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Downloading Sketchpad Documents

Getting Started

All Sketchpad documents (sketches) for Exploring Geometry and Measurement in
Grades 3—5 with The Geometer’s Sketchpad are available online for download.

+ Go to www.keypress.com/gsp5modules.
+ Log in using your Key Online account, or create a new account and log in.
+ Enter this access code: EG35v486

+ A Download Files button will appear. Click to download a compressed (.zip) folder of
all sketches for this book.

The downloadable folder contains all of the sketches you need for this book, organized by
chapter and activity. The sketches require The Geometer’s Sketchpad Version 5 software
to open. Go to www.keypress.com/gsp/order to purchase Sketchpad, or download a trial
version from www.keypress.com/gsp/download.

Types of Sketches

Presentation Sketches: Most activities include sketches
designed for use with a projector or interactive
whiteboard, either for a teacher presentation or a whole-
class activity. The Activity Notes guide you in introducing
the sketch, exploring mathematical concepts with
students through interactive models or constructions,

and anticipating student questions and responses. The

name of a Presentation Sketch always ends with the word
“Present,” such as Circle Designs Present.gsp.

Student Sketches: If you have access to computers for
student use, you may choose to introduce an activity to the
class and then have students work together on the activity
using the student sketch. The name of a Student Sketch
usually matches the activity title, and is referenced on the
Student Worksheet for the activity, such as Geoboard

Fences.gsp.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad Downloading Sketchpad Documents
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Sketchpad Resources

vi

Sketchpad Learning Center

The Learning Center provides a variety of resources to help you
learn how to use Sketchpad, including overview and classroom
videos, tutorials, Sketchpad Tips, sample activities, and links to
online resources. You can access the Learning Center through
Sketchpad’s start-up screen or through the Help menu.

The Learning Center has three main sections:

Welcome Videos

These videos introduce Sketchpad from the point of view of
students and teachers, and give an overview of the big ideas and

new features of Sketchpad 5.
Using Sketchpad

Learning Center

Reference Center

Online Resource Center

Picture Gallery

License Information...

About Sketchpad...

Welcome Videos h
Using Sketchpad
Teaching with Sketchpad

Objects
Tools

Menus

Sample Sketches & Tools
Check for Updates
Technical Support

This section includes 12 self-guided tutorials with embedded videos, 70 Sketchpad Tips,

and links to local and online resources.

Using Sketchpad

Getting Started Tutorials

Learn how to use Sketchpad while exploring central
mathematical ideas. Follow step-by-step instructions
supported by online videos.

Sketchpad Tips

Explore dozens of tips—provided as both comic strips
and short online videos—that give you a quick overview
of Sketchpad's tools and menu commands.

Reference Center

Browse, search by topic, or use the index to find the
information you need in this comprehensive reference
manual. You can also access the Reference Center
directly from Sketchpad's Help menu.

Online Resource Center @

Consult an extensive collection of free resources for
Sketchpad users, including sample sketches and tools,
an advanced sketch gallery, and information about
software updates. You can also access the Online
Resource Center directly from Sketchpad's Help menu.

Sketchpad Resources

Teaching with Sketchpad

This section includes videos and articles describing how teachers make effective use of

Sketchpad and how it affects their students’ attitudes and mathematical understanding.

There are over 40 sample activities, each with an overview, teaching notes, student

worksheet, and sketches, that you can use with students to support your subject area, level,

and curriculum.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Other Sketchpad Resources

Exploring Number and Operations in Grades 3—5 with The Geometer’s Sketchpad activities

are an excellent introduction to Sketchpad for both students and teachers. If you want to

learn more, Sketchpad contains resources for beginning and advanced users.

Reference Center: This digital resource, which is accessed through the Help menu,

is the complete reference manual for Sketchpad, with detailed information on every
object, tool, and menu command. The Reference Center includes a number of How-To
sections, an index, and full-text search capability.

Online Resource Center: The Geometer’s Sketchpad Resource Center
(www.dynamicgeometry.com) contains many sample sketches and advanced toolkits,
links to other Sketchpad sites, technical information (including updates and frequently
asked questions), and detailed documentation for JavaSketchpad, which allows you to
embed dynamic constructions in a web page.

Sketch Exchange: The Sketchpad Sketch Exchange™ (sketchexchange.keypress.com)
is a community site where teachers share sketches and other resources with Sketchpad
users. Browse by keyword or topic for sketches that interest you, or ask questions and
share ideas in the forum.

Sample Sketches & Tools: You can access many sketches, including some with

custom tools, through Sketchpad’s Help menu. You can use some sample sketches as
demonstrations, others to get tips and information about particular constructions, and
others to access custom tools that you can use to perform special constructions. These
sketches are also available under General Resources at the Sketchpad Resource Center
(www.dynamicgeometry.com).

Sketchpad LessonLink™: This online subscription service includes a library of more
than 500 prepared activities (including those used in this book) aligned to leading
math textbooks and state standards for grades 3—12. For more information, additional
sample activities, or a trial subscription, go to www.keypress.com/sll.

Online Courses: Key Curriculum Press offers moderated online courses that last six
weeks, allowing you to immerse yourself in learning how to use Sketchpad in your
teaching. For more information, see Sketchpad’s Learning Center, or go to
www.keypress.com/onlinecourses.

Other Professional Development: Key Curriculum Press offers free webinars on a
regular basis. You can also arrange for one-day or three-day face-to-face workshops for
your district or school. For more information, go to www.keypress.com/pd.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad Sketchpad Resources vii
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Addressing the Common Core State Standards

viii

The Common Core State Standards emphasize the importance of students gaining expertise
with a variety of mathematical tools, including dynamic geometry® software such as The
Geometer’s Sketchpad. The Standards for Mathematical Practice specify that students should
use technological tools to explore and better understand mathematical concepts.

5. Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a
mathematical problem. These tools might include pencil and paper, concrete
models, a ruler, a protractor, a calculator, a spreadsheet, a computer algebra
system, a statistical package, or dynamic geometry software. Proficient students
are sufficiently familiar with tools appropriate for their grade or course to make
sound decisions about when each of these tools might be helpful, recognizing
both the insight to be gained and their limitations. They are able to use
technological tools to explore and deepen their understanding of concepts.
(Common Core State Standards for Mathematics, 2010, www.corestandards.org)

This collection of Sketchpad activities supports you in using dynamic geometry®

software to address the Common Core State Standards for Mathematics for Grades 3

to 5. In addition to supporting the Standards for Mathematical Practice, these activities
give students the opportunity to explore content from the domain of Geometry and the
geometric measurement standards in the domain of Measurement and Data. In particular,
Sketchpad allows for deep engagement with these areas designated as critical for Grades 3
and 4:

(3) developing understanding of the structure of rectangular arrays and of area;
and (4) describing and analyzing two-dimensional shapes.
(Common Core State Standards for Mathematics, Grade 3, page 21)

(3) understanding that geometric figures can be analyzed and classified based
on their properties, such as having parallel sides, perpendicular sides, particular
angle measures, and symmetry.

(Common Core State Standards for Mathematics, Grade 4, page 27)

Addressing the Common Core State Standards Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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As a set, the activities address the standard cluster statements listed in the table.

Grade

Measurement and Data

Geometry

3

Geometric measurement: understand
concepts of area and relate area to
multiplication and to addition.

Geometric measurement: recognize
perimeter as an attribute of plane
figures and distinguish between linear
and area measures.

o Reason with shapes and their attributes.

Geometric measurement: understand
concepts of angle and measure angles.

o Draw and identify lines and angles, and
classify shapes by properties of their lines

and angles.

Geometric measurement: understand
concepts of volume and relate volume
to multiplication and to addition.*

o Graph points on the coordinate plane
to solve real-world and mathematical
problems.

o Classify two-dimensional figures into
categories based on their properties.

*This standard is addressed in a separate module—Exploring Plane and Solid Geometry in

Grades 6-8 with The Geometer’s Sketchpad—also available from Key Curriculum Press.

Exploring Geometry and Measurement in Grades 3-5 with The Geometer’s Sketchpad
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Overview of Content

The content of each chapter is described below, as well as how the activities in that chapter
correlate to the Common Core State Standards. All of these activities strongly correlate to
the Standards for Mathematical Practice. The Geometer’s Sketchpad is a mathematical tool
that students can use strategically, allows them to model with mathematics, and motivates
them to make sense of problems and persevere in solving them. In addition, the worksheets
and activity notes are designed to help students reason abstractly and quantitatively, look
for and make use of structure, and look for and express regularity in repeated reasoning.

Chapter 1: Circles

Students use Sketchpad’s compass tool and circle construction commands to construct and
explore circles. These activities guide students to discover the defining property of a circle
as the set of all points that lie a given distance from a point on the plane, understand that
the size of the circle is proportional to the radius.

Chapter 2: Lines and Angles

Students use Sketchpad’s straightedge tools and basic construction commands to draw
and identify segments, rays, lines, and angles. Then they explore models that introduce the
concepts of angles, angle measures, and rotation.

Chapter 3: Triangles

Students reason about shapes and their attributes. By constructing general and special
triangles, measuring angles and side lengths, and using Sketchpad’s calculator, students
explore triangle properties, classify triangles according to the properties of their segments
and angles, and solve problems involving triangles on the coordinate plane.

Chapter 4: Quadrilaterals

Students further their work with geometric constructions through activities that focus

on special quadrilaterals. Students use radii of a circle to construct congruent segments,

and Sketchpad’s perpendicular and parallel construction commands to construct special
quadrilaterals. Through these activities, students deepen their understanding of quadrilateral
properties, helping them classify figures into categories.

Chapter 5: Transformations

Students use Sketchpad’s basic transformation commands to build their own models and
develop the sense of transformations they’ll need in middle school. The activities start

with reflection and mirror symmetry, move to rotation and rotational symmetry, and then
investigate scaling, transformational geometry, and transformations on the coordinate grid.

Chapter 6: Area and Perimeter

Working with segment lengths and grid units, students explore perimeter and area. The
activities help students recognize perimeter as an attribute of plane figures, develop their
concept of area, and distinguish between linear and area measures.

X Overview of Content Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Circles All Around: Parts of a Circle

Students use Sketchpad’s Compass tool to construct and
explore circles. They learn that the length of a circle’s radius
determines its size and that a circle has an infinite number
of radii, all of which are the same length. Students discover
that the length of a circle’s diameter is twice the length of
its radius.

Circle Explorations: Using a Circle to Compare Lengths

Students determine which of two immovable line segments is
longer by using a circle as a comparison tool. Students develop
a deep understanding of circle properties, learning that all radii
of a circle are equal in length, as are all diameters.

Circle Designs: Geometric Patterns

Students make a circle design template and then use it to
create geometric designs, beginning with a regular hexagon
inscribed in a circle and moving on to more complex
figures. Properties of circles are discussed in relation to the
designs.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad

© 2012 Key Curriculum Press
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Tracing Circular Paths: Circles and Concentric Circles d A

Young students generally conceive of a circle holistically

as a “round” shape. In this activity, students construct and
animate a model that helps them think of a circle as a set of
points equidistant from a given point—the center—and of

concentric circles as circles that share the same center.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press




Circles All Around: Parts of a Circle E‘Pﬁ ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Open Circles All Around Present.gsp. Go to page “Compass Tool.”
viewing by the class. Enlarge the document window so it fills most of the screen.
Expect to spend about

15 minutes. 2. Use the Compass tool to construct a circle. What is this figure?

[A circle] Where can you find circles around you? Students may suggest
a clock, a plate, or a bike tire, for example.

The point on the 3. Indicate the two points, one at the center of the

circumference is circle and one on the circumference of the circle.

sometimes called the Let’s see what happens when I drag each point. °
radius pointbecause it . . center
determines the radius of Start by dragging the center point toward and away point
the circle. from the point on the circumference.

Now, drag the point on the circumference toward and away from the
center point. What stays the same and what changes as I drag the
points? Elicit mathematical language and students’ prior knowledge of
circles. Introduce and define terms, writing them on the board as they
arise. Here are some sample student responses.

The circle always stays a circle, but it changes size.

There’s a point on the border of the circle. The border of the circle is called
the circumference.

To keep the circle the The center point of the circle always stays at the center.
same size, drag its

circumference. As the circle gets smaller, the circumference gets smaller.

As the circle gets smaller, the radius gets smaller.

4. Develop the concept that the size of a circle
corresponds to the length of its radius. Use the
Segment tool to construct a segment connecting the
center of the circle to the point on the circumference.
Emphasize that you need to check that each point is
highlighted before clicking on it.

Now use the Arrow tool to drag the point on the circumference. What
happens to the segment when I drag this point away from the center?
[The segment gets longer.] What happens to the size of the circle?

[It gets larger.] Repeat by dragging the point toward the center to
illustrate that as the segment (the radius) gets shorter, the size of the
circle gets smaller.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 3
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For——>

Circles All Around: Parts of a Circle ~ BSPT ACTIVITY NOTES

continued

Remind students that the
plural of radius s radii.

5.

8.

Let’s measure the length of the radius. Select the segment (not the
endpoints) and choose Measure | Length. The endpoints of the radius
will be labeled A and B. Discuss how to read the measurement. The “m”
stands for “measure.”

Now drag point B. What happens to the measurement? [It updates,
increasing as the segment gets longer and decreasing as the segment gets
shorter.]

. Now construct another radius of the same circle. Using the Segment

tool, start at the center of the circle and end anywhere on the
circumference. (When the circumference is highlighted, the segment’s
endpoint will attach when you click.)

Using the Arrow tool, drag the new point on the circle. What happens
when I drag this point? [The point travels around the circumference of
the circle, but the circle doesn’t change size.]

. Select the new segment and choose Measure | Length.

What do you think will happen to the length of each mAB = 5.15 cm
radius when I drag point C? Take responses. Drag mAC =5.15cm
point C and have students note that because the circle B
stays the same size, both radii keep the same length.

Then drag point B and note that the lengths of the

radii change but always remain equal to each other.

How many radii could we draw? Will they all be the

same length? Construct and measure a few more radii until the

class understands that a circle has infinitely many radii and all are the
same length.

In mathematics we say that a circle is the set of all points in a plane
that are the same distance from a center point. Explain that students
can think of a plane as a flat surface. Does this make sense? Young
students tend to think of a circle as a round object, but may not think
of it in the way given by the definition. When asked to consider the
definition, students may point out that all the radii have one endpoint
on the circle, and those endpoints are the same distance from the center
point: Their distance from the center is the length of the radii. You
might ask, Could we place a point on the sketch that isn’t on the circle
but whose distance from the center is the length of the radii?

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



For——>

Circles All Around: Parts of a Circle ~ B8PS ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 30 minutes.

11.

. Now you will construct some circles on your own and play two

different circle games with a partner. If you want students to save their
work, demonstrate choosing File | Save As, and let them know how to
name and where to save their files.

. Assign students to computers and tell them where to locate Circles All

Around.gsp. Distribute the worksheet. Tell students to work through
step 11 and do the Explore More if they have time. Encourage students
to ask their neighbors for help if they have questions about using
Sketchpad.

Let pairs work at their own pace. As you circulate, here are some things
to notice.

* In worksheet steps 2 and 3, encourage students to draw lots of circles
and drag them. How can you make the circle larger? How can you
make it smaller? Can you drag the circle and keep it the same size?

+ In worksheet step 2, students may discover how to make concentric
circles by first clicking the same center point each time they use the
Compass tool. Introduce and define the term concentric circles, and
then encourage students to draw some other circles as well.

+ In worksheet steps 4-8, students use a different method to
construct a circle. By selecting a segment and a point and choosing
Construct | Circle by Center+Radius, students will construct a circle
whose radius is determined by the segment. Students will likely find
this construction very interesting because even though the segment
isn’t attached to the point, it changes the size of the circle when either
endpoint is dragged.

+ When a student pair has completed step 9, ask, How does this new
way of building a circle compare to using the Compass tool? Here are
some sample responses.

They both make circles. And the circles all have center points.

This circle [Compass tool construction] comes with a point on it.
When we drag the point, the circle changes size. This circle [Circle by
Center+Radius construction] only has a point at the center. We can
only change the size of the circle by changing the length of the segment.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 5

© 2012 Key Curriculum Press



For——>

Circles All Around: Parts of a Circle ~ BSPT” f ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

Sketchpad rounds
measurements, so the
measurement for the
diameter may not always
appear to be exactly twice
the measurement of the
radius.

12.

13.

It seems like the length of this segment is equal to the radius of this circle
[Circle by Center+Radius construction]. We can drag the circle right
onto the segment to show they are the same length.

* In worksheet steps 10 and 11, students play games that require them
to use and think about the Circle by Center+Radius command. For
examples of what students will construct in each game, open Circles
All Around Present.gsp and go to pages “Game 1” and “Game 2.”

Encourage pairs that have played both games to move on and do the
Explore More, worksheet steps 12—-17.

If you have a flash drive available, collect sketches to display students’
circle pictures from the shared computer. If students will print their
work, model choosing File | Print Preview; in the dialog box that
appears, set the image to fit on one page before clicking Print.

If students will save their work, remind them how now.

. Now that students are familiar with the radius of a circle, introduce

the diameter. Open Circles All Around Present.gsp. Go to page
“Summarize.” Invite the class to observe.

» Select point A and choose Transform | Mark Center.

» Select AB and point B. Choose Transform | Rotate. In the window
that pops up, enter 180 for the angle. Click Rotate.

« Observe that AB rotates halfway around the circle. Using the Text
tool, label the rotated point as B”.

* What do you think the length of this new segment BB’ will be? Select
points B and B” and choose Measure | Distance to check.

« Drag point B to change the size of the circle. As the circle changes size,
ask students to check whether the length of BB’ is always twice the
length of AB.

* The line segment through the center is called a diameter. What can
you say about the diameter of a circle? [The diameter’s length is twice
the length of the radius.]

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



For——>
Circles All Around: Parts of a Circle ~ B8P3 ACTIVITY NOTES

continued

15. Have the class make a poster that shows an illustration of a circle with a
radius, a diameter, and the circumference, and definitions for each term.
Here are definitions to share.

* Circle: the set of all points in a plane that are the same distance from a
center point.

* Circumference: the distance around a circle (the perimeter)

* Radius: a line segment with its endpoints at the center of a circle and
on the circle; the distance from the center of a circle to any point on
the circle; half the diameter.

* Diameter: a line segment that passes through the center of a circle
and has its endpoints on the circle; the length of such a segment;
twice the radius.

16. If time permits, discuss the Explore More. Have students share their
designs and pictures. Which circle construction method did you like
best? Let students share their favorite and the reason why.

EXTEND

1. Model drawing a circle using a string tied to a pencil and a tack.

How does this method of constructing

a circle compare to the way Sketchpad
constructs circles? Take student responses.
Here are sample responses.

The string is like the segment when we use
Construct | Circle by Center+Radius. -~

-
—

-
-

The string and the segment are the length
of the radius.

With the Compass tool, we drag the point on the circumference to change
the size of the circle. It’s like changing the length of the string.

It’s easier to make a circle that’s another size in Sketchpad. You just drag the
point on the circumference made by the Compass tool or the segment that
controls the radius.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 7
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For——>
Circles All Around: Parts of a Circle ~ B8P3 ACTIVITY NOTES

continued

2. Students may wonder about line segments that “go across the circle but
aren’t radii or diameters.” Open Circles All Around Present.gsp and go
to page “Chord.” Press Animate Point B.

Let students observe as point B travels once around the circle. Explain
that the name for segment AB is chord—a line segment with both
endpoints on the circle. Elicit ideas. When is AB longest? [When it is the
diameter of the circle] With the animation stopped, you can also drag
point B to facilitate discussion.

8 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Circles All Around fgps Name:

Construct and explore circles.

EXPLORE
1. Open Circles All Around.gsp. Go to page “Compass Tool.”

2. Use the Compass tool to construct several circles.

E] 3. One by one, drag the circles and the points. Watch what happens.

Now you’ll make a circle another way.

4. Go to page “Center+Radius”.

N

5. Construct a segment. — 3

(@¢)

e | 6. Construct a point not on the segment.

8. Select segment AB and point C
(but not points A and B) and choose
Construct | Circle by Center+Radius. o—2

K 7. Label the points.
k »

9. One by one, drag the segment, the circle,
and each point. Watch what happens.

PLAY CIRCLE GAMES

10. Go to page “Game 1.” Read the directions and play.

11. Go to page “Game 2.” Read the directions and play.

EXPLORE MORE

E] 12. Go to page “Explore More.” Construct two points.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 9
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Circles All Around ) lfgl'ﬁ:::

continued

10

13. Select them and choose Construct | Circle by Center+Point.
See what happens when you drag the points.

14. Draw four or five points on the screen.

.| 15. Use the Circle by Center+Point command to construct some

circles using these points.

Now you will color in some of your circles.

16. Select the circle and choose Construct | Circle Interior.

17. With the interior selected, choose Display | Color and pick a color.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Circle Explorations:

For

Using a Circle to Compare Lengths BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
10 minutes.

DEVELOP

Expect students at
computers to spend
about 35 minutes.

1. Begin with a hands-on experience of comparing lengths. Using the two

pencils you have prepared, hold up a pencil in each hand, keeping your
hands far apart. Ask, Which pencil do you think is longest? Elicit the
idea that this is hard to determine because the pencils are far apart.
Invite a volunteer to take the pencils and show a way the lengths of the
pencils can be compared. Most likely, the student will place the pencils
side by side, with an end of one pencil aligned with an end of the other.

. Open Circle Explorations.gsp and go to page “Compare 1.” Now,

instead of comparing pencils, we want to compare the lengths of
the blue segment and the red segment. Introduce the sketch and the
problem in the following way.

« Demonstrate that it is not possible to move either segment; clicking
on them does not allow you to select and drag them. How is this
different from holding the pencils and comparing them? Students
should note that the segments are not side by side so they can’t be
compared directly.

+ Explain that measuring the segments is not allowed in this challenge.

+ We do have a circle. Demonstrate that the circle can be moved by
dragging its center, point C, or the circumference.

* Your challenge is to figure out how to compare the lengths of the
segments using only the circle. Is one segment longer? Are they the
same length?

. Go to page “Compare 2.” Explain that now students can control the

size of the circle by dragging point B or C. They can also move the
circle without changing its size by dragging its circumference. Have
students observe as you demonstrate dragging points B and C and the
circumference.

. Explain that to create new problems, students will press New Segments.

5. Assign students to computers and tell them where to locate Circle

Explorations.gsp. Distribute the worksheet and tell students to work on
steps 1-6. Encourage students to ask their neighbors for help if they
have a question about using Sketchpad.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 11
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For
Circle Explorations: Using a Circle to Compare Lengths éﬁﬂ? ACTIVITY NOTES

continued

The model on page
“Compare 1" is
constructed so that the
radius of the circle is
always equal to the
length of at least one
of the two segments.

12

6. Let students work at their own pace. As you circulate, notice the
strategies students use to compare the segments’ lengths.

* On page “Compare 1,” here are two strategies you may observe.

Move the circle from one segment to the other, positioning the circle
so that its center (point C) coincides with a segment’s endpoint.
Compare the length of each segment to the radius of the circle.

Move the circle from one segment to the other, \
positioning the circle so that each segment becomes \e
a chord of the circle. This comparison technique is &

not helpful because two chords of the same circle

may not have the same length.

On page “Compare 2,” students control the size of the circle by
dragging point B or C. They can move the circle without changing its
size by dragging its circumference. Here are two approaches students
might try.

Move the circle so that its center corresponds with one of the
segments’ endpoints, and then drag point B so that the segment
becomes a radius of the circle. Then drag the circle’s circumference,
keeping its size the same (as on page “Compare 1”) to see how its
radius compares to the other segment.

Position the circle and adjust its size so that

one of the segments passes through the «B /
circle’s center and has its endpoints on

the circumference. In this orientation, the C

segment corresponds to the circle’s ;

diameter. Do the same for the other

segment.

On page “Compare 3,” students press Join
Segments before comparing the lengths. With the
segments joined at one end, they can be compared
simultaneously to the circle’s radius by moving the

circle’s center, point C, to their shared endpoint.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For

Circle Explorations: Using a Circle to Compare Lengths BSPS  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch.
Expect to spend about
15 minutes.

7. Gather the class. Students should have their worksheets. Facilitate a
discussion of the strategies students used to compare segments’ lengths.

Invite volunteers to demonstrate their methods using the computer. The

strategies for comparing the segments’ lengths are described again here.

Page “Compare 1.” Drag the circle so that its center, point C, sits on
top of either segment’s endpoint. Note how the segment compares in
length to the radius of the circle. Now move the circle to an endpoint
of the other segment and again compare the segment’s length to the
radius. Either both segments will be equal to the radius of the circle
(and thus equal to each other), or one of the segments will be longer
or shorter than the radius.

Page “Compare 2.” First, drag the circle so that its center, point C, sits
on top of either segment’s endpoint. Then drag point B so that the
radius of the circle becomes the same length as the segment. Now
drag the circle, without changing its size, to the other segment, placing
point C on top of either endpoint. Compare the length of the segment
to the radius of the circle.

Page “Compare 3.” Drag the circle so that its center, point C, sits on
top of the common endpoint shared by both segments. Then drag
point B so that one or both of the segments becomes a radius of the
circle. Compare the segments’ lengths based on their relationship to
the radius.

