alters its horizontal aspect, so the graph of f(x) 

is refl ected across the y-axis. By contrast, the entire expression f(x) refers 

to the output (the y-value), and taking the opposite of the output affects 

the vertical aspect of the graph, so the graph of f(x) is refl ected across the 

x-axis. Students will fi nd this easier to grasp if they start out with a good 

understanding of function notation and transformations.

COMPARE REFLECTIONS
Q1 Answers will vary. The important thing is that students make a guess 

and try to explain why.

Q2 Try asking a few students who got the correct pairing to explain their 

guesses, even if they were based only on a hunch. Also remember 

to congratulate those students who admit that they guessed wrong; 

emphasize that we learn best if we’re willing to make mistakes.

Q3 If x � 2, f(x) � �1. The ordered pair is (2, �1).

Q4 The corresponding point on g is (2, 1).This makes sense because the 

value of g(x) is the opposite of the value of f(x), and 1 is the opposite 

of �1.

Q5 The corresponding point on h is (�2, �1). By defi nition, h(x) � f(�x). 

Therefore, h(�2) � f(2).

Q6 Students should observe that, no matter how they change the function, 

g(x) still refl ects f(x) across the x-axis and h(x) across the y-axis. 

Q7 a. The graphs of y � f(x) and y � �f(x) are refl ections of each other 
across the x-axis.

b. The graphs of y � f(x) and y � f(�x) are refl ections of each other 
across the y-axis.

EXPLORE MORE
Q8 The function y � �f(�x) does the trick. The negative sign outside 

of f(x) refl ects f across the x-axis, and the one on the inside refl ects it 

across the y-axis, as explained in the previous answer.
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Refl ecting Functions ACTIVITY NOTES
continued

 Q9 a. f(x) �  x  2  � 3 is even.

b. f(x) �  x  3  is odd.

c. f(x) �  x  3  � 3 is neither.

d. f(x) �  x  6  � 3 x  4  � 2 x  2  is even.

e. f(x) �  x  5  � 3 x  3  � 8x is odd.

 Q10 The plot of x � f  (y) is not necessarily equivalent to the plot of the 

inverse function y �  f   �1 (x). To make an inverse function, you may 

need to restrict the domain of f(x).
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Refl ecting Functions Presenter Notes

In this presentation students will discover how the graphs of y � f(x) and 

y � �f(x) are refl ections of each other across the x-axis, and how the graphs of 

y � f(x) and y � f(�x) are refl ections of each other across the y-axis. They will also 

learn how to identify functions as odd or even by observing their refl ections. 

 1. Open Refl ecting Functions Present.gsp. Press Show f(x), and ask students to 

identify the type of function and the shape it plots. 

 Q1 Press Show g(x) and h(x). Tell students that g and h are both refl ections of f(x); 

then ask them to predict which of the two is a refl ection across the x-axis and 

which is a refl ection across the y-axis. 

 Q2 Ask students for an ordered pair that belongs to f(x). Then ask them for the 

corresponding ordered pair for g, and the corresponding ordered pair for h. 

(For instance, if the ordered pair for f is (2, �1), the corresponding pair for g 

must have the opposite y-value—(2, 1)—and the corresponding pair for h must 

have the opposite x-value—(�2, �1).) 

 Q3 Ask, “How does the placement of the negative sign affect where the ordered pair 

will be graphed?” [If the ordered pair has the opposite x-value, it will be plotted 

on the opposite side of the y-axis. If it has the opposite y-value, it will be plotted 

on the opposite side of the x-axis.]

 Q4 Press Show Plots of g and h, and ask students to use their predictions to match 

up the plots with their corresponding functions. [Function g matches plot A, 

and function h matches plot B.]

 Q5 Press Show Pairing and ask students to evaluate their predictions.

 2. Use the second set of functions to reinforce what students have just learned.

Algebraically, for 
an even function, 
f (x ) � f (�x ). For 
an odd function, 
�f (x ) � f (�x ).

 3. Go to the “Odd or Even?” page. Explain that for an even function, the original 

function and its refl ection across the y-axis are identical. For an odd function, 

the refl ection across the x-axis is identical to the refl ection across the y-axis.

 Q6 For each of the fi ve functions, fi rst press the Show button for that function. 

Then ask students to decide whether the function is odd, even, or neither. 

 Q7 Press Refl ect Across x-axis, and then Refl ect Across y-axis. Ask students whether 

their hypotheses were correct. Ask, “How do these refl ections help you tell?”

 4. Repeat for the remaining functions. For each function, have students decide 

whether it’s odd, even, or neither, both before and after showing the refl ections. 

Finish with a class discussion about how �f(x) and f(�x) are different from f(x) and 

from each other. Encourage students to use both algebraic and geometric reasoning. 
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If you explored what happens when you refl ect points across the x- and y-axes, 

you learned that the x-coordinates of a point and its refl ection across the y-axis are 

the opposite of each other. Similarly, the y-coordinates of a point and its refl ection 

across the x-axis are opposites. These rules allow you to refl ect points across the 

axes. But what if you want to refl ect an entire function plot across one of the axes?

COMPARE REFLECTIONS

To begin, plot a function and create two other functions related to the fi rst.In the New Function 
Calculator, use the ^ 
key to enter exponents.  1. In a new sketch, plot f(x) �  x  2  � 5x � 5 using Graph⎮Plot New Function.

To enter f into a new 
function equation, 
click its equation in the 
sketch.

 2. The Graph⎮New Function command allows you to enter a function without 

plotting it. Use this command to create the function g(x) � �f(x). Then create 

the function h(x) � f(�x). 

The graph of one of these new functions will be the refl ection of the original graph 

across the y-axis (labeled A in the fi gure below); the graph of the other will be the 

refl ection across the x-axis (labeled B in the fi gure below). 

 Q1 Do you think that g(x) will match plot A or plot B? Which plot will h(x) match? 

Explain why you paired them up the way you did. 

To plot a function, 
select its equation and 
choose Graph⎮Plot 
Function.

 Q2 Plot the two new functions (fi rst one, then the other, so you know which is 

which). Was your pairing correct? 

 3. To make them easy to identify, choose different colors for f(x), g(x), and h(x). 

(Use Display⎮Color, and color both the equation and the plot.) Also make the 

plot of f(x) thick. (Use Display⎮Line Style⎮Thick.)

 Q3 If x � 2, what is f(x)? Write  2

–2

–5 5

A
B

f(x)

h(x) = f(–x)

g(x) = –f(x)

f(x) = (x2 – 5⋅x) + 5

the result as an ordered pair.

To construct the point, 
choose the Point 
tool and click the 
Function plot.

 4. Construct a point on the 

function plot of f at the 

correct position for this 

ordered pair. Then construct 

a corresponding point on the 

function plot of g, and another on the function plot of h.

 Q4 What are the coordinates of the corresponding point on g(x)? Explain why this 

makes sense algebraically, based on the defi nition that g(x) � �f(x).

 Q5 What are the coordinates of the corresponding point on h(x)? Explain why this 

makes sense algebraically, based on the defi nition that h(x) � f(�x).
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Refl ecting Functions
continued

 5. Double-click the equation for f(x). In the Edit Function dialog box that 

appears, change f(x) into some other function—perhaps a different quadratic, 

an absolute value function, or another polynomial like f(x) �  x  3  �  x  2 . 

 Q6 How does the new f(x) relate to the new graphs of g(x) and h(x)?

 Q7 Fill in the blanks:

 a. The graphs of y � f(x) and y � �f(x) are refl ections of each other 

across  .

 b. The graphs of y � f(x) and y � f(�x) are refl ections of each other 

across  .

EXPLORE MORE

 Q8 From studying transformations, you’ve probably learned that refl ecting a point 

over the x-axis, and then refl ecting that image point over the y-axis gives the 

same result as refl ecting fi rst over the y-axis, and then over the x-axis (and that 

both are equivalent to a 180° rotation). Can you devise a function based on any 

f(x) that, when plotted, transforms the plot of f(x) twice, in this way?

 Q9 An even function is one for which f(�x) � f(x). In other words, the plots 

of y � f(�x) and y � f(x) are the same. An odd function is one for which 

f(�x) � �f(x). In other words, the plots of y � f(�x) and y � �f(x) are the 

same. Edit f(x) in your sketch to determine which of the following functions are 

even, which are odd, and which are neither: 

 a. f(x) �  x  2  � 3 b. f(x) �  x  3 

 c. f(x) �  x  3  � 3 d. f(x) �  x  6  � 3 x  4  � 2 x  2 

 e. f(x) �  x  5  � 3 x  3  � 8x

 Q10 When you refl ect a point across the line y � x, its x- and y-coordinates are 

switched. Here’s a way of switching the x- and y-values for an entire plot. 

Choose Graph⎮Plot New Function. Choose x � f(y) from the Equation pop-up 

menu. Enter f(y) (by clicking fi rst on the equation of f(x) in the sketch, then on 

y in the Calculator keypad), and click OK. Does the resulting graph appear to be

a refl ection of the original graph across x � y? Experiment with several different 

equations for f(x) to see how a graph relates to its refl ection across y � x.
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Stretching and Shrinking Functions ACTIVITY NOTES

MULTIPLY THE VALUE OF THE FUNCTION
 Q1 The path of A is y � f(x), the function plot.

Q2 Point B is twice as far from the x-axis as A. This relationship holds no 

matter where point P is.

Q3 Since B is always twice as far from the x-axis as A, and A is always on 

the function graph, the path of B is a vertically stretched version of the 

path of A.

Q4 The graph of y � f(x) � 4 is the graph of y � f(x) stretched in such a 

way that the positive values are twice as high and the negative values are 

twice as low.

Q5 For any function f(x) and any constant a � 1, the graph of y � a � f(x) 

is the same as that of y � f(x) stretched vertically by a factor of a. If 

0 � a � 1, the transformed graph shrinks toward the x-axis.

Q6 Negative values of a fl ip the graph across the x-axis. When a � �1, the 

fl ipped graph also stretches vertically. When �1 � a � 0, the fl ipped 

graph shrinks vertically. When a � 1, the transformed graph is identical 

to the original. When a � 0, the transformed graph is fl at, identical to 

the x-axis (a constant function with a value of zero). When a � �1, the 

transformed graph is the refl ection of the original across the x-axis.

Q7 Answers will vary, because students will choose different functions. 

But no matter what functions they choose, they should see the same 

behavior that’s described for the previous question.

DIVIDE THE ARGUMENT OF THE FUNCTION
 Q8 When b � 1, the graph stretches horizontally, so that every point on it is 

farther from the y-axis. When 0 � b � 1, the graph shrinks horizontally, 

so that every point on it is farther from the y-axis. When b � �1, the 

graph refl ects across the y-axis and stretches horizontally. When 

�1 � b � 0, the graph refl ects across the y-axis and shrinks 

horizontally.

Q9 When b � 1, the transformed graph is identical to the original. When 

b � 0, the transformed graph does not exist, because division by zero is 

undefi ned. When b � �1, the transformed graph is a refl ection across 

the y-axis.
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Stretching and Shrinking Functions ACTIVITY NOTES
continued

SUMMARY
Q10 When a � 1, multiplying the value of the function results in stretching 

vertically, because the value of the function becomes greater. When 

b � 1, dividing the argument of the function means that a greater value 

of the argument must be used for the same result, so this results in a 

horizontal stretch. (This phrasing assumes positive values, but the same 

principle applies if the value of the function or argument is negative.) 

By using multiplication in one case and division in the other, both 

operations result in similar behavior: a stretch when the parameter is 

greater than 1 and a shrink when it’s between 0 and 1.

Q11 For any function f(x) and constants a and b, the graph of y � a � f(x/b) 

is the same as the graph of y � f(x) transformed vertically by a stretch 

or shrink by a factor of a, and transformed horizontally by a stretch 

or shrink by a factor of b. If either a or b is negative, the graph is also 

refl ected across the x- or y-axis.
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Stretching and Shrinking Functions Presenter Notes

In this presentation you will demonstrate stretches and shrinks of a graph in the 

form y � a � f(x/b) by showing the vertical and horizontal stretches and shrinks 

separately on pages 1 and 2, and then combining them on page 3.

 1. Open Stretching Functions Present.gsp. Drag point P to show that it controls 

the measurement xP. Drag the slider to show how it changes parameter a.

 2. Press Show A. This point has coordinates (xP, f(xP)), so it must fall on the graph. 

Drag the slider so that a � 2.

 Q1 What will happen if you multiply the function’s value by a? If you plot the 

point (xP, a � f(xP)), where will it fall? [It will be twice as far above the x-axis 

as point A.]

 3. Press Show B. Drag P to show that B is always twice as far from the axis as A.

 Q2 What will be the path of point B as you drag P left and right? [Its path is a 

vertical stretch of the graph of y � f(x) by a factor of 2.]

 4. Select point B and choose Display⎮Trace Plotted Point. Drag point P to trace 

the path.

 Q3 What is the equation of this curve? [y � 2f(x). Show it with other values of a by 

dragging slider a to a new value and then dragging P again.]

 5. Go to page 2 and drag the slider so that b � 2. 

 Q4 Now you want to plot (xP, f(xP/b)). Should you evaluate the function at point P, 

using the argument xP? [No, you need to divide xP by 2 before evaluating.] 

 6. Press Show A to show the argument to use when evaluating the function. Press 

Show B to evaluate the function using this argument.

 Q5 Is this the point you want to plot for the new function? [No, this gives the 

correct value to use, but students need to plot this value at the position of P 

on the x-axis.]

 7. Press Show C to plot the value of the function at the position of P. Drag P back 

and forth, and have students observe how the graph is stretched horizontally. 

 8. Page 3 has sliders for both a and b. The combined graph y � a � f(x/b) is plotted. 

Try several different combinations for the two parameters, and challenge 

students to describe the stretch or shrink before you reveal it in the sketch.

 9. Double-click the defi nition of f(x) to edit it. Try several different defi nitions. 

Students need to understand that the principle of stretching or shrinking a 

function is independent of the specifi c choice of the parent function.
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Stretching and Shrinking Functions

When you analyze a new function, it’s easier to understand the function’s behavior 

and graph if you can recognize it as a transformed version of a function you already 

know. In this activity you’ll explore function transformations that involve stretching 

or shrinking a parent function.

MULTIPLY THE VALUE OF THE FUNCTION

 1. Open Stretching Functions.gsp. You will see the function graph y � f(x). The 

function itself is not important to this investigation. It’s just a curve with a 

distinctive shape. Point P is attached to the x-axis. The measurement x
P
 is the 

x-coordinate of P.

In this section you will transform the function by multiplying the value of the 

function by a constant.

Enter function f by 
clicking the function 
defi nition on the 
screen and enter the 
value of xP by clicking 
it on the screen.

 2. Choose Number⎮Calculate and calculate f(x
P
).

 3. Select in order x
P
 and f(x

P
). Choose Graph⎮Plot as (x, y). A new point appears. 

Label it A.

 Q1 Drag point P along the x-axis. What is the path of point A?

Now you will see what happens graphically when you multiply the value of the 

function by a constant.

 4. Using the Sketchpad Calculator again, compute the value 2 � f(x
P
). Then plot 

point B with coordinates (x
P
, 2 � f(x

P
)).

 Q2 Where is point B in relation to point A? Is this relationship the same for all 

values of x? Test this by dragging point P.

 Q3 Describe the path of B as you drag  10

8

6

4

2

–2

5

B

A

P

point P.

 5. Select B and choose Display⎮Trace 
Plotted Point. Drag P again to trace 

the path of B.

 Q4 The curve you have just traced is 

y � 2 � f(x). Describe it as a 

transformation of y � f(x).

To erase the old traces, 
press the Erase Traces 
button at the bottom of 
the screen.

 6. Double-click the calculation 2 � f(x
P
). 

Change it to 0.5 � f(x
P
). Drag point P 

and observe the path of B again. 
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Stretching and Shrinking Functions
continued

 7. Show slider a. Change the calculation again, to make it a � f(x
P
). Drag the slider 

and observe how point B behaves for different values of a. 

To construct the 
locus, select both 
points and choose 
Construct⎮Locus.

 8. To avoid the need to re-create traces every time you change the multiplier a, 

construct the locus of point B as P moves along the x-axis.

 Q5 Use the slider to try various positive constants, some greater than 1 and some 

less than 1. Describe the transformation’s effect on the graph when a � 1 and 

when 0 � a � 1.

 Q6 Try negative constants. Describe the transformation’s effect on the graph when 

a � �1 and when �1 � a � 0. What happens when a � 1? When a � 0? When 

a � �1?

 Q7 Double-click the original function to change its defi nition to a function of your 

own choice. Then try various values of a, and describe your results.

DIVIDE THE ARGUMENT OF THE FUNCTION

You just saw what happens when you multiply the function by a constant. In this 

section you will divide the argument (x) by a constant. You will take a shortcut by 

defi ning the transformed function directly, rather than transforming a point and 

constructing its locus.

 9. Go to page 2. This page is similar to page 1, but the slider is labeled b. Set the 

value of b to 1.50.

To create the function, 
choose Graph⎮Plot 
New Function. To 
enter function f or 
value b into the new 
function, click the 
object in the sketch.

 10. Create the transformed function in one step by graphing g(x) � f(x/b).

 Q8 Drag slider b to divide the argument by various constants. Try several different 

values, both positive and negative. Describe the effect on the transformed graph 

when b � 1, when 0 � b � 1, when b � �1 and when �1 � b � 0.

 Q9 Describe the shape of the transformed graph when b � 1, when b � 0, and 

when b � �1.

SUMMARY

 11. Open page 3. The two sliders control the values a and b.

 12. Defi ne the function g(x) � a � f(x/b).

 13. Drag each slider in turn and observe its effect.

 Q10 Why do you think the directions asked you to multiply the value of the function 

by a, but to divide the argument by b?

 Q11 Describe the graph of g(x) as a transformation of f(x).
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Transforming Odd and Even Functions ACTIVITY NOTES

TRANSFORM A POINT
1. Students must measure the x- and y-coordinates separately to use the 

results in calculations later. 

Q1 In an odd function, the value of f(�x) is the opposite of the value of 

f(x), so the calculation should be �yA.

3. The two calculations to plot are ��xA, �yA�.

Q2 In an even function, the value of f(�x) is the same as the value of f(x), 

so the values to plot are ��xA, yA�.

4. The two calculations to plot are ��xA, yA�.

Q3 Point Even is the refl ection of A across the y-axis, and point Odd is its 

rotation by 180° about the origin. Students may also describe Odd as a 

double refl ection across both x- and y-axes, as a dilation by �1 about 

the origin, or as a point refl ection through the origin.

TEST SOME FUNCTIONS
Q4 As you drag A along the function plot, the Odd image traces out the 

opposite portion of the function plot. The Even image does not stay on 

the plot. This indicates that this particular function is odd, because the 

Odd image stays on it no matter where you drag A.

Q5 In each case students should test the function by dragging A along its 

plot. If the Odd image stays on the graph, the function is odd; if the 

Even image stays on the graph, the function is even; and if neither stays 

on it, the function is neither odd nor even. Here are the results:

a. f(x) � 5x is odd.

b. f(x) �  x  3  � 2 is neither.

c. f(x) �  x  2  � 2 is even.

d. f(x) �  x  4  � 3 x  3  is neither.

e. f(x) � sin(x) is odd.

f. f(x) � cos(x) is even.

Q6 There are many possible answers. 

Linear functions show point symmetry and are odd. (Any point on the 

graph can serve as the center.)
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Transforming Odd and Even Functions ACTIVITY NOTES
continued

Second-degree (quadratic) polynomials are symmetric about a vertical 

axis and are even. (If the polynomial is expressed in the form 

f(x) � a(x � h )  2  � k, the axis of symmetry is the line x � h.)

Third-degree (cubic) polynomials are symmetric about a point and are 

odd. All these functions have a point of infl ection, which is the point of 

symmetry.

Higher-degree polynomials generally exhibit neither kind of refl ection 

symmetry. But some carefully chosen polynomials may show either 

kind of symmetry, depending on whether their highest-degree term has 

an even or odd exponent.

Absolute value functions have an axis of symmetry, and so exhibit even 

symmetry. Exponential and log functions exhibit neither odd nor even 

symmetry.

Sine and cosine graphs show both kinds of symmetry, requiring only 

a proper choice of point (for point symmetry) or vertical axis (for 

refl ection symmetry). Because of their periodic property, these functions 

have infi nitely many refl ection points and refl ection axes.

WHOLE-CLASS PRESENTATION
Use Transform Odd Even Present.gsp to present this activity to the 

class. Press the buttons and follow the directions on the screen to do the 

presentation.
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Transforming Odd and Even Functions

An odd function is one in which f(�x) � �f(x) for all x in its domain.

An even function is one in which f(�x) � f(x) for all x in its domain.

In this activity you’ll transform a point using the above defi nitions and use the 

transformed point to test a variety of functions to see if they are odd or even.

TRANSFORM A POINT

 1. In a new sketch, construct point A and measure its x- and y-coordinates.

Next transform these coordinates according to the defi nition of an odd function.

 2. The transformed point must have an x-value opposite that of the original point, 

so calculate �x
A
.

 Q1 From the defi nition of an odd function, what calculation can you use to fi nd the 

y-value that corresponds to an x-value of �x
A
? Calculate this result.

To plot the transformed 
point, select the 
calculated x- and 
y-values in order and 
choose Graph⎮Plot 
as (x, y).

 3. Plot the transformed point and label the new point Odd.

 Q2 From the defi nition of an even function, what calculations can you use to fi nd 

the coordinates of a point that matches that rule? 

 4. Use the Calculator to compute these values. Plot the point and label it Even. 

 Q3 Describe the behavior of image points Odd and Even as you drag A.

TEST SOME FUNCTIONS

Select point A and 
the graph. Choose 
Edit⎮Merge Point to 
Function Plot.

 5. Plot the function f(x) �  x  3  � 3x. Merge point A to the new function plot.

 6. Drag point A along the function plot and observe the transformed images.

 Q4 How do the image points behave in relation to the function plot? Is the function 

even or odd? How can you tell from the image points?

 Q5 Edit the function according to each problem below. Predict whether each will 

turn out to be even, odd, or neither. Then test by dragging A.

 a. f(x) � 5x b. f(x) �  x  3  � 2 c. f(x) �  x  2  � 2

 d. f(x) �  x  4  � 3 x  3  e. f(x) � sin(x) f. f(x) � cos(x)

Are there any 
functions that have 
odd symmetry about 
one point and even 
symmetry about a 
different point?

 Q6 Some functions are neither odd nor even, but show even or odd symmetry 

about a point other than the origin. For instance, f(x) �  x  3  � 1 shows odd 

symmetry about the point (0, �1). Find two more such functions, one showing 

odd symmetry and one showing even. Identify the point or axis of symmetry, 

and edit the coordinate calculations to match the symmetry of the function.
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Absolute Value Functions
Students graph the absolute value parent function and various transformations of it. In 

the process, they review the point-slope form of a line and prepare for the vertex form of 

quadratic functions.

Exponential Functions
Students graph exponential functions and examine their properties. They use exponential 

functions to model compound interest and radioactive decay.

Logarithmic Functions
Students explore the graphical relationship between exponential and logarithmic functions 

and determine how to write the formula for a logarithmic function that is the inverse of a 

particular exponential function.

Square Root Functions
Students explore the square root function by generating data: First they vary the side length 

of a square and observe its area, and then they vary the area and observe the resulting side 

length. They investigate the relationship between these two relations using both algebraic 

and geometric methods. Students also investigate whether the inverse of y � x² is a 

function and determine under what conditions the inverse relation is also a function.

Rational Functions
Students defi ne simple rational functions and show their graphs as transformations of the 

graph of the reciprocal function y �  1 . 

Modeling Linear Motion: An Ant’s Progress
Students explore parametric functions that model linear motion and discover connections 

between the parametric equations and the slope-intercept form of a line.

x
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Absolute Value Functions ACTIVITY NOTES

In addition to familiarizing students with various transformations of the 

absolute value graph, there are two other reasons for doing this activity: 

First, it reinforces students’ understanding of the point-slope form of lines 

(with the role of point (h, k) becoming even more apparent). 

Second, it prepares students for the vertex form of parabolas.

It’s important for students to actually predict what the absolute value graphs 

will look like before they graph them. Just by plotting a few points—such 

as (�2, 2), (0, 0), and (2, 2)—they can gain insight into why these graphs 

appear as they do.

SKETCH AND INVESTIGATE
Q1 The graphs are identical to the right of x � 2. To the left of x � 2, the 

graphs are refl ections on the x-axis. Another way of describing this is 

that the part of y � 2x � 4 that was below the x-axis has been fl ipped 

above the x-axis. The graph of y � 2x � 4 is a line whereas the graph 

of y �⎮2x � 4⎮ is shaped like a V. The range of y � 2x � 4 is all real 

numbers whereas the range of y �⎮2x � 4⎮ is all real numbers greater 

than or equal to zero.