8. Suppose you wanted to explain to someone else why circles can be
used to compare the lengths of line segments. What should he or she

understand about circles? The following ideas about the parts of circles

should emerge in the discussion.

All segments that extend from the center of the circle to its
circumference are radii of the circle.

All radii of a circle have the same length.

All segments equal in length to the radius of a circle are the same

length.

Moving the circle without changing its size keeps the length of the
radius the same.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 13
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For
Circle Explorations: Using a Circle to Compare Lengths BSPT  ACTIVITY NOTES

continued

+ If a segment has one endpoint at the center of the circle and the other
endpoint outside the circle, it is longer than the radius. If, instead, the
other endpoint does not extend to the circumference, the segment is
shorter than the radius.

+ Diameters of the circle are the same length. Segments can be
compared to the diameter of a circle. If, for example, the segments are
the same length as a diameter of the circle, the segments are the same
length.

+ Segments that have both endpoints on the circumference, but that
aren’t diameters, are not necessarily the same length. (Introduce the
term chord.)

ANSWERS

1. Drawings will vary. Here is a sample.

W&

3. Drawings will vary. Here is a sample.

ON%,

5. Drawings will vary. Here is a sample.
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Circle Explorations g5~ Name:

Compare the lengths of segments using only a circle.

EXPLORE

1.

Open Circle Explorations.gsp.

Go to page “Compare 1.”

Is one segment longer? Are they the same length?

Find a way to drag the circle so you can compare their lengths.
How did you do it? Draw an example of what you did.

. Press New Segments. Compare the lengths of the new segments.

Do this a few more times.

. Go to page “Compare 2.”

Compare the segments’ lengths.

* Drag point B or C to change the size of the circle.

* Drag the circumference to move the circle without changing its size.
Draw an example of how you compared the lengths.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 15
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Circle Explorations E]SI‘PE
continued

4. Press New Segments. Compare the lengths of the new segments.
Do this a few more times.

5. Go to page “Compare 3.”
First, press Join Endpoints.
Now compare the segments’ lengths.
Draw an example of how you compared the lengths.

6. Press New Segments. Compare the lengths of the new segments.
Do this a few more times.
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Circle Designs: Geometric Patterns BPT ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
15 minutes.

If you are doing this
activity in one session,
skip steps 2 and 3.

. Open Circle Designs Present.gsp. Go to page “Designs.” Enlarge the

document window so it fills most of the screen. Explain, Today you’re
going to use Sketchpad to make geometric designs that are based on a
circle pattern. Give students time to look over the designs.

. We’re going to begin by making the circle pattern. How many circles do

you see in the pattern? Confirm that there are seven by selecting each
one with the Arrow tool as you count.

What else do you notice about this circle pattern? Elicit the fact that
all the circles are the same size, that six are placed at regular intervals
around the central circle, and that the centers of those six circles are all
on the central circle.

Do you think that you could make other designs using this pattern?
Students will likely say that many different designs can be constructed.

. Go to page “Circle Pattern.” Explain that students will construct the

circle pattern themselves and use it to make their own designs. Model
the beginning of the construction, following worksheet steps 1-5.

In worksheet step 2, demonstrate why the order of selecting points
A and Bis important.

+ Select the points in the incorrect order—first point A, and then
point B. Choose Construct | Circle by Center+Point. Sketchpad,
using the order of points specified by the menu command, will
construct a circle with center at point A that passes through point B.
(This circle already exists.)

+ Now select the points in the correct order—first point B, and then
point A.

Tell students that they will construct the entire design
when they work on their own. Take a minute to have
them think about how they will do that. What will
you do next? How many more circles does the
pattern need?

. Go to page “Hexagon.” The first design you’ll make on your own is a

hexagon inscribed in a circle. Explain that the word inscribed means
that the hexagon is drawn inside the circle so that all the vertices of the
hexagon are touching the circle. Make sure students understand that
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For

Circle Designs: Geometric Patterns BSPT  ACTIVITY NOTES

continued

The copy of the hexagon
will be similar but not
congruent to the original.
You may wish to stop and
ask students to explain
the difference.

DEVELOP

Expect students at
computers to spend about
60 minutes if making the
pattern themselves, or

30 minutes if using the
prepared pattern.

18

they do not need to use every point in the circle pattern to make the
hexagon. Encourage students to visualize the hexagon in the pattern.

. I’m going to begin the design. You’ll make the

complete design on your own. Model worksheet
step 11, but draw only two or three segments to
connect adjacent points that lie on the central
circle—just enough to provide the following tips.

* Point out that the hexagon students make will
be larger than the sample.

» When you make the first segment, choose Display | Line
Style | Thick to make it more visible.

+ Emphasize that to be sure a segment’s endpoint is connected to the
circle pattern, students should watch to see that the point in the
pattern is highlighted before they click with the Segment tool.

» Model using Edit | Undo to back up when you want to correct a
mistake.

. If you want students to save their work, demonstrate choosing

File | Save As, and let them know how to name and where to save
their files.

. If you want students to print any of their designs, show them how to

use the Text tool to create a textbox and type their names. Then show
them how to scale their designs to fit on a single page by choosing
File | Print Preview.

. Assign students to computers and tell them where to locate Circle

Designs.gsp. Encourage students to ask their neighbors for help if they
have questions about using Sketchpad.

Give directions based on whether students will make the circle pattern
from scratch or start with the prepared pattern on page “Explore More.”

* Making the Circle Pattern: Distribute all worksheet pages. Students
should work through steps 1-16 and do the Explore More if they
have time. For each design, they should copy the pattern they made
and paste it on the page where they will work. To demonstrate, open
Circle Design.gsp and go to page “Explore More” where the pattern

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For

Circle Designs: Geometric Patterns BSPT  ACTIVITY NOTES

continued

For your information, you
can see each design
constructed on the pattern
on page “Reference” of
the teacher sketch.

is already shown. Using the Arrow tool, model creating a selection
rectangle to select the pattern, and then choose Edit | Copy, go to
page “Hexagon,” and choose Edit | Paste.

Starting with a Prepared Pattern: Distribute the last worksheet page
only. Students should work through steps 10-16 and do the Explore
More if they have time. For each design, they should copy the pattern
on page “Explore More” and paste it on the page where they will work.
Model copying the pattern as described in the bullet above.

. Let students work at their own pace. As you circulate, here are some

things to notice.

°

In worksheet steps 2 and 4, students may select the two points in the
wrong order and construct a circle on top of a previous one. Students
may think that no circle was constructed because they cannot see it.
Remind them that the order of selection matters: Sketchpad
constructs a circle in the order center and point, not point and center.

In worksheet step 6, as students construct more and more circles, they
may lose sight of the overall pattern they are trying to create. Suggest
that they select the center circle and change its color by choosing
Display | Color.

Encourage students to drag point A when they finish a design. If
students have connected segments to the pattern’s intersection points,
the designs will grow and shrink, keeping their overall shape.

In worksheet step 15, if students have difficulty knowing how to

start, ask whether they see that the border of the cube is a hexagon.
Students built a hexagon in worksheet step 11; they may start with the
hexagon construction here.

If students are unable to make the hexagon, cube, or star design, they
can, as a last resort, choose Display | Show All Hidden to reveal the
circle pattern.

On page “Explore More,” some students may have trouble thinking
of an original design. Encourage them to view classmates’ designs for
inspiration.

As students create their own designs, be sure that all of the segments
they draw connect points that already exist on the circle pattern.
Students should not add any new points to the pattern.
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For

Circle Designs: Geometric Patterns BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

As students talk about a
particular circle, select

it with the Arrow tool so
that the highlighted circle
stands out from the others.

Students can name a
circle by identifying its
center point.

20

10.

12.

« Although all of the provided designs have at least one line of
symmetry, students may create original designs that are not
symmetric. This is not a mistake and it provides an opportunity
to discuss the concept of symmetry.

If students will save their work, remind them where to save it now. You
may also want them to print one or more of their designs now for display.

. Gather the class. Invite students to share their original designs with the

class, either by posting printouts of the designs, sharing their Sketchpad
models, or doing a gallery walk.

Open Circle Designs Present.gsp. Go to page “Summarize 1.” Enlarge
the document window so it fills most of the screen. Here’s the hexagon
design we made earlier. We’re going to look at it more closely now.

What can you say about the lengths of the hexagon’s sides? Take
responses. Students may say that the lengths are all equal. Why do you
think the lengths are equal? Here are sample responses.

All the circles look like they’re the same size, so the segments are the same
size t0o.

The endpoints of all the segments are also the centers of the circles. That’s
important, I think, but I'm not sure what it means.

Look at segments CB and CD. Both of them are radii of the circle with
a center at C. If you draw two radii of the same circle, they have the
same length.

Segment CD is also a radius of the circle with its center at D. That means
CD is equal to DE. Each segment is the radius of two circles.

All six sides of the hexagon are radii of the circles. Because all the circles are
the same size, their radii are equal also.

. Go to page “Summarize 2.” Can you name a segment that is a radius of

one of the circles? Ask students to name a segment and the circle (or two
circles) of which it is a radius.

What about segment CH? What part of a circle does it equal in
length? Students may say that the length of CH is equal to the length of
two radii or the diameter. What other segments are diameters? Have
students name a segment and the circle of which it is a diameter.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For
Circle Designs: Geometric Patterns BSPT  ACTIVITY NOTES

continued

EXTEND

1. What other questions about the circle pattern designs can you ask?
Encourage all curiosity. Here are sample student queries.

Would it be simpler or harder to draw these designs with a real compass
and straightedge?

Do all of the shapes you can construct on the circle design have three or
six sides?

2. Students may enjoy creating the same constructions using a
conventional compass and straightedge and comparing how this differs
from using Sketchpad.

ANSWERS

See page “Reference” of Circle Designs Present.gsp for sample solutions to
the hexagon, cube, and star constructions.
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Circle Designs g5~ Name:

Use a pattern to help you copy and create designs.

CONSTRUCT THE PATTERN

1. Open Circle Designs.gsp. Go to page “Pattern.”

Draw a circle that will be at the center of the pattern 5B
you are making.

Your circle has two points. Label point A as shown.

EdIN(©)

2. Select only points B and A, in that order.
Choose Construct | Circle by Center+Point. This will .
create one of the six circles that surround the center circle.
X | 3. Click on the two places where the circles intersect to
construct points C and D.

hd

”|
N

A

. Select, in order, point C and point B.
Choose Construct | Circle by Center+Point.

e | 5. The two new intersections need points. Click to construct
these points.

R | 6. Construct four more circles around the center circle.
For each new circle, select two points and then choose
Construct | Circle by Center+Point.

Remember to construct intersection points.

7. Check your construction by dragging point A. Do the circles all
grow and shrink together? If not, choose Edit | Undo to back up as
much as you need to. Then fix your work.

8. Choose Edit | Select All.
Then choose Display | Line Style| Dashed.

9. Save your circle pattern. You’ll use it to make designs.
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Circle Designs E]£P5

continued

CONSTRUCT A HEXAGON

10. Go to page “Hexagon” of Circle Designs.gsp. Copy the circle
pattern to this page.

11. Draw segments to make the hexagon.

12. To make sure the segments are connected to
the points, drag point A. Does the hexagon grow

and shrink? If not, choose Edit | Undo to back up
and fix your work.

13. In clockwise or counterclockwise order, select the
six vertices of the hexagon. (Make sure nothing else
is selected.)

Choose Construct | Hexagon Interior.

With the hexagon interior selected, choose Display | Color
and pick a new color.

14. Now you will hide parts of the pattern.

Select the circles you want to hide and choose
Display | Hide Circles.

Select the points you want to hide and choose
Display | Hide Points.

CONSTRUCT OTHER DESIGNS

15. Go to page “Cube.” Make the design. Pick your own colors.
Drag point A to check that the cube stays together.

16. Go to page “Star.” Make the design.
Drag point A to check that the star design stays together.

EXPLORE MORE

17. Go to page “Explore More.” Use the circle pattern to make your
own design.
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Tracing Circular Paths: For
Circles and Concentric Circles

INTRODUCE

Project the sketch on

a large-screen display
for viewing by the class.
Expect to spend about
10 minutes.

Text tool at the label. When
the tool becomes a labeled
hand, double-click. In the
dialog box that appears,
type a new label and

click OK.

It's possible to use the Ray
tool, but young students
make fewer mistakes
constructing the ray from
point A through point C
when they use the
Construct menu.

24

BSPT ACTIVITY NOTES

1. Explain, Today you’re going to explore what happens when you trace a
point that sits on a ray that spins like the hand on a clock. I'’ll
demonstrate constructing the model, and then you’ll construct it on

your own.

Open Tracing Paths.gsp. Go to page “Construct.” Enlarge the window

so it fills most of the screen. As you demonstrate, make lines thick and

labels large for visibility. Model the construction in worksheet step 2.

Throughout, emphasize that students will need to notice when objects

are highlighted. Otherwise, their models won’t behave in the ways
they should.

Construct the circle. Model choosing the Text tool and clicking on the
two points in this order: the center (point A) and then the control
point on the circle (point B). Explain that students will wait to label
the points until the construction is complete; you are labeling as you
go so that you can refer to the points as you demonstrate.

Model constructing a point on the circle. Choose the Point tool and
move your pointer so that it’s on the circle. When the Point tool is
in the right place to construct a point on the circle, the circle will be
highlighted, appearing thicker and in a special color. Click on the
circle. Model dragging the point to check that it stays on the circle.

Choose the Text tool and click on the new point to label it C.

Model constructing a ray from an existing point through an existing
point. Explain, as you model, that students will use the Construct
menu instead of the Ray tool. For our model, you will need to select
the endpoint of the ray and the point the ray will travel through.
Select point A as the endpoint and point C as the point the ray
travels through. Click on the points in that order and select
Construct | Ray. Model dragging the point to test that it stays

on the ray.

If you make a mistake, you can back up by choosing the Undo
command. Choose Edit | Undo Construct Ray. Model again
constructing the ray.
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For

Tracing Circular Paths: Circles and Concentric Circles BSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 25 minutes.

* Model placing a point D on the ray. After choosing the Point tool,
move your pointer to the place on the ray where you want the point
to be. When the ray is highlighted, click on the ray. Model dragging
the point to test that it stays on the ray. Using the Text tool, label
point D.

. If you want students to save their work, demonstrate choosing

File | Save As, and let them know where to save. Note that traces do not
save. When students open their sketches, they will need to repeat the
trace and animation actions.

. Assign students to computers. Make sure they know where to locate

Tracing Paths.gsp. Distribute the worksheet. Tell students to work on
steps 1—-11 and do the Explore More if they have time. Encourage
students to ask their neighbors for help if they are having difficulty
with the construction.

. Let pairs work at their own pace. As you circulate, here are some things

to notice.

* In worksheet step 3, how do students make their predictions? Do
some point at the screen? Do some use ideas about circles? Do some
make a guess?

+ Also in step 3, are students surprised by point D’s path when they
drag point C? How do they describe the path?

+ In step 4, students may mistakenly have both points D and C selected
when they animate. They will not get the desired result. Tell students
to choose Display | Erase Traces and start over.

+ In step 10, students construct three circles with the same center. When
constructing the second and third circles, students should click on the
center of the first circle so that all three circles share a common center.

. Students who have time should try the Explore More steps. Making a

measurement of the distance from point A to point C will verify that the
distance from the center of the circle to any point on the circle is always
the same.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 25

© 2012 Key Curriculum Press



For

Tracing Circular Paths: Circles and Concentric Circles BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect

to spend about 15 minutes.

26

6.

10.

Gather the class. Discuss step 7. Some ideas students may propose
are these.

The path of a point on the ray is always a circle.
The center of all the circles is the same.

Some traces are inside the original circle and some are outside the
original circle.

The traces made circles of different sizes.

The size of the circle depends on where the point on the ray is. If it’s farther
from the center of the circle, the circle is larger.

. Discuss worksheet step 8. Have students share their ideas about why

point D traces a circle. Elicit the idea that point D is always the same
distance from point A. Let’s use this idea to write a definition of a
circle. Write “A circle is” on chart paper and then facilitate discussion

as the class works to write a clear statement. Share the definition that
mathematicians use: A circle is the set of points equidistant from a given
point. Talk about the mathematical terms equidistant, given, and set in
this definition.

. Introduce or review what the radius of a circle is. In mathematics, there

is a term for any line segment from the center of a circle to any point
on the circle—segment AC in our model. Do you know what the
term is?

When we talk about more than one radius of a circle, we use the
term radii. True or false? All radii of a circle are the same length.
Ask students to explain how they know. They should connect their
experience with the model and their definition of a circle to the idea
of a radius and any radii.

. Discuss worksheet step 10. Elicit the idea that the circles always have

the same center regardless of how they are dragged. Discuss the term
concentric circles. Explain that concentricis Latin in origin and comes
from the words con (together) and centrum (center). Circles that are
concentric all share the same center.

If students had time to do the Explore More, discuss step 13. Students
will have noticed that the distance measurement doesn’t change as point
D traces a circle. How far will any point on the circle be from point A?
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For

Tracing Circular Paths: Circles and Concentric Circles BSPT  ACTIVITY NOTES

continued

EXTEND

Go to page “Oval.” Comparing an oval path to a circular path highlights the

fact that not all round paths share the distance property of circles. Watch as

I animate point D. Press Animate Point and let point D trace an oval. Listen

for students’ observations. Ask questions such as these.

How is the path of point D different this time? [It is an oval, not a circle.
Point D doesn’t stay the same distance from Point A as it goes around.]

How far is point D from point A? [It varies. ]

ANSWERS

3. Predictions will vary.

4. Point D goes in a circle whose center is point A.

7. Drawings will vary.

8. Answers will vary. All the traces are circles that have the center point A.
The circles are different sizes. Some of the traces are closer to point A
and some are farther from it.

9. Answers are likely to vary. A formal explanation is this: When the ray
spins around the circle, the distance of the point on the ray from
point A does not change. The point on the ray traces all those points
that are a common distance from point A. By definition, those points
are a circle. See the Summarize section for more informal answers that
students may give.

11. No matter how the circles are dragged, they continue to share the same
center. They are always concentric.
13. Measurements will vary.
14. The measurement stays the same.
15. Answers will vary. Look for students to state that the distance between
point D and point A is always the same.
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What Is the Point? Egpﬁ Name:

CONSTRUCT

1. Open Tracing Paths.gsp. Go to page “Construct.”

2. Construct a circle.

©)

Construct a point C on the circle.

Construct a ray. Select point A, then point C, and choose
Construct | Ray.

. Construct a point D on the ray.
If you need to, use Edit| Undo to back up one or more steps.
Label the points by clicking them in order from A through D.

b 4

hd

td

EXPLORE
3. Where do you think point D will go when you drag point C around
the circle?
? Now drag point C. Where does point D go?
T’ 4. Now you will animate the model.

First, select point D and choose Display | Trace Point.
Click anywhere in white space to deselect point D.
Select only point C and choose Display | Animate Point.
Where does point D go?

Stop the motion by pressing the Stop button.

Motion Controller [l
Target: Point C - |

> | = 1

s

Speed:| 1.0 | :
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What Is the Point?
continued

e | 5. Construct another point on the ray.

With the point selected, choose Display | Trace
to turn tracing on.

3 Click in any white space to deselect.
Select only point C and press the Start button.
When you are ready, press the Stop button.

A

For
RSP

Motion Controller

Target: Point C

> | |

s

—h
~—

Speed: |

6. Repeat step 5 to make more circles. Be sure at least one point you

construct on the ray is outside your first circle.
7. Draw a picture of what your model looks like now.

8. Look at all the traces of point D.
How are they alike?

How are they different?

9. Why do the points on the ray trace circles when the ray spins?

10. Go to page “Compass.”
Make three circles that have the same center.

11. Drag the center of the circles. What stays the same?

Drag the points on the circles. What stays the same?
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What Is the Point?
continued

EXPLORE MORE

12. Go back to page “Construct.”

13. Select points A and D.
Choose Measure | Distance.
How far is point D from point A?

For
GSPYS

14. Animate point C and watch the measurement.
Does the measurement change or stay the same?

15. Write a statement about the distance between point D and
point A.
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Lines and Angles

Straight Ahead: Segments, Lines, and Rays

Students use Sketchpad to construct, explore, and define
segments, lines, and rays. By manipulating these objects
and using them to make simple illustrations, students learn
how they are alike and different.

Mondrian in Motion: Parallel and Perpendicular Lines

Students construct parallel and perpendicular lines to create
virtual artwork in the style of the painter Piet Mondrian. They
also explore the properties of two parallelograms, the square
and rectangle. As students manipulate their constructions,
they change the orientation of the lines and note that parallel
or perpendicular lines need not be oriented vertically and
horizontally.

Angle Measurement: Introducing Rotation and Degrees

Students explore a dynamic angle model and observe that
neither the orientation of an angle nor the length of its
sides determines the angle’s measure. Students develop an
understanding of rotation, of degree as a unit of measure,
and of the benchmarks 90°, 180°, and 360°.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Angle Measurement: Introducing Protractors

Using virtual half-circle protractors with increasingly
precise scales, students estimate and measure the size of
randomly-generated angles, identifying the type of angle
being measured and using that information to check the
reasonableness of their estimates and measurements.

Angle Measurement: Estimation Practice

Students develop visualization and estimation skills as
they manipulate a dynamic angle model. They draw angles
between 0° and 360° and estimate their size, or choose an
angle measurement and try to draw an angle close to that
size. The model’s feedback allows students to check their
estimates easily.

N
C
A
Angle ABC = 60°
g J
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Straight Ahead: Segments, Lines, and Rays

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
10 minutes.

For now, ask the class to
agree to call everything
on screen “an object.”
Wait to give names until
students have had time
to explore the tools and
objects on their own.

Bp5~ ACTIVITY NOTES

. Open Sketchpad and enlarge the new sketch so it fills most of the screen.

Explain, Today you’re going to draw objects that are straight. There are
several tools in Sketchpad that let you draw straight objects. They’re
called Straightedge tools. Write straightedge on the board. Explain that
a straightedge is a ruler without marks; it can be used to draw straight
objects, but not for measuring.

. Point out the Straightedge tool icon in the Toolbox. YA,

Press and hold on the icon to show the menu that
pops out. Without naming it, select the Segment tool.
Click in two places to draw a segment. Repeat several times.

. Select the Arrow tool. After we construct an object, we can change it.

Select the endpoint of a segment, note that it is highlighted, and drag
the endpoint to change the length and direction of the segment.

Using the Arrow tool, select the segment itself (not
the endpoints), note that it is now highlighted, and
drag the segment. Have students observe that the

segment moves but does not change its length
or direction.

. We can also get rid of an object if we don’t want it. Using the Arrow

tool, select a segment and its endpoints and choose Edit | Clear Objects.

. Briefly introduce the other two Straightedge tools. Referring to them

only as “objects,” draw several rays and lines. Have students observe
that these objects are also drawn by clicking in two places, creating two
points. Using the Arrow tool, drag the points.

. Model how to change the appearance of an object. Making sure the object

is selected, choose Display | Line Style | Thick, observe the result, and
then choose Display | Line Style | Dashed. Choose Display | Color and
choose a color. Repeat to change the color a few times.

. Now yov’ll explore the Straightedge tools on your own. Try to find out

more about each tool. We'll talk about what you discover.

If you will have students print their sketches, model how to choose
File | Print Preview, and in the dialog box that appears, set the image
to fit on one page and then click Print.
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For

Straight Ahead: Segments, Lines, and Rays BSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 35 minutes.

If students are familiar
with the terms segment,
line, and ray, they may
introduce the terms into
conversations.

34

If you want students to save their work, demonstrate choosing
File | Save As, and let them know how to name and where to save
their files.

. Assign students to computers, and tell them where to locate Straight

Ahead.gsp. Distribute the worksheet. Tell students to work through
steps 1-7 and do the Explore More if they have time. Encourage
students to ask a neighbor for help if they have questions about using
Sketchpad.

. Let pairs work at their own pace. As you circulate, here are some things

to notice.

+ In worksheet step 1, encourage students to fill their screens with lots
of segments, lines, and rays. This is a good opportunity for students to
begin associating each tool in the Toolbox with the type of object
it creates.

+ In worksheet step 4, students drag each type of object: a segment, a
ray, and a line. What have you noticed as you’ve dragged the different
objects? Here are sample student responses.

I tried to find where this object [a line] ended, but no matter how much
I dragged it, it seemed like it went on forever.

This object [a ray] only has one end, just like the picture in the Toolbox.
I couldn’t find another end no matter how much I dragged.

* In worksheet step 4, some students may think that lines do have
a finite length because they are framed by the edges of the sketch
window. Explain that the sketch window shows only a portion of the
line. If the computer screen were a lot bigger, more of the line would
be visible.

+ In worksheet step 5, listen as students compare the Straightedge tools.
You may hear comments such as these.

We can drag all of the objects and change their widths and colors.
All the tools make straight lines. None of the tools can make curves.

Some of our objects have ends. This one has one end, this one has two
ends, but this one doesn’t have any.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For

Straight Ahead: Segments, Lines, and Rays GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project a new sketch.
Expect to spend about
15 minutes.

10.

12.

All the objects have two points. You can always drag the points to change
direction.

+ In worksheet step 6, to draw a segment or ray that begins on the circle
and is attached to it, students need to (1) select a tool and move it to
the desired place on the circle’s circumference, and (2) watch to see
that the circumference is highlighted before clicking.

+ In worksheet step 7, students will have fun finding and fixing the
differences between two stick figures. To fix Girl B’s left arm, students
will need to delete the ray and draw a new arm using the Segment
tool. Give them time to think this through and consult each other;
don’t provide a hint right away.

If students will save their work, remind them where to save it now. If
you want students to print their sketches, remind them how to do so.

. Gather the class. Students should have their worksheets with them. In a

new sketch, construct a segment. What can you say about this object?
How is the tool’s picture, or icon, in the Toolbox similar to what it
constructs? Here are sample responses.

This tool makes a straight line that has a point at each end. It looks just like
its picture.

It’s like a straight path with brick walls at both ends. If a robot was walking
along the path, it couldn’t continue past the walls.

The object has a beginning and an end.

Construct a ray. What'’s different about this object? How is the tool’s
picture, or icon, similar to what it constructs?

The picture shows an arrow at one end and a point at the other. The object
starts at one point and goes out forever in a straight path. I think the arrow
means the straight line keeps going.

This object has two points, too, but the line stops at one and continues
going past the other.

Well, if the robot walked along this straight path, it would hit one brick
wall, but it would be able to walk in the other direction and continue
without stopping.
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For

Straight Ahead: Segments, Lines, and Rays BSPT  ACTIVITY NOTES

continued

13.

14.

15.

36

Construct a line. What’s different about this object? How is the tool’s
picture, or icon, similar to what it constructs?

The straight line goes in both directions and never ends. The picture shows
this by putting arrows at both ends.

This one has two points, and a straight line goes through both points and
continues forever in both directions.

The robot can walk in a straight path in both directions without stopping.
No brick walls!

Should we call all of these objects lines? Take responses. Explain that
in mathematics, there are different names for the different objects.
Introduce each term—segment, line, and ray— by writing and saying
its name as you point to the corresponding objects on the sketch. Also
introduce the term endpoint. A segment has two endpoints, a ray has
one endpoint, and a line has no endpoints.

Suppose you were writing a math dictionary. How would you define
a line? Facilitate discussion for each term, helping the class clarify the
definitions. The sample definitions here are mathematically correct.

+ Aline is a straight path that extends without end (infinitely) in two
directions.

* A segment is a part of a line between, and including, two endpoints.

* Aray is part of a line that has one endpoint. It extends without end
(infinitely) in one direction.

In a new sketch, draw a segment, line, and ray. Using the Text tool, label
the six points created.

é///o
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For
Straight Ahead: Segments, Lines, and Rays GSPT  ACTIVITY NOTES

continued

Introduce the notation used when writing the name of a segment, line,
or ray.

+ A segment is named by its two endpoints. The notation for writing
segment ABis AB, where points A and B are the endpoints. Students
should see the connection between the notation and the Segment
tool’s icon.

* A line is named by any two points on the line. The notation for
writing line CD is CD . Students should see the connection between
the notation and the Line tool’s icon.

+ A ray is named by its endpoint and another point on the ray. The
notation for writing ray EF is EF, where point E is the endpoint and
point Fis on the ray. Discuss the similarity between the notation and
the Ray tool’s icon.

16. If time permits, discuss the Explore More. Ask students to point out the
different objects (segment, ray, line, point) they used.

EXTEND

1. To introduce the Length command, draw and select a segment (but
not its endpoints) and choose Measure | Length. Students will observe
the measurement displayed. Try to do the same for a line. Students
will observe that the Length command is grayed out when you go to
choose it. Is it possible to measure the length of a line? Students should
respond that because a line continues infinitely in both directions, it
would be impossible to measure its length. Have students tell whether
they think Sketchpad will gray out the Length command if you try to
measure a ray. It will because it is impossible to measure the length
of a ray.]

2. Have students name the Sketchpad tool—Segment, Line, or Ray—they
would use to draw the top edge of a door [Segment], a number line
[Line], and a flashlight beam [Ray]. Think of some other things and tell
which tool you would use to draw them.
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For
Straight Ahead: Segments, Lines, and Rays BSPT  ACTIVITY NOTES

continued

ANSWERS

5. Answers will vary. The tools are similar in that they all construct straight
objects with two points. The tools differ in that

+ one tool constructs an object that has two endpoints;

* one tool constructs an object that has only one endpoint and that
extends infinitely in one direction; and

+ another tool constructs an object with no endpoints, extending
infinitely in both directions.

6. Check students’ work. Students will likely use a combination of
segments and rays to complete a picture of the sun.

7. Students should have made these changes to Girl B: Add the missing
hair; replace the girl’s left arm with a segment; drag the feet to change
their shape; show the bottom of the dress by drawing a segment or by
dragging the endpoints of the belt down; delete the belt; and drag the
girl’s right elbow to change its position.
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Straight Ahead ks~ Name:

Explore the objects you can construct with the Straightedge tools.

EXPLORE
1. Open Straight Ahead.gsp. Go to page “Explore.”

Construct objects using each of the three A,

Straightedge tools.

@ 2. Change the line width of some of your objects. Select an object,
choose Display | Line Style, and choose a width.

3. Change the color of some of your objects. Select an object, choose
Display | Color, and choose a color.

@ 4. Drag the straight objects. Drag the points. Watch what happens
and be ready to talk about what you see.

5. Compare the objects you can make using the Straightedge tools.

How are they alike?

How are they different?

6. Go to page “Sun.”
Finish the picture any way you want.
Change line widths and colors.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Straight Ahead Egl‘ﬁ

continued

7. Go to page “Stick Figures.”
Change Girl B so she matches Girl A.
If you need to delete an object, select it and choose Edit | Clear.

EXPLORE MORE

8. Go to page “Make Your Own 1.”
Construct your own stick figure.
Have your partner try to make one just like it.

9. Go to page “Make Your Own 2.”
Construct your own picture.
Use each straightedge tool at least once.
Use different widths and colors.
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Mondrian in Motion: For

Parallel and Perpendicular Lines BP9 ACTIVITY NOTES
INTRODUCE

Pr0|ectthesketchfor ........ 1. Display images you have collected of Piet Mondrian’s work and invite
viewing by the class. students to share what they observe, including observations about the
Expectto spend about

15 minut geometric objects. Some students are likely to use the terms parallel and
inutes. . , )
perpendicular. To assess students’ understanding of these terms and to

get them thinking about them, ask what these words mean. Don’t offer

definitions at this time.

2. Explain that students will explore these types of lines as they create
their own works like Mondrian’s, using Sketchpad. Open Mondrian in
Motion.gsp. Using the worksheet and the procedure listed below, model
what students will need to know to work on their own. (Students will
benefit from doing some steps without having seen them first.)

* Model steps 1-11, omitting step 4. Call special attention to the
process in step 9 for constructing a polygon. (Note that you are
also constructing vertices at the intersections of the lines.)

» Show how to choose Edit | Undo to back up a step if you want to do
something differently.

+ Choose the Point tool and then model locating the menu commands
Edit | Select All Points and Display | Animate Points. Explain that
students will use these commands when they have completed their
artwork.

+ Press Show Point A to reveal a point A that lies on the blue line.
Explain that students do not need to show point A at the beginning of
their work. It will be used in the last step.

+ If you want students to save their Sketchpad work, demonstrate
choosing File | Save As, and let them know where to save.

DEVELOP

Expect students at 3. Assign students to computers and tell them where to locate Mondrian
computers to spend about in Motion.gsp.
30 minutes.

4. Distribute the worksheet and tell students to work through steps 1-15.
Encourage students to ask their neighbors for help if they have questions
about using Sketchpad.
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For

Mondrian in Motion: Parallel and Perpendicular Lines BSPT  ACTIVITY NOTES

continued

5. Let students work at their own pace. As you circulate, here are some

things to be alert to as students work through the worksheet steps.

42

In steps 3 and 5, students may prefer to construct their parallel and
perpendicular lines one at a time by selecting the blue line and a
single point and then choosing Construct | Parallel Line

(or Perpendicular Line).

Steps 3—6 prompt students to make the connection between their
constructed lines and their ideas about the meanings of perpendicular
and parallel.

1

l

In steps 9 and 10, students are to construct and color in rectangles.

If students forget that they are to construct rectangles (which include
squares), they may construct a quadrilateral such as the one shown
here. If you see this happening, bring students’ attention back to the
directions and to the shapes used in Mondrian’s work.

In step 10, you may suggest that students construct and color as many
rectangles as they choose, if time allows.

Once students have colored in shapes, they animate the points, which
move freely in the plane. Students should notice that as the points
move, the lines maintain their relationships, parallel or perpendicular,
to the blue line.

In step 15, having students drag point A is intended to prompt them
to consider what happens to their constructions when the blue line is
no longer vertical. Students may be surprised to see that all the lines
rotate along with the blue line and that the colored shapes remain
rectangles. Note which students are comfortable with this and which
continue to drag point A, unconvinced that this will be true no matter
how they drag the blue line.
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For

Mondrian in Motion: Parallel and Perpendicular Lines BSPS  ACTIVITY NOTES
continued
Ifyou have aﬂashdnve .... 6. Make sure students have “signed” their artwork. Have them save their

use it to collect students’
sketches for displaying on
the shared computer. You

can also share the artwork 7.

by holding a gallery walk.

SUMMARIZE

Project the sketch on 8.

a large-screen display
for viewing by the class.
Expect to spend about
10 minutes.

sketches for the class discussion to follow, preferably in a place that will
be accessible to the computer connected to the large-screen display.

If students will print their work, give the following instructions now.

+ Using the Arrow tool, select point A and the blue line. Now choose
Display | Hide Objects.

» Choose File | Print Preview.

+ In the dialog box that appears, set the image to appear on one page
and then click Print.

Bring the class together to discuss what they have experienced and
observed. Invite students to reflect on their ideas about parallel or
perpendicular lines. You may wish to introduce questions such as these
into the discussion.

What happens to the lines as you drag point A? Why? Students should
realize that the lines remain parallel and perpendicular, even though
their orientation, locations, and distances from one another change.

Can you drag any of your points to make a line that is not parallel or
perpendicular to any other line? Why? Students should begin to see that
the lines always remain parallel or perpendicular to the blue line because
they were constructed that way. The relationship the lines have to the
blue line cannot change.

9. Continue the discussion, inviting students to share their thinking about
the quadrilaterals in their work. Some questions to introduce follow.
It's also possible in What happened to the quadrilaterals as you dragged point A? Students
Sketchpad for one or should realize that the quadrilaterals remain rectangular as their
both dimensions of a . . . . .
. orientation, locations, sizes, and proportions change. (Students are also
rectangle to go to zero, in ' _ o )
which case the rectangle likely to mention that when two rectangles overlap, their intersection
disappears. may be a new color.)
What shapes are the colored figures in your artwork? Students may at
first describe the shapes as rectangles and squares.
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For

Mondrian in Motion: Parallel and Perpendicular Lines BSPT  ACTIVITY NOTES

continued

ANSWERS

44

13.

15.

Can you use the word quadrilateral to describe any of the shapes you
see? Elicit the idea that all the shapes are four-sided polygons, so all the
shapes are quadrilaterals.

What else can you say about all these shapes? Elicit the fact that

the opposite sides of these quadrilaterals are parallel. Quadrilaterals
whose opposite sides are parallel are called parallelograms, and specific
parallelograms that the students see are called rectangles and squares.
Students may also note that all the angles in these parallelograms are
right angles.

What is true about the parallelograms called rectangles or squares?
Parallelograms whose adjacent sides are perpendicular are rectangles
and squares. All the angles are right angles. You may want to ask
students to name and draw some parallelograms that do not have four
right angles.

. Answers will vary. Possible answer: The lines are always parallel to the

blue line. They never intersect the blue line, although they can coincide
with it or move to the other side of it.

. Answers will vary. Possible answer: These lines are perpendicular to the

blue line. They cross the blue line at right angles.

. Answers will vary depending on students’ understanding of classes of

shapes. It’s possible to identify rectangles and squares, all of which can
also be identified as quadrilaterals and parallelograms.

. No.

Answers will vary. Possible answer: The lines stay parallel or
perpendicular to the blue line. The shapes are still rectangles but they
stretch and shrink.

Answers will vary. Possible answer: The lines remain parallel and
perpendicular, and the quadrilaterals remain rectangles, even though
the orientation, locations, sizes, proportions, and distances may change.
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Mondrian in Motion E]£P5 Name:

Like the painter Mondrian, you will make a work of art using lines and
shapes.

CONSTRUCT AND EXPLORE

-

k. 1.

. 2.

x| 3.

Open Mondrian in Motion.gsp. Go to page “Blue Line.”
Make the window as large as you can.

To the right of the blue line, construct five points.

Select the points and the blue line.
Choose Construct | Parallel Lines.

. Drag the new lines, one at a time. How do they behave?

. Select the points and the blue line again.

Choose Construct | Perpendicular Lines.

Drag the new lines. What is their relationship to the blue line?

. What shapes are made by the lines?

. Try to drag any line so that it is neither parallel nor perpendicular

to the other lines. Can you do it?

. Choose a rectangle in your picture to color in. Going around the

rectangle, click the intersections of the lines to create four vertices
and a rectangle. Click the first vertex again to complete the
rectangle.

With the rectangle selected, choose Display | Color and choose
a color.
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Mondrian in Motion

continued

10.

11.
Bu.

13.

@14.

15.

46

Repeat step 9 to color in four more rectangles.

Sign your name to your work.

Now you will animate your picture.
Choose the Point tool.

Choose Edit | Select All Points.
Choose Display | Animate Points.

Describe how the shapes behave.

For
6SPS

To stop the animation, press the Stop button
on the Motion Controller.

You can also choose Display | Stop Animation.

Press Show Point A. Slowly drag point A.
How do the lines and shapes behave?

Metien Controller
Target: Points i

[ 2 ] = 0
L

Speed:l 1.0 | =
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Angle Measurement; Fo

Introducing Rotation and Degrees

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
15 minutes.

An angle is defined as two
rays or line segments with
a common endpoint. Note
that students often do not
think of a straight angle
(180°) as an angle.

BSPS ACTIVITY NOTES

1. Open Angle Measurement.gsp and go to page “Angles.”

Drag point Drag and ask, What do you observe? Students may use the
words turn, rotate, sweep (as in the hands of a clock), and angle. Call
attention to these terms. Explain that Sketchpad is tracing the segment
in blue as it rotates. If students don’t use the word angle, introduce the
term, but don’t define it yet. Where do you see angles in our classroom?

. Go to page “Three Angles.” Ask students to observe carefully as you very

slowly drag point Drag through a rotation of any amount you choose.
Stop and have students talk with a partner about what they observe.

I’ll drag the point again so you can observe another time to see what
you think is happening. Press Reset and then drag the segment to an
angle that is easy for students to recognize, such as one measuring about
90°, without mentioning the number of degrees.

Again without mentioning the number of degrees, drag one segment to
show other angle sizes, pressing Reset after each time. Eventually, show a
half turn and then a full turn. This will confirm for many students that
whenever the point is dragged, the amount of rotation is the same in
each of the three angles.

. Have students share their observations with the class. Elicit three

important ideas.

* The three segments seem to sweep out the same angle—they turn the
same amount.

* The orientation of an angle does not determine its size.
+ The length of an angle’s sides does not determine its size.

What does determine the size of an angle? Facilitate discussion. Notice
students who are confident that the size is determined by the rotation
of one side away from the other—that is, by the size of the opening
between the two sides of the angle. Also notice any students who may
need more experience to be convinced of this.
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Angle Measurement: Introducing Rotation and Degrees BSPS

continued

DEVELOP

Continue to project the
sketch for viewing by the
class. Expect to spend
about 30 minutes.

Be sure to let a rotation
end before pressing Rotate
again. If you don't, the
wrong angle will be traced.

Discovering how big
degrees are through
experimentation is
empowering for students.

48

For
ACTIVITY NOTES

4. Go to page “Measure Angles” and begin discussion by asking, How are

angles measured? Some students may be familiar with measuring angles
in degrees. If so, ask what they can say about degrees. If no student is
familiar with degrees, leave this question open for discovery as the class
uses this new model.

. With the value for the number of degrees of rotation set at 30, press

Rotate. Invite comments.

Press Reset. Change the parameter that controls the rotation by
double-clicking the current value, entering a new value of 60
in the dialog box that appears, and clicking OK. Press Rotate.
Again take comments.

What number should I enter for the rotation in order to make a
quarter turn? Take students’ responses, but don’t test them with the
model until the class has considered all the ideas shared. Some students
may be familiar with 90° as the measure of a square corner, or right
angle. Others may eyeball the sketch and make an estimate of around
90°. Because previous rotations have been by 30° and 60°, some students
may mentally add another 30° to arrive at 90°.

When all ideas have been shared, use the model to test different numbers
suggested. You might first try any estimates other than 90° that students
have offered. The class may then want to take a guess-check-and-refine
approach to arrive at 90°.

. Investigate other amounts of rotation. Invite students to pose questions.

Then introduce others yourself. When students propose questions and
solutions, engage the class in evaluating the idea before you or a
volunteer use the model to test it. Here are some of the questions that
will be fruitful to investigate.

« What amount of rotation makes a half turn? A full turn? Students
who skateboard or snowboard may make the connection that “a 180”
is a half turn, and “a 360” is a full turn.

* A rotation of 90 degrees makes a quarter turn. What amount of
rotation takes us one-eighth of a turn?

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



For

Angle Measurement: Introducing Rotation and Degrees GSPT  ACTIVITY NOTES

continued

As students investigate
these questions, notice
how they call on their
developing ability to
visualize and estimate
angle sizes and to use
benchmark angles.

SUMMARIZE

Continue to project the
sketch. Expect to spend
about 15 minutes.

* A clock has twelve numbers on it. How many degrees would we
need to rotate to go one-twelfth of the way around? If we rotate that
amount twelve times, it should bring us back to the top, just like a
clock—all the way around!

+ Can we rotate just one amount over and over and go around the circle
exactly one time? This exploration provides an opportunity for
students to realize that 360 is a handy number for the degrees in a
circle because 360 can be divided evenly by so many numbers.
Students might decide to see how many factors of 360 they can find.

+ What are some ways to rotate exactly 360° using any combination of
rotations we choose? A combination like two 90° rotations and one
180° rotation is one that may be most obvious to students.

« What happens if we rotate more than 360°¢? Note that, for example,
if the class decides to change the parameter to 370° and then presses
Rotate, the segment will appear to rotate only 10°. Why might that
be? Give students time to puzzle this one out. Elicit the idea that a full
rotation brings the segment around to where it started, so it has just
10° farther to rotate (360 + 10 = 370). There are angles greater than
360°, but they show as what is left after a complete rotation or several
complete rotations. Again, students can compare this to a “720” in
skateboarding or snowboarding. (What would a rotation of 1000°
look like in the model?)

. Engage the class in shared writing to help students consolidate what

they have experienced as they explored angle measurement. Let’s make
a class poster to record what we’ve discovered about angles. As the class
decides what to put on the poster, ask questions that encourage students
to engage with each other’s ideas and to make contributions.

Is that definition of an angle clear? Can we revise it in any way to make
it clearer?

What else do you think is important to say about the size of angles?

Do you want to say anything about the angles you find in things
around us?
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For

Angle Measurement: Introducing Rotation and Degrees BSPT  ACTIVITY NOTES

continued

EXTEND

50

As the class describes what determines the size of an angle, return to
page “Three Angles.” Drag point Drag so angles are showing. Measure all
three angles. To measure an angle, select three points (select the vertex
second), and choose Measure | Angle. (Sketchpad will label the points
automatically.) With all three measurements displayed, drag point Drag
again. Give students time to observe the measurements updating as

you drag the point and to consider that all three measurements are the
same. Are students convinced that the length of an angle’s sides and the
orientation of the angle do not determine the size of the angle?

Drag
M _/_
m£ZM'IM = 18° M
F J
mZL'KL = 18°
m«JFDrag = 18° K

For students who would benefit from more individualized work with
rotation and angles, provide an opportunity to use Angle Measurement.gsp
alone or in pairs. Students might choose any page of the sketch to explore.
Students who need convincing that orientation and side length do not
change an angle’s size may gravitate to pages “Angles” and “Three Angles.”
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Angle Measurement; For
Introducing Protractors BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
20 minutes.

More precise angle
measures are given in
degrees, minutes, and
seconds: 30° 35’ 10".

1. Open Introducing Protractors.gsp. Go to page “180 A.” Enlarge the

document window so it fills most of the screen.

. Explain, Today you are going to measure angles using a tool called a

protractor. Let’s review what you know about angles. Refer to the
angle shown in the sketch. What names could we give to this angle?
[Angle ABC, angle CBA, or angle B] Remind students that an angle is
named by its vertex or by a point on one side of the angle, the vertex,
and a point on the other side of the angle. Emphasize that the vertex
must always be the second point when three points are named.

. Point out the arc symbol and explain that it indicates the angle: the

opening, or space, between the two sides. What is the unit we will use
to measure angles? [Degrees]

. Explain that students will measure different types of angles (acute, right,

obtuse, and straight). What type of angle is shown here? Press

New Angle several times. Access students’ prior knowledge by asking
them to name each type of angle and to define it. Write the definitions
on chart paper after each new type of angle is encountered.

Type of Angle Definition

Acute Measures less than 90°

Right Measures exactly 90°

Obtuse Measures between 90° and 180°
Straight Measures exactly 180°

. Now refer to the protractor on the sketch. What do you notice about

this tool called a protractor? Students may respond that it is half a
circle (semicircular), it has a 180-degree scale, and the scale is named
in intervals of 30 degrees. Model how to use the protractor to measure
L ABC.

+ Drag the protractor so its center, the origin, is on point B, the vertex
of the angle. To move the protractor, drag the origin.

+ The baseline of the protractor is likely to be aligned with side BA of
£ ABC. Rotate the protractor so the baseline aligns with side BC, and
discuss why this position does not work. Rotate the protractor again
to align the baseline with side BA. To rotate the protractor, drag any
point on its circumference.
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Angle Measurement: Introducing Protractors BSPS

continued

Let students know that
when the measure of
the angle Sketchpad
displays is 0°, no angle
measurement will

be reported.

A common student
misconception is that
changing an angle’s side
lengths changes the size of
the angle.

DEVELOP

Expect students at
computers to spend
about 30 minutes.

On page “180C," itis
possible to drag the
protractor by clicking on its
circumference; however,
this will create a point.
Instead, drag point 0,

the origin.

52

For
ACTIVITY NOTES

6. Ask students to name the type of angle shown and then use the

protractor to estimate the angle measure. Between which two measures
on the scale does side BC intersect the protractor? Introduce the
language “It lies between x° and y°.” Is this an exact measurement?
[No] Elicit the idea that, except when the computer displays an angle
of 30°, 60°, 90°, 120°, 150°, or 180°, students can get a rough estimate of
the angle measure using this protractor, but not a precise measurement.
Press Show Measurement and explain that Sketchpad displays a more
precise measurement.

. Go to page “180 B.” Discuss three differences in this model: the

protractor’s scale is marked for 10° increments; pressing New Angle
displays angles in differing orientations; and dragging the endpoint of
the slider changes the length of an angle’s sides. Position the protractor
by dragging and rotating, and then estimate the angle measurement.
Press Show Measurement. Lengthen the angle’s sides. Students should
note that the angle measurement stays the same.

. Assign students to computers and tell them where to locate

Introducing Protractors.gsp. Distribute the worksheet. Tell students
to work through step 7 and do the Explore More if they have time.
Encourage students to ask their neighbors for help if they are having
difficulty with Sketchpad.

. Let pairs work at their own pace. As you circulate, check that students

are taking turns using the protractors and are able to perform the
following tasks.

* Drag the protractor so that the origin is on the angle’s vertex. Where
should you move the origin of the protractor? Which point is the
vertex of the angle?

+ Rotate the protractor to align the baseline with a side of the angle.
How should you position the protractor to measure the angle?

* Drag the slider’s endpoint to increase the length of the angle’s sides.
What can you do to see where this side of the angle intersects the
protractor’s scale?

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For

Angle Measurement: Introducing Protractors GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 10 minutes.

10.

11.

12.

+ Estimate angle measures using the language “between x° and y°.”
Between which two measures on the scale does the angle’s other side
intersect the protractor?

* Verbalize what the marks on the protractor’s scale represent.
Describe the scale on this protractor.

+ Classify angles and use the classification to check that estimates
makes sense. What type of angle is this? Is your estimate
reasonable? Explain.

+ For page “180 C,” realize that the scale on the protractor is more
precise. How is the scale of this protractor different?

If students have time for the Explore More, they will measure an angle
where neither side is aligned with the baseline on the protractor. (The
sketch initially shows £ ABC with side BA at 60° and side BC at 120°.)
Students will drag point A and/or point C to construct four more angles
and measure them without aligning the sides of the angles with the
baseline on the protractor.

Gather the class. Students should have their worksheets with them.
Begin the discussion by opening Introducing Protractors.gsp. Briefly
show each of the following pages: “180 A,”“180 B,” and “180 C.” Today
you used three different protractors to measure angles. Compare the
scales on the protractors and explain how precise each one was. Here
are sample observations.

The first protractor’s scale had marks every 30 degrees. The second
protractor had marks every 10 degrees. The last protractor had marks every
1 degree. The last protractor was the most precise.