Q2 This graph has the same parent function (y � 2x � 4), but a different 

vertex: the point (0, �4). The purpose of this question is to spur 

students to think about how the numbers in the equation relate to the 

position of the vertex.

A FAMILY OF ABSOLUTE VALUE GRAPHS
Q3 The sign of m determines whether the V opens upward or downward 

or is fl at. The graph of an equation with a positive m opens upward; 

with a negative m, it opens downward; and with m � 0, it is straight and 

horizontal. The greater the magnitude of m, the smaller the angle at the 

vertex. The slope of the right side of the V always equals m while the 

slope of the left side always equals �m.

Q4 The coordinates of the vertex are (h, k).

Q5 a. y � 2⎮x � 1⎮� 2 b. y � �1.5⎮x � 2⎮� 3

c. y � 3⎮x � 3⎮� 1 d. y � (2/3)⎮x⎮� 8/3

e. y � �1⎮x � 2⎮� 4 f. y � �2.5⎮x � 2⎮� 5
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Absolute Value Functions ACTIVITY NOTES
continued

 Q6 The graph does not have x-intercepts if parameters m and k have the 

same sign. For example, if k is positive, then the vertex is above the 

x-axis. If m is also positive, then the graph opens upward, so it can never 

reach down to the x-axis.

If m and k have opposite signs, then there are two x-intercepts. If k � 0, 

then the vertex itself is an x-intercept.

EXPLORE MORE
 Q7 Consider the graphs of two equations: y � f(x) and y �⎮f(x)⎮. Where 

the fi rst graph is below the x-axis, it will be refl ected across (above) the 

x-axis in the second graph. Where the fi rst graph is above the x-axis, the 

second graph will be identical.
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Absolute Value Functions Presenter Notes

 1. Open VGraph Present.gsp. Press Show y � x. After a short pause, press 

Show y �⎮x⎮.

 Q1 It looks like the graphs coincide on the right side. Geometrically, what is their 

relationship on the left? (They are refl ections on the x-axis.)

There is also a 
refl ection on the y-axis. 
If anyone mentions 
that, acknowledge 
it and verify that 
refl ection too.

 2. To verify this, construct a point on the left side of either graph. Double-click the 

x-axis to mark it as a mirror. Select the point and choose Transform⎮Refl ect. 
Drag the fi rst point to show that the image follows the other graph.

 3. On page 2, press Show y � mx � b. Drag the two sliders to show how they 

control the graph.

 Q2 Ask, “What will the graph of y �⎮mx � b⎮ look like?” Discuss predictions and 

show the graph.

 Q3 Give m a positive value for this question. What is the slope on the right part of 

the absolute value graph? (m) What is the slope on the left side? (�m)

 4. The slope on the right side should be clear because of the coinciding graphs. 

To check the slope on the left side, construct a line segment with both endpoints 

on the left side of the absolute value graph. Select the segment and choose 

Measure⎮Slope.

 5. On page 3 is the graph of y � m⎮x⎮, with m � 1 to begin.

There is a button 
that will show m as a 
fraction, reinforcing the 
slope concept.

 Q4 Before moving the slider, ask for predictions. Then vary m and ask for 

observations as you make m bigger, smaller, negative, and zero. (As with 

multiplying any other function by a constant, m defi nes the ratio for a vertical 

stretch. In this case an m with larger magnitude makes the vertex angle smaller. 

If m is positive, it opens upward; if negative, downward. When m � 0, the graph 

coincides with the x-axis.)

 6. Page 4 contains three sliders and the graph of y � m⎮x � h⎮� k.

 Q5 What are the effects of changing the parameters? Parameters h and k defi ne 

horizontal and vertical translation. Parameter m has the same effect as before.

 Q6 Identify the vertex. What are the coordinates of this point? (h, k) To emphasize 

this, press Reset, and then drag the h and k sliders one at a time. Give students 

the coordinates of the vertex and one other point, and challenge them to derive 

corresponding settings for m, h, and k.

 7. Page 5 has the graph of a general function along with its absolute value. Edit 

the defi nition of f(x) and have students predict the shape of its absolute value. 

Challenge them with functions they have never seen. Given the root function 

graph, they should still be able to predict the shape of the absolute value.
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Absolute Value Functions

The absolute value of a number is how big the number is, regardless of whether it’s 

positive or negative. Some examples should make this clearer.

The absolute value of �5 is 5, or ⎮�5⎮� 5.

The absolute value of 5 is 5, or ⎮5⎮� 5.

The absolute value of 0 is 0, or ⎮0⎮� 0. 

As you can see, the absolute value of a number is always a positive number or zero.

But what happens when you graph an equation involving the absolute value 

function, such as y �⎮2x � 4⎮? In this activity you’ll fi nd out.

SKETCH AND INVESTIGATE

Choose Graph⎮Plot 
New Function to open 
the New Function 
calculator. Then type x 
and click OK.

 1. In a new sketch, plot the equation y � x.

 2. Think about what the graph of y �⎮x⎮ might look like. Plotting points by hand 

or discussing the question with classmates might help. Make a rough sketch of 

your guess on scratch paper.

Choose Plot New 
Function again. Then 
choose abs from the 
Functions pop-up 
menu, enter x, and 
click OK.

 3. Plot the equation y �⎮x⎮. How does it compare with your prediction?

 4. Repeat steps 1–3 with the equations y � 2x � 4 and y �⎮2x � 4⎮. Make sure 

to draw a prediction of what you think the second equation will look like before 

plotting it in Sketchpad.

 Q1 Describe how the graphs of y � 2x � 4 and y �⎮2x � 4⎮ compare. Discuss 

their shapes, their ranges, and other features you notice.

 Q2 Predict what the graph of y �⎮2x⎮� 4 will look like. After making your 

prediction, plot it. Then describe the differences between this graph and the 

other two.

A FAMILY OF ABSOLUTE VALUE GRAPHS

As you explore this 
family, keep in mind 
a related family: lines 
in point-slope form 
y � m(x � h) � k.

 Now that you have an idea of what absolute values can do to the graphs of 

particular functions, you’ll explore a family of graphs: y � m⎮x � h⎮� k.
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Absolute Value Functions
continued

 5. Open VGraph.gsp. You’ll see the 

graph of an equation in the form  
6

4

2

–2

–5 5

y = 3.00|x – (2.00)| + (–1.60)

k = –1.60

h = 2.00

m = 3.00y � m⎮x � h⎮� k, and sliders 

for the parameters m, h, and k.

 Q3 Adjust slider m and observe the 

effect this has on the V-graph. 

Try different values for the 

slope—large, small, positive, 

negative, and zero. Summarize 

the role m plays in the equation y � m⎮x � h⎮� k.

 Q4 Changing m moves the entire V-graph except for one point. This point is called 

the vertex. Adjust the sliders for h and k. How does the location of the vertex 

relate to the values of h and k?

 Q5 Write an equation in the form y � m⎮x � h⎮� k for each of the V-graphs 

described below. Check each answer by adjusting the m, h, and k sliders.

 a. Vertex at (�1, 2); contains the point (0, 4)

 b. Vertex at (2, 3); contains the point (4, 0)

 c. Vertex at (�3, �1); same shape as y � 3⎮x � 2⎮� 5

 d. x-intercepts at (4, 0) and (�4, 0); contains the point (1, �2)

 e. x-intercepts at (6, 0) and (�2, 0); contains the point (5, 1)

 f. Same vertex as y � 3⎮x � 2⎮� 5; contains the point (0, 0)

 Q6 Not all graphs in this family have x-intercepts. How can you tell whether a 

function has x-intercepts just by looking at the function parameters?

EXPLORE MORE

To enter sin(x ), 
choose sin from the 
Calculator’s Functions 
pop-up menu. For 
this function’s graph 
to appear properly, 
Sketchpad’s angle 
units must be set to 
radians. Use Edit⎮
Preferences⎮Units to 
check this setting.

 Q7 Plot the following two pairs of equations: 

 a. y �  x  2  � 1 and y �⎮ x  2  � 1⎮

 b. y � sin x and y �⎮sin x⎮ (Don’t worry if you’re unfamiliar with the sin 

function.)

  Write a short paragraph summarizing what happens when you plot a function 

and its absolute value.
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Exponential Functions ACTIVITY NOTES

PROPERTIES OF THE GRAPH
 Q1 Both a and b are nonzero. Therefore, a b  x  is also nonzero for any real x, 

so y cannot be zero, and there is no x-intercept.

For the y-intercept, substitute zero for x in the equation y � a b  x .

y � a b  0  � a

The y-intercept is a.

Q2 For b � 1, f(x) tends to zero on the left. For 0 � b � 1, f(x) tends to zero 

on the right. The value of a has no infl uence on this property.

Q3 If a were equal to zero, the function would be the constant function 

f(x) � 0.

If b were equal to zero, the function would be zero for all positive x, and 

it would be undefi ned for all other values of x.

If b were less than zero,  b  x  would not be continuously defi ned over all 

real exponents x.

If b were equal to one, this would be another constant function, 

f(x) � a.

 Q4 Limited resolution may prevent students from making the difference 

exactly 1.00. It’s suffi cient for them to make it as close to that value as 

they can. The ratio yQ/yP � 1.30. This is the same as parameter b.

  
yQ __ yP

   �   
f  � xQ � 

 ____ 
f  � xP � 

   �   a b   x Q   ____ 
a b   x P  

   �   b   x Q   � x P   �  b  1 

Here it does not matter where on the graph points P and Q are, so long 

as xQ � xP � 1.

 Q5 If xQ � xP � 2.5, then yQ/yP � 1.3 0  2.5  � 1.9. This follows from the same 

reasoning as in the previous answer.

  
yQ __ yP

   �   
f  � xQ � 

 ____ 
f  � xP � 

   �   a b   x Q   ____ 
a b   x P  

   �   b   x Q   � x P   �  b  2.5 

DOUBLING PERIOD AND HALF-LIFE
 8. There may be some confusion regarding the term effective annual yield. 

The actual rate is about 5.8%, but since it is compounded continuously, 

at the end of each year, the investment will be worth 6% more than it 
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Exponential Functions ACTIVITY NOTES
continued

was at the beginning of the year. Even if students do not yet grasp the 

concept, they can continue with the given function defi nition.

Q6 The doubling period is about 11.90 years.

Q7 To fi nd the half-life, students should arrange the points so that 

yQ/yP � 0.50. When that happens, xQ � xP � 30, so cesium has a half-life 

of about 30 years. In this case changes in the scales of the axes can cause 

quite a lot of variation in the answers.

Q8 To fi nd a doubling period, with the ratio yQ/yP � 2.00, point Q would 

have to be to the left of P. In that case, xQ � xP � �30.

This answer fi ts with the half-life answer. It stands to reason that if it 

takes 30 years for half of the cesium to decay, then 30 years ago, there 

was two times as much. This explains the negative doubling period.
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Exponential Functions Presenter Notes

 1. Begin by showing the general form of this exponential function:

f(x) � a b  x , where a � 0, b � 0, and b � 1

Press Show Slider 
Controls to reveal 
buttons that you 
can use to set the 
parameters to various 
precise values.

 2. Open Exponential Present.gsp. This is a graph of the function with sliders 

controlling the values of a and b. Drag each slider in turn so that students can 

see the effects on the graph.

 Q1 Ask students for the x- and y-intercepts. [There is no x-intercept, and the 

y-intercept is equal to a.] Challenge them to verify these facts by alternately 

setting y and x to zero in the equation y � a b  x .

 Q2 Sometimes the function approaches zero on the left side, and sometimes on the 

right. What determines which side it is? [It’s on the left when b � 1 and on the 

right when 0 � b � 1.]

 Q3 In the general form of the function, there are three restrictions on the 

parameters a and b. Why? Show students what happens when a � 0, b � 0, 

b � 0, or b � 1.

 3. On page 2 there are two points on the graph, P and Q. You can drag P freely, but 

point Q is a fi xed distance to the right of point P. That distance is determined by 

the slider labeled �. At the bottom of the screen are measurements showing the 

difference of the x-coordinates and the ratio of the y-coordinates.

 4. Drag point P to show that the ratio of the y-coordinates remains constant when 

the difference in the x-coordinates (�) is constant.

On pages 3 and 4, the 
a and b sliders have 
been replaced with 
parameters in order to 
make it easier to enter 
precise values.

 Q4 What will the ratio be when � � 1.00? [It should equal b.] Challenge 

students to predict this before showing it. Then have them prove that 

  
f(xP � 1)

 ______ 
f  � xP � 

   � b.

 5. Page 3 has a graph showing the growth of an investment of $100 with an 

effective annual yield of 6%.

Pages 3 and 4 have 
rectangular grids. If 
students have not 
used that feature yet, 
this would be a good 
opportunity to show 
them the advantages 
of using different 
scales on the axes.

 Q5 With this investment, how long would it take to double your money? If the 

money is doubled between P and Q, then the ratio of their y-coordinates will be 

2. Drag the � slider until the ratio is 2.00. [The doubling period is the difference 

in the x-coordinates, about 11.9 years.]

 6. The graph on page 4 shows the radioactive decay of 80 g of cesium. The x-scale 

is in years.

 Q6 What is the half-life of cesium? This question is similar to the previous one. 

Give students time to fi gure out that they need to adjust the difference in the 

x-coordinates so that the ratio is 0.50. [The result is a half-life of about 30 years.]
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Exponential Functions

There is a connection between population growth, radioactive decay, musical scales, 

and compound interest. They seem to have little in common, but you can model 

any of them using an exponential function.

An exponential function has the general form f(x) � a b  x , where a � 0, b � 0, and 

b � 1.

PROPERTIES OF THE GRAPH

Before using an exponential function to model a real-world problem, take some 

time to familiarize yourself with the graph.

To create a parameter, 
choose Number⎮New 
Parameter.

 1. In a new sketch, create parameters a and b. 
5

f(x) = a⋅bx

b = 1.20

a = 1.70 2. Graph the function f(x) � a �  b  x  by choosing 

Graph⎮Plot New Function. Click the 

parameters in the sketch to enter them into 

the function.

To change the value 
of a parameter, either 
double-click it or select 
it and press the � or 
� key. (To change the 
size of the steps for 
the � or � keys, 
select the parameter 
and choose 
Edit⎮Properties⎮
Parameter. Change 
the Keyboard 
Adjustments value to 
0.1 unit.)

 3. The graph is plotted on the screen. Change the values of the parameters, and 

observe the resulting changes in the graph. Try several values for each parameter.

 Q1 What are the x- and y-intercepts of the graph? Explain how the intercepts are 

related to parameters a and b.

 Q2 The value of f(x) tends to get close to zero either on the left side or on the right. 

What parameter values determine which side it is?

 Q3 In the general form of the exponential function, there are three constraints 

(a � 0, b � 0, and b � 1). Explain the reason for each of these constraints.

Next you’ll investigate how the function behaves by comparing the coordinates of 

two points on the graph.

 4. Change the parameters so that a � 2.00 and b � 1.30.

 5. Construct two points on the function graph. Label them P and Q.

 6. Select both points and choose Measure⎮Abscissae (x). Select the points again 

and choose Measure⎮Ordinates (y).

 7. Calculate the values x
Q
 � x

P
 and y

Q
/y

P
. 

5

y
Q

y
P

 = 2.05 

x
Q 

–
 
x

P
 = 3.94

y
Q

 = 3.50

y
P

 = 1.71

x
Q

 = 2.55

x
P

 = –1.38

f(x) = a⋅bx
P

Q
 Q4 Drag point Q one unit to the right of P, so You can change the 
scale of the axes to 
give you more precise 
control over the 
positions of the points.

  that the difference x
Q
 � x

P
 is as close to 1.00 

as you can make it. What is the value of the 

ratio y
Q

/y
P
? Drag point P to a different 
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Exponential Functions
continued

position on the graph, and again drag Q so it’s one unit to the right. What is the 

value of the ratio y
Q

/y
P
? Why do you get this result?

 Q5 Now use a difference other than 1. Drag the points so that x
Q
 � x

P
 is 

approximately 2.5. What is the ratio? Drag them to another position, but with 

the x difference still equal to 2.5. What is the ratio now? Explain.

DOUBLING PERIOD AND HALF-LIFE

Exponential functions can be used to solve a number of real-life problems. First 

change the function so that it shows the value of $100 invested at an effective 

annual yield of 6%.

Effective annual yield 
is not the same thing 
as interest rate. That’s 
another topic.

 8. Edit parameters a and b so that the function has  

the defi nition f(x) � 100(1.06 ) x . This shows the 

value of $100 invested at an effective annual 

yield of 6%. (The x variable is in years, and y is 

in dollars.)

Setting the grid to 
rectangular allows you 
to adjust each axis 
independently of the 
other.

 9. At fi rst you can’t see the graph because the 

y-axis doesn’t go up to 100. To adjust the axes, choose Graph⎮Grid 
Form⎮Rectangular Grid. Then drag tick mark numbers on each axis so that 

you can see the results for the fi rst 25 years.

To see more 
decimal places in a 
parameter, select the 
parameter and choose 
Edit⎮Properties⎮
Value. Change the 
Precision setting.

 Q6 How long will it take to double your money? Drag the points so that the ratio 

is 2.00. What is the difference in their x-coordinates? This number is called the 

doubling period.

An exponential function can also be used to model the decay of radioactive cesium.

 10. To model the decay of 80 g of cesium, change 

the function defi nition to f(x) � 80(0.977 ) x .  
100

50

50

b = 0.977

a = 80.00

P
Q

f(x) = a⋅bx

Adjust the axes appropriately. The value of x is 

still in years, but the value of y is in grams.

 Q7 If you start with 80 g, you will have less cesium 

every year. How long would it take to lose half 

of it? Explain how you found the answer. This 

number is called the half-life of cesium.

 Q8 Although cesium decays, as opposed to growing, you can still calculate its 

doubling period. Drag the two points until you fi nd a position where the ratio is 

2.00. What is the difference in the x-coordinates? Explain how this verifi es your 

answer to Q7.

400

200

20

b = 1.06

a = 100.00

P

Q

f(x) = a⋅bx
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Logarithmic Functions ACTIVITY NOTES

GRAPH INVERSE EXPONENTIAL FUNCTIONS
On page 1 students graph y �  2 x  to begin with an exponential function 

that has points whose coordinates they can verify in their heads. On page 2 

they use a base of 10 to make it easy to see that 1 0 x  and log x are inverse 

functions. On page 3 they use function transformations to fi nd the inverse 

of a more general exponential function, and end up with a conjecture as to 

how to write the formula for such a function. This portion of the activity is 

useful either before introducing the change-of-base property of logarithms 

(to motivate that method) or afterward (to review the method). 

2. When students press Show Points, the seven points are shown and 

selected. Because the points are selected in order, it’s easy for students 

to measure and then tabulate the coordinates. Be sure they measure the 

coordinates using Measure⎮Coordinates rather than measuring the 

x- and y-values separately. If they deselect all objects at any point in 

the process, they can press Show Points to select objects again in order.

Q1 A negative value of x in the exponential function means that the 

exponent is negative. A positive base raised to a negative exponent 

results in a positive number. 

Q2 Within each pair of points (A and A	, B and B	, and so forth), the x- and 

y-values are interchanged.

Q3 None of the x-coordinates of the refl ected points can be negative, 

because none of the y-coordinates of the original function were negative.

Q4 The line y � x is called the axis of symmetry because it lies precisely 

between the two graphs, refl ecting each onto the other.

Q5 The graph of the log function coincides with the refl ected image of 

the exponential graph, so the log function must be the inverse of the 

original exponential function.

13. This instruction is brief and does not give precise details concerning 

commands. If students have trouble with it, have them review what they 

did in steps 7–8. 

Q6 The two graphs match when a is approximately 3.32 and b � 1. This 

value of a � 3.32 is approximately 1/log 2, but students don’t have 

enough information yet to reach this conclusion.

Q7 When k is 1 0 1 , a � 1; when k is 1 0 2 , a � 1/2; when k is 1 0 3 , a � 1/3. 

It appears that a must be 1/log k. 
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Logarithmic Functions ACTIVITY NOTES
continued

 Q8 Because 10,000 � 1 0 4 , the value of a must be 1/4. Because 0.1 � 1 0 �1 , the 

value of a must be 1/�1 � �1. Students should verify these predictions 

by testing them in the sketch.

 Q9 The inverse of f(x) �  k  x  is  f   �1 (x) � log x/ log k.

EXPLORE MORE
 Q10 Defi ne d � log k. Rewrite k as 1 0 d . Then:

 y �  k  x  � � 10  d   �  x  � 1 0 dx 

 so log y � dx

 and x �   
log y

 ____ 
d

   �   
log y

 ____ 
log k

  

 Q11 The inverse function is  f   �1 (x) � b log((x � k)/a) � h
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In this presentation students will fi nd the log function that’s the inverse of f(x) �  k  x .

Remind students that 
the ordered pairs of an 
inverse function are in 
the opposite order.

 1. Open Logarithmic Functions Present.gsp. Press Show Exponential Function. 

The graph of f(x) �  2 x  appears. Press Show Points and then Show Coordinates 

to show seven points on the graph, along with their coordinates.

 Q1 On the inverse function, what are the coordinates of the point corresponding 

to A on the original function? (8.00, 3.00) Ask different students to give 

coordinates for points on the inverse corresponding to each of the other points.

 Q2 What geometric transformation do you know that switches the x- and y-values? 

[refl ection across the line y � x]

 2. Use the next three buttons to refl ect the points across y � x and show the 

coordinates. The two tables confi rm the answers students gave for Q1.

 3. To see the entire graph of the inverse function, press Show Refl ected Graph.

Now compare an exponential function with a logarithmic function, and demonstrate 

that they are inverses by verifying that each is a refl ection of the other across y � x.

 4. On page 2, use the top two buttons to show the exponential function f(x) � 1 0 x  

and the logarithmic function g(x) � log x.

 5. Use the next two buttons to show y � x, a point on f(x), and its refl ection.

 6. Use the Animate button to animate the point, trace the refl ection, and verify 

that the refl ection (and therefore the inverse) of f(x) � 1 0 x  really is g(x) � log x.

Now graph an exponential function with an adjustable base, and graph a stretchable 

logarithmic function. Match the logarithmic function to the inverse of the 

exponential function, and fi nd a formula for the inverse of the exponential function.

 7. On page 3, press the fi rst three buttons to show the function f(x) �  k  x  and its 

inverse. Use the green buttons to switch k from 2 to 5 and back to 2 again.

 8. Show the adjustable logarithmic function, and drag sliders a and b to make the 

red logarithmic function match the blue inverse function.

 9. Show the table of values for k, a, and b. Double-click the table to make the 

current values permanent.

 10. Set k to the values 5, 10, 100, and 1000. For each value of k, drag sliders a and b 

to match the inverse, and record the values permanently in the table.

 Q3 Ask, “How can you determine the values of a and b from k?” [The value of b is 

always 1, and the value of a is 1/log k.]

 11. Test this conclusion by using the remaining green buttons to adjust k, predicting 

the required values of a and b, and testing the predictions by dragging a and b.

Logarithmic Functions Presenter Notes
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Logarithmic Functions

Many occurrences in our natural world can be modeled using logarithmic functions, 

including the strength of earthquakes, the intensity of sound, or the concentration of 

hydronium ions in a solution. In this activity you’ll explore the relationship between 

exponential and logarithmic functions, and determine how to write the formula for 

a logarithmic function that’s the inverse of a particular exponential function.

GRAPH INVERSE EXPONENTIAL FUNCTIONS

Logarithms are related to exponents, so start by graphing an exponential function 

and fi nding the inverse graph.

 1. Open Logarithmic Functions.gsp. Press the Show Exponential Function button 

to see the exponential function y �  2 x  along with its graph.

With the points 
selected, choose 
Measure⎮
Coordinates to fi nd 
their ordered pairs. 
With the coordinates 
selected, choose 
Number⎮Tabulate to 
place the coordinates 
in a table.

 2. Press the Show Points button to show seven points on the curve. Measure their 

coordinates, and put the resulting ordered pairs into a table.

 Q1 Notice that some of the x-values are negative. Does this mean that the resulting 

values of the function are negative? Explain why this is true or not true.

Next, interchange the x- and y-values by refl ecting the points over the line y � x.

 3. Press the Show y � x Line button. With the line selected, choose Transform⎮Mark 
Mirror. The line fl ashes briefl y to indicate that it is marked as the mirror. 

To show the labels 
of the selected 
points, choose 
Display⎮Show 
Labels.