When we measured using the first protractor, our measures were given
within a span of 30 degrees. The second protractor was better; that span
was 10 degrees. For the last protractor, we could measure to the degree;
it was the most precise tool.

Distribute physical protractors, straightedges, and pencils. Go to page
“180 C.” Compare the protractor you are holding with this Sketchpad
protractor. How are they alike? How are they different? Students may
give responses such as these, depending on the protractors in your class.
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For

Angle Measurement: Introducing Protractors BSPT  ACTIVITY NOTES

continued

EXTEND

54

13.

14.

15.

16.

Both protractors have scales marking every degree, up to 180°.

The Sketchpad protractor has one scale. This protractor has two scales.
It goes from 0° to 180° and 180° to 0°.

The Sketchpad protractor labels every 30 degrees: 0, 30, 60 . . .. The other
protractor labels every 10 degrees: 0, 10, 20, 30. . . .

In Sketchpad, the origin and the baseline are right on the edge. On this
protractor they aren’t at the edge of the protractor. And the origin of this
protractor is a hole.

What will you need to do differently when you use these protractors?
Have students share their ideas. The three important points to bring
out are these.

* Position the protractor carefully without using the bottom edge so the
origin of the protractor is on the vertex of the angle and the baseline
aligns with a side of the angle.

+ Read the correct scale.

+ Use a straightedge and pencil to make the sides of angles longer, if
needed, so that they intersect the scale.

How might thinking about the type of angle before you measure help?
(It will help students avoid reading the wrong scale; it is a check for the
reasonableness of their answers. |

Have students draw an angle on the worksheet and try using the
conventional protractor to measure its size. Then have students measure
the size of an angle drawn by a neighbor. Discuss. Did anyone have to
extend the sides of the angle to see where they intersected the scale of
the protractor? What else did you notice?

If time permits, discuss the Explore More. Have students share their
strategies for finding the angle measures.

. For students who would benefit from more individualized

preparation for using protractors, provide additional time for them to
use the sketch.
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For

Angle Measurement: Introducing Protractors GSPT  ACTIVITY NOTES

continued

ANSWERS

2.

AN L

Go to page “Extend.” For the quadrilateral shown, have students name
the type of angle at each vertex and then measure each angle using the
protractor on screen. What is the sum of the angle measures? Now have
students change the shape of the quadrilateral several times, and each
time measure the size of the angles and find the sum of the measures.
Is the sum of the angle measures the same? The sum of the angles of
a quadrilateral is 360°. However, because the measurements students
make using the protractor are not exact, students may frequently find
the sum to be close to but not exactly 360°. Allow time for discussion.
What are students’ ideas about the precision of the measurements they
made with the protractor? What are their ideas about the sum of the
angles of a quadrilateral?

Check students’ work.
Check students’ work.
Check students’ work.

Answer will vary. Students should note that the scale is more precise.
It measures to the nearest degree.

Check students’ work.

. The measure of angle ABCis 60°. Answers will vary. Students may

say that they subtracted 60° from 120° to get 60° or that they simply
counted the number of degrees in between the angle sides on the scale.

. Check students’ work.
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F
Protractors a"s"Pﬁ Name:

Use a protractor to measure acute, right, obtuse, and straight angles.

EXPLORE

1. Open Introducing Protractors.gsp. Go to page “180 A.”

@ 2. Practice moving and rotating the protractor.
To move the protractor, drag its center.
To rotate the protractor, drag any point on the circumference.

3. Now use the protractor to estimate the measure of ZABC.

Drag the protractor so its origin is on point B, the vertex of
the angle.

Rotate the protractor so the baseline aligns with side BA.
Use the protractor to estimate the angle measure.

Side BC intersects the protractor between
and

Angle ABC is about °.

4. Now follow these steps. Fill in the table for four new angles.
* Press New Angle. What type of angle appears?
¢ Use the protractor to estimate the angle measure. (Take turns.)
* Press Show Measurement. What is the measurement?
* How close was your estimate?

How Close Was

Type of Angle | Estimate | Measurement |,  Fc o te?
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Protractors E]£P5

continued

5. Go to page “180 B.” Fill in the table for four angles.

How Close Was

Type of Angle | Estimate | Measurement | y . F timate?

6. Go to page “180 C.” What is different about the scale on
this protractor?

7. Follow these steps. Fill in the table for six angles. Make some
angles obtuse.
e Drag points A and C to change the angle.
e What type of angle did you make?
¢ Use the protractor to measure the angle.

Protractor

Type of Angle Measurement
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Protractors E,SFPE

continued

EXPLORE MORE

8. Go to page “Explore More.” Without moving the protractor, find
the measure of ZABC. Explain how you figured it out.

9. Drag point A and/or point C to construct other angles. Do not
align side BA with the baseline of the protractor. Measure at least
four angles.

58 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



N : F
Angle Measurement: Estimation Practice BP5 ACTIVITY NOTES

INTRODUCE

Project the sketch on 1. Open Angle Estimation.gsp. Go to page “The Model.” In this activity
alarge-screen display yow’ll use a Sketchpad model to sharpen your skills at estimating the
for viewing by the class.
Expect to spend about
10 minutes.

size of angles. Explain that this page introduces the model. Invite a
volunteer to follow the directions on the page as the class observes.

2. Go to page “How to Play 1.” Explain that this page and the next page tell
students how to use the model. When they work on their own, students
can refer to these pages to be reminded of what to do.

Invite a volunteer to follow the directions on this page and on page
“How to Play 2” as the class observes.

3. Distribute the worksheet and explain how students will use it to record
the work they do independently at computers.

DEVELOP

Expect students at 4. Make sure students know where to locate Angle Estimation.gsp when

computers to spend they work independently.
15 to 30 minutes.

5. As students work, you may want to observe how they approach the
estimation challenges.

+ Do they think about benchmark angles?

+ Do they tend to orient the angles with one side horizontal or vertical,
or are they comfortable with different orientations?

+ Do they estimate reflex angles by estimating the size of the smaller
angle and subtracting that number from 360°?

* Are they refining and improving their estimates as they receive
feedback from the computer?

SUMMARIZE

Project the sketch on a 6. After some students have used the sketch, provide an opportunity for
large-screen display for them to discuss the strategies they used and to assess whether they
viewing by a small group.
Expect to spend 10 to

15 minutes.

improved in their ability to estimate angle measurements.
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How Close Are You?

For
ﬁnspﬁ Name:

Sharpen your skills at estimating angle sizes.

1. Open Angle Estimation.gsp.

2. Go to page “Estimate 1.” For each angle you make,
record your estimate in the first table. Then record the
actual measurement.

3. Go to page “Estimate 2.” In the second table, record
the measurement you are trying to show. Then record
the actual measurement of the angle you make.

Your
Estimate

Actual
Measurement

Measurement
to Estimate

Actual
Measurement
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Triangles

Find the Shapes: Squares and Equilateral Triangles 4

Students scan collections of scattered points to visualize
which points, when connected, will form squares and
equilateral triangles. Students construct segments to
connect the points, and then test the results. The model

offers a series of randomly generated puzzles of increasing

difficulty and allows students to create puzzles for each \
other.
Dynamic Triangles: Attributes of Triangles 4

Students construct a dynamic triangle whose shape and size Q q
change when its vertices are dragged. Without taking any e ke e res
measurements, students draw triangles that look like isosceles s s e
triangles, equilateral triangles, right-angle triangles, acute >
triangles, and obtuse triangles. anghtangls

.

/

Triangle Angles: Exploring Relationships in Triangles

B
As they manipulate a dynamic model of a triangle and A<
observe the changing angle measurements, students try to c
. . .. « mZA = 26°
satisfy a variety of conditions such as, “One angle measure R
is twice another.” Students’ explorations culminate in the msC =77°

discovery that the sum of the angle measurements of a \_

triangle is 180°.
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Fencing in Pandas: An Equilateral Triangle Construction

Students construct an equilateral triangle using the radii
of two identical circles. Students then use the construction
to make zoo enclosures for pandas. This challenge exposes
students to equilateral triangles in different orientations

and sizes.

Fencing in an Elephant: An Isosceles Triangle 4
Construction

Students construct an isosceles triangle by using the
radii of a circle to form equal-length sides. Using this
construction technique, students enclose pictured

elephants within isosceles triangles. The challenge exposes

students to isosceles triangles of different sizes and shapes, - =
and develops an understanding that is meaningful and
memorable.

Triangle Puzzles: Transforming an Isosceles Triangle i T
Students solve puzzles in which they interact with a oG oR
dynamic isosceles triangle on a coordinate grid. As students | «
manipulate the triangle, they can change its shape and size, | . A
but must keep it isosceles. By solving puzzles that become : |
increasingly difficult, students develop, test, and apply T I il v

strategies that generalize to any new puzzle.
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Find the Shapes: Squares For

- - SP3
and Equilateral Triangles . ACTIVITY NOTES
INTRODUCE
Prolectthesketchon ....... 1. Open Find the Shapes Present.gsp. Follow these steps to introduce the
alarge-screen display puzzles by modeling on page “Puzzle 1.
for viewing by the class.
Expect to spend about * Explain, This is a collection of scattered points that may seem totally
10 minutes on this part of random. But the points are hiding something—the points are the
the activity.

vertices of hidden squares.

+ At the top of the page, we are told what shapes to find—two squares.
Point out that this puzzle provides a hint: One of the sides of a square
is shown. Give students time to look for the squares.

* Model drawing a segment to show where you think one side of a
hidden square is. Emphasize that after choosing the Segment tool and
moving your pointer over the sketch to a point you want to connect,
you make sure that point is highlighted and then click on that point.
This assures that the point is also the endpoint of the segment you
are drawing.

» Select your first segment, choose Display | Color and pick a color.
Also, choose Display | Line Style | Thick to make it easier for the
class to view the segments.

+ Invite a volunteer to the computer to draw segments connecting the
other points in order to find the squares. The volunteer might choose
a different color for the second square.

+ When all the points are connected, have the volunteer check his or
her conjectured squares by pressing Move the Points several times,
pausing each time so the class can observe the results. How are your
shapes behaving? [The locations of the points change, but the
segments remain connected to them. The orientation and size of
the squares change.]

+ Do your shapes stay squares? If the volunteer has connected the
correct points, the shapes will continue to be squares. If the correct
points were not connected, the mistake will likely be apparent.
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Find the Shapes: Squares and Equilateral Triangles BSPS

continued

These steps will also
remove the “hint”
segment. To keep that
segment but remove the
others, using the Arrow
tool, draw a selection
rectangle around the
shapes. This will only
select the segments
students draw, which can
then be deleted.

DEVELOP

Expect students at
computers to spend
about 20 minutes.

64

For
ACTIVITY NOTES

Model two ways to delete an incorrect segment or segments. To delete
a segment when drawing it was the last action, choose Edit | Undo
Construct Segment. To delete a segment that was not drawn in the
last action, select it and press the Delete key on your keyboard. When
you've deleted any segments that were wrong, try to connect the
points correctly and then test again by pressing Move the Points.

After the challenge is solved, model the two steps students will use to
set up a new puzzle. First, delete all the segments. With the Segment
tool active, choose Edit | Select All Segments followed by Edit | Clear
Segments. Next, press Move the Points. The locations of the points will
change, creating a new challenge.

If students find a particular challenge too hard, they should press
Move the Points to create a new arrangement of the same points. This
is also a good option if the points are too tightly clustered on screen.

. Explain that students should move through the pages at their own pace.

The puzzles are sequenced to add more challenge. In later puzzles, you

will have more shapes to find and there may be extra “decoy” points
that don’t belong to any shape.

. If students will save their final puzzle solution on pages of the

document, model choosing File | Save As and tell them where to save.

. Make sure students know where to locate Find the Shapes.gsp.

. As students work, you may want to observe how they approach

the puzzles.

Some students may point to the screen and trace a shape, verifying
that they have visualized it correctly before using the Segment tool.

Some students may focus on one point and look for other points it
could be connected to.

Other students may try to locate all points to build one figure or try to
visualize the entire solution at once before drawing any segments.

Some students may need to draw two segments before it becomes
obvious that the points connected cannot be the correct ones.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For
Find the Shapes: Squares and Equilateral Triangles BSPS  ACTIVITY NOTES

continued

+ A common student misconception is that squares and triangles
should have one side (“the bottom”) that is horizontal. Seeing these
shapes in many orientations will help students see that this idea
is false.

« If you notice students who think that squares and equilateral
triangles must be positioned with their bases horizontal, point to an
appropriate pair of points and ask questions such as, What if this is
the side of one of the triangles? Where could the other two sides be?

* Encourage students who find the first puzzles easy to move ahead.
The puzzles with “decoy” points and page “Make Your Own” are likely
to be more engaging.

SUMMARIZE

Expect students to spend 6. If a printer is available, students might print some challenges they
about 15 minutes in found tricky. Have students choose File | Print Preview. In the dialog
discussion.

box that appears, they should set the image to fit on one page and
then click Print.

7. Students might discuss difficult challenges.

EXTEND

Pairs of students may create puzzles for each other using page “Make Your
Own.” The directions are on the page.
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Dynamic Triangles: Attributes of Triangles E]£P5 ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
15 minutes.

66

. Open Sketchpad and enlarge a new sketch so it fills most of the screen.

Explain, Today you’re going to use Sketchpad to explore triangles.
Follow these steps to construct a triangle in two different ways.

+ Using the Point tool, construct two points. Are there enough points to
draw a triangle? [No] How many points do we need? [Three]

+ Construct a third point that could be a third c
vertex of a triangle. Using the Text tool, label the
points A, B, and C. How can I draw the triangle?
Invite a volunteer to construct the three sides of A
AABC using the Segment tool.

+ Now construct a triangle another way: using only the Segment tool.
Draw the first segment and label its endpoints D and E. Construct a
second segment starting at point D, and label its other endpoint F.
Finally, connect points E and F.

. Using the Arrow tool, drag a side of the triangle and then a vertex.

Unlike a triangle we draw on paper, a triangle constructed with
Sketchpad lets us change its size, shape, and orientation by dragging.

. How would you describe a triangle? Draw out the ideas that a triangle

has three angles, it has three sides, and it is a polygon.

Some students may believe that a triangle must have BN

one horizontal side. Other students may think that a 2
“skinny” triangle like the one shown at right isn’t a
triangle. Students will have the opportunity to expand their conceptions

of triangles as they construct triangles and explore their behaviors.

. Introduce the term vertex to describe the point where two sides meet.

Say that vertices is the plural of vertex, so the triangle has three vertices.
Introduce or review naming an angle by its vertex or by the three points
that define the angle, with the second point always being the vertex. You
can name this angle “angle A,” “angle BAC,” or “angle CAB.”

. Do you see a right angle somewhere in this room? Take responses.

Students might point to the corner of a paper, a tile on the floor, or a
doorframe. What is a right angle? Students may say that a right angle
looks like a square corner or that it is an angle that measures 90°.
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For

Dynamic Triangles: Attributes of Triangles GSPT  ACTIVITY NOTES
continued

The words “looks like” are Invite a volunteer to drag AABC so that ¢ E D
important here. Students one angle looks like a right angle. Have :

aren't measuring the another student do the same with ADEF. A

angles to prove that they B

are 90°. 6. In this activity you’re going to make some A F

special triangles. You won’t take any

measurements, so you’ll be estimating when you want to make sides
that are the same length or angles that are the same size. Yow’ll use
your drawings to make some educated guesses about triangles, like
whether a triangle can have two sides that are the same length.

7. If students will save their work, demonstrate choosing File | Save As,
and let them know how to name and where to save their files.

DEVELOP

Expect students at 8. Assign students to computers and tell them where to locate Dynamic
computers to spend Triangles.gsp. Students should have their worksheets. Tell students
about 30 minutes. to work through step 4 and do the Explore More if they have time.
Encourage students to ask their neighbors for help if they have

questions about using Sketchpad.

9. Let pairs work at their own pace. As you circulate, here are some things
to notice.

+ In worksheet step 2, students will construct a triangle using
the Segment tool. With the first segment constructed, be sure
students check that its intended endpoint is highlighted before
clicking on it to attach the second segment.

+ In worksheet step 4, students move from page to page
of the Sketchpad document and construct triangles based on
the descriptions given. Remind students that they should not be
concerned with the exactness of the side lengths or angle sizes. For
now it is enough that a triangle looks about right and they think they
can make a conjecture. Without measuring, what do you think?
Do you think a triangle can have three sides of different lengths?

*+ On each page, encourage students to make two different triangles that
both fit the description. How can you draw another triangle that
looks like it has a right angle but has something different about its
sides or angles from your first triangle?
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continued

SUMMARIZE

Project the sketch and
student sketches, if
possible. Expect to
spend about 15 minutes.

68

10.

+ Students may tend to make triangles that have one horizontal side,
usually “the bottom.” If you see them doing that, ask them to make a
triangle with no sides that are horizontal.

* On page “One;” ask students why the right angle in the triangle they
made looks like a right angle.

* On page “Two,” depending on how accurately students draw their
triangles, they may or may not conjecture that a triangle can have two
angles the same size. This idea will be revisited in the class discussion
that follows.

* On page “Three,” depending on how accurately students draw their
triangles, they may or may not be able to conjecture that a triangle
can have three angles the same size. This idea will be revisited in the
class discussion that follows.

If students will save their work, remind them where to save it now.
If a flash drive is available, save student sketches to share their triangles
in the class discussion.

. Gather the class. Students should have their worksheets with them. Start

by giving students an opportunity to make some conjectures about
triangles. Encourage students both to use what they have experienced
in making triangles and to take some risks if they aren’t sure about a
conjecture. You might record these attributes on chart paper and put a
check mark next to each attribute most of the class thinks is possible.

Do you think a triangle can have two sides of equal length?

Three sides of equal length?

No two sides that are the same length?

Do you think a triangle can have three angles that are the same size?
Two angles that are the same size?

Three angles that are all different sizes?

One right angle?

More than one right angle?

Two sides of equal length and two angles of equal size?
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Dynamic Triangles: Attributes of Triangles GSPT  ACTIVITY NOTES

continued

All sides of equal length and all angles of equal size?
Two sides of equal length and one right angle?

12. Open Dynamic Triangles Present.gsp. Go to page “One.” Does each of
these triangles look like it has a right angle? Let’s measure to see how
close the drawing is. (Students may have noticed that Sketchpad has a
Measure menu.)

Start with one of the triangles. Using the Arrow tool, select the three
points that define the angle that looks like a right angle, selecting the
vertex second. Choose Measure | Angle. Ask a volunteer to drag vertices
of the triangle to try to come closer to or get exactly 90°. As the triangle
is dragged, students will observe that the displayed angle measurement
will update automatically.

13. Go to page “Two.” Let’s take some measurements to check how close
these triangles are. This time we need to measure the lengths of
the sides.

To measure a segment, select it using the Arrow tool. (Don’t select
the endpoints.) Choose Measure | Length. If the measures of the two
sides are not close, have a volunteer drag the triangle until the two
measurements are closer or the same.

What do you notice about the angles of these triangles? Take responses.
Students will suggest measuring. Because the triangle will be close to
isosceles, the measurements of the angles opposite the equal sides will be
close to equal.

14. Go to page “Three.” Measure the side lengths and have a volunteer drag
the triangle so the three lengths are close in length or the same. What
do you notice about the angles of these triangles? Students are likely to
make the conjecture that the angles are the same size. Measure the three
angles of one of the triangles. The angles will be close to or exactly 60°.

» «

15. On pages “Four,” “Five,” and “Six,” it is not necessary to measure angles
or side lengths to be sure that the triangles fit the descriptions.

16. If time permits, discuss the Explore More. Have students share their
designs, pointing out the different triangles they made.
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continued

EXTEND

ANSWERS
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What other questions can you ask about triangles? Encourage curiosity.
Here are some sample student queries.

Can a triangle that has a right angle have two sides that are the same length?
Three sides the same length?

What’s the largest angle a triangle can have?
What’s the smallest angle a triangle can have?

Do triangles that have two sides the same length always have two angles
the same size?

If the sides of a triangle are all different lengths, are the angles all
different sizes?

What is the sum of the angles of a triangle? Is it the same for every triangle
or different for different triangles?

Check student work. There are many ways students may draw triangles to
satisfy each description.
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Dynamic Triangles iy~ Name:

See what kinds of triangles you can make.

EXPLORE
1. Open Dynamic Triangles.gsp. Go to page “One.”

AN

2. Construct a triangle. c

A Label its three vertices. BQ@
X >

3. Drag the triangle by its sides and vertices. Make one
angle look like a right angle.

Draw another triangle that looks like it has one right angle.

4. The table shown here tells you what to make on the next pages.
On each page, start by drawing a triangle and labeling its vertices.
Drag the triangle to make the triangle you want.

Then make another triangle that fits the description.

Page Description

Two | Two sides look like they are the same length.

Three | All three sides look like they are the same length.

Four | One angle is larger than a right angle.

Five | All three angles are less than a right angle.

Six All sides are a different length.
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Dynamic Triangles E,SI‘PE

continued

EXPLORE MORE

5. Go to page “Explore More.” Follow these steps to make and color
the interior of a triangle.
Draw a triangle.
@ Select just the three vertices.
Choose Construct | Triangle Interior.

With the interior of the triangle selected, C
choose Display | Color and pick a color. B@ﬁ
6. Add more triangles to your picture. A

You can change the color of segments by choosing
Display | Color.

You can change the thickness of segments by choosing
Display | Line Style.
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Triangle Angles: For

Exploring Relationships in Triangles B3 ACTIVITY NOTES
INTRODUCE

Prolect the sketch 1. Explain, Today, you’re going to explore the angle measures of triangles.
for viewing by the Pll introduce the Sketchpad model, and then you’ll work on your own.

class. Expect to spend

10 minutes. Open Triangle Angles.gsp and go to page “Step 2.” Tell students that

Sketchpad’s measurements include an “m” that stands for measure of. As
you drag point A, have students observe that the angle measurements
are continuously updated. Introduce or review the geometric notation
for degrees and for angles.

2. Explain that students can drag the vertices and sides of the triangle.
Model dragging and review the types of angles (acute, right, and obtuse)
as you create different triangles.

3. Distribute the worksheet and explain that students will be trying to
make triangles that meet certain requirements.

4. If you want students to save their work in the document, demonstrate
choosing File | Save As, and let them know how to name and where to
save their files.

DEVELOP

Expect students at 5. Assign students to computers and tell them where to locate Triangle
computers to spend Angles.gsp. Students should follow steps 1-11 of the worksheet and do
about 35 minutes. the Explore More if they have time. Encourage students to ask a

neighbor for help if they have questions about using Sketchpad.

6. Let pairs work at their own pace. As you circulate, here are some things

to notice.
Through this visual + Because changes to one angle will affect the other angles, students
and kinesthetic mode must be purposeful when they drag vertices or sides. Consider, for

of learning, students
gain understanding of
the interrelatedness
of a triangle’s angles. point B or C to maintain ZA’s measurement while simultaneously

example, a student with a triangle in which £ A measures 20°. If she
wants Z B to measure 20° as well, she must think about how to drag

adjusting Z B’s measurement.

+ None of the worksheet steps mentions a triangle’s side lengths.
Nonetheless, there is a nice connection to be made between angle
measurements and side lengths. In worksheet step 3, for example,
students might make a triangle in which Z A and Z B measure 20°
and £ C measures 140°. Ask some students at different computers
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continued

The Calculator uses more
precise measurements
supplied by Sketchpad.
Thus there are cases

in step 10 in which

the rounded numbers
displayed add to a slightly
different sum than the
sum generated by the
Calculator.
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to form a triangle with these angle measurements. Before they view
each other’s triangles, ask them whether they think their triangles are
identical.

Worksheet steps 4 and 5 ask students to make angles that are either
very large or very small. This language is purposely vague; the intent

is to encourage students to experiment. A student might think that

if the measurements of £ A and Z B were to be very large and equal,
the angles could each have measures of, say, 100°. By experimenting
students will see that there is a limit to just how large the angles can be.

As students try to push their triangles to the limit ¢ A
to see just how big or small they can make the angles,

they may drag a vertex so that it overlaps another vertex
or sits on the segment connecting the other two vertices c
(see the illustration at right). These interesting cases are

possible because of Sketchpad’s functionality. For the a

@0 o

purposes of this activity, tell students to limit their
answers to triangles—polygons that have three sides.

As students find solutions for worksheet steps 1-9, they will begin

to see that all three angles cannot be very large or very small at

the same time. By looking at the angle measurements for all their
triangles, students may also begin to suspect that the sum of the angle
measurements is constant, or nearly so.

In worksheet step 10, some students may need help in figuring out
which Sketchpad Calculator keys to press. Also, students will notice
that in the Calculator, angles are named following the convention of
specifying three points, with the vertex point given in the middle.

In worksheet step 10, students will always obtain a sum of 180° using
the Calculator, even though the displayed angle measurements may
not add up to 180°. For example, a triangle’s reported measurements
might be 29°, 102°, and 50°, which sum to 181°. Explain to students
that the displayed measurements of angles A, B, and C are being
rounded to the nearest unit in this model. Make sure students
understand this discrepancy between displayed and actual
measurements. Otherwise, students may not make the correct
generalization that the sum of the angles of a triangle is 180°.
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Triangle Angles: Exploring Relationships in Triangles GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

EXTEND

8.

10.

If time allows, have students tackle the Explore More problem.
Students may take a guess-check-refine approach, picking a value

for m/ A and then computing the corresponding values for m/ B
and m/ C. If, for example, a student decides to try out mZ A = 50°,
she’ll see that m/ B = 100° and m/ C = 150°. Because the sum of the
measures of these three angles is larger than 180°, this choice doesn’t
work. The student must pick a smaller measure for Z A and try again.
(This problem can also be solved using algebra.)

. If you want students to save their Sketchpad work, remind them to

choose File | Save As and save to the location you've specified.

Gather the class and facilitate as students discuss their findings.

.

In worksheet step 3, students will have found many different triangles
with m/ A equal to m/ B. This is a good opportunity to introduce the
term isosceles triangle.

Similarly, discussion of worksheet step 8 is a good place to introduce
the term equilateral triangle.

Have students share any strategies they used when making angles
either very large or very small. In worksheet step 4, for example, the
best way to make £ A and £ B very large is to drag points A and B
close together and then drag point C far away from them.

If time permits, discuss the Explore More problem.

You may wish to have students respond individually in writing to this

prompt: What have you learned about the angle measurements in

triangles?

What questions occurred to you about angles of triangles? Encourage all

curiosity. Here are sample student queries.

Is there an easier way to make triangles with all of the angle measurements equal?

Why is the sum 180° and not some other number?

Is the sum of the angles in squares and in other shapes also always the same, no

matter how you change the shape?
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continued

ANSWERS
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11.
12.

. Answers will vary. Many answers are possible. If the angle measurements

were not rounded to the nearest whole degree, there would be infinitely
many answers.

. Answers will vary. There are many possible values for the measures

of two angles that are the same size.

. Answers will vary. One triangle with large measurements for 2 A and

/ Bis this: m/ A= m/B=89°and m/ C = 2°.

. Answers will vary. One triangle with a small measurement for £ A and

/ Bisthis: m/ A= m/B=1°and m£ C = 178°.

. Answers will vary. There are many possible triangles with m/ A twice

as big as m/ B.

. Answers will vary. Here is one triangle in which the measure of Z B1is

large: m/ B = 118°, m£ A = 59°,and m/£ C = 3°.

. When a triangle’s angle measures are equal, each angle measures 60°.

There are infinitely many equilateral triangles: the side lengths, which
are equal, can be any length.

. None. It is impossible. Students might also note that it is impossible

to make a triangle with two angles that measure exactly 90°.
The sum of the measures of the angles is always 180°.

The angles must measure 30°, 60°, and 90°.
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Explore the angles of triangles.

EXPLORE

1.

x| 2

. Angle A and angle B are the same size.

Open Triangle Angles.gsp. You will use a page for each
step here.

Try to make a triangle that fits each description.
Record the angle measurements of triangles you make.

All the angles are different sizes.
msA m/B msC

m/A m/. B m/.C

. Angle A and angle B are very large and the same size.

m/A m/.B mz/.C

. Angle A and angle B are very small and the same size.

m/A m/.B mz/.C

. The measure of Z A is twice the measure of / B.

m/A m/.B m/.C

. The measure of ~ZA is twice the measure of 2B, and

/ Bis very large.
mzsA m/B mz/C

. All the angles are the same size.

How many triangles like this can you make?

. Two of the angles measure more than 90°.

How many triangles like this can you make?
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Triangle Angles
continued

10. Go to page “Sum of the Angles.” Now you’ll find
the sum of the measures of angles A, B, and C.

Choose Number| Calculate.
Don’t type numbers into the Calculator!

Do click on the angle measurements on screen
and add them.

When you are done, click OK.
(Notice that in the Calculator, angles are named

by giving three points, with the vertex point
given in the middle.)

For
GSPYS

MNew Calculation

msBAC + m-CBA +
msABC = 180°

m£BAC + m£CBA + mLABC

+ IEI Values -
{ tions
)

A [][]

NN
SRR

9
6
3

o LEE

| Help | | Caneel | | OK |

11. Drag the vertices of the triangle to change the angles.
What do you notice about the sum of the angle measures?

EXPLORE MORE

12. Make a triangle in which m£B is twice m2£A, and m2£Cis

78

three times mZA.

m/A m/B mz/.C
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Fencing in Pandas: Fo

An Equilateral Triangle Construction B3 ACTIVITY NOTES
INTRODUCE

PrOJeCt the sketch for 1. Explain, Today you will construct a special kind of triangle. Then you’ll
viewing by the class. use what you’ve learned to fence in two pandas. I'll demonstrate

Expect to spend 10 to

5 it constructing the model, and then you’ll construct it on your own.
minutes.

2. Open Fencing in Pandas.gsp. Go to page “Two Circles.” Model
worksheet steps 2—5 so that students will be able to construct the
triangle on their own. Here are points to emphasize.

+ In step 2, drag the circles so that one sits on the other. Students will be
able to see that the circles are identical in size.

+ In step 4, model using the Text tool to label the points in the order
shown on the worksheet. Show students how to change a label if they
happen to label incorrectly.

+ In step 5, emphasize that when you draw a segment connecting two
points, you make sure each point is highlighted when you move the
pointer over it, and only then click. This ensures that the segments
are connected.

+ In step 5, explain that the Undo command is helpful for undoing
something students didn’t mean to do. Sketchpad lets you undo your
actions, one at a time, all the way back to the beginning of your
construction. Model drawing a segment that is not connected to the
intended point and choosing Edit | Undo to back up and correct the
construction.

+ In step 4, after creating the triangle, drag point B randomly around
the screen. Students should notice that the triangle does not exist if
the two circles are far enough apart.)

You’re going to construct one triangle this way, and another triangle
in a different way. In the second way, you won’t have to be so careful
about where you drag point B.

3. If you want students to save their Sketchpad work, demonstrate
choosing File | Save As, and let them know where to save.

DEVELOP

Expect students at 4. Assign students to computers and tell them where to locate Fencing in

computers to spend Pandas.gsp. Distribute the worksheet and tell students to work through
about 40 minutes.
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The circumference of
acircle serves as a
boundary. Points that sit
on the circumference are
all an equal distance from
the center. Those points
that sit inside the circle are
closer to the center; those
points that sit outside the
circle are farther from the
center.
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steps 1-17 and do the Explore More if they have time. Encourage
students to ask their neighbors for help if they have questions about
using Sketchpad.

. Let students work at their own pace. As you circulate, observe and listen

to students’ conversations. Here are some things to notice.

+ In step 5, remind students to wait until a point is highlighted before
clicking to construct a segment. If students make mistakes in the
construction, remind them to use Edit | Undo to back up one or
more steps.

* In step 6, note how students are thinking. The answer relies on
a single mathematical idea: Radii of identical circles have equal
lengths. If students ask for help in figuring out how the lengths of the
two sides compare, ask questions to prompt them to do their own
thinking.

What can you say about segment AC? It goes from where to where in
circle A? What do we call the segment that goes from the center to the
circumference of a circle? What can you say about segment BC?

In step 2, you discovered that the two circles have the same size. Does
that help you compare the lengths of side AC and side BC?

* In step 7, if students ask for help, draw the figure
at right and ask questions to prompt students to
do their own thinking.

Can you draw a segment, starting at A, whose length c
is less than the length of segment AC? How do you
know, without measuring, that the length is less than segment AC?

Can you draw a segment, starting at A, whose length is greater than
the length of segment AC? Are you sure? How can you tell without
measuring?

Can you draw a segment starting at A whose length is equal to the
length of segment AC?

* In step 8, ask students what they observe. They should notice
that when point B sits on the circumference of circle A, all three
segments—AB, AC, and BC—are radii. Segment AB serves as a radius
of both circles simultaneously. Because all three segments are radii of
identical circles, their lengths are equal.
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Fencing in Pandas: An Equilateral Triangle Construction GSPT  ACTIVITY NOTES

continued

It's okay for the circles that
are part of the construction
to sit outside the zoo's
walls. Students might want
to hide the circles so that
only the triangular fence is
visible.

6. In worksheet steps 10—15, students create a more powerful construction.

Here are some things to notice as you observe students working.

+ The triangle will maintain three equal side lengths no matter how
point B is dragged; it will also grow and shrink, from large equilateral
triangles to small ones. Don’t explain this to students. Let them
discover it.

+ For your own understanding, note the reciprocal nature of worksheet
steps 11 and 12. In both cases, students construct a circle whose
radius is defined by the distance between points A and B. By selecting
the points in the order A, B and then B, A, students construct two
circles—one with a center A and radius AB, the other with center B
and radius AB. The circles can grow and shrink by dragging either
point, but they remain equal to each other in size.

+ Step 13 will likely be an “aha” moment for students. They may
not recognize until then that they have built two identical circles
positioned exactly as they were in step 8. Once students see the
connection, they should recognize that they can complete their
triangles by constructing the intersections of the two circles and
using the Segment tool to draw the triangles.

+ In step 14, as students explore their triangles, listen to what they say
about the relationships built into this new construction. Learn about
how they answered the question, How is this triangle different from
the one you built before?

. In worksheet steps 16 and 17, notice the strategies students use.

On page “Fence 1,” some students may be tempted to draw their
triangles freehand and either eyeball the lengths or measure them.
Explain that the challenge is to draw the fence without measuring any
sides. Rather than tell students to use the construction method they
learned earlier, prompt them to keep thinking by asking, What have
you learned in this activity that could help you solve this problem?

It is likely that students will need to reposition and resize the equilateral
triangle after constructing it. Dragging the triangle by its vertices will
allow students to position it correctly.
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continued

SUMMARIZE

Project the sketch. Expect
to spend about 20 minutes.
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8.

10.

11.

12.

Students can also create new fence challenges for each other using the
“Make Your Own” page of the document. One student drags the two
pandas to position them in the zoo. Students can also move and resize
the rectangular bounds of the zoo by dragging its vertices. With the
pandas in place, the student’s partner must now build an equilateral
triangle around them.

For some positions of the pandas, it may not be possible to solve the
problem.

. Have students save their sketches, preferably in a place that will be

accessible to the computer connected to the overhead display so that
they can share their work in the class discussion that follows.

Gather the class. Students should have their worksheets. Why does your
second way of constructing a triangle make triangles with three equal
sides?

Explain that triangles with all sides of equal length are called equilateral
triangles. Introduce the etymology of the word equilateral or have
students research it themselves. The word is Latin in origin and comes
from aequi (meaning “equal”) and latus (meaning “side”).

What are some other questions about equilateral triangles that you
could explore? Encourage curiosity. Here are some sample student
queries.

Are there other ways to make an equilateral triangle?

How do you make four-, five-, or six-sided polygons that have sides all the
same length?

Are there ways to arrange the pandas so that it’s impossible to draw an
equilateral triangle that fences them in and doesn’t extend beyond the
z00’s walls?

Can you always draw some triangle around the pandas, even if it’s not
an equilateral triangle?
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continued

EXTEND

1. Students can measure the three angles of their equilateral triangle to see
that they are all 60°. For a triangle ABC, measure angle A by selecting, in
order, either points B, A, C or points C, A, and B. With the three points
selected, choose Measure | Angle.

2. Challenge students to construct an equilateral triangle
on paper using a compass and straightedge (a ruler without
markings). It’s likely students will use their compass to
swing out two full circles, keeping the arms of the compass
at a fixed distance to ensure that both circles are the same size.

Discuss whether it is necessary to draw the entire circles. Although
Sketchpad offers no choice, a compass allows one to draw just those
portions of the circles necessary to find an intersection point.

ANSWERS

2. Both circles are the same size. Neither circle changes size when dragged.

6. Both segments have the same length. Segment AC is the radius of
circle A; segment BC is the radius of circle B. Because the circles are
the same size, both have radii of the same length.

7. Segment AB is greater than AC when point B sits outside circle A.
Segment AB is less than AC when point B sits inside circle A. The two
segments have the same length when point B sits on the circumference
of the circle.

8. When point B sits anywhere on the circumference of circle A, the three
sides of the triangle have the same length.

9. All three segments are radii of one or both circles. Because the circles
are the same size, their radii are of equal length.

14. Answers will vary. Students may note that in this construction, side AB
is a radius of both circles, so all three sides of triangle ABC are radii
of the identical circles and are therefore always the same length; the
triangle is always equilateral. In the first construction, side AB is not
constrained to be a radius of both circles and its length can change; the
triangle does not stay equilateral when either circle is dragged.
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continued

16—17. Answers will vary. Possible solutions are shown here.

Fence 1 Fence 2

Fence 3

84 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



For

Fencing in Pandas gses~ Name:

Make a special kind of triangle.

CONSTRUCT

1.

@2.

3.

. Click on points A, B, C, and D, in that order,

. How do the lengths of side AC and side BC

. Drag point B around the screen.

Open Fencing in Pandas.gsp.
Go to page “Two Circles.”

Drag the circles. How do they compare in size?

Drag the circles so they intersect.

Select both circles. Choose
Construct | Intersections.

to show their labels.

. Connect points A, B, and C to make AABC.

compare? Tell how you know.

When is AB greater than AC?
When is AB less than AC?
When are AB and AC equal?

. Find a way to place the circles so that the three sides of AABC have

the same length. Find more than one way if you can. Draw to
record your ways.
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For

Fencing in Pandas B6SPS

continued

9.

Explain how you know that the triangle or triangles you made in
the last step have three sides of equal length.

CONSTRUCT

10. Now you’ll construct the triangle in a different way. Go to page
“Construct a Triangle.”

11. Select, in order, point A and point B.
Choose Construct| Circle by Center+Point.

12. Select, in order, point B and point A.
Choose Construct| Circle by Center+Point.

13. To finish the construction, make a triangle with sides of
equal length.

14. Drag each vertex of the triangle. How is this triangle different from
the one you built before?

15. Select both circles and choose Display | Hide Circles.

86

Check to see that your triangle keeps its special shape when you
drag it.
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continued

APPLY

16. Go to page “Fence 1.”
You see two pandas that are inside the walls of a zoo.
Your job is to construct a triangle fence around the pandas.
Follow these rules:
e All three sides of the triangle fence must have the exact same length.
e The fence must be totally inside the zoo walls.

17. Go to pages “Fence 2” and “Fence 3” and do the same thing.

EXPLORE MORE

18. Go to page “Make Your Own.”
Make fence problems and try to solve them.
Make fence problems for a partner to try to solve.
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Fencing in an Elephant: For
An Isosceles Triangle Construction BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend 10 to
15 minutes

88

1. Open a new sketch and enlarge the window so it fills most of the screen.

As the class observes, draw a triangle using the Segment tool. Select all
three sides and choose Display | Line Style | Thick.

Drag the vertices and sides of the triangle. Ask students to share
what they observe. Elicit the idea that the triangle has no restrictions
or constraints aside from the limitations of the computer’s screen
size. Dragging its vertices and sides allows you to create any triangle
whatsoever. You can make triangles of all shapes and sizes.

. Explain, You’re going to construct another triangle, but it will be a

little different; you’ll discover that it has special properties. Model
step 2 of the worksheet so that students will be able to construct the
triangle on their own. Here are some points to emphasize.

* As you use the Compass tool to draw the circle, make sure students
understand that Sketchpad creates two points: the center of the
circle and a point on the circle called the control point. Dragging
either point changes the size of the circle. In the illustration on the
worksheet, point B is both the control point of the circle as well as a
vertex of AABC. Students should be sure that they use point B as one
of the vertices of their triangles.

+ Emphasize that when students place a point on the circle, they should
be sure the circle is highlighted when they move the pointer over it,
and only then click to place the point. Similarly, when they draw a
segment connecting two points, the points should also be highlighted.

* Model performing “the drag test” to check that your construction
holds together. Drag the vertices and sides of the triangle. Drag the
circle. Let students describe the results: The triangle stays attached
to the circle. When you do this construction on your own, you will
perform the drag test to see whether your triangle stays attached to
the circle.

+ Explain that the Undo command in the Edit menu is helpful for
undoing something you didn’t mean to do, or for going back and
trying a different approach to a construction. Sketchpad lets you
undo your actions, one at a time, all the way back to the beginning of
your construction. This unlimited ability to undo actions is also a way
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Fencing in an Elephant: An Isosceles Triangle Construction GSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 40 minutes.

To delete the entire
construction, choose
Edit| Select All and then
press the Delete key on
your keyboard.

to review work step-by-step: Undo back to the beginning, and then
Redo one step at a time.

3. If you want students to save their Sketchpad work, demonstrate
choosing File | Save As, and let them know where to save.

4. Assign students to computers and tell them where to locate Fencing in
an Elephant.gsp. Distribute the worksheet and tell students to work
through steps 1-11 and do the Explore More tasks if they have time.
Encourage students to ask their neighbors for help if they have a
question about using Sketchpad.

5. Let students work at their own pace. As you circulate, listen in on
students’ conversations. Here are some things to notice.

+ In worksheet step 2, remind students to wait until the circle is
highlighted before clicking to place a point on it, and to wait until a
point is highlighted before clicking to place an endpoint of a segment
on it.

+ In step 2, if students make mistakes, remind them to use Edit | Undo
to back up one or more steps, and Edit | Redo to retrace their steps.
Or, they can delete their construction and start over.

+ In step 2, when students have created the triangle, ask, Would you
perform the drag test and show me what your construction does?
What does the drag test tell you about your construction?

+ In worksheet step 3, as they drag the vertices of the triangle, students
may make observations such as the following ones.

Dragging point B makes the triangle grow bigger or smaller. Sides AB
and AC are still radii of the circle.

When we drag point B, the circle changes size, and the length of side AB
stays equal to the length of side AC. That’s because they’re both radii of
the circle.

Dragging point C, we can make one side of the triangle spin around.

When we drag point C, we change the length of side BC, but the lengths
of sides AB and AC stay the same.
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continued

Students can hide the
circle they use to construct
AABC by selecting the
circle and choosing
Display | Hide Circle.

90

Dragging point A makes the circle grow larger and smaller, which makes
the triangle’s size change along with it.

Triangle ABC always has two sides that are the same length, AB and AC.

We can drag point C so it looks like we’ve made an equilateral triangle.
But we don’t know for sure whether side BC is really the same length as
sides AB and AC. We'd have to measure to tell.

+ In worksheet step 7, students are likely to conjecture that the triangle

on the left is AABC. What reasoning do they use to support that idea?
Students may explain that the triangle on the left appears to have two
equal side lengths, or reflection symmetry, and that the triangle on the
right clearly does not have two sides of equal length.

6. In worksheet steps 8—11, notice the strategies students use.

*+ On page “Fence 1,” some students may be tempted to draw their

triangle freehand and either eyeball the lengths or measure them.
Explain that the challenge is to draw the fence without measuring any
sides. Rather than tell students to use the construction method they
learned earlier, prompt them to keep thinking by asking, What have
you learned in this activity that could help you solve this problem?

* On page “Fence 1,” students can construct their circle with center at
either point D or point E. Both ways allow them to construct the fence
correctly.

2«

* On pages “Fence 2,” “Fence 3,” and “Fence 4,” the problems get harder.
Students may draw a circle and soon realize that they need to undo
their steps and redraw the circle with a different center point.

7. In worksheet step 12, students create fence challenges for a partner to
solve. Provide these directions.

* One student drags points L and M to position the fence on the screen.
That student also moves the elephant and the mouse.

* The partner must build, around the elephant and keeping the
mouse out, a triangular fence with at least one other side equal in
length to LM.

« For a simpler challenge, students can exclude the mouse by dragging
it off screen. The partner’s job is simply to construct a triangular fence
around the elephant.
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Fencing in an Elephant: An Isosceles Triangle Construction GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch.
Expect to spend
about 20 minutes.

10.

+ For some positions of the animals and the segment, it may not be
possible to solve the problem.

Have students save their sketches, preferably in a place that will be
accessible to the computer connected to the overhead display so that
they can share their work in the class discussion that follows.

Gather the class. Write on the board the sets of side lengths shown here.
+ 2 inches, 3 inches, 4 inches

* 3inches, 3 inches, 5 inches

* 4 inches, 4 inches, 4 inches

* 3inches, 5 inches, 7 inches

* 5inches, 5 inches, 15 inches

Here are the side lengths of five triangles. Which of these triangles
could be AABC, which you constructed? How do you know? Have
students talk in pairs and prepare to share their thinking with the class.

Circulate and listen to the discussions. Note any pairs who determine
that only the second and third sets could be the measurements of
AABC, and pairs who realize that the fifth set of measurements cannot
be those of AABC, so you can call on them in the class discussion.

Facilitate a class discussion of the five sets of measurements.

Students might think that the third set cannot be the measurements

of AABC because it has three equal side lengths. This leads to an
important understanding of the definition of an isosceles triangle: An
isosceles triangle is a triangle that has at least two side of equal length.
To demonstrate that a triangle with two sides of equal length can also
have three sides of equal length, select the three sides of AABC. Choose
Measure | Length, and drag point C to make all three side lengths equal.

The fifth set of measurements may trick many students. At a glance, the
measurements appear to be those of an isosceles triangle, because two
side lengths are the same. Call on any pairs who refute this idea and

ask them to explain their thinking. A sample student explanation is, It’s
impossible for a triangle with two sides of 5 inches to have a third side of
15 inches! The 5-inch sides are too short to reach. The two sides have to add
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continued

92

11.

12.

13.

up to more than 15 inches. Invite a student to use the board or sketch to
make a drawing to illustrate this explanation. The drawing may look
something like this.

Allow the class to consider this idea. Are you convinced? (For your
information, this line of reasoning is an example of a triangle inequality
that students will study more formally in later grades: The sum of the

lengths of any two sides of a triangle is always greater than the length of
the third side.)

Why does your Sketchpad construction make a triangle with two sides
of equal length? Elicit the ideas that AB and AC are radii of the same
circle and that for any given circle, all radii are the same length.

Explain that triangles that have at least two sides of equal length are
called isosceles triangles. Students may have made the conjecture that
the angles opposite the congruent sides are equal in size (congruent).
Confirm this and explain that this is another property of isosceles
triangles.

Introduce the etymology of the term isosceles or have students research
it themselves. The word is Greek in origin and comes from isos
(meaning “equal”) and skelos (meaning “leg”). Explain that the term
leg is used in geometry to refer to particular sides of polygons. In an
isosceles triangle the two sides of equal length are the legs. The other
side is the base.

What are some other questions about isosceles triangles that you could
explore? Encourage curiosity. Some possible questions include the ones
here.

+ Is there an easier way to make an isosceles triangle with Sketchpad?
* Is there another way to make an isosceles triangle with Sketchpad?
* Are all isosceles triangles symmetric? If so, why?

+ For what positions of the elephant and the mouse is it impossible to
separate them by a fence?

+ Can other polygons, besides triangles, be isosceles?

+ What are some other sets of side measurements with two side lengths
the same that could not be the measurements of AABC?
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continued

ANSWERS

3. The size and shape of the triangle change.

4. Answers will vary. Look for students to notice that the orientation of the
triangle changes.

5. Each is a radius of circle A. The radii of a circle are of equal length.
6. The lengths of AB and AC are always equal.

7. The triangle on the left must be AABC because it appears to have two
sides of equal length, whereas the triangle on the right clearly does not
have two sides of equal length.

8—11. Possible solutions are shown here.

Fence 1 Fence 2

Fence 3 Fence 4

12. Problems and solutions will vary.
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Fencing in an Elephant £8P

Make a special kind of triangle.

CONSTRUCT

1. Open Fencing in an Elephant.gsp.
Go to page “Triangle.”

Name:

@ 2. Construct a circle.
. Construct a point C on the circle. I
A Click on points A, B, and C, in that order, to show
— their labels.
—
/’ Connect points A, B, and C to make a triangle.
X R Drag points B and C to check that the triangle stays S
attached to the circle. If it doesn’t, fix any problems. Me
EXPLORE

@ 3. Drag the vertices of AABC.

Use the words size and shape to tell about two ways AABC changes.

4. Is there another way AABC changes?
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continued

5. What parts of the circle are AB and AC?

Use the word equal to write a true statement about the radii
of a circle.

6. Find something about AABC that doesn’t change no matter
how you drag the vertices. Use the words length and equal to
tell about it.

7. Here are two triangles. One is AABC with its circle hidden.
The other is not AABC.

Which triangle is AABC? How do you know?

APPLY

8. Go to page “Fence 1.”
You see an elephant and DE, which is one side of a fence.

Your job is to construct two more sides to make a triangular fence
around the elephant. There are two rules:

* One other side of the triangle must be the same length as DE.
* You may not move DE or the elephant.
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continued

9. Go to page “Fence 2.” Finish the triangular fence around the
elephant.

10. Go to page “Fence 3.” Do the same thing.

11. Go to page “Fence 4.” Now make sure the mouse is outside
the fence!

EXPLORE MORE

12. Go to page “Make Your Own.”
Make fence problems and try to solve them.
Make fence problems for a partner to try to solve.

96 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Triangle Puzzles: Transforming For
an Isosceles Triangle BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch on

a large-screen display
for viewing by the class.
Expect to spend about
20 minutes.

1. Open Triangle Puzzles.gsp. Go to page “Puzzle 1.” Explain, You’re going

to be solving puzzles using a triangle ABC. What do you notice about
the triangle? Sample responses follow.