 4. Press Show Points again to select the seven points in order, and choose 

Transform⎮Refl ect. The seven points are refl ected. Show their labels.

 5. Measure the coordinates of the refl ected points and tabulate the results. Align 

the two tables in order to see the original and refl ected points next to each other.

 Q2 What do you notice about the coordinates of each pair of points?

 Q3 Will any of the x-coordinates of the refl ected points be negative? Explain.

 Q4 Why is the line y � x called the axis of symmetry for a function and its inverse?

Next refl ect the entire graph over the line y � x.

Use the Point tool to 
construct the new 
point.

 6. Construct a point on the original graph, and  

5

8

6

4

–2

–4

y = f(x)

y = x

f(x) = 2x

G'

F'

E'
D'

C'
B'

A'

G

A

B

C

DEF

refl ect it over the line y � x. Drag your new 

point and observe the behavior of the refl ected 

image.

The refl ected graph 
is the graph of the 
inverse of the original 
function.

 7. To create the entire refl ected graph, select the 

point on the graph and its refl ected image, and 

choose Construct⎮Locus. Change the color of 

the locus, and make it dashed.



Exploring Algebra 2 with The Geometer’s Sketchpad 
  

221
© 2012 Key Curriculum Press

Logarithmic Functions
continued

You’ll use page 2 to graph y � 1 0 x , refl ect it to show its inverse, and compare the 

inverse to the graph of y � log x.

 8. On page 2 construct the graph of y � 1 0 x  by choosing Graph⎮Plot New 
Function and entering 10^x into the Calculator.

 9. Construct a point on the graph and refl ect it across the graph of y � x.

To turn tracing on 
or off, select the 
point and choose 
Display⎮Trace Point.

 10. Turn on tracing for the refl ected point, and drag the point on the graph to 

observe the shape of the inverse function.

  11. Construct the graph of y � log x.

 Q5 What do you observe about the graph of the log function and the refl ected 

image of the exponential graph? What conclusion can you draw?

On page 3 you’ll graph the exponential function f(x) �  k  x  and use different values 

for k to fi nd a general formula for the logarithmic function that’s the inverse of f(x).

Choose Number⎮New 
Parameter to create 
the new parameter, 
and set its label to k 
and its value to 2 in 
the dialog box that 
appears.

 12. Create a parameter k, set its value to 2, and use it to construct the graph of 

y �  k  x . To enter k into the function defi nition, click its value in the sketch.

 13. Construct a point on the graph, refl ect it across y � x, and construct the locus. 

This locus is the graph of the inverse function. Express this inverse as a logarithmic 

function by stretching or shrinking the parent logarithmic function y � log x.

 14. Using the values of a and b, plot the logarithmic function y � a log(x/b). Adjust 

the sliders so that your newly plotted function matches the inverse of y �  k  x .

 Q6 What values of a and b made the graphs match?

 15. Record the values of k, a, and b in a table. Then change the value of k to 5, 

match the graphs again, and add a new row of data to the table. Continue 

adding new data to the table for the following values of k: 10, 100, and 1000.

To add a row to a table, 
making the current 
values permanent, 
double-click the table.

 Q7 What pattern can you fi nd to relate the value of k to the values of a and b? 

 Q8 Use this pattern to predict the values of a and b needed when k � 10,000. Test 

your prediction by gathering another row of data for your table. Then predict 

the values needed when k � 0.1, and test your prediction.

 Q9 Use your results to write a formula for the inverse of f(x) �  k  x .

EXPLORE MORE

 Q10 Use algebraic manipulation to explain why your formula from Q9 must be true.

 Q11 A general exponential function can be written as f(x) � a � 1 0 (x�h)/b  � k. Write 

the corresponding inverse function in terms of a, b, h, and k.
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Square Root Functions ACTIVITY NOTES

INVESTIGATE
 Q1 When s � 2, a � 4. When s � 5, a � 25. When s is negative, a remains 

positive. As the value of s gets farther from zero, the value of a gets 

larger even faster.

 Q2 In this model s is the value you change, so it’s the independent variable, 

and a is the dependent variable.

Q3 The formula is a �  s  2 .

Q4  When a � 9, s � 3. When a � 32, s � 5.66. If a is 76, s must be between 

8 and 9, because  8  2  � 64,  9  2  � 81, and 76 is between 64 and 81.

 Q5 When you drag a to the right, Q follows a curving path in Quadrant I. 

When a is to the left of zero, point Q disappears, because the model does 

not allow a negative area.

Q6 The graphs of the two functions appear to match the traces that result 

from dragging the sliders.

Q7 The traces show refl ection symmetry about a line that goes diagonally 

up and to the right.

Q8 The line of symmetry is y � x.

 Q9 The refl ected point traces out a full refl ection of the  x  2  function plot, in 

the shape of a parabola opening to the right. This trace does not defi ne 

a function plot, because it fails the vertical line test.

Q10 The plot of g(x) coincides with the trace in Quadrant I, where y is 

positive. However, the function plot stops at the origin and does 

not go below the x-axis, and so leaves out the lower branch of the 

parabola. The trace includes both the upper and lower branches of the 

parabola.

EXPLORE MORE
 Q11 The refl ected image of the square root function consists of the right-hand 

branch of a parabola. The plotted function g(x) �  x  2  defi nes both branches 

of the parabola.

 Q12 The refl ection of f(x) �  x  2  is not a function graph, because the 

inclusion of points like (4, 2) and (4, �2) makes it fail the vertical line 

test. The refl ection of y �  � 
__

 x   is a function graph, consisting of the 

portion of y �  x  2  for which x � 0.
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Square Root Functions ACTIVITY NOTES
continued

If we restrict f(x) �  x  2  to the domain x � 0, its inverse is a function: 

g(x) �  � 
__

 x  . (This is called a one-to-one function.)

WHOLE-CLASS PRESENTATION
Use the Presenter Notes and Square Root Fns Present.gsp to present this 

activity to the whole class.
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Square Root Functions Presenter Notes

Use this presentation to explore the square root function, to investigate its 

relationship to y �  x  2 , and to stimulate students to think about inverse relations 

and inverse functions. 

 1. Open Square Root Fns Present.gsp. This page shows in two different ways the 

relationship between the side and the area of a square.

 2. Drag slider s and have students observe the changing values of s and a. Then 

show the plotted point P and continue dragging the slider to trace out the graph.

 Q1 How can you tell which is the independent variable? Write a formula for a in 

terms of s. �a �  s  2 �

 3. Drag slider a for the lower square and have students observe the changing 

values. Show the plotted point Q and continue dragging to trace out the graph.

 Q2 How can you tell which is the independent variable? Write a formula for s in 

terms of a. �s �  � 
__

 a  �

 Q3 Ask students to describe each graph individually, and then to compare the two. 

What is similar about them? How are they related to each other? What are the 

important differences?

 4. Press Show x^2 and Show sqrt(x).

 Q4 How do these graphs compare to the existing traces?

So far you have plotted inverse functions algebraically, by changing which variable 

is the independent variable and which is the dependent. On page 2 you’ll look at the 

process geometrically. 

 5. Page 2 shows the graph of y �  x  2  and the line y � x. There’s a point on the 

graph of y �  x  2 . To refl ect this point across y � x, click Show Point Refl ection.

 Q5 Drag the point on the graph. Turn on tracing for the refl ected point and drag 

again. How does the refl ected image point behave? 

 Q6 Click Show Function Refl ection to see the entire function refl ected. How is it 

related to the refl ected image?

 Q7 Is the refl ection the plot of a function? Does it pass the vertical line test?

 Q8 How does the refl ection compare to the graph of the function f(x) �  � 
__

 x  ? 

 Q9 On page 3, compare the refl ection of f(x) �  � 
__

 x   to the graph of y �  x  2 .

 Q10 Discuss with students how to modify the situation so that you have two 

functions, each of which is the inverse of the other. What sort of restrictions 

would be necessary?
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Square Root Functions

An important formula in geometry is the formula for the area of a square. In this 

activity you’ll start with this formula to gain an understanding of the square root 

function and to explore transformations of this function.

INVESTIGATE

You’ll use a model for the area of a square to begin your investigation. 

0 1

a = 6.25

s = 2.50

s
 1. Open Square Root Fns.gsp. This page shows, in two different ways, 

the relationship between the side and the area of a square.

 2. Use the slider below the top square to drag s left and right. 

 Q1 Drag s so it’s exactly 2.00. What is a? Make s exactly 5.00. What is 

a now? What happens to a when you move s to the negative side? Without using 

specifi c numbers, describe the relationship between s and a.

 Q2 In this model, does s depend on a, or does a depend on s? Which of these two is 

the independent variable? How can you tell?

 Q3 Write a formula for a in terms of s.

 3. To plot a data point, select the two measurements in order (independent 

variable fi rst, then dependent variable). Choose Graph⎮Plot as (x, y), and then 

choose Display⎮Trace Plotted Point. Label the point P.

 4. To see the entire graph, vary the variable by dragging s left and right. 

In the bottom square the roles of the variables are reversed.

 Q4 Drag a so it’s exactly 9.00. What is s? Make a exactly 32.00. What is s now? 

If a were 76.00, between what two positive integers would s be? Explain.

 5. In this case, what are the independent and dependent variables? Plot this new 

point as in step 3. Label the point Q.

 Q5 Drag a to the left and to the right. How does Q behave? What happens when you 

drag a to the left of zero? Explain why this happens.

To plot a function, 
make sure nothing is 
selected and choose 
Graph⎮Plot New 
Function. Square root 
appears as sqrt on the 
Function pop-up menu.

 6. Plot the functions f(x) �  x  2  and g(x) �  � 
__

 x  .

 Q6 How do these graphs compare to the existing traces?

So far you have plotted inverse functions algebraically, by changing which variable is 

the independent variable and which is the dependent. On pages 2 and 3 you’ll look 

at the process geometrically.
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Square Root Functions
continued

 7. On page 2 are point A and the measurements of its x- and y-coordinates. To 

form an inverse relation, you must interchange these coordinates, using y for x 

and x for y. Interchange the coordinates of A by plotting the point (y
A
, x

A
).

 8. Turn on tracing for both points, and drag point A around the coordinate plane. 

Try to make some interesting shapes.

 Q7 What kind of symmetry do your patterns show?

To erase all traces, 
choose Display⎮
Erase Traces.

 9. Erase the traces and drag A again. This time try to keep A and the plotted point 

together. This process will reveal the line of symmetry. 

 Q8 What is the equation of the line of symmetry?

Next you’ll use the line of symmetry to construct the inverse  
2

A
of y �  x  2 .

To mark a mirror, 
select the line and 
choose Transform⎮
Mark Mirror.

 10. Page 3 shows the graph of f(x) �  x  2  and the line of 

symmetry y � x. Mark the y � x line as the mirror. Use 

the Point tool to put a point on the graph. Then refl ect 

the point across the line.

To trace the point, 
select it and choose 
Display⎮Trace Point.

 11. Drag the point on the graph. Turn on tracing for the refl ected point, and drag 

again.

 Q9 How does the refl ected image point behave? Does it appear to trace out a 

function? (Hint: Try the vertical line test on it.)

 Q10 Plot the function g(x) �  � 
__

 x  . How does this function plot differ from the 

refl ected image?

EXPLORE MORE

 12. Page 4 shows the graph of y �  � 
__

 x   and the line of symmetry y � x. As before, 

put a point on the graph, refl ect it across the line of symmetry, turn on tracing, 

and drag the point on the graph.

 Q11 Plot the function g(x) �  x  2 . This time, how does the function plot differ from 

the refl ected image?

 Q12 Is either of the two refl ections you constructed a function graph? Can you say 

that f(x) �  x  2  and g(x) �  � 
__

 x   are inverse functions? If not, what restrictions 

must you specify in order to have inverse functions?
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Rational Functions ACTIVITY NOTES

THE RECIPROCAL FUNCTION
Q1 Yes, this does fi t the defi nition. Both 1 and x are polynomials. You may 

need to remind students that a polynomial may have only one term, and 

it does not necessarily have to have a variable.

Q2 The function f (x) is not zero for any real x. It is undefi ned for x � 0.

Q3 The asymptotes are the x- and y-axes. Their equations are x � 0 

and y � 0.

TRANSFORMATIONS OF THE RECIPROCAL FUNCTION
Q4 The asymptotes of g (x) are the lines x � 3 and y � 4.

Q5 The parent function, f (x) � 1/x, has asymptotes at the x- and y-axes.

The stretching transformation does not change either of these lines. 

The translations move the vertical asymptote right 3 units to x � 3 

and the horizontal asymptote up 4 units to y � 4. 

Q6 

Transformation 
Function Asymptotes

a. 3f (x � 5) � 3 x � �5 y � �3

b. �  1 _ 
4
  f (x � 4) � 1 x � 4 y � 1

c. �  2 _ 
5
  f (x � 7) � 3 x � �7 y � 3

Q7 Answers will vary. For any pair of asymptotes, x � h and y � k, it is 

possible to write the function as a transformation in this form:

g(x) � a � f(x � h) � k

This transformation stretches the graph vertically by a factor of a and 

translates it to new center point (h, k). In this instance h � 6 and k � �4. 

Since a, the ratio of the stretch, can be any real number, there is no limit 

to the number of unique rational functions that fi t these asymptotes.

To express the function as a ratio of polynomials, substitute 6 for h 

and �4 for k, and use f(x) � 1/x. Then combine the parts into a single 

fraction.

g(x) � a � f(x � 6) � 4 �   a _____ x � 6   � 4 �   �4x � 24 � a  ____________ x � 6  

Any function in this form will have the required asymptotes.
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Rational Functions ACTIVITY NOTES
continued

EXTENSION
Throughout this activity the stretching transformations are called vertical 

stretches. In fact, because of a special property of the reciprocal function, you 

could just as well call them horizontal stretches.

Again let f(x) � 1/x. To stretch the graph vertically by ratio a (a � 0), you 

would graph the curve y � a � f(x).

a � f(x) �   a __ x   �   1 __ 
  1 _ a  x

   � f  �   1 __ a  x � 

This shows that a vertical stretch by ratio a is equivalent to a horizontal 

stretch by the same ratio. Although you could say that the graph is stretched 

vertically or horizontally by ratio a, it would not be correct to say that it is 

stretched vertically and horizontally by ratio a. That would be a dilation by 

ratio a, which this is not.
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Rational Functions Presenter Notes

This activity addresses a class of rational functions in this form:

g(x) �   cx � d ______ 
ex � f

  , where e � 0

Understanding the properties of the function and the shape of its graph becomes 

easier when you rewrite the function:

g(x) �   a _____ 
x � h

   � k

In this form you can create the function by applying three transformations 

(corresponding to a, h, and k) to the reciprocal function f(x) � 1/x.

 1. Open Rational Functions Present.gsp. The curve on the screen is the graph of a 

rational function.

 2. Guide students through these steps to change the form of the function:

  4x � 10 _______ x � 3   �   
4(x � 3) � 2

 ___________ x � 3   �   2 _____ x � 3   � 4

 3. If f(x) � 1/x, then this function is 2f(x � 3) � 4. You should be able to get 

the same graph by putting the parent function (the reciprocal curve y � 1/x) 

through three transformations. Stretch it vertically by a ratio of 2, translate it 

right 3 units, and translate it up 4 units.

 4. Press the Show Parent Function button. This shows the graph of y � 1/x.

Do not change 
the order of the 
transformations.

 5. Show the three transformations by pressing the corresponding buttons (Stretch, 

Horizontal Translation, and Vertical Translation) in order, pausing at each step to 

check for understanding. You will also be able to see the transformations of the 

asymptotes. Press Reset when you fi nish.

To edit a parameter, 
either double-click it 
or select it and press 
the plus (+) or minus 
(–) key.

 6. Above and below the equation in the upper-left corner are four parameters 

corresponding to the parameters in the rational function. Edit the parameters in 

order to change the equation. Try the equations below. Have the class change the 

form of the function as you did in the fi rst example. (The solutions are below 

the problems.) Repeat step 5 to see the transformations.

 a. y �   �3x � 12 _________ x � 5   b. y �   4x � 17 _______ 4x � 16   c. y �   15x � 103 _________ 5x � 35  

   �   3 _____ x � 5   � 3  �   �0.25 ______ x � 4   � 1  �   �0.4 _____ x � 7   � 3
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Rational Functions

A rational number gets its name because it is the ratio of two integers. Rational 

functions are named for similar reasons. A rational function is the ratio of two 

polynomial functions.

If f(x) is a rational function, then f(x) �   
p(x)

 ___ 
q(x)

  , where p(x) and q(x) are polynomial 

functions. The polynomials can be of any degree, but in this investigation they will 

have degree one or zero.

THE RECIPROCAL FUNCTION

One simple example of a rational function is the reciprocal function 1/x. This will 

be the fi rst function in your investigation.

 1. In a new sketch, defi ne the coordinate axes. Adjust  4

2

–2

–4

–5 5

f(x) = 
1
xthe scale so that the x-axis fi ts your screen between 

about �10 and 10.

 2. Choose Graph⎮Plot New Function. Defi ne the 

new function f(x):

f(x) �   1 __ x  

 Q1 Does f(x) satisfy the defi nition of a rational function? Explain.

 Q2 For what values of x is f(x) zero? For what values is it undefi ned?

The graph y � f(x) is a hyperbola. Like all hyperbolas, it has two asymptotes, lines 

that the curve approaches at the extremes.

 Q3 What are the equations of the asymptotes of this curve? Asymptotes are lines, so 

your answer should be the equations of two lines.

TRANSFORMATIONS OF THE RECIPROCAL FUNCTION

Use color to match 
each function with 
its graph. Select the 
function defi nition and 
its graph, and choose 
Display⎮Color to set 
a new color.

 3. On the same grid, plot another rational function:

g(x) �   4x � 10 _______ x � 3  



Exploring Algebra 2 with The Geometer’s Sketchpad 
  

231
© 2012 Key Curriculum Press

Rational Functions
continued

 Q4 What are the equations of the asymptotes of the 

graph of g(x)?

Here’s how it works. The function g(x) is a fraction.  

8

6

4

2

–2

–5 5

g(x) = 
4⋅x – 10

x – 3Divide the denominator into the numerator, and leave 

a remainder.

g(x) �   4x � 10 _______ x � 3   �   
4(x � 3) � 2

 ___________ x � 3   �   2 _____ x � 3   � 4

When you view the function this way, you can see 

g(x) in terms of the reciprocal function. Since f(x) � 1/x, it follows that 

g(x) � 2f(x � 3) � 4. Expressed as a transformation, this stretches the parent 

function, f(x), vertically by a ratio of 2, and translates it right 3 units and up 4 units.

8

6

4

2

–2

y = 1x

 

8

6

4

2

–2

y = 
2
x

 

8

6

4

2

–2
5

y =  
2

x – 3

 

8

6

4

2

–2
5

 y = 
2

x – 3 + 4

 Original Stretched vertically Translated right Translated up

 Q5 How does this transformation help explain the positions of the asymptotes 

of g(x)?

You can verify this by plotting a third function as a transformation of f(x). Its graph 

should fall right on top of the graph of g(x).

 4. Plot h(x) with the following defi nition:

h(x) � 2f(x � 3) � 4

 Q6 Below are three new defi nitions to try for g(x). In each case, express the 

function in terms of f(x), as in the example above. Find the asymptotes of each 

graph. Check your work by plotting g(x) and h(x) in the sketch.

 a. g(x) �   �3x � 12 _________ x � 5   b. g(x) �   4x � 17 _______ 4x � 16   c. g(x) �   15x � 103 _________ 5x � 35  

 Q7 Given the two asymptotes, it is possible to fi nd any number of different rational 

functions that fi t them. Defi ne two different functions having the asymptotes 

x � 6 and y � �4. Start by showing the functions as transformations of f(x), 

and then express them as ratios of polynomials.
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Modeling Linear Motion: An Ant’s Progress ACTIVITY NOTES

Although this activity covers an advanced topic, parametric equations of 

lines, it is an accessible and fun activity for students to do. It’s especially 

valuable for the connections between the parametric equations and the 

slope-intercept form of lines.

INVESTIGATE
 Q1 

 Q2 Students should plot the following points: (�4, �5), (�1, �3), (2, �1), 

(5, 1), and (8, 3)

 Q3 x � �2 � 2t and y � 0 � 1t (or y � t)

SKETCH
 Q4 When the ant crosses the y-axis, x � 0.

 �4 � 3t � 0

 t �   4 __ 3   (1 minute, 20 seconds)

When it crosses the x-axis, y � 0.

 �5 � 2t � 0

 t �   
5 __ 2   (2 minute, 30 seconds)

 Q5 You can fi nd the intercepts from the answers to Q4. The ant crosses the 

y-axis when t � 4/3.

y � �5 � 2 �   4 __ 3   �  � �  7 __ 
3

  

It crosses the x-axis when t � 5/2.

x � �4 � 3 �   5 __ 2   �  �   7 __ 2  

t 0 1 2 3 4

x �4 �1 2 5 8

y �5 �3 �1 1 3
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Modeling Linear Motion: An Ant’s Progress ACTIVITY NOTES
continued

Q6 The equation is approximately y � 0.67x � 2.33. Written using 

fractions, this is y � 2/3x � 7/3. (Depending on how accurately students 

have drawn their lines, their results for the slope and y-intercept may 

differ by a few hundredths.) The slope (0.67, or 2/3) is the ratio of the 

coeffi cients of t in the equations for y and x. The y-intercept is the value 

of y when x is zero (from Q4, at t � 4/3). So the y-intercept is

y � �5 � 2t � �5 � 2(4/3) � �5 � 8/3 � �7/3

This matches the measured value of �2.33. 

Q7 Since the speed of the ant is not given, there are many correct answers, 

but these are the most likely:

x � 5 � 12t, y � 1 � 18t

The ant must start at (5, 1), and the path must have a slope of �3/2. The 

slope is the ratio of the t coeffi cients.

Q8 In the fi rst situation, the ant was going right 3 units and up 2 units 

every minute. If it goes left 2 units and up 3 units per minute, it will 

be traveling at the same speed, and the slope of its path will satisfy the 

conditions of this new problem.

x � 5 � 2t, y � 1 � 3t
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Modeling Linear Motion: An Ant’s Progress Presenter Notes

Parametric equations use x and y as separate functions of a third variable, t. This 

idea is a considerable leap. Typically, you will introduce t as time. But with this 

presentation you have an advantage over chalkboard lessons. Here the variables 

actually do change over time.

 1. Open Linear Motion Present.gsp. Describe the scenario:

  You have a sheet of graph paper on your table, and you see an ant slowly 

walking across the grid. Unlike most ants, this one appears to know where 

it is going. It is walking in a straight line and at a steady pace.

The actual speed of 
the animation will be 
much faster. You will 
need to emphasize 
that the time units are 
minutes.

 2. Press Show Ant’s Motion and ask students to observe the ant’s journey.

 3. Explain that you are going to trace the fi rst minute of the trip. Point out the 

measurement t, which represents the time in minutes. Press in order Reset, 

Show Traces, and Advance 1 minute.

 Q1 What were the coordinates of the ant at time zero? (�4, �5) What are its 

coordinates at time 1? (�1, �3)

 Q2 Tell students to think about the x-coordinate only. It started at �4, and after 

1 minute, it was �1. What will it be after 2 minutes? (2) What will it be after 

3 minutes? (5)

 Q3 So the x-coordinate of the ant starts at �4, and advances 3 units every minute. 

How can students express x in terms of t? (x � �4 � 3t)

 Q4 Using the same reasoning, what is y in terms of t? (y � �5 � 2t)

 4. Press Show Equations to show the same equations derived above. Explain the 

concept of parametric equations. Rather than y being a function of x, you have 

both x and y as functions of parameter t.

 Q5 Press Show Ant’s Motion, and let it run long enough that students can clearly see 

the linear path. What is the slope of the path? How can they derive it from the 

parametric equations? (The slope is 2/3, which is the ratio of the coeffi cients of 

the t terms in the equations.)

After getting answers 
to Q6 and Q7 (right or 
wrong), double-click 
the equations to make 
the changes.

 Q6 Ask, “How can you change the equations to make the ant go twice as fast 

without changing its path?” (Multiply both of the t terms by two. x � �4 � 6t, 

y � �5 � 4t)

 Q7 A different ant starts at (�6, 2), and after 1 minute it is at (�1, 0). What 

parametric equations model its motion? (x � �6 � 5t, y � 2 � 2t)
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Modeling Linear Motion: An Ant’s Progress

You notice an ant walking slowly across a piece 

of graph paper on your desk. You start your  

stopwatch the moment the ant is at point 

(�4, �5); one minute later, it has reached point 

(�1, �3). You fi nd yourself wondering when the 

ant, if it keeps up this pace, will cross the y-axis 

and, after that, the x-axis. 