Sides AB and BC are both green.

Sides AB and BC are sides of a gray square.
Sides AB and BC have the same length.
The triangle is isosceles.

There’s a point at each vertex.

There are three points on the triangle I can drag—one at each vertex.
In every puzzle, the goal is to drag one or more of the points so that one
of the points lands on the red target, point R. There is one other
requirement: The new triangle must also be isosceles.

. Invite a volunteer to the computer to demonstrate

C R
a proposed solution. Any of the three vertices, A, B, \?B
or C, when dragged to point R, creates an isosceles

A

triangle. Allow students to demonstrate all three

T T
solutions. For each one, ask, How does this new !

triangle compare to the original triangle? Elicit
these ideas.

+ Two sides of the triangle are still green. (Explain that whenever two
sides of the triangle are equal in length, their color turns green.)

+ The new triangle is congruent to the original triangle.

+ In the original triangle, sides AB and BC have the same length. When
either point A or Cis dragged to point R, however, these two sides
have different lengths.

. How might we keep track of how we solved this puzzle? Elicit the idea

of a table. Draw a two-column table and record one of the solutions.

Move this point. .. | ... to here.
B (2,2)
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Triangle Puzzles: Transforming an Isosceles Triangle BSPS

continued

DEVELOP

Expect students at
computers to spend
about 30 minutes.

Encourage students to
describe their solution
methods to you in a

way that moves beyond
the specifics of a given
problem. By doing so, they
will begin to formulate
general strategies that they
can apply to other puzzles.

98

For
ACTIVITY NOTES

4. Go to page “Puzzle 2.” Again, the goal is to end

up with a vertex of AABC on the target, point R, 2
with AABC still isosceles. Look for a one-move
solution. Invite a volunteer to demonstrate a A

proposed solution. The only one-move solutionis |
to drag point B to point R. With the triangle in its new position, ask
students what they notice.

The new AABC is not congruent to the original AABC.

Sides AC and AB are equal in length. We know that because both sides
connect grid points that are diagonally adjacent.

. Go to “Puzzle 3” Provide an opportunity for students to discover that

they cannot solve the puzzle in one move. Can you solve the puzzle in
more than one move? You need to know this important rule: Triangle
ABC must always be isosceles, from start to finish. Demonstrate
dragging point A to (3, 2) and then dragging point B to point R. Even
though the triangle is isosceles when point B reaches the target, it is not
isosceles when point A is moved. Are those moves allowed? Is this a
solution? [No. Therefore, this is not a solution. ]

Invite several volunteers to demonstrate proposed solutions. Record
solutions that work in a table. One solution is shown here.

Move this point. .. |... to here.
B (3,2)
A (2,4)

. Assign students to computers. To each pair, distribute multiple copies of

the first page of the worksheet and single copies of the second page.
Explain that students should work through Puzzles 4-8 in the Sketchpad
document. For each puzzle, students should record on their worksheets
the location of target point R and the series of moves that allowed
AABC to reach the target. Students who finish early should try the
Explore More tasks.

Remember that every position of AABC, from start to finish, must
be isosceles. You can solve the puzzles using as many moves as you
like. I encourage you to look for solutions that involve as few moves
as possible.
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Triangle Puzzles: Transforming an Isosceles Triangle

continued

For
ESPS

ACTIVITY NOTES

7. As you circulate among pairs, note the strategies students use to solve

the puzzles. Here are several ways they might approach Puzzles 4 and 5.

+ Method 1: Move AABC so that it always keeps its size and shape.

TN
B A

41

21

AR
BA:

+ Method 2: Drag AABC to make it larger. In this way, the triangle will

move across the grid more quickly.

+ Method 3: When possible, solve the puzzle
in one move by dragging point B directly
to the target. In Puzzles 4 and 5, the targets
share something in common: They lie on
the diagonal that is the perpendicular
bisector of AC. Students don’t need to know
or use this terminology. But as they drag B
to any location that sits on the diagonal,

they will see that the triangle remains isosceles.

8. What follows is a solution to Puzzle 6. This

solution can also be applied to Puzzle 7.

* Begin by dragging point B along the
diagonal line (the perpendicular bisector

of AC) until it sits on the same vertical

line as the target. In this case, point B is

dragged to (5, 5).
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Triangle Puzzles: Transforming an Isosceles Triangle BSPT  ACTIVITY NOTES
continued
» Drag point A so that it sits on the 8B
same horizontal line as point C ‘R

SUMMARIZE

to spend about 20 minutes.

100

10.

11.

12.

. The table lists another sequence of

and AABC is isosceles. In this case,
point A is dragged to (9, 2). c A

* Drag point B to point R.

moves to solve Puzzle 6. (Try these

moves yourself.)

Move this point. .. |...to here.
B (2,3)
A (1,4)
C (2,5)
A (5,4)

Notice the general strategy: Move the triangle up vertically and then, as
the last move, send one of its vertices straight across to the target. This is
a useful strategy for any triangle puzzle (such as Puzzle 8) in which the
target sits near the right edge of the screen.

In worksheet step 5, students challenge each other with new triangle
puzzles. Solving fresh puzzles gives students opportunities to develop
problem-solving strategies that can be applied to more than one puzzle.

Some students, when making their own problems, may want AABC to
begin in a position other than its usual one. That’s fine; just be sure that
students record the location of its vertices for reference.

If time allows, have students try the Explore More investigations.

Gather the class. Can you describe a strategy that you used to solve one
or more of the puzzles? Students will likely find this question hard to
answer without referring to a specific puzzle and showing their solution.
It is fine for students to demonstrate, but work with them to describe
what they did more generally. Ask questions such as these.

Did other people solve this problem in the same way?
Can you describe what you were trying to do?

Did the way you solved one puzzle help you solve another puzzle?
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Triangle Puzzles: Transforming an Isosceles Triangle GSPT  ACTIVITY NOTES

continued

EXTEND

ANSWERS

13. Some students may have begun to generalize beyond ways to solve one

or two puzzles; they may be focused on methods that allow them to
solve any triangle puzzle. This is a worthwhile goal, and one that can be
supported by experience with Explore More steps 6—8 on the worksheet.
If students have had time to do these steps, provide time for them to
describe their strategies.

. What other questions can you ask about this kind of puzzle? You can

ask a question even if you don’t know the answer. Encourage student
inquiry. Here are sample student queries.

Will these strategies succeed for all isosceles triangles? How can we tell?
Can you predict how many moves a particular strategy will require?

What’s the fewest number of moves needed to succeed for any given triangle
and target?

What if you used quadrilaterals instead of triangles? What is a
quadrilateral that has two sides equal in length? Are there general strategies
for reaching the target?

. As students become more skilled in solving triangle puzzles, they may

enjoy returning to the puzzles they already solved and searching for new
solutions that require fewer moves.

Possible solutions and strategies for solving the first eight triangle puzzles
are found in the preceding Introduce and Develop sections.

6. The target can be reached in one move when it sits at (3, 2), (2, 3), (1, 0),

(2,0),(0,1),(0,2), or at any grid location where the x-coordinate equals
the y-coordinate.

. Drag point Bto (3, 2). Then drag point A to the target. If the target is at

(2, 2), then drag any of the triangle’s three vertices directly to it.

. Steps 7 and 8 of the Develop section describe strategies that can be

applied to solving any triangle puzzle.

. One solution begins with dragging point C to target point R. Then drag

point Bto (3, 1), point A to (8, 7), and point B to (14, 2). Finally, drag
point A to target point P.
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Triangle Puzzles sspi” Name:

Solve the triangle puzzles for different locations of the target.

EXPLORE

1. Location of target point R

Move this point . .. ... to here.

2. Describe the strategy you used to reach the target.

3. Location of target point R

Move this point. .. . .. to here.

4. Describe the strategy you used to reach the target.

EXPLORE MORE

5. Go to page “Make Your Own.” Drag point R to a new location.
Solve the puzzle yourself or challenge a partner to solve it.
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continued

6. What locations of the target allow you to reach it in one move?

7. If the x-coordinate of the target is 2, describe how you can always
reach the target in, at most, two moves.

8. Can you describe a strategy that would allow someone to solve
any triangle puzzle at all, no matter where the target was located?

9. Go to page “Explore More.” Find a way to drag AABC so that two
of its vertices sit on target points R and P.

Remember, for each move, the triangle must remain isosceles.

When you’re done, drag points R and P to new locations, reset the
triangle, and solve the puzzle again.
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Quadrilaterals

Square or Not: Properties of Squares / ™

Students explore the properties of squares by observing Q g

which of five quadrilaterals remains a square when its

vertices are dragged. As the quadrilaterals move, students
discover that most of them are just “pretending” to be ﬁ

squares: Their angles do not remain 90° or their side

lengths do not remain equal. By contrast, the “real” square \ A
changes its orientation and size but retains 90° angles and
sides of equal length.

Dynamic Rectangles: Attributes of Rectangles 4 o ) N
Students apply their informal knowledge of the properties of J\:El

rectangles as they devise a way to construct a rectangle with
Sketchpad. By constructing parallel and perpendicular sides, :@ c
students ensure that their quadrilateral stays a rectangle when it 4

is manipulated by dragging. S B

~
/

Two Pairs of Parallel Lines: From Parallel Lines to
Parallelograms

Students construct a dynamic model of intersecting pairs
of parallel lines and explore the quadrilaterals formed
as they manipulate the model. Students develop a deep

understanding of what it means for a quadrilateral to be a

parallelogram.
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Geoboard Fences: Exploring Quadrilaterals . B

As students solve a series of problems posed on virtual
geoboards, they notice similarities and differences among
quadrilaterals, and describe them using geometric concepts

such as side, angle, and length. This type of exploration

provides the foundation for understanding the use of W ey

geometric properties to describe, define, and classify
quadrilaterals.

Special Quadrilaterals: Rectangles, Rhombuses,
and Squares

Students construct a parallelogram by building two sets
of intersecting, parallel lines. By dragging the vertices of
the parallelogram, students change its size, shape, and

orientation. Students discover that in certain positions, the

parallelogram becomes a rectangle, a rhombus, or a square.

Rhombus Construction: Properties of a Special / ™
Quadrilateral

Students construct rhombuses using two geometric
approaches that require no measuring. Both methods

highlight an important property of rhombuses: All sides D

are of equal length.

Tangram Construction: Subdividing and Combining Shapes ™

Students describe geometric properties of the seven
Tangram puzzle pieces and use these observations to
construct a Tangram set. Students may print and cut out
the Tangram shapes and use them to solve puzzles.

- v
Drawing Prisms: Using Parallel Lines )
Students construct a dynamic two-dimensional > 7
representation of a rectangular prism using parallel line A B
segments to form the edges. By dragging the vertices of
the completed prism, students change its size, shape, and L .
orientation, creating many examples of rectangular prisms.
- v
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Square or Not: Properties of Squares B3~ ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
10 minutes.

1. Explain, Today you’re going to be exploring squares. What do you know

about squares? Here are some sample student responses.
A square has four right angles.

A square has four 90-degree angles.

All four sides of a square have the same length.

A square has four right angles and four equal sides.

. Open Square or Not Present.gsp. Go to page “Sample.” Ask students

whether the quadrilateral looks like a square. Most students will
probably agree that it does.

This quadrilateral certainly looks like a square, but maybe it’s just
pretending to be a square. Let’s check: One by one, I'm going to drag the
four vertices of the quadrilateral. If ABCD is a “real” square, then it
will stay a square no matter how I drag it. Let’s try.

Drag, one at a time, points A, B, C, and D, saving point D for last.
Dragging points A, B, and C changes the size and orientation of the
quadrilateral, but in all three cases, it still looks like a square. Only when
point D is dragged does ABCD reveal itself to be a “pretend” square
because angle D does not stay 90°.

With students’ help write the following statement on the board: “ABCD
does not stay a square when point D is dragged.” Explain that it will help
students to refer to quadrilaterals and vertices by their names as they
complete their worksheets.

. Go to page “Test the Quadrilaterals.”

There are five quadrilaterals here. At least one of them is a ‘real’
square: No matter how you drag it, it will remain square. But some of
these quadrilaterals are just pretending to be squares. When you drag
them, they won’t always stay square.

Your job is to figure out which of these quadrilaterals are real squares
and which are pretending to be squares. You’ll need to drag all four
vertices of each quadrilateral, one at a time.

. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know how to name and where
to save their files.
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Square or Not: Properties of Squares BSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 30 minutes.

Only quadrilateral UVIWXis
a “real” square.

108

. Assign students to computers and tell them where to locate Square

or Not.gsp. Distribute the worksheet. Tell students to work through

steps 1-8. Encourage students to ask a neighbor for help if they have

questions about using Sketchpad.

. As you circulate, listen to students’ conversations. Here are some things

to notice.

Do students recognize that the five quadrilaterals, in their initial state,
look like squares? Some students may not think so because of the
squares’ orientations on the page. One of the primary goals of this
activity is to help students develop the ability to recognize squares in
all sizes and orientations.

As students explore a quadrilateral, are they checking what happens
when they drag each of the four vertices, one at a time? It is important
that students drag each vertex. In quadrilateral IJKL, for example,
students will only learn that it is a rectangle by dragging point K.

What visual cues do students use to judge whether a quadrilateral is
“really” a square? For students who are having trouble, ask, If this
quadrilateral is a real square, what has to be true about the lengths
of its sides when you drag it? What has to be true about its angles?

Students may correctly note that it’s impossible to tell whether a
quadrilateral is a square without being able to measure its lengths
and angles. Explain, For now, base your conclusions on what you see.
We’ll take some measurements later.

Depending on students’ experience with quadrilaterals, they may
identify IJKL as a rectangle, MNOP as a parallelogram, and QRST as a
rhombus. If not, don’t worry; the main goal of this activity is to focus
on squares.

To return to the initial state of the sketch with all five quadrilaterals
looking like squares, press Reset.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For
Square or Not: Properties of Squares BSPS  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect 7. Gather the class. Draw a table on the board like the one that follows.
to spend about 20 minutes.

Quadrilateral | Like a Square | Not Like a Square
EFGH
IJKL

MNOP
QRST
uviwx

Let’s use this table to collect information about the quadrilaterals.
For each quadrilateral, let’s record why it’s like a square and why it’s
not like a square.

Start with quadrilateral EFGH. Ask volunteers for reasons why the
quadrilateral is, or is not, like a square. As students answer, they can
demonstrate with the Sketchpad model. Sample responses follow.

Even though it’s just pretending, the quadrilateral EFGH does look like a
square before you drag its vertices.

Quadrilateral EFGH is not like a square because it doesn’t stay a square
when you drag its vertices. It doesn’t keep its right angles and its side
lengths don’t stay equal.

Continue filling in the rest of the table, having volunteers demonstrate
with the Sketchpad model. Sample responses follow.

Quadrilateral Like a Square Not Like a Square
Always has right angles Sides are not always
IJKL .
equal in length
Opposite sides stay parallel | Doesn’t always have
VINOP rl_ght angles
Sides are not always
equal in length
Sides are always equal in Doesn’t always have
QRST .
length right angles
Always has four right
angles
uvivx Always has equal side
lengths
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Square or Not: Properties of Squares BSPT  ACTIVITY NOTES

continued

ANSWERS

110

. Measure the side lengths and angles of square UVWX. To measure the

side lengths, select all four segments with the Arrow tool (but not the
vertices) and choose Measure | Length. Measure each of the four angles
individually. To measure £ U, select in order points V, U, and X, and
choose Measure | Angle.

With all the side lengths and angle measures displayed, drag point V.
As the square changes size, ask students what they notice. [All four side
lengths change but remain equal to each other. All four angles stay 90°.]

. If students are familiar with the terms rectangle, parallelogram, and

rhombus, you can ask them to identify, by name, the blue, purple, and
green quadrilaterals.

. Quadrilateral EFGH is not a real square. When its vertices are dragged,

the angles do not remain 90° and its side lengths do not stay equal to
each other.

. Quadrilateral IJKL is not a real square. When vertex K is dragged,

the angles remain 90°, but its side lengths do not stay equal. The
quadrilateral is a rectangle.

. Quadrilateral MNOP is not a real square. When vertex M, O, or Pis

dragged, its sides remain parallel, but its angles do not remain 90° and
its side lengths do not stay equal. The quadrilateral is a parallelogram.

. Quadrilateral QRST is not a real square. When vertex Q, S, or T'is

dragged, its side lengths stay equal to each other, but its angles do not
remain 90°. The quadrilateral is a rhombus.

. Quadrilateral UVWX s a real square. When its vertices are dragged, the

angles remain 90°. The size of the quadrilateral grows and shrinks, but
its side lengths always remain equal to each other.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Square or Not ks~ Name:

Some quadrilaterals are pretending to be squares. Can you find the
“real” squares?

EXPLORE
1. Open Square or Not.gsp. Go to page “Test the Quadrilaterals.”

@ 2. Drag vertex E of quadrilateral EFGH.
Now drag another vertex. One by one, drag each vertex.
Do you think it is a real square? Why or why not?

3. Check quadrilateral //KL, dragging one vertex at a time.
Do you think it is a real square? Why or why not?

4. Check quadrilateral MNOP.
Do you think it is a real square? Why or why not?

@ 5. Check quadrilateral QRST.
Do you think it is a real square? Why or why not?
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Square or Not
continued

112

6. Check quadrilateral UVWX.

Do you think it is a real square? Why or why not?

For
GSPYS

7. Color the inside of the real squares.

For each real square, select its four vertices in either a clockwise or
counterclockwise direction. Then, choose Construct | Quadrilateral
Interior. You can change the color by choosing Display | Color.

8. Animate each quadrilateral to see how it behaves. Select the four
vertices of a quadrilateral and choose Display | Animate Points.

Use the arrows on the Motion Controller to
change the speed of the animation. Press the
Stop button to end the animation.

Motion Controller =]
Target: Paint A - |

> [ ] =

Speed:l 1.0 | :
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Dynamic Rectangles: For
Attributes of Rectangles BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Open Dynamic Rectangles Present.gsp and go to page “First Try.”
viewing by the class. Let’s see whether we can construct a rectangle in Sketchpad using the
Expect to spend about

15 minutes Segment tool. Refrain from describing any properties of rectangles as
' you quickly draw a quadrilateral that looks like a rectangle, using the
Segment tool only. Hold down the Shift key as you draw the first three

segments. Doing so will guarantee that the segments are

D c
horizontal and vertical. If your finished quadrilateral
doesn’t look quite like a rectangle, use the Arrow tool to
adjust the vertices. Use the Text tool to label each vertex. A B

2. Get agreement from the class that the figure looks like a rectangle.
Then, using the Arrow tool, drag each vertex of the figure. Students will
observe that the figure can be dragged, resulting in many shapes that are
not rectangles.

3. Go to page “Drag Test.” Drag the vertices and sides of one quadrilateral
and then of the other. Let students describe the results: The green
quadrilateral remains a rectangle whereas the blue quadrilateral does
not. Both of these Sketchpad shapes start out looking like rectangles,
but only one of them is the real thing. The one on the left is like
the shape we drew: It can look like a rectangle, but it doesn’t stay a
rectangle when we drag its vertices. It fails the “drag test.” What is
different about the quadrilateral on the right? Accept students’ first
thoughts. Here are samples of student thinking.

It stays a rectangle when you drag. All the corners stay square corners.
The sides opposite each other stay parallel.

The sides opposite each other stay the same length as each other.

For your information, page 4. Go to page “Pretenders.” Here’s a group of Sketchpad shapes. They all
“Pretenders 2" tells what look like rectangles. But some of them are pretenders. Our job is to

type of quadrilateral each identify the pretenders. Invite volunteers to the computer to perform
figure is. Expect debate

about whether a square
is a rectangle. Can a are pretenders (all but two are pretenders), their goal is to make
rectangle have all sides two important observations: (1) In Sketchpad, shapes can behave
of equal length? [Yes]
Some rectangles may be

squares, and all squares
are rectangles. characteristics of the angles.

the drag test on one figure at a time. As students identify which figures

differently (even if they look similar), and (2) observing the behavior of
a shape when it is dragged reveals relationships between the sides and
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continued

To return to the original
quadrilaterals, choose
Edit| Undo Animate
Points.

DEVELOP

Continue to project the
sketch. Expect to spend
about 20 minutes.

114

Accept students’ informal language and introduce mathematical
language as students describe why individual quadrilaterals are or
are not rectangles. Let the discussion bring out these properties of
rectangles.

+ All angles are right angles. (A right angle looks like a square corner
and measures 90°.)

* Adjacent sides (sides that meet at a vertex) are perpendicular.
(Connect the term perpendicular to students’ understanding of square
corners, right angles, and 90°.)

* Opposite sides are of equal length.

* Opposite sides are parallel. (Connect the term parallel with the
informal language students use, such as “always the same distance
apart.”)

. Go to page “Dancing.” Press Animate Quadrilaterals. Again observe how

students are thinking about the two quadrilaterals. Both quadrilaterals
look like rectangles before they start to move, but only the red
quadrilateral stays a rectangle when it starts to “dance.” Explain what
Sketchpad does when it animates. Animating in Sketchpad is like
telling Sketchpad to drag all the vertices at once. The sides and vertices
behave according to the relationships they have. Press the animation
button again to stop the animation.

Review what students have observed about the shapes constructed using
Sketchpad. In Sketchpad, shapes can behave differently. The behavior
(what the shape does when it’s dragged or animated, for example)
reveals geometric properties of the shape. We might notice that
opposite sides always seem parallel or that the angles always appear to
be right angles.

. Go to page “Second Try.” Our challenge is to construct a rectangle that

will stay a rectangle when we perform the drag test or make it dance.
Using the Segment tool, draw a horizontal segment. This is the first side
of our rectangle. Using the Text tool, label the endpoints of the segment.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Dynamic Rectangles: Attributes of Rectangles GSPT  ACTIVITY NOTES

continued

For your reference,
pages “Construction 1"
and “Construction 2”

of Dynamic Rectangles
Present.gsp outline other
possible construction
steps.

7. Follow students’ ideas to construct each of the remaining sides of the

rectangle. Having students lead the way engages them in using what
they know about properties of rectangles as they learn features of
Sketchpad. As the rectangle begins to take shape, keep asking, What
part of the rectangle do you want to make next? As you take responses,
look for one or two students to say what they expect or wish Sketchpad
has a way to do. The following class discussion illustrates how a teacher
facilitated as students tackled the construction.

Sample Class Discussion

Teacher: We have one side of the rectangle, side AB. What do you want
to make next?

Student: We need a side that starts at A and goes straight up.
Student: And makes a right angle with side AB.

Teacher: What word describes two lines that make a right angle?
Student: Perpendicular.

Student: Can Sketchpad make a perpendicular line?

Teacher: Let’s look in the Construct menu. (Chooses the Construct
menu. All of the options are grayed out, but students are excited to

see that Perpendicular Line is indeed one of the commands.) A menu
command is grayed out until Sketchpad has the information it needs to
follow the command. To make a perpendicular line, Sketchpad needs
some information. What do you think Sketchpad needs to know?

Student: It needs to know where the line should go.
Student: We want it go through point A.

Teacher: (Selects point A and looks in the Construct menu. Students
note that the Perpendicular Line command is still grayed out.) This
means that Sketchpad doesn’t have all the information it needs. What
else do we need to tell it?

Student: What the line is going to be perpendicular to—side AB.

Teacher: (Rephrases the directions as she follows them) I’m telling
Sketchpad to construct a line through point A perpendicular to
segment AB. (Selects segment AB. Now both the segment and point A
are selected. Chooses the Construct menu again.)
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continued
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Students: Now we can choose Perpendicular Line!
(Teacher chooses the command.)

Student: Why doesn’t the line have endpoints?
Student: Because a line goes forever in both directions.

Teacher: Let’s see whether the line stays perpendicular to segment AB.
(Drags endpoint A and then drags the line that passes through A. The
class observes that the line remains perpendicular to the segment.)

Student: We need a segment for that side, not a line.

Teacher: That’s right, and we’ll see how to fix that a little later. Let’s
continue. What do you want to construct next for the rectangle?

Student: The side that starts at point B. So, a line going through point B.
Student: Not just any line. The line has to be perpendicular to side AB.

Student: Select point B and side AB and choose Construct |
Perpendicular Line.

Teacher: (Rephrases the directions as she follows them)
I’m telling Sketchpad to construct a line through point B
perpendicular to segment AB. A B

Student: But, we could also make this side a different way, by making a line
that’s parallel to the line going through A.

Student: Right, because it says Parallel Line in the Construct menu, we
know Sketchpad makes parallel lines.

Student: We could select point B and the line through point A and choose
Construct | Parallel Line.

Teacher: (Gives the class time to consider this option) Let’s try that. I'm
going to choose Edit | Undo to back up. Now I'll make sure point B and
the line through A are selected, and then I'’ll choose Construct | Parallel
Line. (Carries out those steps, and lets students confirm that this
method also works)

Teacher: Let’s see whether the line stays perpendicular to segment AB.
(Drags endpoint A. The class observes that the line remains
perpendicular to the segment.)

Teacher: What do you want to construct next?

Student: The last side: The side parallel to side AB.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Dynamic Rectangles: Attributes of Rectangles GSPT  ACTIVITY NOTES

continued

Student: Let’s use the Parallel Line command again.

Student: But wait, don’t we need a point? Can we use the tool that looks
like a point to draw one?