Spend some time pondering this situation. For 

now, focus on understanding and picturing the situation rather than fi nding exact 

solutions. If you do come up with possible answers, write them down.

INVESTIGATE

Now that you have an understanding of the situation, let’s look at how algebra and 

Sketchpad can help you explore the ant’s walk. 

Consider the following two equations, which together give the ant’s location at any 

time t:

x � �4 � 3t and y � �5 � 2t,

where t is the number of minutes the ant has walked.

Equations like these 
are called parametric 
equations, and the 
variable t is called a 
parameter.

 Q1 Use the equations above and the given values of t to fi ll in the table. To do this, 

substitute the t-values into the equations to fi nd the ant’s (x, y) locations at the 

given times.

  For example, for t � 0: 

x � �4 � 3(0) � �4 

y � �5 � 2(0) � �5

  which confi rms that the ant is at point (�4, �5) at time t � 0.

t 0 1 2 3 4

x �4

y �5

 Q2 Plot each (x, y) pair from Q1 on a coordinate grid (either in Sketchpad or on 

your paper) to show where the ant is after 0, 1, 2, 3, and 4 minutes. 

 Q3 What would the two parametric equations be if the ant started at point (�2, 0) 

and reached point (0, 1) after one minute?
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Modeling Linear Motion: An Ant’s Progress
continued

SKETCH

 1. Open Linear Motion.gsp. 

You’ll see a coordinate grid with a red line representing time, the parametric 

equations, and, of course, an ant.

–2

–4

–5 5
yant

xant

 2. Familiarize yourself with the sketch by moving the ant along its path (by 

dragging marker t) and also by pressing the buttons in the sketch. Compare the 

ant’s locations in the sketch with the positions you plotted by hand.

When the ant crosses 
the x-axis, the y-value 
must be zero. Substitute 
zero in the parametric 
equation for y.

 Q4 Use the parametric equations themselves to determine the exact times when the 

ant crosses the x- and y-axes. Use the sketch to check your answers.

 Q5 What are the x- and y-intercepts of the line the ant is following?

Press and hold the 
Straightedge tool to 
choose the Line tool 
from the pop-up menu.

 Q6 With the trace showing, draw a line over it as accurately as you can. Select the 

line and measure its equation. The measurement appears in slope-intercept 

form. How are the slope and intercept related to the two parametric equations?

To edit the parametric 
equations, double-click 
them. To enter t into 
the Calculator dialog 
box that appears, click 
on its measurement in 
the sketch.

 Q7 Consider the following motion: The ant starts at (5, 1) and heads toward 

(�7, 19). Edit the parametric equations to model this situation, and test the 

model by pressing the action buttons.

 Q8 How would the equations in Q6 change if you insisted that the ant travel 

the same speed as at the beginning of the activity? Edit the sketch to model 

this situation, test the model by pressing the action buttons, and write your 

equations on your paper.
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Right Triangle Functions
Students explore the relationships in a right triangle between an angle and the ratios of 

different side lengths. They plot the resulting values and see graphs of the trigonometric 

functions emerge for angles between 0° and 90°, and then explore the values of the ratios 

for angles beyond 90°.

Radian Measure
Students explore the relationship between the length of a circular arc, its radius, and its 

central angle measured in radians.

Unit Circle Functions
Students use a unit circle to define the three primary trigonometric functions. They 

construct a point on the unit circle, measure the coordinates of the point, and graph the 

coordinates as a function of the arc angle from the positive x-axis to the point, producing 

plots of the sine and cosine functions. They also plot the slope of the line from the origin 

through the point, producing a plot of the tangent function.

Unit Circle and Right Triangle Functions
Students explore the relationships between the unit circle definitions of trigonometric 

functions and the right triangle definitions. They then combine the two models and 

examine the similarities and differences that emerge.

Trigonometric Identities
Students explore the connections between trigonometric functions and right triangle 

geometry, and justify trigonometric identities.
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Triangle Sides and Sines: The Law of Sines
Students construct a triangle, measure some ratios, and find that certain ratios remain 

equal no matter the shape of the triangle: the Law of Sines. They then use a prepared sketch 

and apply the triangle definition of the sine function to develop a proof of the Law of Sines.

The Law of Cosines
Students develop the Law of Cosines by exploring numerically and graphically how the 

Pythagorean theorem fails for triangles without a right angle. By transforming the cosine 

function, they find an expression for the discrepancy between c²  and a² + b²  and use this 

expression to complete the Law of Cosines.
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Right Triangle Functions ACTIVITY NOTES

RATIOS
Q1 sin 30° �   

1
 _ 2  . If students drag point B to make the angle 30°, the value 

could be slightly different. By using the button, they will get the 

exact value.

Q2 Answers will vary. The important thing is that students make 

predictions before trying it.

Q3 As students change the slider, the size of the triangle changes, but the 

angle and ratio remain constant. 

Q4 The angles for the triangle remain constant as the size of the triangle 

changes. The resized triangle is similar to the original, so there is a 

scale factor by which each side has been multiplied to generate the 

new triangle. Therefore, each ratio must remain constant, because its 

numerator and denominator have been multiplied by the same factor.

ANGLES UP TO 90°
Q5 Students should end up with a sketch of the sine function between 

0° and 90°.

12. It’s important that students sketch the graphs themselves on paper, 

rather than printing out the sketch. The physical act of sketching the 

shapes helps them to remember the characteristics of the graphs.

Q6 The value of the sine increases from 0° to 90°, quickly at fi rst and then 

more and more slowly. The value of the cosine decreases from 0° to 90°, 

slowly at fi rst and then more quickly. The value of the tangent increases 

from 0° to 90°, very quickly as it approaches 90°.

Q7 No, cos 90° � cos 30° � cos 60°. A reason can be found by looking at 

the plot for cosine. Using the plot, you can see that the value of 

cos 30° � cos  60° is defi nitely greater than the value of cos 90°. In general, 

there are very few functions where f( x � y) � f(x) � f(y).

Q8 The values of cos  60° and sin 30° can be represented in one triangle. If 

�A is 60°, �B must be 30° since this is a right triangle. This illustrates 

that cofunctions of complementary angles are equal, because they refer 

to the same parts of the triangle.
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Right Triangle Functions ACTIVITY NOTES
continued

 Q9 The tangent value is undefi ned. The length of the adjacent side is 0, and 

division by zero is undefi ned.

EXPLORE MORE
 Q10 If the triangle had an obtuse angle and a right angle, the sum of the 

angles would be more than 180°.

Q11 When you move B past the vertical to try to make an angle of 150°, 

you end up with a right triangle with an angle of 30°. (This angle is 

called the reference angle for 150°.) You could use this result to defi ne 

sin 150° � sin 30°. (Although this result is correct, cos 150° � cos 30°, 

because the signs are different. Proper defi nitions of these functions 

for angles over 90° is best done by using the unit circle.)

 Q12 The Calculator results indicate that sin 150° � sin 30° and that 

sin 210° � �sin 30°. Students may speculate that the difference is 

that the opposite side goes up for 150° but down for 210°.

Q13 Another angle with the same sine is 330°.

WHOLE-CLASS PRESENTATION
Use the Presenter Notes and Right Triangle Functions Present.gsp to 

present this activity to the whole class.



Exploring Algebra 2 with The Geometer’s Sketchpad 
  

241
© 2012 Key Curriculum Press

Right Triangle Functions Presenter Notes

Use this presentation to review the right triangle defi nitions of the trigonometric 

functions and extend them to angles greater than 90°.

 1. Open Right Triangle Functions Present.gsp. The measure of �CAB is on the 

screen. Drag point B to show its range.

 Q1 For �CAB, identify the opposite side, adjacent side, and hypotenuse.

 2. Press Show Labels and Show Lengths. Review the sine, cosine, and tangent 

defi nitions.

 Q2 Set �CAB to an arbitrary angle. Which of the three ratios is the greatest? Which 

is the least? [The answer depends on the angle. Students should be able to make 

a good guess by looking at the sides.] Press Show Ratios to reveal the answers. 

Repeat this part.

 3. Pick another arbitrary angle. Have a student write the three ratios on the board.

 Q3 What is the complement of this angle? What are the sine, cosine, and tangent of 

the complement?

 4. Press the Complement button and discuss the relationships between the ratios 

for the original angle and the ratios for the complement.

 5. Go to page 2. Again, you can change the angle by dragging a point.

 6. Press sin x to see the point (x, sin x). Change the angle to create a trace of the 

sine graph. Do the same for the cosine and the tangent.

 Q4 What is the geometric relationship between the sine and cosine graphs, and how 

is this explained by the relationship sin x � cos(90° � x)?

 Q5 Why is there no upper limit to the tangent function?

Page 3 introduces trigonometric functions for angles greater than 90°. Discuss the 

fact that although an angle can be greater than 90°, an angle of that size will not 

fi t into a right triangle. In that case, there is a related acute angle that serves as a 

reference angle. On page 3, �CAB is the reference angle for �DAB.

 7. Press Show Angle CAB and Show Angle DAB. Drag point B around to change 

the angles.

 Q6 How are the sine, cosine, and tangent of these angles related? Students will see 

that the functions of �DAB are sometimes negative, but always have the same 

magnitude as the corresponding functions of �CAB. Keep dragging point B and 

guide the class in determining the domain in which each function is negative.

 8. On page 4 trace the function graphs again, this time for all angles between 0° 

and 360°.
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Right Triangle Functions

Within a right triangle there are many important and useful ratios. You may have 

used SOH CAH TOA as a way of remembering the names of certain right triangle 

ratios:

SOH: The ratio for Sine is Opposite over Hypotenuse. 

CAH: The ratio for Cosine is Adjacent over Hypotenuse. 

TOA: The ratio for Tangent is Opposite over Adjacent.

In this activity you’ll explore these ratios in triangles of different shapes and sizes.

RATIOS

 1. Open Right Triangle Functions.gsp. Drag each point  
Hypotenuse 

Opposite 

Adjacent 

Hypotenuse = 5.04 cm

Adjacent = 4.37 cm

Opposite = 2.52 cm

m∠CAB = 30.00°

C 
A 

B 

and observe its effect on the size and shape of the 

triangle.

 2. Use the Text tool to label the sides of the triangle 

Opposite, Adjacent, and Hypotenuse based on their 

position relative to �CAB.

 3. Measure �CAB and the length of each side.

To calculate the ratio, 
choose Number⎮
Calculate and enter 
each side into the 
calculation by clicking 
its measurement in the 
sketch. 

Double-click the Text 
tool on the resulting 
calculation to change 
its label.

 4. Calculate the sine ratio for �CAB by dividing the appropriate sides of the 

triangle. Label the resulting ratio sin A.

 5. Drag B and observe its effect on sin A. Use the button to make m�CAB � 30°.

 Q1 What is sin 30°?

 Q2 If you make the triangle larger without changing m�CAB, do you think sin A 

will increase, decrease, or stay the same? Give a reason for your prediction.

 Q3 Change the size of the triangle by dragging the Length of Hypotenuse slider. 

What happens to m�CAB? What happens to sin A?

 6. Construct the other two ratios based on SOH CAH TOA. Label the ratios cos A 

and tan A.

What term is used for 
triangles of different 
size but the same 
shape?

 Q4 Why do the trigonometric functions stay the same if the triangle is made larger 

or smaller without changing the angles?

ANGLES UP TO 90°

You have just determined how the triangle’s size affects (or does not affect) the 

values of the ratios. Now you’ll make a table and graph to investigate how the angle 

affects the ratios.
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Right Triangle Functions
continued

 7. Place m�CAB, sin A, cos A, and tan A in a table by selecting all four values in 

order and choosing Number⎮Tabulate.

 8. Change the angle and watch the numbers change. Double-click the table to 

make the fi rst row permanent. Continue dragging B and double-clicking the 

table until you have ten rows of values for different angles between 0° and 90°.

 9. Press Show Axes. Then select the table and choose Graph⎮Plot Table Data. 
Choose m�CAB for x and sin A for y.

 Q5 On your paper, sketch the shape of the plotted points.

To plot a point, select 
two measurements 
in order and choose 
Graph⎮Plot as (x, y).

To trace a point, 
select it and choose 
Display⎮Trace 
Plotted Point.

 10. To get a more complete graph of the relationship, plot the point (m�CAB, 

sin A). Turn on tracing for the plotted point.

 11. Fill in the gaps of your graph by dragging B to change the angle from 0° to 90°.

 12. Following the same steps, plot both (m�CAB, cos A) and (m�CAB, tan A). 

Sketch and label all three graphs on your paper.

 Q6 Describe the behavior of each graph. Is it increasing, decreasing, or constant? 

For what angles is it changing quickly? For what angles is it changing slowly?You can use the 
buttons to set the 
angle exactly.  Q7 Does cos 90° � cos 30° � cos 60°? Use your cosine graph to explain your answer.

As a hint, set angle A 
to 60°. What is angle 
B? Look at the sides 
involved for cos A and 
sin B.

 Q8 Why does cos 60° � sin 30°? Use your answer to fi nd a second pair of angles for 

which the cosine of one is equal to the sine of the other.

 Q9 What happens to the tangent when the angle is 90°?

EXPLORE MORE

Since a right triangle cannot have an obtuse angle, can sin 150° exist? What would 

the triangle look like if you could drag B so that m�CAB > 90°? What would 

happen to the ratios?

 Q10 Why can a right triangle not have an  
Hypotenuse

Adjacent

Opposite

150°
C A

B

obtuse angle?

 Q11 On page 2 point B is free to move in 

a complete circle. What happens when 

you drag the angle past 90°? How could you use the result to defi ne sin 150°?

 13. Using Sketchpad’s Calculator, calculate sin 150° and sin 210°.

 Q12 How do these values compare to sin 30°?

 Q13 Find another angle greater than 180° whose sine is the same as sin 210°.
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Radian Measure  ACTIVITY NOTES

WHAT IS A RADIAN?
 Q1 All three measurements (the radius of the circle, the length of the blue 

segment, and the length of arc a) are the same. This is because the blue 

segment started out as a radius of the circle, and when it rolled along 

the circle, it measured out an arc that is the same length as it is.

Q2 1 radian � 57.30°

 Q3 A semicircle has a central angle of exactly � radians. If students are not 

aware of that fact, they should be able to give an estimate between 3.0 

and 3.3. There are 2� radians in a complete circle.

Q4 Start with the circumference formula:

circumference � 2�r

This means that there are 2� radius lengths in the circumference, so the 

angular measure is 2� radians.

WHY RADIANS?
 Q5 The measurements should verify this fundamental relationship:

arc length � �r

 The formula will work for any angle in the given range, and for any 

radius. It will not work when the angle units are degrees.

 Students may notice some confl icts with the units. The arc length will 

be in centimeters, but the �r calculation will be in radians � centimeters. 

Leave that discrepancy for the discussion.

Q6 When degrees are converted to radians, you get this simpler formula:

area �   � ____ 
360°

  � r  2  �   � ___ 2�
  � r  2  �   � r  2  ___ 2  

Q7 The formula works for any angle between 0 and 2�, and for any radius, 

but it does not work when the angle units are degrees. Again, the 

number values agree, but there is an apparent discrepancy with 

the units.
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Radian Measure ACTIVITY NOTES
continued

DISCUSS
The discussion questions will be more helpful if the entire class works 

together. Here are some suggested points.

Q8 Although radian angle measurement is useful, an angle of one radian 

has no great signifi cance. The really useful angles (180°, 90°, 60°) have 

measures that are irrational numbers when expressed in radians, so they 

cannot be expressed exactly with a decimal expansion. However, we can 

express them as simple fraction multiples of � (�, �/2, �/3).

Q9 A radian measurement is an angle measurement, but you can just as 

well think of it as the ratio of the lengths of an arc and its radius. Since it 

is a ratio of two linear measurements, it has no units. An advantage 

of this concept is that it clears up the unit discrepancy that appeared in 

Q5 and Q7.

Q10 The number of radians in a circle is 2�, an irrational number. It is 

impossible to divide a circle into an integral number of radians. It is 

also impossible to do this with a tenth, hundredth, thousandth, or any 

other fraction of a radian. Instruments that measure angles (protractors, 

compasses, theodolites, sextants) need to have divisions that are all the 

same, so the angle unit must divide the circle evenly.

 One obvious solution might be simply to graduate the instruments 

in some fraction of � radians. In fact, that is exactly what we do 

(1° � �/180 radians).
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Radian Measure Presenter Notes

 1. Open Radian Measure Present.gsp. Press the Go button.

As the radius segment rolls around the circle, explain that students can think of a 

radian as the angle that corresponds to one length of the radius being laid out along 

the circumference of the circle.

 Q1 How long is the blue segment? [It’s equal to the radius of the circle.]

 Q2 What do the red ticks mark off? [Each tick marks a distance of one radius and 

an angle of one radian.]

 2. Press Reset; then 1 Radian. The animation stops after marking off one radian.

 Q3 About how many degrees are there in one radian? To coax a good guess, point 

out the triangle formed by points A, B, and C. You can think of arc BC as a side 

of the triangle. That would make it an equilateral triangle, but one of the sides is 

not straight. Would that make �BAC greater than 60° or less than 60°?

 3. Press Show Central Angle. It will show that � � 57.30°.

 4. Press Semicircle.

 Q4 Count the tick marks. How many radians are there in a semicircle? [a little more 

than 3]

To change the 
angle units, choose 
Edit⎮Preferences.

 5. Change the Angle Units to radians. Angle � appears as 1� radians.

 6. So a semicircle has � radians. That means that a circle must have 2� radians. 

Press 1 Circle to confi rm that.

 Q5 But you already knew that, didn’t you? What is the circumference in terms 

of r? [2�r] So how many times will the radius go into the circumference? [2�] 

So how many radians are there in a circle? [2�]

 7. Press Reset; then press Go. Press Go again to stop the animation with � 

somewhere between 0 and 2�. Press Show Arc.

When entering 
numbers that are on 
the screen, click the 
measurement itself.

 8. Here is something you can do with radians, but not with degrees. Choose 

Number⎮Calculate. Enter � � r. Compare the calculation with the measured 

length of the arc. Try it with several different values of � and r.

 Q6 The formula for area of a sector is   �
 ___ 360°   � r  2 . Convert the 360° to radians 

and simplify. What is the new formula? �   � r
  

2 
 ___ 2   �

 9. Press Show Sector. Use the Sketchpad Calculator and enter � �  r  2 /2. Compare the 

answer to the measured arc length.
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Radian Measure

So you think you know angle measurement? An understanding of degrees is a 

valuable skill, but there are other ways to measure. Other angle units include points, 

grads, mils, and dekans. To make matters worse, these units may go by different 

names in different places. Still worse, they may have the same name, but different 

defi nitions.

Among all of these angle units, the radian holds a special place. You can use it to 

measure angles, of course, but radian measure also describes relationships between 

certain geometric objects.

WHAT IS A RADIAN?

 1. Open Radian Measure.gsp. Press the Go button and  

r

C

A B

watch the circle radius rotate into a tangent position 

and then roll around the circle.

You will use this line segment to measure a central angle of 

the circle. This will be the basis for defi ning radian measure 

for angles.

 2. Press Reset and then Home to stop the animation and return the radius to its 

tangent position. Measure the radius of the circle and the length of the blue 

segment.

 3. Press the buttons Show Central Angle, Show Arc, and 1 Radian. Measure the 

length of arc a.

 Q1 The central angle, �BAC, is now exactly one radian. What do you notice about 

your three measurements? Explain why they come out this way.

Notice that although 
� is equivalent to 
m�BAC, it can keep 
increasing past 360°.

 Q2 The measure of the angle, �, is displayed in degrees. Approximately how many 

degrees are there in one radian?

 4. Press Semicircle. The line segment will continue to roll until it has stepped off 

half of the circle.

 Q3 Using the tick marks to approximate an answer, how many radians are in a 

semicircle? How many radians will there be in a complete circle?

 5. Press the 1 Circle button to check your last answer.

 6. Choose Edit⎮Preferences. Change the Angle Units to radians.

 Q4 The angle measurement now shows you exactly how many radians are in 

a circle. But you already knew that, didn’t you? Write the formula for the 

circumference in terms of the radius. Use that along with the defi nition of a 

radian to prove that there are exactly 2� radians in a circle.
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Radian Measure
continued

WHY RADIANS?

So far, you have not seen any good reason for using radians rather than degrees. 

Actually, we use radians in order to make things easier, not harder.

Do these 
measurements one 
at a time. Select one 
object and choose the 
appropriate command 
from the Measure 
menu.

 7. Press Reset and Go. Press Go again to stop the animation before the angle makes 

a complete circle (0 � � � 2�).

 8. You have a measurement for angle � and a measurement for radius r. Use the 

calculator to fi nd the product � � r.

To change the radius, 
drag point B.

 Q5 What is the arc length in terms of � and r? Check your answer with different 

radii and different angles in the range 0 � � � 2�. Does your formula always 

work? Does it work when you use degrees?

The area of a circle sector varies directly with the central angle. You probably are 

familiar with this formula:

sector area �   � ____ 
360°

  � r  2 

 Q6 Rewrite the above formula using radians instead of  

a

r

Area a = 5.28cm2 

C

A B

degrees. Simplify your answer.

 9. Select the arc and choose Construct⎮Arc Interior⎮Arc 
Sector. Select the sector and choose Measure⎮Area.

 Q7 Using your formula from Q6, calculate the area of the 

sector. Does it match your measurement in all cases?

DISCUSS

 Q8 When using radians, Sketchpad automatically expresses angle measurements in 

multiples of �. This is a common practice. Why?

 Q9 It is also common practice (not used by Sketchpad) to write radian angle 

measurements without writing any units at all. Why is that?

 Q10 In spite of the radian advantages you have seen here, degrees are more common 

in practical applications. What advantages do degrees have?
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Unit Circle Functions ACTIVITY NOTES

Most teachers defi ne the trigonometric functions in triangles before 

introducing the unit circle, but others may prefer to present the unit circle 

defi nitions fi rst. This activity supports either way of introducing these 

defi nitions.

If you are using the activity as the original defi nition of the functions, you 

should introduce it by telling students that the purpose of the activity is to 

defi ne three new functions. Tell them that the function they will describe in 

Q2 is the sine function, the function they will describe in Q3 is the cosine 

function, and the function they will describe in Q4 is the tangent function. 

If students have already learned the defi nitions of these three functions in 

right triangles and have seen graphs of the functions, they should be able to 

relate the graphs in Q2, Q3, and Q4 to the functions they already know.

In either case it’s important to relate the defi nitions developed in this 

activity to the defi nitions in the right triangle. The activity Unit Circle and 

Right Triangle Functions is an excellent way to make this connection.

CONSTRUCT A UNIT CIRCLE 
10. If students measure �BAC, the measurement will be shown as a value 

from �� to �. By constructing an arc instead and measuring the arc 

angle, students end up with a measurement from 0 to 2�, and their 

graph shows a complete period starting at 0.

Q1 The value of xC ranges from �1 at the left edge of the circle to �1 at the 

right edge. The value of yC ranges from �1 at the bottom of the circle 

to �1 at the top. Answers for the slope of line AC will vary depending 

on how close students can drag point C to the precise bottom of the 

circle (where they fi nd the smallest value, probably between �1000 and 

�100) and the precise top (where they fi nd the largest value, probably 

between 100 and 1000). The arc angle varies from 0 at the right edge of 

the circle to 2�, also at the right edge of the circle.
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Unit Circle Functions ACTIVITY NOTES
continued

PLOT YOUR MEASUREMENTS 
 Q2 The trace starts at the origin, curves up to its maximum of 1 as C leaves 

Quadrant I, curves back down to 0 as C leaves Quadrant II, continues 

to �1 as C leaves Quadrant III, and fi nally curves back to 0 as C reaches 

the end of Quadrant IV.

If students have already seen graphs of the trigonometric functions, they 

should recognize this as the graph of the sine function. If you are using 

this activity to introduce the functions, you will need to tell them that 

the y-coordinate on the unit circle defi nes the sine function.

Q3 The trace starts at (0, 1), curves down to 0 as C leaves Quadrant I, 

continues to �1 as C leaves Quadrant II, curves back to 0 as C leaves 

Quadrant III, and continues on to 1 as C reaches the end of Quadrant IV.

If students have already seen graphs of the trigonometric functions, 

they should recognize this as the graph of the cosine function. If you are 

using this activity to introduce the functions, you will need to tell them 

that the x-coordinate on the unit circle defi nes the cosine function.

Q4 The trace starts at the origin, curves up and shoots off the top of the 

screen as C leaves Quadrant I, reappears from the bottom of the screen 

and curves up to 0 as C leaves Quadrant II, continues once more off 

the top of the screen as C leaves Quadrant III, and reappears again at 

the bottom of the screen and curves back to 0 as C reaches the end of 

Quadrant IV.

 If students have already seen graphs of the trigonometric functions, they 

should recognize this as the graph of the tangent function. If you are 

using this activity to introduce the functions, you will need to tell them 

that the slope from the origin to the point on the unit circle defi nes the 

tangent function.

Q5 The calculation yC /xC gives the same result as the slope measurement, 

because it corresponds to the defi nition of slope: rise/run or �y/�x. Use 

students’ answers to this question to make the point that the tangent 

function can be defi ned in three equivalent ways: as the slope, as y/x, or 

as sin �/cos �.
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Unit Circle Functions ACTIVITY NOTES
continued

EXPLORE MORE
Q6 The coordinate distance from the point of tangency to the intersection 

is the same as the slope measurement. Applying the slope formula to the 

point of intersection (x, y) and the origin (0, 0) results in y/x. Because 

the x-coordinate along the tangent line is 1, the y-coordinate of the 

intersection must be equal to the slope; that is, it’s equal to the value of 

the tangent function. Thus, the length of the tangent from the point of 

tangency (1, 0) to this intersection is the value of the tangent function. 

It’s this fact that originally gave the tangent function its name.

The unit circle extends the domain of the trigonometric functions to 2�; 

but to go beyond 2�, students need to consider the possibility of wrapping 

around the unit circle more than once. The remaining three questions 

require them to do so, and also to consider negative angles as angles 

measured in the opposite (clockwise) direction.

Q7 Angles for which the slope (tangent function) is 0 include 0, �, 2�, and 

3�. The angle �� is the fi rst angle less than 0 for which the slope is 0. 

The general form is n � � for any integer n.

Q8 The y-value (sine function) of the point on the circle is 1 for positive 

angles �/2, 5�/2, 9�/2, and so forth. It’s also 1 for negative angles 

�3�/2, �7�/2, and so forth. The general form is �/2 � 2�n for any 

integer n.

Q9 The x-value (cosine function) of the point on the circle is �1 for 

positive angles �, 3�, 5�, and so forth. It’s also �1 for negative angles 

��, �3�, �5�, and so forth. The general form is � � 2�n for any 

integer n.

Q10 The y-value (sine function) of the point on the circle is 1/2 for positive 

angles �/6, 5�/6, 13�/6, 17�/6, and so forth. The general forms are 

�/6 � 2�n and 5�/6 � 2�n for any integer n.

WHOLE-CLASS PRESENTATION
Use the Presenter Notes and Unit Circle Functions Present.gsp to present 

this activity to your class.
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Unit Circle Functions Presenter Notes

Use this presentation to defi ne the trigonometric functions based on the unit circle. 

You can use this as the fundamental introduction to these functions, or you can use 

it after presenting the defi nitions in right triangles.

PRESENT

 1. Open Unit Circle Functions Present.gsp.

 Q1 Ask students for the radius of the circle. [1]

 2. Press the Animate C button to move C around the circle. Make sure that 

students notice arc BC.

 Q2 Show the arc angle measurement, and ask students to determine the smallest 

and largest values for this measurement. [0 and 2�]

 Do not actually 
measure the arc 
length. The measured 
length would not 
be based on the 
coordinate system unit.

 Q3 Stop the animation and ask students what the arc length is. [It’s the same as the 

arc angle, because the radius is 1.]

 Q4 Restart the animation and show the y-coordinate. Ask students to observe and 

determine the smallest and largest values, and where they occur. [The value of 

yC ranges from �1 at the bottom of the circle to �1 at the top.]

 Q5 Tell students you are about to plot the y-coordinate as a dependent variable. 

Ask them what measurement to use as the independent variable. [arc angle BC]

 3. Stop the animation and press Show Plotted y-value to see the plotted point. Drag 

C so students can verify that the plotted point matches their observations from 

Q4. Then restart the animation to get a smooth plot of the traced point.

 Q6 What trigonometric function does this plot represent? [It is the sine function.]

 4. Repeat the same actions and questions for the x-value (resulting in a plot of the 

cosine function) and the slope measurement (resulting in a plot of the tangent 

function).

 5. Ask students for the domain of the plots they have seen. [0 to 2�] Then go to 

page 2 and use the buttons to show how the domain can be extended to negative 

angles and to angles greater than 2�.
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Unit Circle Functions

There are several different ways of defi ning trigonometric functions like sine 

and cosine. One set of defi nitions is based on right triangles, but right triangle 

defi nitions are limited to angles between 0 and �/2. (Recall that �/2 � 90°.) In this 

activity you’ll use a unit circle (a circle with a radius of exactly one unit) to defi ne 

trigonometric functions for any possible angle, even beyond 2�.

CONSTRUCT A UNIT CIRCLE

Start by creating a coordinate system, constructing a unit circle, and making some 

measurements.

Use the Units panel 
of Preferences to set 
units and precision, 
and use the Color 
panel to turn on trace 
fading.

 1. In a new sketch, set the Angle Units to radians, set the Precision for Others to 

thousandths, and turn on trace fading. Use the Preferences dialog box to make 

all three of these settings, by choosing Edit⎮Preferences.

 2. Choose Graph⎮Show Grid and resize the axes (by  1

0.5

–0.5

–1

–1 1A B

dragging the number on one of the tick marks) so 

that the maximum x-value is between 6 and 7.

 3. Label the origin A and the unit point B by selecting 

them in order and choosing Display⎮Label Points.

 4. Construct a unit circle. With points A and B still 

selected, choose Construct⎮Circle by Center�Point.

 5. Construct a point on the circle and label it C. (Be sure you don’t construct it 

where the circle intersects one of the axes.)

 6. Measure the x- and y-coordinates of this new point separately. Choose 

Measure⎮Abscissa (x) and Measure⎮Ordinate (y).

Use the Line tool, or 
select points A 
and C and choose 
Construct⎮Line.

 7. Construct a line through the origin and the point  1.5

1

0.5

–0.5

–1

–1

xC = 0.81

Slope AC = 0.72

yC = 0.58
m BC = 0.20π radians

A B

C

1

that you just labeled.

 8. Measure the slope of this line by choosing 

Measure⎮Slope.

To construct the arc, 
select the circle and 
points B and C in 
order. Then choose 
Construct⎮Arc 
on Circle. Choose 
Display⎮Line Style⎮
Thick to make it thick.

 9. On the circle, construct an arc that begins at the 

x-axis (at unit point B) and goes counterclockwise 

to point C. Make the arc thick.

 10. With the arc still selected, measure its arc angle. 

Drag point C around the circle and observe how all four measurements behave.

 Q1 What are the largest and the smallest values you observe for each measurement? 

Where do you fi nd these largest and smallest values?
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Unit Circle Functions
continued

PLOT YOUR MEASUREMENTS

To explore how the measured quantities depend on the position of point C, you’ll 

plot each measurement using the arc angle as the independent variable.

To plot the point, 
select in order the 
independent variable 
(the arc angle) and the 
dependent variable 
(the y-coordinate), and 
choose Graph⎮Plot 
as (x, y).

 11. Plot the y-coordinate of point C as a function of the arc angle. With the plotted 

point selected, choose Display⎮Trace Plotted Point.

  Q2 Examine the trace that appears as you drag point C around the circle. Describe 

its shape as you drag point C through the four quadrants. Do you recognize this 

graph? Which trigonometric function is this?

You may want to turn 
off tracing for your 
fi rst plotted point 
before looking at the 
second one.

 12. Plot the x-coordinate of point C as a function of the arc angle. Turn on tracing 

for this plotted point, and then drag C to observe how it behaves.

 Q3 Describe the shape of this trace as you drag point C through the four quadrants. 

Which trigonometric function is this?

 13. Plot the slope of the line as a function of the arc angle. Turn on tracing, drag C, 

and observe the result.

1.5

1

0.5

–0.5

–1

–1.5

–1 1 2 3 4 5 6A

B

C

 Q4 Describe the shape of this trace as you drag C through the four quadrants. 

Which trigonometric function is this?

 Q5 Calculate the value of y
C

/x
C
. Compare this value to the value of the slope while 

you drag point C. What do you notice? Explain your observations.

EXPLORE MORE

 Q6 Through point B, create a tangent to the unit circle by constructing a line 

perpendicular to the x-axis. Construct the intersection of this tangent line with 

the line through points A and C, and measure the coordinate distance from the 

point of tangency to this intersection. How does this measurement compare 

with other measurements you have made? How does this measurement help 

explain the name of one of the trigonometric functions?
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Unit Circle Functions
continued

The unit circle allows you to use angles greater than �/2, but by using an arc, you 

are still limited to positive angles less than 2�. To use angles outside this domain, 

change point C so it’s a rotated image of point B.

To name the parameter 
�, type {theta}, including 
the curly brackets. 
Sketchpad will change 
the name to �.

 14. Create an angle parameter by choosing Number⎮New Parameter. Name the 

angle � and set its units to radians.

 15. Mark point A as the center of rotation by selecting it and choosing 

Transform⎮Mark Center.

 16. Rotate point B by the value of � by selecting it and choosing Transform⎮Rotate. 
When the Rotate dialog box appears, click � in the sketch to use the parameter as 

the angle of rotation.

 17. Split point C from the circle and merge it to the rotated image. (Select C and 

choose Edit⎮Split Point from Circle. Then select both C and the rotated image, 

and choose Edit⎮Merge Points.)

The value of the 
parameter changes by 
�/36 (the equivalent 
of 5°) every time you 
press the � or � key. 
By using only these 
keys to change the 
parameter, you can 
keep its value at round 
numbers.

 Q7 Set � to zero, and then press the � key repeatedly to change the angle. Record 

at least four angles for which the slope is zero. Then use the � key to fi nd two 

more angles (less than zero) for which the slope is zero.

  Q8 Find three different angles for which the y-value of the point on the circle is 1. 

At least one of your angles should be negative. 

 Q9 Find one angle for which the x-value of the point on the circle is �1. Then write 

down fi ve more such angles, without actually trying them.

 Q10 Find one angle for which the y-value of the point on the circle is 1/2. Then write 

down fi ve more such angles.
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Unit Circle and Right Triangle Functions ACTIVITY NOTES

THE UNIT CIRCLE
 Q1 The value of Arc Angle ranges from 0° to 360°.

Q2 The sine ranges from �1 to 1, at angles of 270° and 90°, respectively. The 

cosine ranges from �1 to 1, at angles of 180° and 0°, respectively. The 

tangent has no limit in either direction, but the measurement is limited 

by the resolution of the objects on the screen. 

THE REFERENCE TRIANGLE
 Q3 The calculation corresponds to the sine function.

Q4 The smallest value for sine is 0 and occurs at 0°. The largest value is 1 

and occurs at 90°. The smallest value for cosine is 0 and occurs at 90°. 

The largest value is 1 and occurs at 0°. The smallest value for the tangent 

occurs at 0°. The tangent has no upper limit, and it gets very large as the 

angle approaches 90°. At both 0° and 90°, the triangle is degenerate, with 

various points and sides coinciding. 

COMPARE THE DEFINITIONS
 Q5 The measurements agree only in the fi rst quadrant. In the other 

quadrants the arc angle is more than 90°, but the angle in the triangle 

remains between 0° and 90°.

Q6 The defi nitions agree in Quadrants I and II because the y-value is 

positive there. The defi nitions disagree in the other two quadrants 

because the measured length of a line segment is always positive.

Q7 The cosine values agree in Quadrants I and IV, but disagree in 

Quadrants II and III. In these two quadrants the x-value is negative, but 

the distance measured in the triangle remains positive.

Q8 The tangent values agree in Quadrants I and III. In Quadrant I 

the coordinates (for the unit circle defi nition) and the distance 

measurements (for the right triangle defi nition) are all positive, so the 

two functions agree. In Quadrant III both coordinates are negative, 

so their ratio is positive, matching the right triangle defi nition. In the 

other two quadrants one coordinate or the other is negative, resulting in 

values that the right triangle cannot produce.

Q9 Explanations will vary. This is a good place to introduce the idea of the 

reference triangle within the unit circle and to observe that the opposite 
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Unit Circle and Right Triangle Functions ACTIVITY NOTES
continued

side for both 30° and 150° corresponds to the same y-value. For 210°, the 

opposite side corresponds to a negative y-value, so the value of sin 210° is 

the opposite of that of sin 30°.

Q10 Answers will vary. A big advantage of the unit circle method is the 

ability to work with angles that are beyond 90°. An advantage of the 

right triangle method is that it’s easier to apply when the angle is 

not in standard position. (Though students don’t know this yet, the 

unit circle method will allow them to explore topics, such as uniform 

circular motion, which would not be possible with only a right triangle 

defi nition.)

EXPLORE MORE
Q11 Answers will vary. Analyzing the fl ight path of a plane or the position of 

a person on a Ferris wheel both benefi t from using angles beyond 90°. 

For the height of a building, a right triangle defi nition is suffi cient.

Q12 You could condense the two methods into one by considering the right 

triangle method to be a special case of the unit circle in Quadrant I.

Q13 At 90° the line AC is vertical, so its slope (and the tangent of 90°) is 

undefi ned. The result is that the tangent graph has an asymptote at 90°.

RELATED ACTIVITIES
The defi nitions are introduced in Right Triangle Functions and in Unit 

Circle Functions.
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Use this presentation to relate the two ways of defi ning the trig functions.

THE UNIT CIRCLE

Angles in this sketch 
are in degrees rather 
than radians. 

 1. Open Unit Circle Right Triangle Present.gsp. Show the 
1

–1

Arc Angle = 46.68° 

x

y

B
A

Cunit circle and animate point C. Show the arc angle.

Leave point C in 
motion while students 
answer these three 
questions.

 Q1 Ask students what are the largest and smallest values 

they observe for the arc angle. (0° to 360°)

 Q2 Ask what measurements are needed in the unit circle to 

defi ne the sin, cos, and tan functions. (in order: y, x, and 

equivalently either y/x or the slope of AC)

  Q3 Show these measurements and ask students to observe the largest and smallest 

values for each of the measurements. Review again which is sin, cos, and tan.

THE REFERENCE TRIANGLE

 2. Show the right triangle and measure �DEF. 
Hypotenuse

Adjacent

Opposite

m∠DEF = 30.87°

DE

F

 Q4 Drag point F and ask students to observe 

the largest and smallest values for the angle.

 Q5 Show the length measurements and ask 

students what ratios must be calculated to fi nd the sine, cosine, and tangent.

 Q6 Show the ratios and have students confi rm which is sine, cosine, and tangent. 

Drag point F and have students observe the largest and smallest values for 

each ratio.

COMPARE THE DEFINITIONS

 3. To compare the defi nitions, combine the models. Press Merge Triangle to Circle. 

 Q7 Drag point C (keeping it in Quadrant I), and ask students to compare the four 

measurements from each triangle.

 Q8 Ask students to make conjectures about what will happen if C leaves Quadrant I. 

 Q9 Drag point C slowly through the other three quadrants, and ask students to 

describe what they observe about each of the four measurements. Encourage 

them to explain their observations.

 Q10 Why does the sine of 150° in the circle have the same value as the sine of 30° in 

the triangle? Why is sin 210° the opposite of sin 30°? 

 Q11 Ask for advantages and disadvantages of each way of defi ning the functions.

Unit Circle and Right Triangle Functions Presenter Notes
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Unit Circle and Right Triangle Functions

There are several different ways to defi ne trigonometric functions like sine and 

cosine. One set of defi nitions is based on right triangles, and another set is based on 

a unit circle (a circle with a radius of exactly one unit). In this activity you’ll explore 

the relationship between these two ways of defi ning trigonometric functions.

THE UNIT CIRCLE

 1. Open Unit Circle Right Triangle.gsp. Measure the arc  
1

–1

Arc Angle = 46.68° 

x

y

B
A

Cangle of arc BC on the unit circle. Label the measurement 

Arc Angle.

 Q1 Drag point C around the circle and observe the angle 

measurement. What are the smallest and largest 

values that you observe? Leave C in Quadrant I when 

you fi nish.

 2. Measure the y-coordinate of point C and label it sin in circle. Measure the 

x-coordinate and label it cos in circle.

 3. Construct a line through A and C, and measure the slope of the line. Label this 

measurement tan in circle.

 Q2 Drag C again. What are the smallest and largest values that you observe for the 

sine, cosine, and tangent of the arc angle? At what angles do these values occur?

THE REFERENCE TRIANGLE

Ratios of triangle sides provide another way to defi ne trigonometric functions. You 

can use the mnemonic SOH CAH TOA to recall the ratios:

SOH: The ratio for Sine is Opposite over Hypotenuse. 

CAH: The ratio for Cosine is Adjacent over Hypotenuse. 

TOA: The ratio for Tangent is Opposite over Adjacent.

To measure �E, 
select points D, E, 
and F. Then choose 
Measure⎮Angle.

 4. Measure �E for the right triangle. 

Hypotenuse 

Adjacent 

Opposite 

m∠DEF = 30.87°

D E

F

 5. Measure the Adjacent side by selecting points 

D and E and choosing Measure⎮Coordinate 
Distance. Do the same for the other two 

sides. Label your measurements Opposite, 

Adjacent, and Hypotenuse.

 6. Use Sketchpad’s Calculator to calculate Opposite/Hypotenuse. 
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Unit Circle and Right Triangle Functions
continued

 Q3 According to the SOH CAH TOA mnemonic, to which trigonometric function 

does this calculation correspond?

 7. Label your calculation sin in triangle. Calculate each of the other two ratios and 

label them appropriately.

 Q4 Drag point F. What are the smallest and largest values that you observe for the 

sine, cosine, and tangent in the right triangle? At what angle do the maximum 

and the minimum occur for each?

COMPARE THE DEFINITIONS

To compare these defi nitions, you’ll combine the two  1

–1

x

y

B
A

C

models.

 8. Select points A and E, and choose Edit⎮Merge Points. 
Also merge points C and F. The right triangle is now 

attached to the inside of the unit circle.

 Q5 Drag point C and observe the two angle measurements 

(the arc angle and the angle in the triangle). When do these measurements 

agree? When do they disagree? 

 Q6 Drag point C and observe the two sine measurements. Explain why the values 

are equal in certain quadrants but not in others.

 Q7 When do the two cosine measurements agree, and when do they disagree? Why?

 Q8 When do the two tangent measurements agree? Explain.

 Q9 Why is the sine of 150° the same value as the sine of 30°? Why is the sine of 210° 

the opposite of the sine of 30°? (Hint: Think about how each relates to either a 

coordinate or a ratio, and compare these.) 

 Q10 Describe possible advantages and disadvantages for each method of defi ning the 

trigonometric functions.

EXPLORE MORE

 Q11 Based on the different defi nitions, which might be better to determine the fl ight 

path of an airplane? The position of a person on a Ferris wheel? The height of a 

building? Explain.

 Q12 Could you always use a single defi nition? Explain.

 Q13 Drag point C. What happens to the tangent at 90°? Explain. What does this 

mean in terms of the graph of the tangent function at 90°?
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Trigonometric Identities ACTIVITY NOTES

ACUTE ANGLES
Q1 There are six triangles similar to �ABD. They are �AFB, �EAB, 

�BAC, �EFA, �EBC, and �BFD. Remind students that it is important 

to have the vertex labels in the correct order.

Q2 You should check in with students here. If they fail to get this part 

right, they will have little hope of gaining anything from the rest of the 

activity.

BD � sin �   AE � csc � 

AD � cos �   BE � cot �

AF � sec �   BF � tan �

AC � sin �   BC � cos �

Q3 Substitute and simplify:

  BD ___ 
AB

   �   BF ___ 
AF

   ⇒   sin � ____ 1   �   tan � ____ 
sec �

   ⇒ sin � �   tan � ____ 
sec �

  

Q4 There are at least two possible answers for each:

a.   AD ___ 
AB

   �   AB ___ 
AF

   ⇒   cos � ____ 1   �   1 ____ 
sec �

   ⇒ cos � �   1 ____ 
sec �

  

   AD ___ 
AB

   �   BE ___ 
AE

   ⇒   cos � ____ 1   �   cot � ____ 
csc �

   ⇒ cos � �   cot � ____ 
csc �

  

b.   BF ____ 
AB 

   �   BD ___ 
AD

   ⇒   tan � ____ 1   �   sin � ____ 
cos �

   ⇒ tan � �   sin � ____ 
cos �

  

   BF ____ 
AB 

   �   AB ___ BE   ⇒   tan � ____ 1   �   1 ____ 
cot �

   ⇒ tan � �   1 ____ 
cot �

  

Q5 Relationship 1:

B D  2  � A D  2  � A B  2  ⇒ si n 2  � � co s 2  � � 1

 Relationship 2: 

A B  2  � B E  2  � A E  2  ⇒ 1 � co t 2  � � cs c 2  �

 Relationship 3:

A B  2  � B F  2  � A F  2  ⇒ 1 � ta n 2  � � se c 2  �
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Trigonometric Identities ACTIVITY NOTES
continued

OTHER ANGLES
 Q6 The black line segment, AB, always represents the value 1. Blue line 

segments represent positive values and red segments represent negative 

values. You have to use both positive and negative numbers because of 

the association between the line segments and trigonometric functions.

Students might also notice the geometric pattern in the colors. 

Horizontal segments are positive (blue) to the right and negative 

(red) to the left. Vertical segments are positive upward and negative 

downward. The sign of lengths BE and BF is the opposite of the sign of 

their common slope.

 Q7 When you use directed distances, this proportion remains true for any 

angle for which the line segments are defi ned. The same is true for all 

the proportions from Q4.

Q8 All the Pythagorean relationships hold up. In the equations, every term 

is squared, so the signs of the substituted values do not matter.
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Trigonometric Identities Presenter Notes

 1. Open Trigonometric Identities Present.gsp. Drag the angle control at the 

bottom so students can see that it is restricted to acute angles.

The circle has a radius of 1, and you can change the scale using the control 

below. The vertex of the angle is at the center of a unit circle. Make sure the class 

understands that all of the linear measurements are based on this unit defi nition. 

Segment AB is the terminal side of angle �. Segment EF is tangent to the circle at 

point B. All the other line segments are either horizontal or vertical.

 Q1 Are there any triangles similar to �ABD? (�AFB, �EAB, �BAC, �EFA, �EBC, 

and �BFD)

 Q2 Consider BD/AB. That’s the sine of �, but AB � 1. What does that make BD? 

(BD � sin �)

The measure of 
angle � is on the 
screen, so you can 
confi rm these answers 
by calculating the 
trigonometric functions 
of �.

 Q3 In fact, each of these remaining measurements corresponds to one of the 

trigonometric functions. Which is which? Work this out together and keep 

track of it on the board or in the sketch:

BD � sin � AE � csc � 

AD � cos � BE � cot �

AF � sec � BF � tan �

AC � sin � BC � cos �

 Q4 The similar triangles give us a lot of proportions. Here’s one: BF/AB � BD/AD. 

Substitute the trigonometric functions from Q3 for those line segment lengths. 

What do you get? (tan � � sin �/cos �)

 Q5 Interpret several other proportions in the same way.

 Q6 Press Show Relationship 1. By the Pythagorean theorem, B D  2  � A D  2  � A B  2 . 

What trigonometric identity follows from that? (si n 2  � � co s 2  � � 1) Do the 

same with the other Show buttons:

Relationship 2: A B  2  � B E  2  � A E  2 , so 1 � co t 2  � � cs c 2  �

Relationship 3: A B  2  � B F  2  � A F  2 , so 1 � ta n 2  � � se c 2  �

 2. Press Any Angle. Now angle � is no longer restricted to acute angles. Drag the 

angle control to show this. The measurements are actually directed distances. 

Their signs change with the corresponding functions, and the line segment 

colors change to emphasize this.

 3. Examine the same identities again. Have the class discuss the question of 

whether the identities continue to hold for obtuse angles and refl ex angles.
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Trigonometric Identities

When you fi rst learned trigonometry, you probably used only acute angles. That’s 

because you can put an acute angle into a right triangle and all of the trigonometric 

functions will be ratios of sides. Even as you get into more advanced concepts, it can 

be helpful to keep going back to the right triangle geometry.

ACUTE ANGLES

 1. Open the fi rst page of Trigonometric Identities.gsp. 

θ
D

C

F

E

B

A

This sketch shows acute angle � at the center of a unit 

circle. Controls at the bottom allow you to change the 

angle or the radius. (When you change the radius, all you 

change is the scale. The radius of the circle is always one.)

 2. To get a feel for the construction, drag the angle 

control at the bottom of the screen.