Teacher: Let’s place a point directly onto one of the lines. c
(Selects the Point tool and moves it over the line through B.

When the line is highlighted, she clicks to place the point A B
and then labels the point as C with the Text tool.) IfI drag

this point, it stays on the line. (Selects the point with the Arrow tool
and drags it)

Student: Select point C and line BC and choose Construct |
Perpendicular Line.

Student: Or we could select point C and segment AB and choose
Construct | Parallel Line.

Teacher: Will both ways work? Let’s hear them again.
(Students repeat the ways.) Let’s try both ways. (Tries the
first method. When the class verifies that this works, she
chooses Edit | Undo Perpendicular Line and tries the
second method, which also works.)

Teacher: Now we need the last vertex. (Using the Arrow
tool, clicks on the intersection to construct point D; labels

the point)

Student: Three of the sides are lines. We need them to be segments.

Teacher: We can replace the lines with segments. Do oC
(Selects all three lines, but not the vertices or segment AB,
and chooses Display | Hide Lines; then connects the points B
using the Segment tool) DI:IC
A B
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continued

SUMMARIZE

Continue to project the
sketch. Expect to spend
about 10 minutes.

If the construction does
not stay a rectangle,
choose Edit | Undo
repeatedly to back up and
look for any errors. Then
construct it correctly.

Students might like

to imagine they are
explaining the answers
to these questions to

a class visitor who is
seeing Sketchpad for
the first time.
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For

B8PS  ACTIVITY NOTES

8. When your class has completed the rectangle construction, ask, Are you

10.

ready to try the drag test? Invite a volunteer to drag the figure’s vertices.
Assuming the construction is correct, students will observe that the
rectangle stays a rectangle. What stays the same? [It stays a rectangle. ]
What can change as the vertices are dragged? [The size, shape, and

orientation]
c D
c
D
B D C
A
A |
A B B

Now make the rectangle dance. With the Arrow tool, drag over the
rectangle to select it, and then choose Display | Animate.

. Go back to page “Drag Test.” Drag the vertices of each figure so that

students can identify which figure stays a rectangle and which does not.
Facilitate discussion in which students reflect on what they have learned.

Which quadrilateral is like the one we just constructed? [The green
one| Which is like the first quadrilateral we drew—using just the
Segment tool? [The blue one]

Why do these quadrilaterals behave differently? Encourage many
students to express in their own words what they understand about
constructing a figure in Sketchpad. Elicit the idea that the sides and
angles maintain the relationships Sketchpad used when it constructed
them.

What can we find out by performing the drag test? Again, invite many
students to respond. Elicit the idea that dragging the figure reveals the
relationships between parts of the figure.

If time allows, go back to page “Pretenders.” Choosing one quadrilateral
at a time to investigate, drag the vertices and have students point

out what is revealed. What relationships do the sides have? What is

true of the angles? This exploration reinforces understanding of the
nature of constructing in Sketchpad while previewing or developing
understanding of properties of other quadrilaterals.
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continued

EXTEND

1. What other questions about rectangles can you ask? Encourage

curiosity. Here are some sample student queries.
Are there other shapes besides squares that are rectangles?
Are there other ways to make a rectangle using Sketchpad?

How do you construct those other shapes, like a parallelogram and a
rhombus?

Why is it true that when all the angles are right angles, the opposite sides
are parallel and the same length?

. Provide an opportunity for student pairs to construct a rectangle on

their own. Encourage students to ask each other for help if they have
questions about using Sketchpad or about the construction. Expect
younger students to need more support; if parallel and perpendicular
lines are new to them, post a picture to clarify.

. Construct a square. This is a nice follow-up to the rectangle

construction because it challenges students to use what they’ve learned
when constructing a rectangle to build a related quadrilateral. Follow
these steps to start the construction.

* Open a new sketch.
+ Use the Compass tool to draw a circle.

+ Use the Text tool to label the center of the circle and the point on its
circumference.

+ Use the Segment tool to connect points A and B.

Ask students how to continue the construction to build a
square with side AB. Students will have to think about the
role of the circle in creating segments of equal length.

For your reference, a step-by-step construction is shown
on page “Square Construction.”
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Two Pairs of Parallel Lines: Fop

From Parallel Lines to Parallelograms

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
15 minutes.

After constructing line AB,
select the line and choose
Display | Line Style | Thick
so your construction will
be easy to view.

120

BSPT ACTIVITY NOTES

1. Open Two Pairs of Parallel Lines.gsp. Enlarge the window so it fills

most of the screen. Go to page “Two Lines.” Assess students’ prior
knowledge about parallel lines as you listen to their responses to the
question, Do you think these two lines are parallel? Why or why not?
Here are some samples of student thinking.

These lines don’t touch, so I think they’re parallel.
They don’t cross, so they’re parallel.

We don’t know whether they ever cross, because we can’t see them when
they go off the screen.

Parallel lines have the same slant, like these lines do.

. Drag a point on either of the lines so that the lines intersect. Students

should realize that in this new position, the lines are not parallel. The
lines certainly appeared to be parallel before I dragged them, but
they didn’t stay that way. I wonder if it’s possible to build lines with
Sketchpad that stay parallel no matter how you drag them.

. Go to page “Construct.” Model worksheet step 2. Emphasize these

points.

* Drag, one at a time, points A and B to demonstrate that AB can
change its location and orientation. It is important for students to
realize that they can and should drag the objects in their sketches to
investigate their behaviors and properties.

* When constructing the parallel line through point C, points A and B
should not be selected. If they are, the Parallel Line command in the
Construct menu will not be highlighted and you will not be able to
use it.

* After you've constructed the parallel lines, drag either point A or B.
The lines will rotate and change their distance from each other but
will remain parallel.

. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know what to name their files and
where to save them.
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Two Pairs of Parallel Lines: From Parallel Lines to Parallelograms Egl‘ﬁ ACTIVITY NOTES

continued

DEVELOP

Expect students at 5. Assign students to computers and tell them where to locate Two
computers to spend Pairs of Parallel Lines.gsp. Distribute the worksheet. Tell students to
about 40 minutes. work through steps 1-8 and do the Explore More if they have time.
Encourage students to ask a neighbor for help if they have questions

about using Sketchpad.

6. Let pairs work at their own pace. As you circulate, here are some things
to notice.

+ In worksheet step 2, some students may select point C only or AB
only when trying to construct the line parallel to AB. Ask, Sketchpad
needs more direction. What else does it need to know besides what
point to construct the parallel line through? [what line the new line
should be parallel to] Why isn’t it enough to select only a line when
constructing a parallel line? [Sketchpad needs to know the point
through which the parallel line will pass.]

+ In worksheet steps 3 and 4, be sure that students spend some time
dragging points A, B, and C and observing the lines. Do students
think that the lines are always parallel? Some students may be
accustomed to recognizing that lines are parallel only when the lines
appear in horizontal or vertical orientations.

+ In worksheet steps 3 and 4, when students drag point C, they discover
that, unlike dragging point A or B, the lines do not spin; they retain
the same slant, or slope. Students may wonder why. Highlight for
them how the lines were constructed: The line through point C was
constructed to be parallel to AB, so dragging point C doesn’t change

the slope of AB.
When point Csits on the + In worksheet steps 3 and 4, some students may A
same line as points A and find a position of the parallel lines where they B C

B, we say that the points

i overlap completely. This is an unusual case, to
are collinear.

be sure! Notice that points A, B, and C all lie along a single line.
Mathematically, this means that there is just one line, not two.

+ In worksheet steps 5 and 6, students create a second pair of parallel
lines and drag them to intersect the original pair. This is an engaging
and powerful model of a quadrilateral composed of two pairs of
parallel sides (a special type of quadrilateral that students will learn
is called a parallelogram).
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Two Pairs of Parallel Lines: From Parallel Lines to Parallelograms Fﬂn£p5 ACTIVITY NOTES

continued

+ The Explore More asks students to investigate the types of
parallelograms their quadrilateral model can become. Students’ ability
to create accurate rectangles and true squares without measuring
side lengths is limited, of course. The purpose here is to allow
students to observe that a rectangle and square are special cases of a
parallelogram, whereas a trapezoid is not.

SUMMARIZE

Project the sketch. Expect 7. Gather the class. Students should have their worksheets. Ask students

to spend about 20 minutes. whether they know the name of the special quadrilateral formed by
the two pairs of parallel lines. Introduce the term parallelogram. Ask
students what a good way to describe parallelograms is. Based on their
Sketchpad construction, students might describe a parallelogram as a
quadrilateral or polygon formed by two pairs of intersecting parallel
lines. Or, students might say that a parallelogram is a quadrilateral
whose opposite sides are parallel.

8. Discuss worksheet step 8. Invite volunteers to the computer to show
parallelograms with different shapes, sizes, and orientations, and to tell
how they know the shapes are parallelograms. The more parallelograms
students see, the more likely they will be to understand and remember
the properties of this class of quadrilateral.

9. Discuss the Explore More, even if students did not have time to work
through the steps earlier. Elicit the idea that rectangles and squares
are both parallelograms because their opposite sides are parallel,
whereas a trapezoid is not a parallelogram because one pair of opposite
sides is not parallel. Invite students to share their drawings of other
quadrilaterals they can’t make with their models. Have them explain
why each shape is not a parallelogram. If students don’t model a kite,
introduce that shape.

EXTEND

Go to page “Extend.” The two pairs of parallel lines from the worksheet
are shown. Drag either point E or F a little in a clockwise direction

(the intersection of the lines should not be visible). Ask, Where is the
parallelogram? Does it exist?
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continued

Take responses. To view the parallelogram, use the horizontal and
vertical scroll bars to scroll down and to the left. The parallelogram’s
interior is colored in yellow.

Now scroll back so that you can see the six points again (but not the
parallelogram). Drag point E or F in a counterclockwise direction so
that the parallelogram sits somewhere above the visible portion of the
screen. Again ask whether the parallelogram exists and where it can be
found.

Finally, ask, Is there a way I can arrange the four lines so that there isn’t
a parallelogram at all? When all four lines are exactly parallel to each
other, then they don’t intersect, and there is no parallelogram.

ANSWERS

3. The lines spin around. They remain parallel. The distance between them
changes.

4. When point Cis dragged, its line moves toward or away from AB. The
lines remain parallel but don’t spin around. The distance between them
changes.

7. Opposite sides of the quadrilateral are parallel. (Students are not
expected to know that this is a special type of quadrilateral called a
parallelogram.)

8. Answers will vary. Many different answers are possible.

9. Explanations will vary. It is possible to make the square and rectangle,
but not the trapezoid.

10. Answers will vary. Many different answers are possible.
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Explore what happens when two pairs of parallel lines cross.

CONSTRUCT

1. Open Two Pairs of Parallel Lines.gsp. Go to page “Construct.”

2. You will construct a pair of parallel lines.

™

Construct line AB.
Construct a point C, not on the line.

N Select point C and the line AB (not points A and B). B
Choose Construct| Parallel Line.

-

A In order, click on points A, B, and C to show their labels.

EXPLORE

3. One at a time, drag points A and B. How do the B C
lines change? Do they stay parallel?

4. Select point C only and drag it. How do the lines change? Do they
stay parallel?

CONSTRUCT

5. Now you’ll construct another pair of parallel lines, like the ones
you see in this picture.

Construct a line DE.

Construct a point £, not on the line. / / //
Select point F and the line DE. Choose

Construct| Parallel Line. c E F
In order, click on points D, E, and F to B

show their labels.

™

b 4

-

>
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Two Pairs of Parallel Lines R3]

continued

6. Drag point D or E so the four lines intersect.
Make sure you can see all the places they
intersect.

7. The intersecting lines make a quadrilateral.
What can you say about its sides?

8. Drag any of the points. Draw pictures to show what some of the
quadrilaterals you make look like.
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Two Pairs of Parallel Lines GSPS

continued

EXPLORE MORE

9. Here are pictures of three types of quadrilaterals.

square rectangle trapezoid

Which do you think you can make with your quadrilateral?
Tell how you know.

10. Draw pictures of some quadrilaterals you think you can’t make
with your quadrilateral.
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Geoboard Fences: Exploring Quadrilaterals B3~ ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Open Geoboard Fences.gsp. Go to page “One.” Explain, Today you’re

viewing by the class. going to use Sketchpad to help a zookeeper build fences. For each fence,

E;F;;Etuic;:pend about the zookeeper will give you one side of the fence—the red side—and
show you where it has to be built. She’ll give you other directions as
well. Your job is to design the rest of the fence. To do that, you may only

drag points C and D.

Invite a volunteer to drag points C and D using the Arrow tool. As the
student drags, the class will note that points C and D “snap” to the dots
on the geoboard. Explain that segments must always begin and end at
a dot. Make sure that students understand that fence lines cannot cross
each other—students are making a single enclosure.

2. Do the problem on page “One” together. When a solution is created
(there are two), discuss it.

Sample Class Discussion
Teacher: What are the properties of this shape? How would you
describe it?

Student: It’s a square.

Teacher: Can someone add to that?

Student: It has four sides.

Student: Its angles all look like square corners.
Student: All of the sides have the same length.
Teacher: How can we prove that?

Student: We could get a ruler and measure them.

Teacher: That’s one way. Can we do it without measuring?
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Geoboard Fences: Exploring Quadrilaterals BSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 30 minutes.

128

Student: We could count the dots. Each side touches three dots.

Teacher: We can see that all of the dots are equally spaced in their
columns and rows, so that’s one way we can compare the sides.

Student: Another way to think about it is units. If you start at one dot
and go up or across to the next dot, you’ve gone one unit. Each side is two
units long.

. Some students may think that a diagonal segment connecting two

adjacent points is the same length as a horizontal or vertical segment
connecting two adjacent points. One way to illustrate that this is not
true is to take a square, fold and unfold it along its diagonal, and then
fold the bottom edge to the diagonal. Doing so shows that the edge of
the square is shorter than its diagonal.

. Distribute the worksheet. Have students record both solutions in

worksheet step 1, one on each of the two provided grids. The worksheet
dot paper is just for informal recording. Students should draw their
segments without a ruler. Explain that for some problems there may be
one solution only, and for others there may be two or more.

. If you want students to save their work, demonstrate choosing File |

Save As, and let them know how to name and where to save their files.

. Assign students to computers and tell them where to locate Geoboard

Fences.gsp. Students should have their worksheets. Tell students to work
through step 11 and do the Explore More if they have time. Encourage
students to ask their neighbors for help if they have questions about
using Sketchpad.

. Let pairs work at their own pace. As you circulate, here are some things

to notice.

« On page “Two,” AB sits diagonally on the geoboard. Because AB is not
horizontal or vertical, some students may be uncertain how to think
about its length. Encourage them to use the dots as a way to talk about
the distance between the two points. A student might say, Points A
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Geoboard Fences: Exploring Quadrilaterals BSPS  ACTIVITY NOTES

continued

and B are next to each other on a diagonal. To get from A to B, I go one
over and one down. As long as I keep my other points one apart on a
diagonal, I’ll be able to make a fence with four equal sides.

+ On page “Two,” check whether students know the name of the
completed quadrilateral. Students may or may not recognize it as
a square.

* On page “Four,” students may find the problem harder to think about
than the previous problems. Note whether they think about point B as
“two dots over and one dot up” from point A. There are five solutions:
two squares and three rhombuses. For now, it’s fine if students find
only two solutions.

+ On page “Six,” it is not possible to make a square. Only a rhombus will
solve the problem. If students ask you about the name of the shape,
tell them, but do not provide a definition. Students will gradually
construct their own verbal definitions and nonverbal intuitions; these
can be shared and clarified when students meet as a group to discuss
their explorations.

+ On pages “Seven” through “Ten,” students may overlook the fact that
the description of the fences has changed. Now all four sides are not
the same length. Only opposite sides are of equal length.

*+ On pages “Seven” and “Eight,” the solutions are rectangles. Students
might have a harder time identifying the quadrilateral in problem 8
as a rectangle because it is positioned on a diagonal.

+ On pages “Nine” and “Ten,” a parallelogram is the only solution.

* On page “Eleven,” students may need to be reminded to read the rules
carefully in order to understand that only two sides of the fence must
be equal in length.

+ If students have time for the Explore More, they will make their own
geoboard fence problems to share with each other.

8. If students will save their work, let them know how to name and where
to save their files.
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continued

SUMMARIZE

to spend about 15 minutes.

ANSWERS

130

9.

10.

11.

Gather the class. Students should have their worksheets with them.
Open Geoboard Fences.gsp. Invite students to share their solutions

to the problems they enjoyed most or found the trickiest. It is not
necessary to discuss every problem. Allow time for students to share
multiple solutions to a problem. If a student offers a solution that does
not fit the problem’s rules, look to the class to challenge the solution,
providing a justification for the disagreement.

For each solution that students share, ask, Do you know the name
of this shape? If the shape is a square, ask students about its angles.
By holding the edge of a sheet of paper to the screen, students can
check that all four angles look like 90°.

In problem 6, ABCD is a rhombus. ABCD has four sides of equal length,
but its angles are not 90°. Students may conjecture that opposite angles
of a rhombus are equal.

In problems 7 and 8, ABCD is a rectangle. Students may notice that all
four angles of ABCD are 90°, and opposite sides are of equal length.

In problems 9 and 10, ABCD is a parallelogram. Students may notice
that the angles of ABCD are not 90°, and opposite sides look parallel.

If time permits, have students share the geoboard fence problems they
made for each other in the Explore More.

. Two solutions are possible.

L] L] L] ° ° [ ) L] [ ] () [ ) L] L]
C
L] () () L] ° ° ° L] L]
L] L] L] L] L] L] L] L] L) L]
A B
L) L[] [ ] L] L) o
A B
° L] L] L] L[] L[] L] L] ° L]
L) L] L] L] L] L] L] L) L]
C D
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continued

2. Two solutions are possible.
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5. One solution is possible.

continued
6.
7.
B PY
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10.

11.

12.

One solution is possible.

eD

* A

One solution is possible.

Problems and solutions will vary.

For
ESPS
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Geoboard Fences E]£P5 Name:

Open Geoboard Fences.gsp. Solve the problems. Record one or two
solutions you find for each problem.

1.
A B A B
2.
A\ . A\‘
B B
3.
4.
/ B ) /B
X . - . .
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For

R ]
continued
s e
A . . . . A . . . . .
6. )
e P
X . . . X . . .
7. . .
AI . Al
Ay /
B . B i)
8. )
Ay i)
AN AN
B B
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Geoboard Fences RSP
continued
9. )
Ry {“
. B . . B
10. )
A A
5 & B |

Go to page “Explore More.” Follow the directions.

136 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Special Quadrilaterals: For

Rectangles, Rhombuses, and Squares B3PS ACTIVITY NOTES
INTRODUCE

PrOJectthesketchfor """"" 1. Open Special Quadrilaterals.gsp and go to page “Construct.” Enlarge
viewing by the class. the window so it fills most of the screen.

Expect to spend about

15 minutes. 2. Explain, Let’s see how we can use Sketchpad to construct a pair of

parallel lines. Model worksheet steps 2—4. Here are some points to
emphasize.

+ After constructing AB, drag points A and B one at a time to
demonstrate that the line can move. It is important for students to
realize that they can and should drag the objects in their sketches.

+ In step 4, emphasize that points A and B should not be selected when
constructing the parallel line. If they are, the Construct command will
not work.

+ After you've constructed the parallel lines, drag either point A or B.
What stays the same about the lines and what changes? The lines
rotate and change their distance from each other but always remain
parallel.

3. Now that we’ve constructed a pair of parallel lines, let’s construct
another pair. Model steps 5-9 of the worksheet to construct
quadrilateral ABCD with two pairs of parallel sides. Do not discuss that
ABCD is a parallelogram. Let students discover this themselves.

4. If you want students to save their Sketchpad work, demonstrate
choosing File | Save As, and let them know how to name and where
to save their files.

DEVELOP

Expect students at 5. Assign students to computers and tell them where to locate Special
computers to spend Quaderilaterals.gsp. Distribute the worksheet. Tell students to work
about 30 minutes. through steps 1-21. Encourage students to ask a neighbor for help if

they have questions about using Sketchpad.

6. Let pairs work at their own pace. As you circulate, here are some things
to notice as students work on the Construct section of the worksheet.

The parallel lines remain + In worksheet step 4, some students may select only point C or only
visible throughout the AB when trying to construct the line parallel to AB. Ask, Why isn’t it
activity as a reminder that enough to select only a point when constructing a parallel line?
opposite sides of ABCD & yap gap )

are parallel.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 137

© 2012 Key Curriculum Press



For

Special Quadrilaterals: Rectangles, Rhombuses, and Squares BSPG  ACTIVITY NOTES

continued

138

[You need to know to what the line will be parallel.] Why isn’t it
enough to select only a line when constructing a parallel line?
[You need to know through what point the other line will pass. ]

In worksheet step 10, make sure that students spend time dragging the
vertices of ABCD so they can examine the quadrilateral’s properties.
Are students able to identify quadrilateral ABCD as a parallelogram?
If they are having difficulty, hold a quick class discussion. It is
important that students understand why ABCD is a parallelogram
before continuing with the remainder of the activity.

In worksheet step 10, the parallelogram can collapse into a segment
if either point A or Cis dragged onto point B. It’s fine if students
discover this behavior, but it is not an important part of the activity.

. In the Explore section of the worksheet, students discover that

parallelogram ABCD can become a quadrilateral with special properties.

It can have four right angles (a rectangle), four equal side lengths

(a rhombus), or four right angles and four equal side lengths (a square).

Here are some things to notice as students work on the Explore section
of the worksheet.

In worksheet step 11, emphasize that students must drag points

A, B, and C in that order when trying to cover the rectangle. By
dragging those points onto three of the rectangle’s vertices, the fourth
point—point D—will automatically land on the fourth vertex of the
rectangle.

After covering the rectangle with ABCD, encourage students to try
again with a different rectangle. By dragging either of the rectangle’s
red dots, students can create a new rectangle and check that ABCD
can still cover it. This is an especially dramatic way to convince
students that ABCD will cover any rectangle—not just the one given.
Similarly, students can check that ABCD will cover any square or
rhombus.

For students who need help with worksheet step 13, ask questions
like, What do you know about the sides of ABCD? [Its opposite sides
are parallel.] What do you know about the sides of a rectangle?

[Its opposite sides are parallel too.]
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continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

ANSWERS

8.

10.

11.

10.

Gather the class. Students should have their worksheets with them.
Review the definition of a parallelogram and discuss why ABCD is a
parallelogram. Possible student responses include the following.

We used Sketchpad to make the sides parallel. A parallelogram has parallel
sides, so ABCD is a parallelogram.

AB is parallel to DC and AD is parallel to BC. That makes ABCD a
parallelogram.

ABCD can change shapes. But no matter what shape it is, the opposite sides
are parallel. That means it’s a parallelogram.

. Review or introduce the definitions of a rectangle, square, and rhombus.

If students do not mention that the opposite sides of all three shapes are
parallel, show the shapes on screen (pressing the appropriate buttons
on the “Construct” page) and drag the red dots. Ask students what

they notice about the opposite sides as you drag the quadrilaterals into
different positions.

Ask students to explain why it was possible to make parallelogram
ABCD become a rectangle, square, and rhombus. Possible student
responses include the following.

Our parallelogram has two pairs of parallel sides. But there’s nothing
special about the lengths of its sides or the measures of its angles. Those can
be anything. So, it’s easy to make the parallelogram become a rectangle.
Just drag A, B, C, and D until the parallelogram has four right angles.

A rectangle, a square, and a rhombus are all just special parallelograms.
The rectangle has four right angles. The square has four right angles and
four equal sides. The rhombus has four equal sides. In all of those cases, the
shape is still a parallelogram.

Ask a volunteer to show a possible answer to worksheet step 21.
It is important that students understand why ABCD cannot cover
all quadrilaterals.

Quadrilateral ABCD is a parallelogram because its opposite sides are
always parallel.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 139

© 2012 Key Curriculum Press



For
Special Quadrilaterals: Rectangles, Rhombuses, and Squares BSPG  ACTIVITY NOTES

continued

13. Parallelogram ABCD can cover any rectangle because the opposite sides
of any rectangle are parallel.

16. Parallelogram ABCD can cover any square because the opposite sides of
any square are parallel.

19. Parallelogram ABCD can cover any rhombus because the opposite sides
of any rhombus are parallel.

21. Many answers are possible. Parallelogram ABCD cannot cover a
quadrilateral if both pairs of opposite sides are not parallel.
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Make a quadrilateral using two pairs of parallel lines.

CONSTRUCT

1. Open Special Quadrilaterals.gsp. Go to page “Construct.”

You’ll start with one line and a point not on the line.

A
2. Construct AB.
» B OC
E] 3. Construct point C.
Now you’ll make a line parallel to AB.
A
E] 4. Select point C and line AB. Choose
Construct | Parallel Line. 5 c

Now you need a third side of the quadrilateral.

5. Select points Band C. Choose Construct | Line.

Finish the quadrilateral.

6. Select point A and BC. Choose Construct | Parallel Line.

7. Click on the intersection of the two lines to create
point D.

8. Click on points A, B, C, and D, in order, to show
their labels.

Now you’ll construct and color the inside of quadrilateral ABCD.