Segment AB is the terminal side of angle �. Segment EF is 

tangent to the unit circle at point B. The other line segments are either horizontal 

or vertical.

 Q1 Notice that angle � appears in several places, and there are also a number of 

right angles. Triangle ABD is a right triangle with angle �. How many triangles 

are similar to �ABD? Identify as many of them as you can.

The measure of 
angle � is on the 
screen, so you can 
confi rm these answers 
by calculating the 
trigonometric functions 
of �.

 Q2 Along the edge of the screen are length measurements for eight line segments. 

By forming a ratio with AB, you can show that each length is equal to a 

trigonometric function of �. Follow this example:

sin � �   BD ___ 
AB

   �   BD ___ 1  , so sin � � BD

  For each remaining length measurement, fi nd the corresponding trigonometric 

function. Some functions appear more than once.

 Q3 Lengths of corresponding sides of similar triangles are proportional, so you can 

write many proportions in this fi gure. Here is one:

  BD ___ 
AB

   �   BF ___ 
AF

  

  Using your answers from Q1 and Q2, substitute trigonometric functions into 

this proportion. What identity do you get?
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Trigonometric Identities
continued

 Q4 Complete each of the following proportions and use it to derive a trigonometric 

identity: 

 a.   AD ___ 
AB

   � b.   BF ___ 
AB

   �

 3. Press Show Relationship 1. The squares in this fi gure show a familiar 

Pythagorean relationship.

 Q5 Using lengths of line segments, express relationship 1 as an algebraic equation. 

Substitute the trigonometric functions into the equation and state the identity. 

Do the same for relationships 2 and 3.

OTHER ANGLES

It is a little more diffi cult to make obtuse angles and refl ex angles fi t in with the 

right triangle model. The trick is that you have to use directed distances. Normally 

the length of a line segment must be positive, but this time you will change the rules 

to suit your needs. Some of the line segments will represent negative numbers.

 4. Press Any Angle. Angle � is no longer restricted to acute angles.

 5. Drag the angle control again. Go all the way around the circle.

 Q6 When a line segment changes color, check the corresponding measurement. 

What is the signifi cance of the color changes?

 Q7 Now revisit this proportion from Q3:

  BD ___ 
AB

   �   BF ___ 
AF

  

  Some of these lengths may now be negative,  

θ D

C

F

E

B

A

depending on the angle. Will the proportion still 

be true for all angles? Check at least one angle in 

each quadrant.

 Q8 Use the action buttons to look at the Pythagorean 

relationships again. Will any of these relationships 

change when the signs change? Explain.
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Triangle Sides and Sines: The Law of Sines ACTIVITY NOTES

The activity itself does not address the ambiguous case, nor does it 

provide practice problems for applying the Law of Sines. The Whole-Class 

Presentation provides both. For this reason you should strongly consider 

using the presentation sketch as a follow-up to the activity.

MORE RATIOS
 Q1 When �A is larger than �B, side a is always longer than side b. Students 

should record three different sets of all four values (�A, �B, a, and b) 

that they tried.

Q2 When side c is longer than b, �C is larger than �B.

Q3 The ratios remain equal to each other despite changes in the triangle.

Q4 In equation form this is the Law of Sines:

  a ____ 
sin  A

   �   b ____ 
sin  B   �   c ____ 

sin C
  

 Q5 The reciprocals of equal nonzero values must also be equal. The second 

form of the Law of Sines is

  sin   A ____ 
a

   �   sin   B ____ 
b

   �   sin C ____ 
c
  

EXPLORE MORE
 Q6 By construction, the pink and the blue triangles are always right 

triangles.

sin A �   h __ 
b

    sin  B �   h __ 
a

  

 Q7 Solving for h, the two equations are h � b � sin A and h � a � sin  B. 

Setting the right-hand sides equal to each other gives b � sin A � a � sin  B.

 Q8 Dividing this result by ab gives

  sin   A ____ 
a

   �   sin   B ____ 
b

   

Alternatively, dividing the result by sin  A � sin  B gives

  a ____ 
sin   A

   �   b ____ 
sin  B

   

Both results are correct statements of the Law of Sines. Once students 

have written the Law of Sines as the equality of two ratios, ask them to 

justify adding the third ratio (involving c and sin C) to the equation.
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Triangle Sides and Sines: The Law of Sines ACTIVITY NOTES
continued

Q9 Once you drag C so h is outside the triangle, one of the two right 

triangles involves an exterior angle of the triangle. For instance, if you 

drag C past B, the right triangle DBC no longer contains �ABC, but 

now contains the exterior angle at B, which is supplementary to �ABC. 

Because sin B � sin(180° � B), the Law of Sines is still correct.

WHOLE-CLASS PRESENTATION
Use Sides and Sines Present.gsp to present this activity to the entire class. 

Even when students have done the activity on their own computers, use page 4 

to demonstrate the ambiguous case.

Page 1 (Intro) describes the contents of the sketch.

Page 2 (Ratios) parallels the main part of the student activity. 

Use the buttons and directions in the sketch to present this part.

Page 3 (Proof) parallels the Explore More section of the activity.

Page 4 (Ambiguous) explores the ambiguous SSA case.

Pages 5 and 6 (SSA and AAS) make it easy to generate practice problems 

and their solutions.
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Triangle Sides and Sines: The Law of Sines

You have already used the sine, cosine, and tangent ratios to fi nd missing parts of 

triangles. However, the defi nitions of these functions (involving the ratios of the 

opposite, adjacent, and hypotenuse) apply only to right triangles. In this activity 

you’ll explore a different set of ratios that you can use in oblique triangles.

MORE RATIOS

 1. In a new sketch, construct a triangle. Measure each angle and each side.

To show or change 
a label, select the 
object and then choose 
Display⎮Show Label.

 2. The vertices are automatically labeled A, B, and C. Label the sides a, b, and c 

according to the vertex that is opposite each side.

 Q1 Drag the vertices to make �A larger than �B. Which side is longer, a or b ? Is 

this always true? Write down the measurements from three different examples.

 Q2 Drag the vertices to make side c longer than b. Which angle is larger, �B or �C?

To calculate the 
sine, choose 
Number⎮Calculate. 
Select sin from the 
Function pop-up menu, 
and then click the 
angle measurement in 
the sketch.

 3. Calculate the sine of each angle. 

b c 

a

sin(m∠BAC)
 = 5.74 cm 

sin(m∠BAC) = 0.99
a = 5.68 cm 

m∠BAC = 97.97° 

B C

A

 4. Calculate the ratio of the length of each side to the sine 

of the opposite angle.

 5. Select all three ratios and place them in a table by 

choosing Number⎮Tabulate. With the table still 

selected, choose Number⎮Add Table Data and choose 

to add ten entries as the values change.

 Q3 Drag the vertices to change the angles and side lengths. What do you observe 

about the ratios?

 Q4 Write your observation as an equation.

 Q5 Calculate the reciprocal of each ratio. What do you observe? Write an equation.

These equations are both ways of writing the Law of Sines.

EXPLORE MORE

 Q6 Open Sides and Sines Proof.gsp. Use the labels in the blue triangle to write a 

formula for sin A. Use the labels in the pink triangle to write a formula for sin B.

 Q7 The length of segment h appears in both formulas. Solve both formulas for h, 

and set the results equal to each other.

 Q8 What must you do to this equation to complete a proof of the Law of Sines?

 Q9 By dragging point C, you can move segment h so it’s outside �ABC. Is your 

proof of the Law of Sines still correct, or must you modify it? Explain.
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The Law of Cosines  ACTIVITY NOTES

Begin by telling students that they will work out a new way to fi nd missing 

information in triangles by using the Pythagorean theorem, the graphs of 

the trigonometric functions, and function transformations. You may want 

to review some of those topics prior to using this activity.

TRY EXISTING METHODS
Q1 You can’t use the sine, cosine, or tangent ratios directly because they 

apply to right triangles, and this triangle is not a right triangle.

Q2 The Law of Sines is insuffi cient because one value for each of the three 

ratios is unknown.

  
sin    A

 ____ a   �   
sin  B

 ____ b   �   sin C ____ c  

   sin  A ____ 
2

   �   sin  B ____ 
6

   �   sin  60° ______ 
c
  

Q3 You cannot use the Pythagorean theorem because this triangle is not a 

right triangle.

EXTEND THE PYTHAGOREAN THEOREM
Q4 The value of  a  2  �  b  2  �  c  2  is zero at fi rst because this triangle is initially 

a right triangle, and so the Pythagorean theorem applies to it.

Q5 The lengths of sides a and b stay constant because points A and B are 

attached to circles which are centered on point C. Side c is the only one 

that changes. 

By keeping a and b constant, students can concentrate on the relationship 

between �C and the quantity  a  2  �  b  2  �  c  2 . This relationship will reveal the 

connection with the cosine.

Q6 If m�C � 90°, the value is positive. If m�C � 90°, the value is negative.

GRAPH
Q7 The point traces a shape similar to a cosine graph, with a maximum at 

0° and a minimum at 180°.

Q8 The graph has the same period as the trace, but is much fl atter. The 

graph’s maximum value is 1, but the trace’s maximum value is 12.
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The Law of Cosines ACTIVITY NOTES
continued

 Q9 To match the trace, you need to stretch the function vertically, increasing 

its amplitude by a factor of 12.

Q10 Changing d results in a vertical stretch or shrink. To try smaller 

increments of d, students can double-click the parameter, or they can 

change its properties to use a keyboard adjustment value of 0.1.

Q11 To match the function to the trace, d must be 12.

Students collect fi ve rows of data. Be sure that they erase traces between 

trials and that they accurately match the trace and the function plot before 

recording data.

 Q12 Based on the table, d � 2 � a � b. The new function is f(x) � 2ab  cos  x.

Q13 Solving for  c  2 :

2ab  cos  C �  a  2  �  b  2  �  c  2 

 c  2  �  a  2  �  b  2  � 2ab  cos  C

EXPLORE MORE
 Q14 Because cos(90°) � 0, it simplifi es to  c  2  �  a  2  �  b  2 .

 Q15 To fi nd �C, given a, b, and c:

cos  C �    a  2  �  b  2  �  c  2  ___________ 
2ab
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The Law of Cosines Presenter Notes

You can use this presentation sketch to gather and analyze data from a triangle in 

order to discover the Law of Cosines. 

 1. Open Law of Cosines Present.gsp. On page 1, begin with three questions.

 Q1 Why can’t you use the sine, cosine, or tangent functions to fi nd the missing 

measurements in this triangle? [The triangle is not a right triangle.]

 Q2 Write down the Law of Sines and substitute into it the measurements from 

this triangle. Can you use this equation to solve for the missing side or angles? 

Explain. [No, each ratio in the Law of Sines still contains an unknown quantity.]

 Q3 Can you use the Pythagorean theorem to fi nd the missing side? Give a reason. 

[No, the Pythagorean theorem works only for right triangles.]

This activity is devoted to fi nding a new method that does work for triangles like this. 

 2. Go to page 2 and tell students that they’ll begin by calculating a quantity related 

to the Pythagorean theorem. Use the buttons to measure the sides and to 

measure �C.

We use this name 
because the 
expression is the 
difference between 
the two sides of the 
Pythagorean theorem.

 3. Calculate  a  2  �  b  2  �  c  2 , the Pythagorean difference. 

 Q4 Why is this value 0 at fi rst? [The triangle starts with a right angle.]

 Q5 Drag A or B to observe how the Pythagorean difference changes as �C changes. 

When is it positive? When is it negative? When is it zero?

 4. Plot the Pythagorean difference as a function of �C. Animate A to fi ll it in.

 Q6 What function does this remind you of? [the cosine function]

 5. On page 3, show the plot of the Pythagorean difference. Then show the cosine 

function.

 Q7 The cosine function is too fl at. How can you transform it to match the other 

plot? [with a vertical stretch]

 6. Show the transformed function, and adjust d until the curves match.

 7. Show the table and double-click it to record the current values. Then change a 

and b, match again, and record more values. Repeat.

 Q8 How is d related to a and b? [d � 2ab] Go to page 4, show the table there, and 

ask if the relationship holds.

 8. On page 4, substitute and solve in order to arrive at the Law of Cosines.

 9. Finish by asking students to write the two other forms of the Law of Cosines by 

using �A or �B in place of �C.
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The Law of Cosines

You know how to use sine, cosine, and tangent functions to solve right triangle 

problems, and you know how to use the Law of Sines to solve some problems in 

triangles without right angles. These two methods are very important, but they are 

not enough to solve all triangle problems. In this activity you’ll fi nd another law 

that allows you to solve problems for which neither of the other methods works.

TRY EXISTING METHODS

 Q1 Why can’t you use the sine, cosine, or tangent  c

60°
b = 6.0 cm

a = 2.0 cm

B

C

Afunctions directly to fi nd the missing 

measurements in this triangle?

 Q2 Write down the Law of Sines and substitute into it the measurements from 

this triangle. Can you use this equation to solve for the missing side or angles? 

Explain.

 Q3 Can you use the Pythagorean theorem to fi nd the  

b

ca

c2

b2

a2

C A

B

missing side? Give a reason.

The fi gure at right illustrates the Pythagorean 

theorem. If you square each side, then  c  2  �  a  2  �  b  2 . 

Unfortunately, you can use this theorem only if one 

of the angles is a right angle. Even so, the Pythagorean 

theorem is a useful starting place.

EXTEND THE PYTHAGOREAN THEOREM

 1. Open Law of Cosines.gsp. Measure the lengths 

of all three sides of the triangle. Also measure �C.

Choose Number⎮
Calculate. To enter a 
measurement into your 
calculation, click it in 
the sketch.

 2. Calculate the value of  a  2  (the area of the square on a). Also calculate  b  2  and  c  2 .

 Q4 Calculate  a  2  �  b  2  �  c  2 . What result do you get? Why?

 3. Drag points A and B. 

 Q5 Why do two of the lengths remain constant? What length does change?

 4. You don’t need the circles any more, so hide them.

 Q6 For what values of �C is  a  2  �  b  2  �  c  2  positive? For what values is it negative?

GRAPH

It will be useful to fi gure out exactly how the value of  a  2  �  b  2  �  c  2  depends on �C. 

To investigate, you’ll graph  a  2  �  b  2  �  c  2  as a function of �C.
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The Law of Cosines
continued

 5. Press Show Axes. To plot the current values of the quantities you’re investigating, 

select m�C and  a  2  �  b  2  �  c  2  in order, and choose Graph⎮Plot as (x, y).

To trace the point, 
select it and choose 
Display⎮Trace 
Plotted Point.

 6. Turn on tracing for the plotted point. Then vary �C by dragging A and B.

 Q7 Have you graphed a function with a similar shape before? What function?

Choose Graph⎮Plot 
New Function. Choose 
cos from the Function 
pop-up menu. Then 
click x on the keypad.

 7. Use f(x) � cos(x) as the parent function. Plot this function.

 Q8 How is the graph of f(x) � cos(x) similar to the trace, and how is it different? 

 Q9 What transformation could you use to make the function match the trace?

To create a parameter, 
choose Number⎮New 
Parameter and use 
the dialog box that 
appears to set the 
name and value of the 
parameter.

 8. Create parameter d and set its value to 1.

 9. Edit function f(x) by double-clicking it. Change it to f(x) � d � cos(x).

 Q10 Change the value of d by selecting it and pressing  
10

5

–5

–10

2

 = d⋅cos(x)f(x)

the � key or � key repeatedly. How does d affect 

the graph?

When you studied 
stretches and shrinks, 
you probably used a 
and b as parameters. 
They are called d and e 
here to avoid confusion 
with the sides of the 
triangle.

 Q11 Adjust d until the graph matches the trace. What 

value of d did you use to do this?

 10. Record the values of a, b, and d needed to match 

the two functions by selecting all three values and 

choosing Number⎮Tabulate. Double-click the table 

to make the fi rst row of values permanent.

If you record a row 
of values incorrectly, 
you can remove it by 
selecting the table and 
choosing Number⎮
Remove Table Data.

 11. Use the sliders to change lengths a and b. Then 

erase the traces and make a new trace. Adjust d to 

match the function to the new trace, and then record the values again by 

double-clicking the table. Repeat this step until you have fi ve rows in the table.

 Q12 Examine your table. How can you express d in terms of a and b? Substitute this 

for d in the function defi nition. What is the new defi nition?

 Q13 The function is equal to a  2  �  b  2  �  c  2 . Solve the resulting equation for c  2 . This is 

the Law of Cosines.

EXPLORE MORE

 Q14 What happens to the Law of Cosines if �C is a right angle? Substitute the 

appropriate value and simplify the result. What do you end up with?

 Q15 You can also use the Law of Cosines to fi nd an angle when you have all three 

sides. In that case, how would you write the equation?
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Normal Distribution
Students simulate a random distribution of test scores and discover properties of the 

normal density curve.

Permutation and Combination
Students use a visual dynamic model to explore permutations and combinations drawn 

from a given set of objects.

Box and Whiskers
Students manipulate data points and observe the effect of the changes on a box-

and-whiskers plot, developing an intuitive understanding of the box-and-whiskers 

representation of a distribution of the data.

Fitting Functions to Data
Students experiment with several different parent functions, transform them to fit data, and

use a least-squares calculation to judge how good the fit is.
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Normal Distribution  ACTIVITY NOTES

RANDOM SIMULATION
(The test score is what’s called a binomial random variable, and it results in a 

binomial distribution. Students don’t need to be familiar with these terms to 

do the activity.)

Q1 The probability of scoring 60 or more is approximately 0.028. Don’t 

expect students to calculate this; the question is only a prompt for 

discussion.

Q2 This question does not ask for a precise calculation either, but students 

should be able to give a refi ned answer based on the observations. 

Encourage them to keep track of results of new random samples.

The expected number of passing scores is about 6, which makes 

the probability about 0.03. Students may fi nd this counterintuitive. 

Although scoring 6 out of 10 is no great feat, scoring 60 out of 100 is 

highly unlikely.

Q3 As n increases, the data distribution tends to fi t the curve more closely.

Q4 To approximate the probability, calculate the ratio of the areas:

probability �   success area __________ 
total area

   � 0.03

This method uses a continuous integration although the random 

variable is discrete. The regions represent not only the integers 

between 0 and 100 (the only possible scores), but also all real numbers 

between the integers and even a very small area outside of the range. 

This may cause some confusion. Remind students that it is only an 

approximation. There is some justifi cation for changing the minimum 

score to 59.5, and that would make a slight difference in the result.

THE NORMAL DENSITY CURVE
Q5 Changing μ causes a horizontal translation of the curve, and 

μ corresponds to the score at the maximum point of the curve. 

Increasing � stretches the curve horizontally and compresses it vertically.

The curve is above the x-axis for any real x. That can be confi rmed from 

the function defi nition. Students may be intimidated by the complexity 

of the defi nition. Help them break it into manageable parts. Since � is a 

positive number, the denominator must be positive. The numerator is 

a positive base, e, with an exponent, so it must be greater than zero no 

matter what the exponent is.
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Normal Distribution ACTIVITY NOTES
continued

 Q6 No matter what the settings are for parameters μ and �, the total area 

under the curve is 1. That corresponds to the denominator of the area 

ratio from Q4. Therefore, the probability is simply the area of the 

success region.

Q7 This is the same probability again, 0.03. Students should set limit a to 

59.5 and drag b far to the right. In theory there should be no upper 

limit, but that is not possible here, and the missing area is negligible.

This may raise some questions about �. Here is the formula:

� �  � 
__________

 kp (1 � p)  

where p is the probability of success on any one problem, and k is the 

number of problems on the test.

 Q8 You would be more likely to pass. Increasing � fl attens out the curve, 

forcing more area into the success region. The logical place to set 

the lower limit is 59 (since only even scores are possible), and the 

probability of passing is now about 0.10.

EXPLORE MORE
 Q9 Based on the data, the probability is about 0.08. Students should set the 

parameters μ � 79.4, � � 4.03, a � 70, and b � 74.
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Normal Distribution

Although statistical analysis uses mathematics, it is a science in that it involves the 

analysis of observations. Recent computer advances have made statistical analysis 

much easier and more effi cient. Statistics is now an indispensable tool in such 

diverse fi elds as medicine, biology, economics, sociology, meteorology, and sports.

RANDOM SIMULATION

Suppose you are taking a test, but you are entirely unprepared. In fact, you have no 

knowledge of the subject matter at all. It’s a true/false test with 100 questions, and 

you need to get at least 60 right to pass. You know that there are 200 students taking 

that same test, and not one of them knows anything about the subject.

 Q1 None of this worries you. Anyone can answer half of the questions correctly 

simply by guessing, so you only need to be a little bit luckier than most. What 

would you guess is your probability of getting a passing score? Express your 

guess as a decimal number between 0 and 1.

 1. Open page 1 of Normal Distribution.gsp. This sketch will display a random 

distribution of scores on the test. You can control three parameters:

p, the probability of a correct answer on any one problem

pass mark, the minimum score needed to pass the test

n, the number of people taking the test

Double-click on a 
parameter to edit it.

 2. Edit these three parameters to model the  

7060504030

true/false test described above. To try a 

new random sampling, select the red 

circle interior and press the exclamation 

point (!) key. Do this several times, and as 

you do so, watch the number of passing 

scores.

 Q2 Based on these observations, about how many people out of 200 are likely to 

pass the test? What is the approximate probability of passing?

 3. Select the red circle interior and press the exclamation point (!) key again 

several times. This time watch the overall shape of the distribution.

This is something you may have noticed in other data distributions. It has a 

bell shape, high in the middle and tapering down toward the extremes. Early 

investigators of probability theory noticed it too. They were successful in deriving a 

function that would predict the distribution.
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Normal Distribution
continued

 4. Open page 2. The curve you see is a prediction of the data distribution. The 

vertical scale in this model is automatically adjusted so that the curve stays the 

same when you add more data.

The curve is actually 
growing taller when 
you increase n. The 
variable scale makes 
it appear stable 
and keeps it from 
outgrowing the screen.

 5. Select the parameter n and press the � key several times. This will increase n by 

100 each time. Run the number up to at least 1000.

 Q3 What do you notice about the  

7060504030

relationship between the 

random data and the curve as 

you increase n?

For large values of n, this function 

can give you a reliable approximation 

of the data distribution before you 

even see the data.

 6. Press Hide Data, Show Total Region, and Show Success Region. When the regions 

appear, you will also see measurements representing their areas.

 Q4 Based on the way you have seen the data fi t the graph, how can you use the two 

area measurements to approximate the probability of passing the test? Do so 

now. What is the approximate probability?

THE NORMAL DENSITY CURVE

If you have a reasonable level of confi dence in the shape of the distribution, you can 

estimate the probability of an event by comparing areas, just as you did above. The 

normal density curve is actually a family of curves. It has two parameters: μ (mu), 

the mean; and � (sigma), the standard deviation. Here is the function defi nition:

f(x) �    e �((x�μ ) 2 /2 �  2 )  _________ 
 � 

___
 2�   � �

  , � � 0
Perhaps you are not 
yet familiar with e. For 
now, you only need 
to know that it is a 
constant. Its value is 
about 2.72.

 7. Open page 3. This is a normal density curve. Experiment with changing 

parameters μ and �.

 Q5 Describe in detail how changing μ and � affects the shape of the curve. Does it 

cross the x-axis?

To set the limits more 
precisely, edit the 
parameters set a and 
set b, and then press 
Set Limits a and b.

 8. Press the Show Limits button. The points a and b on the x-axis control the limits 

of a region under the curve. Notice the measurement for the area of this region. 

This time it has no units because it is based on a coordinate system.
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Normal Distribution
continued

 Q6 With the earlier curve the height was based on the size of the data sample. That’s

not the case here. Drag the region limits to the edge of the screen left and right. 

What is the approximate total area under the curve? Try this again for several μ 

and � settings. How does this simplify the probability calculation?

For the upper end of 
this interval, simply 
drag b to the edge 
of the screen. The 
missing area is 
negligible.

 Q7 The true/false test example has normal parameters μ � 50 and � � 5. Enter 

these parameters and adjust the limits so that the region covers x � 59.5. What 

is your probability estimate?

0.05

50 ba 100

 Q8 If the test contained 50 questions worth 2 points each, the parameters would be 

μ � 50 and � � 7.07. In that case, would you be more likely or less likely to pass 

the test?

EXPLORE MORE

It was possible to calculate μ and � for these true/false test examples, but random 

variables are usually much more complex. Take a person’s weight as an example. 

It is infl uenced by age, diet, health, and a combination of genetic material from 

thousands of generations of ancestors. No one could possibly gather and process so 

much information. What you have to do instead is to make measurements of the 

population or, more likely, a sample of the population. You can then derive μ and � 

from that.

Sports is an excellent fi eld for investigating statistics because there is plenty of 

readily available data on athletes’ heights, weights, ages, performances, and even 

salaries. You will probably have to do your own calculations of the mean and 

standard deviation.

 Q9 The published rosters of six National Basketball Association teams indicate a 

mean height of 79.4 inches, with a standard deviation of 4.03 inches. Based 

on this information, what is the probability of a randomly chosen NBA player 

having a height between 70 and 74 inches?
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Permutation and Combination ACTIVITY NOTES

PERMUTATION
 Q1 There are six ways to arrange the prizes.

Q2 By adding one more prize, there are now 24 ways: For each prize chosen 

fi rst, there are 6 ways to arrange the remaining three prizes. 

Q3 For eight objects the number is 8! � 40,320.

Q4 We usually say that 0! � 1 by defi nition, for convenience, but there is a 

perfectly logical way of justifying this. Imagine starting with an empty 

set. If you do nothing at all, then you have one arrangement, and there 

is no way to change that arrangement. Therefore, there is one way to 

arrange zero objects.

SUBSETS
 Q5 There are four prizes available for the fi rst prize. After choosing that, 

there are three available for the second. There are 12 permutations.

Q6 Here is a symbolic proof that nP0 � 1: 

nP0 �   n! _______ 
(n � 0)!

   �   n! __ 
n!

   � 1

Another explanation is that nP0 is the number of ways to draw zero 

objects from a set of n. There is one way to do this, which is to draw 

nothing at all.

 Q7 Symbolically:

nPn �   n! _______ 
(n � n)!

   �   n! __ 
0!

   �   n! __ 
1

   �   n! __ 
1!

   �   n! ____________  
[n � (n � 1)]!

   � nPn�1

Imagine drawing n objects from a set of n. You start by drawing n � 1 

objects. There are nPn�1 ways to do this. In each case there is only one 

object left to complete the group. 

COMBINATION
 Q8 There must be six because that is the number of ways there are to 

arrange three objects (3! � 6).

Q9 nC0 � 1  nC1 � n  nCn � 1

 Q10 Symbolically:

nCr �   n! ________ 
r !(n � r)!

   �   n! __________________  
[n � (n � r)]!(n � r)!

   � nCn�r
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Permutation and Combination ACTIVITY NOTES
continued

When you draw r objects, you could think of that as separating the set 

into two groups, the r objects that you drew and the n � r objects that 

you left behind. If nCr is the number of ways to draw r objects, then it 

must also be the number of ways to leave n � r objects behind.

CALCULATIONS
Q11 You are drawing fi ve players from a set of ten, and their positions do 

matter, so use the permutation formula.

10P5 � 30,240

Q12 This is simply the number of ways to arrange nine objects.

9! � 362,880

Q13 Each player gets fi ve cards from a set of 24 different cards, and the order 

of the cards does not matter.

24C5 � 42,504
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Permutation and Combination

You probably learned to count before you even started school, but the method you 

learned (1, 2, 3, . . .) can be limiting. For example, how many seating arrangements 

are possible for your classroom? Don’t answer that now. Just imagine how long it 

would take to list them all and count. Permutation and combination formulas help 

us to count things without actually having to see them.

PERMUTATION

Ms. Caba is giving a small prize to each of the top three students in her class. 

Each prize is different, and she is distributing them randomly among the winners. 

How many ways are there to distribute three prizes among three students? Each 

arrangement is a permutation.

 1. Open Permutation and Combination.gsp. The fi rst page, labeled Practice, has a 

set of icons grouped in a box. Each icon represents a different prize. The buttons 

allow you to adjust the number of prizes between zero and fi ve.

 2. Set the number of prizes to three. Select a prize and drag it out of the box. A 

copy of it will remain. Drag one of each prize and arrange them in a row.

 3. Again, drag one of each prize out of the box and arrange them in another row, 

but this time in a different order. Continue forming rows of the three prizes 

until you have formed every possible arrangement.

 Q1 How many arrangements were you able to form? In other words, what is the 

number of permutations for three distinct objects drawn from a set of three?

 Q2 Without counting, how many arrangements do you think you could form with 

four prizes? (Hint: How many arrangements are there in which the fi rst prize is 

a triangle?)

 4. Open the Factorial page. Adjust the number of prizes to three, and press the List 

Permutations button. It will answer Q1 and display the possible arrangements, 

six in all.

Note that the permutations are listed in a logical order. For the fi rst position there 

are three prizes to choose from. No matter what you choose for the fi rst, there are 

two prizes available for the second position. That leaves only one remaining for the 

last position. Hence, the number of permutations is 3 � 2 � 1 � 6. This number is 

written 3! (three factorial).
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Permutation and Combination
continued

 5. This page will list the number of permutations for any set of prizes numbering 

between zero and fi ve. Try them all.

 Q3 As you can see, the number of permutations gets out of hand in a hurry, which 

is why this demonstration has an upper limit. How many permutations are 

there for eight distinct objects drawn from a set of eight?

 Q4 For any positive integer n you can calculate n! by taking the product of all 

positive integers less than or equal to n. But what about zero? Why is 0! � 1?

SUBSETS

In his class Mr. Brownlow has decided to give a prize to anyone who scores 100% 

on the fi nal exam. He has wrapped four different prizes, but only two students have 

qualifi ed. In this case you are still counting permutations, but you are not using up 

all of the available prizes.

 Q5 Given a set of four prizes, you must choose two. How many prizes are available 

for the fi rst student? How many are available for the second? What is the 

number of permutations for two objects chosen from a set of four?

The number of permutations for r objects chosen from a set of n is written 
n
P

r
. You 

can compute it from the following formula:

n
P

r
 �   n! _______ 

(n � r)!
  , where n and r are integers and n � r � 0You may also see this 

written as P n   r   or P(n, r ).

 6. Go to the page labeled Permutation. This allows you to change the n and r 

parameters in a permutation calculation, again with an upper limit of fi ve. List 

the permutations and check your answer to Q5. Experiment with other settings.

 Q6 You may observe the fact that 
n
P

0
 � 1 for any non-negative integer n. Explain 

why this is true.

 Q7 It is also true that 
n
P

n
 � 

n
P

n�1
. Explain why.

COMBINATION

Mr. Bozich promised that at the end of the semester he would give a prize to 

every student who scored 100% on any test. Stacey was the only student who 

accomplished this feat, and she did it three times. Mr. Bozich has fi ve different 

prizes wrapped, and he tells Stacey to choose three.

In this case the order of the selections does not matter, because they are all going 

to the same student. Here you are not counting permutations; you are counting 

combinations.
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Permutation and Combination
continued

 7. Stay on the Permutation page for now. List the permutations for 

5
P

3
. There should be 60. 

 Q8 The fi rst permutation has a circle, a square, and a star. Looking 

carefully, you can see that six of the permutations have this same 

combination of prizes. Find them. Explain why there must be six.

You cannot count this same combination six times, and the same 

goes for all of the other combinations. Therefore, divide the number of 

permutations by six to get the number of combinations. The expression 
n
C

r
 

represents the number of possible combinations of r objects chosen from a set of n.

n
C

r
 �   n

P
r ___ 

r!
   �   n! ________ 

r!(n � r)!
  , where n and r are integers and n � r � 0The combination may 

also be written C n   r  , 
 �  n   r   � , or C(n, r ), and is 
often pronounced 
“n choose r.”

 8. Go to the page labeled Combination. List 
5
C

3
. Experiment with other 

combinations.

 Q9 What are 
n
C

0
, 

n
C

1
, and 

n
C

n
?

 Q10 Explain why 
n
C

r
 is always the same as 

n
C

n�r
.

CALCULATIONS

 9. Open the page labeled Calculations. This page has calculations for factorial, 

permutation, and combination. There are no graphical representations, but 

there are also no upper limits for the parameters.

 Q11 A basketball team has ten players, and there are fi ve different player positions on 

the fl oor. How many different starting lineups are possible?

 Q12 Nine apartment tenants all drive, and their parking lot has only nine spaces. 

How many ways are there to arrange the cars in the spaces?

 Q13 At the start of the game of euchre, each player gets fi ve cards from a deck that 

includes only the cards from nine up to ace (9, 10, J, Q, K, A) in the usual four 

suits. How many hands are possible in euchre?
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SKETCH AND INVESTIGATE
Q1 See A1 in the student section.

Q2 No, this is not possible. The middle half of the data must fall within the 

box, and the median must be somewhere in that middle half.

Q3 Yes. It will happen if the middle half of the data  

have the same value somewhere in the middle 

of the range.

Imagine a math test with only two questions, 

one very easy and one very diffi cult. Nearly all 

of the students would score 1, but a few 

outliers could score 0 or 2.

Q4 Yes. It is similar to the distribution in Q1, 

except that there is both a lower limit 

and an upper limit.

Show a photo of the cast of Gilligan’s 

Island to a large group of people. Ask them to identify the characters. 

Many people have no knowledge of the show, and would score zero. 

Of the people who have seen the show, most would have no diffi culty 

naming all seven.

Q5 Yes. This can be caused by a fairly close 

grouping with some extreme outliers.

This situation has been modeled in real 

life in baseball labor disputes. The mean 

income of professional baseball players 

is very high. However, most professional players play in the minor 

leagues and earn a modest income. Relatively few outliers in the majors 

earn exorbitant salaries, raising the mean but having little effect on the 

median or the quartiles.

Q6 No, this is not possible. The mean must be within the range of the 

sample. You can prove this algebraically.

xmax � x1, xmax � x2, ... , xmax � x10

10xmax � x1 � x2 � ... � x10

xmax �   
x1 � x2 � ... � x10   _______________ 10  

xmax �  
__

 x  

x

Box and Whiskers  ACTIVITY NOTES
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Box and Whiskers ACTIVITY NOTES
continued

 Q7 Yes. When ten data elements are ordered, the fi ve-number summary is 

defi ned by only six of the values. The minimum is x1, the maximum is 

x10, the fi rst quartile is x3, the third quartile is x7, and the median is the 

mean of x5 and x6. Moving any of the remaining four values will change 

the mean with no effect on the box, provided they do not pass any of 

these above-mentioned points.

Q8 No. The mean formula includes every data point, so changing a single 

value always affects the mean.

Q9 Yes. If you move two data points the same distance in opposite 

directions, the sum stays the same, and so does the mean.

Q10 Yes. The median is the mean of x5 and x6, so it is only necessary to move 

or replace one of these two points.
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Box and Whiskers Presenter Notes

 1. Open Box and Whiskers Present.gsp. The sketch has a set of ten data values 

controlled by ten points on parallel lines. A box-and-whisker summary appears

above the points. The actual ordered data are in a column on the left. However, 

the scale is arbitrary, so you probably will have no use for the actual data.

 2. Drag some of the red points to show the class how this affects the image.

 Q1 How can you make the box narrower? [Group the data more closely.]

 Q2 How can you have a narrow box but long whiskers? [Group most of the data 

closely, but have one outlier an each side.]

For Q3–Q8, press Hide Box and Whiskers before asking. Have students guide your 

manipulation of the data. Press Show Box and Whiskers after the class has reached 

something approaching a consensus. For each confi guration, try to imagine how it

could occur with real data. Some suggestions are in the activity notes.

This presentation can be particularly engaging if you give the controls to a student 

while you and the class direct him or her.

 Q3 How can one whisker have zero length? [Group one end of the data on the 

same value.]

 Q4 How can the median fall outside of the box? [This is not possible.]

 Q5 Can the box have zero width? [Group the middle part of the data on the 

same value.]

 Q6 Can both whiskers have zero length? [Put the three lowest on the same value 

and the three highest on the same value.]

 3. Press the Show Mean button.

 Q7 Can the mean fall outside of the box? [Try closely grouped data, but with one 

extreme outlier.]

 Q8 Can the mean be greater than the maximum? [This is not possible.]

For the remaining questions, do not hide the box and whiskers. You will have to be 

able to see it as the data points are moving.

 Q9 Is it possible to move the mean without changing the box, the whiskers, or 

the median? [Moving any data point will change the mean, but the box and 

whiskers are unchanged when you move the 2nd, 4th, 7th, or 9th data points.]

 Q10 Is it possible to move one point without moving the mean? [It is not.]

 Q11 Is it possible to move two points without moving the mean? [Yes, provided 

they are moved the same distance in opposite directions.]
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Box and Whiskers

The box-and-whiskers plot (sometimes just called a box plot) is a recent development 

in statistical analysis. You cannot derive any detailed information from it, but it 

gives you a convenient, easily understood graphical representation of the data 

distribution.

 SKETCH AND INVESTIGATE

 1. Open Box and Whiskers.gsp.

The sketch contains ten data values represented as points on parallel lines. 

Above the points are a box and whiskers. You can change a value by sliding its 

corresponding point right or left. The data are ordered and displayed on the left, 

but the actual numerical values are not important for this activity.

 2. Before answering any of the questions, take a minute to experiment with the 

sketch. Drag the data points and observe the effect.

Each of the following questions suggests a special shape for the box and whiskers. 

In each case, state whether it is possible. If it is not possible, explain why not. If it is 

possible, make a rough sketch of the data points that will create that confi guration, 

and suggest a real data set that might make this happen. The fi rst one is done as an 

example.

 Q1 Can one whisker have zero length?

 A1 This will occur if the lower one-fourth of the data points all have the same 

value. This might happen if there is a lower limit to the data range. Test a group 

of people to see how far they can throw a heavy weight. Those who cannot even 

lift the weight will all score zero.

 Q2 Can the median fall outside of the box?

 Q3 Can the box have zero width?
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Box and Whiskers
continued

 Q4 Can both whiskers have zero length?

 3. Press the Show Mean button. The mean is represented by a green bar. Normally, 

the mean is not shown on a box-and-whisker plot. It appears here so that you 

can observe its relationship to the data distribution.

 Q5 Can the mean fall outside of the box?

x

 Q6 Can the mean be greater than the maximum?

x

Questions Q7–Q9 involve moving data points. In doing so, you are actually moving 

from one data set to another. In real life this could happen when a restaurant 

manager changes the prices of certain menu items, or when a sports team makes a 

player trade.

 Q7 By moving one or more data points, can you move the mean without changing 

the box, the whiskers, or the median?

x

 

x

 Q8 Can you move a single data point without changing the mean?

 Q9 Can you move two data points without changing the mean?

 Q10 Can you change the median by moving a single data point?
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Fitting Functions to Data ACTIVITY NOTES

MAKE THE SQUARES
 Q1 The data appear to be periodic, so the sin x or cos x function may be a 

good choice for the parent function.

Q2 Slider b adjusts the horizontal stretch/shrink. Slider k adjusts the vertical 

translation.

5. If students are not familiar with the Custom Tools menu, show them 

how to press and hold the Custom tools icon to make it appear.

MAKE THE SQUARES SMALL (LEAST SQUARES)
Answers will vary for the questions asking students to actually fi t functions. 

Some typical values for Q3, Q4, Q6, Q8, and Q10 are shown in the table 

below, but there is the possibility for considerable variation. For instance, 

the sine function used in Q3 will require very different values for the 

horizontal translation (h) if the vertical stretch (a) is negative instead of 

positive.

Q5 You need only two of the sliders for a linear function. The values of a 

and b combine to determine the slope. The values of h and k combine to 

determine the intercept.

Q7 You need only three of the sliders for a quadratic function. The values of 

a and b combine to determine the width of the parabola. (The values of 

h and k determine the vertex.) Similarly, square root and absolute value 

functions need only three sliders.

    Q9      One reason for squaring the values is to make them all positive. If you 

just add the deviations,     a large negative deviation and a large positive one 

might add up to zero,     even though both points are far from the graph.

Q3 (page 1) y � 2.05 sin �   x � 5.20 ______ 1.45   �  � 0.90

Q4 (page 2) y � �0.60x � 2.40

Q6 (page 3) y � �  �   x � 14.95 ______ 
3.20

   �   2  � 25.25

Q8 (page 4) y � 50.25 �  2  �(x�0.25)/12.60  � 0.25

Q10 (page 5) y � 1.25 � 
_______

 x � 7.90   � 0.15

Q10 (page 6) y �   7.5 ______ x � 5.00   � 1.05
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continued

WHOLE-CLASS PRESENTATION
Use the Presenter Notes and Fitting Functions Present.gsp to present this 

activity to the whole class.
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Fitting Functions to Data Presenter Notes

Use this presentation to review function transformations and to introduce students 

to some of the principles of curve fi tting. 

MAKE THE SQUARES

 1. Open Fitting Functions Present.gsp. The sketch has ten data points and four 

sliders. Tell students that their job is to transform a parent function using the 

sliders so that it fi ts the data points as closely as possible.

 Q1 Looking at the pattern of these data points, what sort of parent function might 

you use? (The data look periodic, so sin x or cos x might be a good choice.)

 2. Press Show Parent Function to reveal the parent function for this page.

 3. Press Show Transformed Function to create and graph the transformed function.

g(x) � a � f  �   x � h _____ 
b

   �  � k

 Q2 Ask students how to drag the sliders to experiment with the transformation. 

You’re not trying to fi t the data yet; you are familiarizing students with the 

effects of the sliders. Students should drive this adjustment process. Don’t rush 

them; give them time to discuss, to argue, and to think about what’s happening.

 Q3 Which slider adjusts the horizontal stretch/shrink? (b)

 Q4 Which slider adjusts the vertical translation? (k)

 4. Adjust the sliders to arrange the transformed function plot in a rough 

approximation of the data.

Now you’re ready to measure the distances and fi nd the sum of the squares.

 5. Use the Initialize Function and Sum, Next Square, and Show Result custom 

tools to fi nd the sum of the squares of the deviations. Consult the directions for 

the student activity for details on using these tools.

To make very small 
slider adjustments, 
select the point on the 
slider and press the 
right or left arrow key 
on the keyboard.

 Q5 Adjust the sliders to minimize the sum of the squares. Switch back and forth 

among the various sliders to be sure you’ve found a minimum result. Record the 

slider values.

 Q6 Why do you think we square the distances from the point  to the function before 

adding them up? Why don’t we just fi nd the sum of the distances and use that 

to measure how good the fi t is?  (We use squared values to make all the values 

positive so that positive and negative deviations do not cancel each other out.)

The remaining pages contain a number of interesting data patterns to fi t.

It’s best to have a 
student operating the 
computer and taking 
direction from you and 
from other students.
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Fitting Functions to Data

The real world doesn’t often behave as cleanly as mathematical functions do. The 

precision and consistency of pure mathematics is one of its attractions, but also one 

of its challenges: It’s not easy to fi t the messy data of real life into the more orderly 

world of mathematics. In this activity you’ll use a general technique for fi tting 

functions (which are smooth and well defi ned) to data (which may not be).

The technique involves starting with a parent function and using translations, 

stretches, and shrinks to generate a transformed function that more closely fi ts the 

data. To get the best fi t, you need to be able to measure how close the fi t is. You will 

use the method of least squares for this purpose: You will fi nd the vertical distances 

from the data points to the function, square those distances, and add them up. The 

smaller the sum, the better the fi t. (This is the reason for the method’s name.)

MAKE THE SQUARES

 1. Open Fitting Functions.gsp.

The sketch has ten data points and four 2

1

2 4

sliders. Your job is to transform a parent 

function using the sliders so that it fi ts 

the data points as closely as possible.

 Q1 Looking at the pattern of these 

data points, what parent function might you use?

 2. Press Show Parent Function to reveal the parent function to use on this page.

To graph g (x ), choose 
Graph⎮Plot New 
Function. To enter 
a slider value into 
the formula, click it 
in the sketch.

 3. Use the parent function and the sliders to graph the transformed function 

g(x) � a � f  �   x � h _____ 
b

   �  � k

 Q2 Drag the sliders to change the transformation. Which slider adjusts the 

horizontal stretch/shrink? Which one adjusts the vertical translation?

 4. Arrange the transformed function plot in a rough approximation of the data.

Now you’re ready to measure the distances and fi nd the sum of the squares.

 5. Press and hold the Custom tools icon and choose Initialize Function and Sum You cannot see the 
sum yet because it is 
hidden.   from the menu that appears. To start the summation process, click this tool on 

the transformed function. (Click the function itself, not the graph.)

Press and hold the 
Custom tools icon to 
see the menu again.

 6. To construct the square for the fi rst data point, choose the Next Square custom 

tool from the Custom Tools menu, and click it on the point.

 7. Construct squares for each of the remaining data points.
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continued

 8. To see the sum of the squares, choose the Show Result custom tool. You don’t 

even have to click this tool; it shows the sum as soon as you choose it from 

the menu.

MAKE THE SQUARES SMALL (LEAST SQUARES)

As you adjust, you’ll 
need to switch back 
and forth among the 
different sliders to get 
the best fi t.

 Q3 Drag the sliders while you watch the Sum of Squares calculation, and try to make 

this sum as small as possible. When you’re satisfi ed, record the slider values and 

the Sum of Squares that you used.

 Q4 Page 2 contains data to fi t with a linear function. Transform the parent function, 

f(x) � x. Then record the slider values and the sum of squares that gives the 

best fi t.

To make very small 
slider adjustments, 
select the point on the 
slider and press the 
right or left arrow key 
on the keyboard.

 Q5 How many sliders do you really need in order to adjust a linear function? 

Explain why you don’t need all four transformations in this case.

 Q6 Page 3 contains data to fi t with a quadratic function. The parent function is 

f(x) �  x  2 . Chris adjusted the sliders to make the sum of the squares 12.10. Can 

you do better? Record the slider values and the sum of squares that gives the 

best fi t.

 Q7 How many sliders do you really need in order to adjust a quadratic function? 

Explain why you don’t need all four transformations in this case.

 Q8 Page 4 contains yet more data and an exponential parent function. Fit the 

transformed function to the data and record your results.

 Q9 Why do you think we square the distances from the point to the function before 

adding them up? Why don’t we just fi nd the sum of the distances and use that 

to measure how good the fi t is?

EXPLORE MORE

 Q10 Pages 5 and 6 contain additional data, but no functions. On these pages you 

must create your own parent function, transform it, and fi t it to the data points. 

Choose your function carefully; for some data you may want to try two different 

parent functions to see which one fi ts best. (To do a second least-squares 

calculation in the same sketch, start over with the Initialize Function and Sum 

tool, and then use the Next Square tool on each data point.)

 9. Collect some data of your own. The data can come from your own 

measurements, from a science lab, from the Internet, or from some other source. 

Plot the data in Sketchpad, and then choose an appropriate function and fi t it to 

the data. Present the results to your group or to your entire class.
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Introduction to Vectors: Walking Rex
Students learn two ways to describe vectors, convert between the two descriptions, 

and move vectors around the plane to explore how vectors are independent of specific 

positions.

Vector Addition and Subtraction
Students learn to add and subtract vectors graphically and algebraically, and investigate 

whether these two operations are commutative.

Solving Systems Using Matrices
Students model a system of equations as a single matrix equation and then use the inverse 

matrix to find the solution.
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Introduction to Vectors: Walking Rex ACTIVITY NOTES

WALK THE DOG
Q1 The magnitude stays the same. (In other words Rex is always the same 

distance—the length of his leash—from the tree.)

Q2 Students should be able to get within about 1° of the answers below.

a. magnitude � 5; direction � 0°

b. magnitude � 5; direction � 143.13°

c. magnitude � 5; direction � 270°

d. magnitude � 5; direction � 233.13°

Q3 Students should be able to get within about 0.1 of the answers below.

a. (4.33, 2.50)

b. (�3.54, 3.54)

c. (�2.50, �4.33)

d. (3.00, �4.00)

Q4 To get away from the ladybug when it’s at (5, 0), Rex should move 

to (�5, 0). In magnitude-direction form he should move 5 units in 

direction 180°. In general, vectors (x, y) and (�x, �y) face in opposite 

directions.

Q5 To get away from the ladybug when it’s at distance 5 units and 

direction 140°, he should move to distance 5 units and direction 320°. 

In component form he should move to (3.83, �3.21). Assuming 

positive magnitude, a vector in direction � and a vector in direction 

� � 180° face in opposite directions.

Q6 The components of a are (2, 4). To fi nd these components without 

moving point You to the origin, you can subtract the coordinates of the 

tail from the coordinates of the head.

Q7 The only things that change when vector a is dragged are the locations of 

its head and tail. The fi rst method for describing vectors uses magnitude 

and direction—neither of these changes as a is dragged. The second uses 

the components, and these don’t change either. No matter where the 

head and tail actually are, the result of the subtraction never changes.

Q8 (82, 84). No matter where you’re standing, Rex is 2 units to the right and 

4 units up, because the components of the vector are (2, 4).

Q9 Page 3: (83, 81). Find the components by dragging the vector so its tail is 

at the origin. The components are (3, 1), so Rex is always 3 units to the 

right of you and 1 unit up from you.
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continued

Page 4: (74, 83). Find the components by dragging the vector so its tail 

is at the point marked (8, 6) and then subtracting. The components are 

(�6, 3), so if you are at (80, 80), Rex will be at (74, 83).

 Q10 Page 3: (86, 82). If the leash is twice as long, the components must be 

(6, 2).

Page 4: (68, 86). If the leash is twice as long, the components must be 

(�12, 6).
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Introduction to Vectors: Walking Rex Presenter Notes

Use this presentation to introduce vectors and two common ways to describe them. 

Vectors often represent physical quantities, and the scenario of walking a dog on a 

leash provides a hook students can use to understand the concepts better.

 Q1 If you walk 2 miles north and then 2 miles south, how far did you go? 

(Encourage discussion of the alternative answers: 4 miles or no distance at all. 

Use the discussion to point out that distance alone isn’t enough here, and that 

you also have to take into account the direction of the walk.)

Defi ne a vector as a quantity that has both magnitude (size or length) and direction, 

and describe some areas in which vectors are important in everyday life.

WALK THE DOG

 1. Open Introduction to Vectors Present.gsp. Describe the situation: Rex’s leash 

is tied to a tree at the origin of an xy-coordinate system. Rex is pulling the leash 

tight as he excitedly waits for you to take him on a walk.

 Q2 Get students to answer each of the questions on this page. Remind them 

periodically of the equivalence of the two different ways they are using to 

describe the same object: by components or by magnitude and direction.

Now it’s time to untie the leash from the tree and take Rex for a walk. 

 2. On page 2 you’ve untied Rex from the tree, and he’s 

pulling in a certain direction, no matter where you 

try to drag your end of the leash. 

 Q3 What are the components of vector a ? How can 

you determine the components without moving 

point You to the origin?

 Q4 Drag vector a around the screen and ask whether 

the vector changes as the coordinates of its head 

and tail change. Get students to explain why, no matter where you drag it, vector 

a is always the same vector. Encourage them to use both methods of describing 

the vector in their arguments.

 Q5 On page 3, where will Rex be when you’re at (80, 80)? How can you fi gure this 

out? Let the discussion develop until students fi nd and understand a strategy.

 Q6 On page 4 the objective is the same, but the available information is different. 

Encourage students to describe their strategy to each other.

 Q7 What if your leash is twice as long, and Rex is still pulling in the same direction? 

Now where will Rex be when you’re at (80, 80)? Answer for page 3 and page 4.

4

2

5

Magnitude = 4.47

Direction = 63.43°

Rex: (5.00, 5.00)

You: (3.00, 1.00)

Rex

You

This activity is 
particularly effective 
with a student 
operating the computer 
and taking direction 
from you and from 
other students.



302 
 

 Exploring Algebra 2 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Introduction to Vectors: Walking Rex

You know that 2 � 2 � 4. But if you walk 2 miles north and then 2 miles south, 

how far did you go? In one sense you went 4 miles—that’s what your feet would tell 

you. But in another sense you haven’t gone anywhere. We could say: 2N � 2S � 0.

Values with both magnitude (size or length) and direction are called vectors. Vectors 

are useful in studying the fl ight paths of airplanes in wind currents and the push 

and pull of gravitational or electric forces. In this activity you’ll explore the algebra 

and geometry of vectors in the context of a walk with your faithful dog, Rex.

WALK THE DOG

 1. Open Introduction to Vectors.gsp. Rex’s leash is tied to a tree at the origin of an 

xy-coordinate system. Rex is pulling the leash tight as he excitedly waits for you 

to take him on a walk. 

Vectors often have 
a physical meaning. 
This particular vector 
represents Rex’s 
position relative to 
the tree.

 Rex’s taut leash is represented by a vector, a segment with an arrowhead. The end 

with the arrow (Rex) is called the head, and the plain end is called the tail. We’ve 

labeled this particular vector a.

 Q1 One way to defi ne a vector is by its magnitude and direction. Which of these 

two quantities stays the same as you drag point Rex?

Another way to defi ne a vector is by the coordinates of its head when its tail is at the 

origin. These coordinates are called the components of the vector.

You will not be able to 
make the components 
match the given values 
exactly. Just make 
them as close to those 
values as you can.

 Q2 For each problem, drag Rex so the vector has the given components, and fi nd 

the magnitude and direction of the vector.

 a. components are (5, 0)

 b. components are (�4, 3)

 c. components are (0, �5)

 d. components are (�3, �4)
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Introduction to Vectors: Walking Rex
continued

 Q3 For each problem, drag the vector as close as you can to the given magnitude 

and direction, and fi nd the vector’s components.

 a. magnitude � 5; direction � 30°

 b. magnitude � 5; direction � 135°

 c. magnitude � 5; direction � 240°

 d. magnitude � 5; direction � 307°

 Q4 Rex is terrifi ed of ladybugs. Suppose a ladybug is sitting at (5, 0). Where should 

Rex move to face in the opposite direction and be as far from it as possible? 

Describe Rex’s position both ways, using components and using magnitude and 

direction.

 Q5 What if the ladybug moves to a position 5 units away from the tree at 140°? 

Where should Rex go now?

Now it’s time to untie the leash from the tree and take  

4

2

5

Magnitude = 4.47

Direction = 63.43°

Rex: (5.00, 5.00)

You: (3.00, 1.00)

Rex

You

Rex for a walk. 

 2. Go to page 2. Rex is very determined! As you walk 

him, he pulls the leash taut and always tries to pull 

you in the same direction. Rex is still at the head of 

vector a, and now you’re at the tail.

 Q6 What are the components of vector a? How can 

you determine the components without moving point You to the origin?

 Q7 Drag vector a around the screen. Explain why, no matter where you drag it, 

vector a is always the same vector. Support your argument using both of the two 

methods for describing vectors.

 Q8 Suppose you walk to the point (80, 80). Where will Rex be? Explain how you 

found your answer. (Don’t scroll—all the information you need is on the 

screen.)

 3. Go to pages 3 and 4. Rex is heading in different directions on these pages. The 

information presented on screen is also a little different for each page.

 Q9 On each of these two pages, determine where Rex will be standing when you’re 

at (80, 80). Explain your reasoning in each case.

 Q10 What if your leash is twice as long, and Rex is still pulling in the same direction? 

Now where will Rex be when you’re at (80, 80)? Answer for both page 3 and 

page 4.
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SKETCH AND INVESTIGATE
 Q1 The coordinates of the ending point are (7, 9). To fi nd this, put a’s tail at 

the origin and b’s tail at a’s head. The coordinates of point B, b’s head, 

are the answer.

Q2 The answer is still (7, 9).

Q3 The head is at (7, 9) and the tail is at (0, 0).

Q4 You end up at (21, 10). To get there, put b’s tail at the origin and a’s 

tail at b’s head so that point A, whose coordinates are given, is the 

destination point.

Q5 Both routes take you to (19, 9). Put a’s tail at the origin this time and 

b’s tail at a’s head so that point B, whose coordinates are given, is the 

destination point. For the other route, put b’s tail at the origin and a’s 

tail at b’s head. The coordinates for both destinations are the same, 

so they take you and Rex to the same place. The length of each route is 

the sum of its component vectors. Since the two routes have the same 

components, they also have the same length.

Q6 You get an incorrect destination when you line up the head of one 

vector with the head of another because this violates the meaning of 

a vector. Vectors have a defi nite direction. If you line up their heads, you 

would be going against the direction of the second vector, which is sort 

of like going the wrong way down a one-way street.

VECTOR ADDITION
 Q7 Line up the tail of the second vector with the head of the fi rst vector. The 

sum is the vector from the fi rst vector’s tail to the second vector’s head.

Q8 Yes, vector addition is commutative. The drawing on the fi rst page of 

the activity demonstrates this: Whether you add the second vector to the 

fi rst or the fi rst to the second, you end up in the same place.

Q9 Two vectors whose sum is zero have the same magnitude but face in 

opposite directions.

VECTOR SUBTRACTION
 Q10 Vector subtraction is just like vector addition except that what is added 

is the opposite of the second vector (which we’ll call the opposite vector 

here). Thus, line up the head of the fi rst vector with the tail of the 
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Vector Addition and Subtraction ACTIVITY NOTES
continued

opposite vector. The difference between the two vectors is represented by 

the vector connecting the tail of the fi rst vector to the head of the second 

vector’s opposite. You are adding the opposite of the second vector to 

the fi rst vector.

Q11 No, vector subtraction isn’t commutative. In fact, the difference of two 

vectors is the opposite of the difference taken in the reverse order.

EXPLORE MORE
Q12 The components of vector c are �a1 � b1, a2 � b2�. The components of 

vector d are �a1 � b1, a2 � b2�.
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Vector Addition and Subtraction Presenter Notes

In this activity a student, Yolanda, and her dog, Rex, will take some walks together, Substitute the name of 
one of your students.  and in the process explore how to add and subtract vectors.

VECTOR ADDITION

This activity is most 
effective if a student 
operates the computer 
and takes direction 
from you and from 
other students.

 1. Open Vector Add Subtract Present.gsp. Page 1 has two movable vectors, a and 

b. Yolanda and Rex begin their walk at home (the origin), heading fi rst along a 

path the direction and magnitude of vector a, and then along another path the 

direction and magnitude of vector b. 

 Q1 Drag the vectors so they show this walk. Find the coordinates of the ending 

point of the walk. Have students explain how they got their answers.

 Q2 Some days Rex prefers a different route: b, then a. Rearrange the vectors to 

represent this route. Where do they end up?

 Q3 On page 2 there are two vectors, but only one shows its coordinates. If Yolanda 

and Rex start at home, where do they end up? How did you have to arrange 

the vectors? 

Choose the Vector 
custom tool by 
pressing and holding 
the Custom tools icon, 
and selecting Vector 
from the menu that 
appears. Use it by 
clicking fi rst the tail, 
then the head of the 
desired vector.

 2. Use the Vector custom tool to draw the vector representing the direct path from 

Yolanda’s home to the fi nal destination. 

 Q4 On page 3 are two identical pairs of vectors. Build one route to the destination 

with one set (a, then b), and then the other route with the other set (b, then a). 

Where does each route end up? Is one route longer than the other?

 3. Use the Vector tool to draw the direct path from Yolanda’s home to her 

destination. 

The new vector you just constructed is the sum of the other two vectors.

 Q5 Addition of real numbers is commutative because x � y � y � x. (For example, 

3 � 5 � 5 � 3 � 8.) Is vector addition commutative? Does a � b � b � a? 

Justify your answer based on the vector operations you’ve done.

VECTOR SUBTRACTION

Recall that subtracting a number is the same as adding its opposite. The same is true 

with vectors: Subtracting a vector is the same as adding its opposite.

 Q6 How can you make the opposite of a vector? (Keep the same magnitude, but 

reverse the direction.)

 4. On page 4, experiment with vector subtraction. Use the button to fi nd the 

opposite of b. Then subtract the vectors by adding a and the opposite of b. 

 Q7 Is vector subtraction commutative? Use the sketch to investigate.
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Vector Addition and Subtraction

In the activity Introduction to Vectors: Walking Rex, you can learn about vectors 

as you walk your dog Rex. In this activity you and Rex will go on some more walks 

together. Along the way you’ll explore how to add and subtract vectors.

SKETCH AND INVESTIGATE

 1. Open Vector Add Subtract.gsp.

 Page 1 has two movable vectors, a and b. You and Rex begin your walk at home (the 

origin), heading fi rst along a path the direction and magnitude of vector a, and then 

along another path the direction and magnitude of vector b.

Magnitude is another 
word for the size or 
length of a vector.

 Q1 Drag the vectors to represent your walk. Find the coordinates of the ending 

point of your walk. Explain how you got your answer.

 Q2 Some days Rex prefers a different route: b, then a. Where do you and Rex end 

up after taking this route?

Your walks in Q1 and Q2 could have taken more direct paths. Instead of following 

vectors a and b, you could have gone directly to the fi nal destination along a single 

vector, c.

 Q3 Choose Vector from the Custom Tools menu. This tool draws a vector with 

an arrow at its head. Use it to draw the vector c that would take you directly 

from home to your fi nal destination. What are the coordinates of the head and 

tail of c?

 Q4 On page 2, the coordinates of only one point are given. Assuming that you start 

at home, where do you end up? How did you get your answer? 

 2. Use the Vector tool to draw the vector representing the direct path from home 

to your fi nal destination. 

As before, you won’t need to measure any new coordinates.

 Q5 On page 3 are two identical pairs of vectors. Build one route to your destination 

with one set (a, then b), and then the other route with the other set (b, then a). 

For both routes, at what coordinates do you end up? Do the two routes take you 

to different fi nal destinations? Is one route longer than the other?

 3. Use the Vector tool to draw the direct path from home to your fi nal destination. 

 Q6 All along, you’ve been combining vectors by putting the tail of the second vector 

on the head of the fi rst. Would you get the correct destination if you put the 

head of the second vector on the head of the fi rst? Why or why not? 
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Vector Addition and Subtraction
continued

VECTOR ADDITION

What you’ve just been doing is adding vectors! In step 2 you found a single vector, 

c, that got you to the same place as walking along a, then b. So we can say that 

c � a � b. 

The coordinate system made it easy to fi nd the coordinates of c’s head. But if there 

is no coordinate grid, can you still draw a � b?

 4. Go to page 4. What do you think a � b will look like? Make a conjecture, and 

then press the button Add a � b to see.

 5. What will b � a look like? Make a conjecture, and then press Add b � a to see.

 Q7 On your paper, describe vector addition in a way that someone familiar with the 

basics of vectors—but not yet vector addition—would understand. Make sure 

to use the words head and tail.

 Q8 Addition of real numbers is commutative because x � y � y � x. (For 

example, 3 � 5 � 5 � 3. Both operations give the answer 8.) Is vector addition 

commutative? In other words, does a � b � b � a? Justify your answer with a 

drawing.

 Q9 The zero vector, 0, is a vector with a magnitude of zero (basically, just a point). 

What must be true of two vectors whose sum is 0? 

VECTOR SUBTRACTION

Consider subtraction of real numbers. Recall that by defi nition, 8 � 5 � 

8 � (�5) � 3. Subtracting a number is the same as adding its opposite. The same 

is true with vectors: Subtracting a vector is the same as adding its opposite.

 6. On page 5, experiment just as you did on the previous page.

 Q10 On your paper, describe vector subtraction in a way that someone familiar with 

the basics of vectors—but not yet vector subtraction—would understand.

 Q11 Is vector subtraction commutative? In other words, does a � b � b � a? 

Defend your answer with a drawing.

EXPLORE MORE

 Q12 One way of describing a vector is to use its components: the coordinates of 

its head if its tail is at the origin. Assume that a � (a
1
, a

2
) and b � (b

1
, b

2
). If 

a � b � c, what are the components of c? If a � b � d, what are the 

components of d?
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Solving Systems Using Matrices ACTIVITY NOTES

Although students should learn how to compute the inverse of a matrix, 

that task would make this activity more tedious, and it would greatly 

increase the likelihood of a blunder. For those reasons the partially 

completed document has custom tools for computing the matrix and for 

multiplying a matrix by a vector.

INTERSECTION OF LINES
Q1 The unknowns are x and y.

Q2 The plotted point falls on the intersection. 

Q3 The solution to the given system is x � 4, y � �2.

Q4 This system is represented by the following matrix equation:

⎤⎦ �12    
�14   �9    

�3 ⎤⎦

⎤⎦ x   y  ⎤⎦  � ⎤⎦ 1�4    
�17 ⎤⎦

The matrix is singular. Students may see that the top row is a multiple 

of the bottom, or they may see that the determinant is zero. This means 

that it has no inverse, and the system has no solution. Students may also 

observe that the lines are parallel.

FITTING A LINE
Q5 Be sure to check for understanding at this point. There may be a 

tendency for students to try to force the matrix equation into the same 

form that was used in the previous section, but this situation is very 

different.

 
mxP � b � yP        
mxQ � b � yQ

  ⇒ ⎤
⎥
⎦

 
xP   
xQ

   
1

   
1

 
⎤
⎥
⎦

⎤
⎥
⎦

 
m

   
b

  
⎤
⎥
⎦

 � ⎤
⎥
⎦

 
yP   
yQ

 
⎤
⎥
⎦

⇒ ⎤
⎥
⎦

 
xP   
xQ

   
1

   
1

  
⎤
⎥
⎦

 
�1

 ⎤
⎥
⎦

 
yP   
yQ

 
⎤
⎥
⎦

 � ⎤
⎥
⎦

 
m

   
b

  
⎤
⎥
⎦

Q6 This is the same problem that occurred in Q3. The matrix is singular 

because the top and bottom rows are identical. Therefore, it has no 

inverse, and the system has no solution. In this case no solution means 

only that there is no slope-intercept equation. The line may be possible, 

but its equation would have to be in a different form.
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Solving Systems Using Matrices ACTIVITY NOTES
continued

EXPLORE MORE
The trick to this extension is to mentally separate the known values and the 

unknown. Since the x- and y-coordinates of two points are known, you can 

also regard the sine and cosine parts of the equation as known values. Use 

the Sketchpad Calculator to compute cos xP, sin xP, cos xQ, and sin xQ. Then 

arrange those calculations into a matrix as shown:

 
a cos xP � b sin xP � yP            
a cos xP � b sin xQ � yQ

  ⇒ ⎤
⎥
⎦

  
cos xP     
cos xQ

   
sin xP    
sin xQ

  
⎤
⎥
⎦

⎤
⎥
⎦

  
a

   
b

   
⎤
⎥
⎦

 � ⎤
⎥
⎦

  
yP

   yQ
  
⎤
⎥
⎦

   ⇒ ⎤
⎥
⎦

  
cos xP     cos xQ

   
sin xP    
sin xQ

  
⎤
⎥
⎦

�1

  ⎤
⎥
⎦

  
yP   yQ

  
⎤
⎥
⎦

 � ⎤
⎥
⎦

  a   
b

   
⎤
⎥
⎦

After solving for a and b, defi ne and plot the function f (x) � a cos x � b sin x. 

The result creates a much more interesting graph than the linear function 

although the procedure is nearly the same.

5
A

B
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Solving Systems Using Matrices Presenter Notes

In this presentation you’ll show students how to solve a system of equations by 

forming a matrix of coeffi cients and using the inverse matrix to compute the solution.

The presentation will 
be most effective if you 
have a student operate 
the computer.

 1. Open Matrix Solution Present.gsp. The six red and blue parameters control the 

two linear equations above them. They also control the lines themselves. Change 

some of the parameters to show the relationship.

 Q1 The solution to this system of linear equations corresponds to the intersection 

of the lines. How can you represent this system as a single matrix equation? 

After suitable input from students, press Matrix to show the answer.

 Q2 The variables x and y are the only unknowns here. How can you rewrite the 

equation to solve for x and y ? Press the Inverse button to show the formula.

At this time you may wish to have the class derive the inverse of the matrix. If so, 

simplify the task by making all the parameters integers.

 2. Press Compute to show the inverse matrix, and press Solution to show the 

plotted point.

 3. Before moving to the next part, press Reset and briefl y go through the steps again.

 4. Go to the “Fitting a Line” page. This time there are two points and no line.

 5. Press Coordinates. Drag the points around and explain that the objective is to 

fi nd the slope-intercept equation of the line joining these two points.

 Q3 What two equations can you write using the given information? Tell students to 

take their time on this part. They may try to force the equations into the same 

form as in the previous section. Get them to use the slope-intercept form. After 

a suitable period of discussion, press Show Equations.

 6. Continue through the buttons in order, showing the matrix, its inverse, and 

fi nally the solution. Urge students to keep in mind which values they are looking 

for. Rather than x and y, they are now looking for m and b.

 Q4 After showing the solution, drag one of the points so that it is directly above 

the other. Why does the solution line disappear? Students may know that the 

slope-intercept equation cannot represent a vertical line, but how can they tell 

from the matrix? Use the Calculator to show that the determinant is zero.

 Q5 Go back to the “Intersection of Lines” page. Adjust the parameters to form the 

equations below. Why is there no solution? Again, show that the determinant 

is zero.

 �12x � 9y � �4

 4x � 3y � �17
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Solving Systems Using Matrices

One of the most common applications of matrices is to solve a system of linear 

equations. For a solution to be possible, the number of equations must be greater 

than or equal to the number of unknown values. In this activity you’ll solve systems 

of two equations with two unknowns.

INTERSECTION OF LINES

 1. Open Matrix Solution.gsp. The sketch contains two lines in the coordinate 

plane, along with their equations in standard form (ax � by � c � 0). You 

can control the equations and the lines by editing the parameters a
1
, b

1
, c

1
, a

2
, b

2
, 

and c
2
.

You have seen problems like this before. This is a system of two equations with two 

unknowns, x and y. The coordinates of the intersection point are the solution. This 

time you will use matrices to solve the system. First you have to express the system 

of equations as a matrix equation.

 
a

1
x � b

1
y � c

1         
a

2
x � b

2
y � c

2

  ⇒ ⎤
⎥
⎦

 
a

1
 b

1     
a

2
 b

2

 
⎤
⎥
⎦

⎤
⎥
⎦

 
 x

   
y
  
⎤
⎥
⎦

 � ⎤
⎥
⎦

 
c

1   
c

2

 
⎤
⎥
⎦

 Q1 In this equation there are only two unknowns. What are they?

The next step is to make a formula by solving for the unknowns.

⎤
⎥
⎦

 
a

1
 b

1     
a

2
 b

2

 
⎤
⎥
⎦

⎤
⎥
⎦

 
 x

   
y
  
⎤
⎥
⎦

 � ⎤
⎥
⎦

 
c

1   
c

2

 
⎤
⎥
⎦  

⇒ ⎤
⎥
⎦

 
a

1
 b

1     
a

2
 b

2

  
⎤
⎥
⎦

 
�1

 ⎤
⎥
⎦

 
c

1   
c

2

 
⎤
⎥
⎦

 � ⎤
⎥
⎦

 
 x

   
y
  
⎤
⎥
⎦

 2. This formula requires an inverse matrix.  
c2 = –17.0

c1 = –4.0

inv2,2 = 0.70

inv1,2 = 0.48

inv2,2 = 0.70

inv1,2 = 0.48

inv2,1 = 0.20

inv1,1 = 0.06

Arrange parameters a
1
, b

1
, a

2
, and b

2
 into a 

matrix as shown here. Press and hold the 

Custom tool icon, and choose 2D Inverse. 
Click the four matrix elements, working down 

the left column fi rst, and then down the right column: a
1
, a

2
, b

1
, b

2
.

 3. The result of using the tool is the inverse matrix. It appears as a single column. 

Drag the two bottom elements up and to the right to form the second column. 

Arrange parameters c
1
 and c

2
 as a column vector on the right side of the inverse 

vector.

 4. Press and hold the Custom tool icon, and choose 2D Matrix * Vector. Select the 

elements of the matrix formula. Work down the left matrix column fi rst, then 

down the right column, and fi nally down the column vector. The output is the 

solution. The results of this calculation will be labeled c[1]� and c[2]�. Use the 

Text tool to change the labels to x and y. 
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Solving Systems Using Matrices
continued

 5. Select the coordinates in order. Choose Graph⎮Plot as (x, y).

 Q2 Does the plotted point fall on the intersection of the lines? 

 Q3 By changing the equation parameters, fi nd the solution to this system.

 3x � 10y � �8

 �4x � y � �18

 Q4 Edit the parameters again to form the system shown below. The system has no 

solution. How can you tell that by examining the matrix equation?

 �12x � 9y � �4

 4x � 3y � �17

FITTING A LINE

 6. On page 2 there are two points and their coordinates.

As you know, there is exactly one line through both of these points. Your objective is 

to fi nd the slope-intercept equation of that line. Both points satisfy the equation, so 

that gives you this system.

mx
P
 � b � y

P

mx
Q
 � b � y

Q

See those two 1’s 
at the edge of the 
screen? You will need 
them when you form 
your matrix.

 Q5 This time you know x and y in both equations. The unknown values are m 

and b. Rewrite this system of equations as a matrix equation. Then rewrite that 

as a matrix formula for the unknowns.

 7. Repeat the steps from the earlier section to fi nd m and b.

 8. Choose Graph⎮Plot New Function. For the function defi nition, enter mx � b.

 Q6 If the two points have the same x-coordinate, it is still possible to draw the line 

between them, but it is not possible to write the equation in slope-intercept 

form. Drag one of the points so that it is directly above the other. What happens 

to the function plot? Explain why the matrix solution fails.

EXPLORE MORE

Page 3 is identical to page 2. Use a similar procedure to fi t the two points with the 

graph of an equation in this form.

a cos x � b sin x � y
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