9. Click points A, B, C, D, and A again, in order.

You can change the color by choosing Display | Color.
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continued

10. Drag points A, B, C, and D, one at a time. What kind of
quadrilateral is ABCD? How do you know?

EXPLORE

E] 11. Press Show Rectangle. Drag the red dots to change the size and
shape of the rectangle.

12. One at a time, drag points A, B, and C, in that order.
Try to make quadrilateral ABCD cover the rectangle exactly.

13. Can ABCD cover any rectangle? Why or why not?

14. Press Hide Rectangle. Then press Show Square. Drag the red dot to
change the square.

15. Drag, in order, points A, B, and C. Try to make ABCD cover the
square.

16. Can ABCD cover any square? Why or why not?

17. Press Hide Square. Then press Show Rhombus. Drag the red dots to
change the rhombus.
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continued

18. Drag, in order, points A, B, and C. Try to make ABCD cover the
rhombus.

19. Can ABCD cover any rhombus? Why or why not?

E] 20. Press Hide Rhombus.

21. Use the Polygon tool to draw a quadrilateral that ABCD cannot
cover. Explain why ABCD cannot cover your quadrilateral.
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Properties of a Special Quadrilateral B9 ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend 10 to
15 minutes.

144

1. Open Rhombus Construction.gsp. Explain that students will use

Sketchpad to construct and analyze a special type of quadrilateral.
Using the worksheet and the procedure presented here, model what
students will need to know in order to complete worksheet steps 1-5
on their own.

» In step 1, select both circles and choose Display | Line Style | Thick.
Your construction will be easier for the class to see.

+ In step 2, model dragging the circles, but don’t drag one on top of the
other. Let students compare the sizes of the circles on their own.

* In step 3, model labeling the new points using the Text tool.

* In step 4, emphasize that when drawing a segment connecting two
points, students should be sure a point is highlighted when they move
the pointer over it, and only then click to connect the segment.

* Perform “the drag test” by dragging the vertices of the quadrilateral
to check that it stays attached to the circles. Don’t drag so far that the
circles no longer intersect; leave that for students to explore. When
you do this construction on your own, perform the drag test to make
sure your quadrilateral stays attached to the circles.

+ Explain that the Undo command in the Edit menu is helpful for
undoing something you didn’t mean to do or for going back and
trying a different approach to a construction.

. Introduce any skills students will need for worksheet steps 6-—9.

Here are tips.

* Model using the Compass tool to draw the circle, and make sure
students understand that Sketchpad creates two points: the center
of the circle and a point on the circle called the control point.
Either point, when dragged, changes the size of the circle. Model
constructing triangle ABC. Make sure students know that the control
point (point B) will be a vertex of the triangle; students will create
only one new point (point C).

« If this is the first time students are using the Transform menu,
point out where to find it. Also, point out the two commands
students will use.
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continued

DEVELOP

Expect students at
computers to spend
about 35 minutes.

Don't take students’
pointers (mice) in your
hand as you talk with them
about their sketches; leave
students in charge of their
work in sketches.

3. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know where to save.

. Assign students to computers and tell them where to locate Rhombus

Construction.gsp. Distribute the worksheet and explain that students
should work through steps 1-12 and do the Explore More tasks if they
have time. Ask your neighbors for Sketchpad help if you need it.

. Let students work at their own pace. As you circulate, here are some

things to notice.

+ In worksheet step 2, check that students have figured out that they
can drag one circle on top of the other to verify that the circles are the
same size.

+ In worksheet step 5a, take note of students’ descriptions. If students
call ADBC a square, ask, What properties of a square does ADBC
share? Is ADBC always a square? How is it different from a square?
Unless students have been introduced to rhombuses previously,
they’re likely to say the quadrilateral looks like a diamond, a square,
or perhaps a “squashed square.” Calling the quadrilateral a squashed
square captures the idea that ADBC has four equal sides but does not
always have four equal angles.

+ In worksheet steps 5b—d, as students drag the vertices of ADBC, they
are likely to make observations such as these.

When I drag point B far away from point A, quadrilateral ADBC doesn’t
exist at all!

As long as the two circles intersect, points C and D stay at the
intersections of the circles.

As long as the two circles intersect, ADBC stays a quadrilateral.
The angles change a lot.

It looks like the opposite angles of ADBC are always equal.

It looks symmetric. And it’s a parallelogram.

The length of each side of ADBC stays the same.

The lengths of all four sides of ADBC are equal to each other.
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continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

Don't expect most students
to be ready to classify
shapes. What is important
now is that students gain
experience analyzing

the angle and side
relationships of rhombuses
and other quadrilaterals.

146

For
ACTIVITY NOTES

+ In worksheet step 5d, encourage students to search for an explanation
for what seems obvious from visual inspection: All sides of ADBC are
equal in length. The explanation depends on the mathematical idea
that radii of identical circles have equal lengths. Don’t give this away!

+ In worksheet step 8, note students’ reactions to reflecting segments
AB and AC. Check whether students know that when a segment is
reflected across a mirror line, it yields another segment of identical
length. By knowing that reflection preserves length, students will be
able to explain why this construction method yields a quadrilateral
with four identical side lengths.

+ In worksheet steps 10 and 11, students should know that dragging
point C differs from dragging point B: Dragging point B changes
the size of the circle and the lengths of the rhombus’ sides. Dragging
point Ckeeps the size of the circle the same, and thus the lengths of
the rhombus’s sides don’t change.

Explore More
6. In step 13, students use their pencils to complete the pictures on the

worksheet in order to draw cubes.

. Gather the class. Students should have their worksheets. In both

constructions you have done, you’ve made a special type of
quadrilateral called a rhombus. The plural of rhombus is rhombuses.
What ideas do you have about the characteristics of rhombuses? What
is always true about ACDB? Facilitate discussion. Let the class challenge,
justify, verify, and refute statements. Invite students to the computer to
use a sketch to illustrate their explanations. Elicit these ideas.

Figure ACBD is a quadrilateral that has sides of equal length.

Opposite angles of ACDB appear to be of equal size.

The opposite sides of ACDB are always parallel. ACDB is a parallelogram.
ACBD looks like it is always symmetric.

If we drew another diagonal, I think it would be the same length as the
other diagonal.
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Students who are ready to think about classifying quadrilaterals may
offer these conjectures.

All rhombuses are parallelograms.
All squares are rhombuses.

8. Challenge students to explain why both their constructions methods
made rhombuses. Encourage the class to work toward communicating
these ideas clearly.

+ In the first construction, because the circles are identical, the radii of
both circles have the same length. All the sides of ADBC are radii of
the circles, so the sides are the same length.

 In the second construction, sides AB and AC are radii of the same
circle and therefore have the same length. Sides DB and DC are
reflections of the radii. Reflecting a segment does not change its
length. Therefore, sides DB and DC have the same length as sides AB
and AC.

9. Discuss worksheet step 12. The rhombus constructed with the two
circles “did not exist” when point B was far enough from point A. Its
side lengths could not change. By contrast, the rhombus constructed
using reflection always stayed together, and its side lengths could
change. Students might refer to the second construction as a “better
rhombus.”

10. Explain that the word rhombus comes from the Greek word rhombos
for a piece of wood whirled on a string, something that can be spun
around, or a spinning top. For the ancient Greeks and others, a rhombos
was what anthropologists call a “bull roarer,” a device used in religious
ceremonies that was twirled overhead to make noise. The shape of a
bull roarer was something like the shape we call a rhombus.

11. Offer this prompt for students to respond to individually in writing.
What have you learned about rhombuses?
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continued

EXTEND

1. What questions have occurred to you about constructing rhombuses?
What are you wondering about? Here are some sample student queries.

Could we use a two-circle construction and get a rhombus whose sides do
shrink and expand?

What's the best way to make a rhombus?

Why do a segment and its reflection have the same length?
Are opposite sides of a rhombus always parallel?

Are opposite angles of a rhombus always the same size?

What if we drew both diagonals of a rhombus? Would they be related to
each other? Would they be the same length? What kinds of angles would
they form where they intersect?

2. To help students understand why the construction on page “Two
Circles” makes rhombuses it’s instructive to present a modified
construction in which the quadrilateral is not a rhombus. Attending to
the differences focuses students’ attention on the salient aspects of the
rhombuses’ construction. Have students go to page “Extend.” As before,
students should construct the intersections of the circles and connect
the points to form a quadrilateral ADBC. Because the two circles are
not the same size, the quadrilateral is not a rhombus. It is a kite—a
quadrilateral with exactly two pairs of adjacent sides that are the same
length.

ANSWERS

2. The circles are the same size.

5. a. Answers will vary. Unless students have been introduced to the
properties of rhombuses previously, they’re likely to describe what the
quadrilateral looks like as a diamond, a square, or perhaps a “squashed
square.” Calling the quadrilateral a squashed square captures the idea
that ADBC has four equal sides but does not always have four equal

angles.
b. The size and shape of ADBC can change.
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continued

10.

11.

12.

13.

c. The sizes of the angles can change. The opposite angles appear to be
of equal size no matter how ADBC is dragged.

d. The lengths of all four sides are equal. The sides are all radii of the
two circles. Because the circles are the same size, their radii have the
same length.

Answers will vary. When point Cis dragged, the angle measures of

ACDB change, but the lengths of its sides (which are all equal to each

other) do not change. Students might also note that the quadrilateral

remains symmetric.

Answers will vary. When point B is dragged, the angle measures and side
lengths of ACDB change. All four sides are always of equal lengths. The
quadrilateral appears to remain symmetric.

Answers will vary. See Summarize step 8 for a discussion.
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Explore a special type of quadrilateral.

CONSTRUCT

1. Open Rhombus Construction.gsp. Go to page “Two Circles.”

E] 2. Drag the circles. How do they compare in size?

3. Drag the circles so they intersect.
Select both circles.
Choose Construct | Intersections.

Click on point C and then on point D, as shown in
the picture, to label the points.

4. Draw segments to make ADBC.

EXPLORE

5. Drag the vertices of ADBC.
a. How would you describe what ADBC looks like?

b. Use the words size and shape to tell about how ADBC can change.

¢. What do you notice about the size of the angles of ADBC?

d. How do the lengths of the sides of ADBC compare? How do you know?
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Constructing Rhombuses feps5
continued
CONSTRUCT

6. Go to page “Reflection.”

@ a. Make a circle. Label the center A. Label the other

— point B.

A b. Make and label a point C on the circle. g

7 c. Make AABC. "B

»
7. Select BC. Choose Transform | Mark Mirror. c

8. Select segments AB and AC and point A.
Choose Transform | Reflect.

9. Change the label of the new point to D.

EXPLORE
10. Drag point C. How does ACDB change?

Does anything about ACDB not change?

11. Drag point B. How does ACDB change?

Does anything about it not change?

12. Compare the two quadrilaterals you have built. Which is easier to
use? Which do you prefer and why?
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continued

EXPLORE MORE

13. Did you know that you can draw a cube by drawing three
rhombuses?

Try it here. Then draw two cubes.
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Tangram Construction: For
Subdividing and Combining Shapes B8PS ACTIVITY NOTES

INTRODUCE

Project the sketch. Expect
to spend the first class
session, about 45 minutes.

There are many ways,
of course, to divide a
square into 7 pieces, but
this set is the one used
in the Tangram puzzle
that originated in China
long ago.

1. Using a hands-on Tangram set, show the seven pieces. If students are

not familiar with Tangram puzzles, explain that the Tangram pieces can
be arranged to form a huge collection of figures that resemble animals,
objects, and people. Show some examples. You might also want to set
the historical context: Tangram puzzles date to the Ch’ing dynasty in
early 19th-century China.

. Open Tangram Construction Present.gsp. Go to page “Tangram

Shapes.” Ask students what they notice about the shapes. Here are some
sample responses.

There are seven shapes.

There are five triangles.

Some triangles seem to be the same size but are positioned in different ways.
One of the shapes looks like a square (or diamond).

One of the shapes looks like a parallelogram.

. Press Bring Shapes Together. The seven pieces will assemble themselves

into a square. To view the animation again, drag the shapes apart and
then press the button.

. Distribute the worksheet. Ask students to look at the Tangram set at the

bottom of the first page. Tell students that they will be using Sketchpad
to build their own Tangram sets like this one. Have them take a few
minutes to study the set shown on the worksheet. Notice how the pieces
are put together, and write down some of your observations.

. Have students share their observations. Sample responses follow.

The pieces fit together in a square.
I see parallel lines and perpendicular lines.

There are lots of right angles. (Students can check by placing the corner
of a sheet of paper onto the illustration.)

Some of the points look like they’re in the middle of segments.

. Let’s use your observations to construct the seven Tangram pieces

arranged to form a square, just as you see them on your worksheet.
Go to page “Square,” where a square frame is presented. Help students
translate their observations into construction steps that can be carried
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continued

This sample discussion
follows the construction
steps on page
“Construction Method 1.”
Don’t present this method
to students. Rather, base
the class’s construction on
the flow of ideas generated
by students.
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out in Sketchpad. Introduce any of Sketchpad’s construction capabilities
new to your students (constructing segments, midpoints, and parallel
and perpendicular lines) as students express a need for the construction.

Sample Class Discussion

Teacher: How can we start?

Donna: I see a line that cuts the square in half.
Let’s make that line.

Toby: Yes, let’s make the diagonal.

Teacher: Okay. The diagonal is a segment. In the Toolbox, Sketchpad
has a Segment tool I can use. Before I click on the vertices, notice
that I’'m looking to see that the point is highlighted before I click.
That guarantees that the segment is connected to the point. (Teacher
constructs the segment.)

Mike: Another segment goes from the middle of the diagonal to the corner
of the square. Put a point where the middle is.

Tammy: Can Sketchpad make the point that’s exactly in the middle?
Teacher: Let’s check the Construct menu.
Nellaney: I see Midpoint. But it’s not lit up.

Teacher: That’s because we need to tell Sketchpad which
segment we want to construct the midpoint of. I'll select
the segment and let’s look again. There—now we can
select Midpoint. (Teacher constructs the midpoint.)

Brian: I see another midpoint on the segment that starts at
the square’s center and goes to the top-left corner. Let’s make that.

Teacher: Okay. Oh, but look what’s happening. When I try to click on
that segment, I select the entire diagonal, not just that half of it. So,
first I’'m going to use the Segment tool and make a segment from the
center of the square to the top-left corner. Now I can select only that
segment and construct its midpoint. (Teacher constructs the midpoint.)

Keith: There’s another midpoint along the top of the
square. (He comes to the computer and constructs
the midpoint.)

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



For

Tangram Construction: Subdividing and Combining Shapes GSPT  ACTIVITY NOTES

continued

This is a good stopping
place for the first class
session.

Ayanna: I see a horizontal segment. It’s one side of this shape. (She points
to the parallelogram.)

Kimberly: The parallelogram. Can we make parallel segments?
Teacher: Let’s look at the commands in the Construct menu again.
Pete: There’s a Parallel Line command. But we want a parallel segment.
Teacher: Let’s try making a parallel line and see what we get.

Jessie: But the Parallel Line command isn’t lit up.

Teacher: When a command is not lit up, we need to give Sketchpad
more information. We want our line to be parallel to what?

Moriah: Parallel to the segment that makes the top of the square.
Teacher: Okay. I'm going to select that segment. VO—T

Sketchpad needs one more piece of information:
What do we want the parallel line to pass through?

Kyle: The point on the diagonal.

Teacher: So, we must select that, too. Now, when we look back in the
Construct menu, we can select the Parallel Line command. (Teacher
constructs the line.)

(The class discussion continues in this manner, with students constructing
more parallel lines. When all the parallel lines are constructed, the teacher
demonstrates how to replace the lines with segments and hide the lines.
Then she uses the Text tool to sign her name to the sketch.)

Teacher: Sketchpad remembers every action we took. We can review
our construction using the Undo and Redo commands in the Edit
menu. Watch as I undo my actions, one at a time, all the way back to
the beginning of the construction. (Teacher chooses the Edit | Undo
command repeatedly.) Now I’ll use the Redo command to show my
construction step-by-step. (Teacher chooses the Edit | Redo command
repeatedly.). You can also use the Undo command to back up when you
want to change a step, or steps, of your construction.

Your class discussion will be different, but probably with some
commonalities. Not all students may know the necessary vocabulary
(midpoint, perpendicular, parallel) when they begin, but you can develop
the language as needed, as other students (or you) use the terms in context.
Also, students often want to eyeball locations (e.g., midpoints) and angles
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DEVELOP

Expect students at
computers to spend
about 30 minutes.
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(e.g., parallel or perpendicular), and don’t know that Sketchpad has the
tools to make accurate constructions. After you have modeled once or twice
how a particular Sketchpad construction works, your students will probably
be comfortable enough to do it on their own.

7. Assign students to computers and tell them where to locate Tangram
Construction.gsp. There are many ways to construct the Tangram set
with Sketchpad. Feel free to do it your own way. The worksheet gives a
reminder of how to construct segments, midpoints, parallel lines, and
perpendicular lines. Encourage students to ask a neighbor for help if
they have questions about using Sketchpad.

8. Let pairs work at their own pace. As you circulate, here are some things
to notice.

+ Watch for students who eyeball locations and angles rather than use
the Construct menu. Remind them that for their construction to be
accurate, they need to use the methods outlined on the worksheet.

* Remind students that they can back up one or more steps by choosing
Edit | Undo.

* When students are done making their Tangrams, ask them to drag the
top left vertex of the overall square. If students have built the Tangram
correctly, the Tangram set will grow, shrink, and rotate, but retain its
geometric properties.

* Challenge students to make a Tangram set on page “Square 2,” using
different steps. For example, This time can you do it without using
the Parallel Line command? Or, Can you construct the Tangram by
constructing only midpoints and segments?

* Note student pairs you may want to invite to share their construction
approaches in the class discussion that follows.

9. Students can now print their Tangram sets on cardstock. First, have them
use the Text tool to create a textbox and type their names to “sign” their
sketches. Then have them choose File | Print Preview; in the dialog box
that appears, set the image to fit on one page before clicking Print.
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continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

EXTEND

10.

11.

12.

As students are printing, you might collect their Sketchpad files on a
flash drive, having students rename the files with their own names, such
as Jenna Marta Tangram.gsp.

Gather the class. Invite students to the computer to demonstrate
different approaches that were used to construct the Tangram. Invite
reflection and discussion about the ways the points, lines, and shapes are
related to each other.

What other questions about constructing the Tangram occurred
to you? Encourage curiosity and record students’ queries. Here are
samples.

What is the fewest number of construction steps needed to make the
Tangram with Sketchpad?

How could I make a Tangram set using pencil and paper? Could I do it
without using a ruler to measure?

What about making a Tangram by folding a square of paper like origami?

How are the areas of the Tangram pieces related? Do they have any special
relationships to each other? What if we started by saying the small square
has an area of one square unit?

What about the perimeters of the Tangram pieces? What would we find out
if we measured them? Can we measure them using Sketchpad?

All the pieces fit together to make a square. Can they fit together to make a
rectangle that isn’t a square? Can they make a big parallelogram that isn’t a
rectangle? Can they make some kind of triangle?

. Students can cut out the pieces of their printed Tangram sets and use

them to create and solve Tangram puzzles and to explore questions they
posed in the summarizing discussion.

. Have the class write directions for one or two ways to construct the

Tangram set. Directions should include pictures and labeled points
(e.g., “Construct a line through point B parallel to AC.”) Alternatively,
have students write the directions individually.
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. Students can make a custom tool for their Tangram sets. The tool

will allow students to make new Tangrams with just two clicks of the

pointer!

Start with a completed Tangram construction; nothing else should
appear on screen. Choose Edit | Select AlL

Press and hold the Custom tool icon and choose Create New Tool.
In the dialog box that appears, type a name for your tool such as
“Tangram Devin.” Click OK.

Press and hold the Custom tool icon. Choose the Tangram tool from
the menu.

Move the pointer over the sketch and click once. You've just placed
one vertex of the square. As you move your pointer away, the Tangram
will appear.

Drag the pointer. When the image looks the way you like, click again.
The Tangram is now complete.
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Construct your own Tangram set using Sketchpad.

EXPLORE

1. Look at the Tangram set below.
What do you notice about the shapes?
What do you notice about the locations of the points?
Write down geometric relationships that may help you
build the Tangram.
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continued

CONSTRUCT

2. Open Tangram Construction.gsp. Go to page “Square.”

3. Build the Tangram pieces inside the square.
Here are construction tips.

¢ To select an object, use the Arrow tool.

¢ To construct a segment, use the Segment tool.

¢ To construct a midpoint, first select the segment and then
choose Construct| Midpoint.

¢ To construct a parallel line, first select two objects: the line or segment
it will be parallel to, and the point it will pass through. Then choose
Construct| Parallel Line.

¢ To construct a perpendicular line, first select two objects: the line or
segment it will be perpendicular to, and the point it will pass through.
Then choose Construct| Perpendicular Line.

¢ To construct a point at an intersection, click on the intersection using
the Arrow tool.

* To hide a line, select the line and choose Display| Hide Line.

4. Make your Tangram colorful!

¢ To color a shape, first select its vertices, going clockwise
or counterclockwise around the shape. Then choose
Construct| Interior.

* With the interior selected, choose Display| Color and choose a color.

A | 5. Sign your name to your Tangram.
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Drawing Prisms: Using Parallel Lines Egl‘ﬁ ACTIVITY NOTES

INTRODUCE

Be prepared to project the
sketch. Expect to spend
about 15 minutes.

. Give groups of students various classroom objects, all of which are

rectangular prisms with all angles right angles. Ask, What do these
objects all share in common? Students might say that the objects are all
three-dimensional, all have six sides, all have right angles, and all have
sides that are rectangles (or squares).

. Explain that all of the objects are called rectangular prisms. Boxes and

cubes are good examples of rectangular prisms—these objects have two
parallel bases that are identical rectangles.

. Introduce or review the vocabulary terms vertex, vertices, edges, and

faces. Ask students to count the number of vertices [8], edges [12], and
faces [6] on their rectangular prisms.

. Do you know how to draw a rectangular prism? Ask students to draw

a rectangular prism on paper or on the board. Students may draw
illustrations like the ones here. If not, draw the illustration on the
top-left yourself. Ask a volunteer to point to the vertices of the front
face of the prism. Depending on how students view the illustration,
they might see either of the two rectangles as the front face.

. You’re going to use Sketchpad to construct a picture of a rectangular

prism. Your picture will be dynamic—you’ll be able to drag its parts
and watch the prism grow, shrink, and change size.

. Open Drawing Prisms Parallel Lines.gsp and go to page “Construct.”

The sketch shows a rectangle ABCD and in the bottom-right corner, a
picture of a completed rectangular prism. Explain that this small picture
will serve as a reference as students build their own prisms, using
rectangle ABCD as a start.
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continued

If you simply draw a
segment BF that looks
parallel to AE, itwon't
stay parallel to AE as
you drag point E.

DEVELOP

Expect students at
computers to spend
about 30 minutes.

162

10.

11.

13.

What do you notice about the top face of the prism, quadrilateral
AEFB? Take responses. Students should note that opposite sides of
AEFBlook parallel, so that AEFB is a parallelogram. Direct students’
attention to the drawings they made of rectangular prisms to see
whether their pictures also show the top face as a parallelogram.

. Let’s see how we can use Sketchpad to make E

quadrilateral AEFB. We’ll do part of the construction

together, and then you’ll do the rest, working in pairs.

Let’s start with segment AE. Use the Segment tool to

draw AE (its length and the angle it makes with AB D c
do not matter).

. Demonstrate how to construct a line through point B parallel to AE (the

segment BF will lie along this line). To make the parallel line, explain
that you must select the point that the line will pass through (point B)
and the segment that will be parallel to the line (segment AE). With
both the point and segment selected, choose Construct | Parallel Line.
Explain that students will complete the rest of the prism on their own,
following the steps on the worksheet.

Demonstrate to students that they can undo their actions step by step
by choosing Edit | Undo one or more times. This is particularly useful if
students make mistakes that they want to correct.

If you want students to save their work, demonstrate choosing
File | Save As, and let them know where to save.

. Assign students to computers and tell them where to locate Drawing

Prisms Parallel Lines.gsp. Encourage students to ask a neighbor for
help if they have questions about using Sketchpad.

Let students work at their own pace. As you circulate, here are some
things to notice.

* Watch for students who make their prisms by drawing segments
rather than using the Construct menu to make parallels. Remind
them that for the construction to be accurate, they must follow the
methods outlined on the worksheet.

* When students have completed worksheet step 5, ask them how many
edges, vertices, and faces they see in their pictures. Because the picture

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



For

Drawing Prisms: Using Parallel Lines GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch.
Expect to spend about
15 minutes.

14.

15.

shows only those parts of the prism that are visible from one viewing
angle, there are just 9 edges, 7 vertices, and 3 faces viewable.

+ In worksheet step 6, students will likely notice A B
that their prisms get “messed up” when they F
drag certain vertices, like point E. By adding : S
more parallel segments to the prism in G

worksheet step 7, students make a picture that
continues to look correct, no matter how it is dragged.

* When students have completed worksheet step 7, ask them to count
again the number of edges, vertices, and faces they see in their
pictures. Now, because the prism is transparent, all edges, vertices,
and faces are visible. Depending on their visualization skills, some
students may need help in interpreting what they see on screen.

+ In worksheet step 9, encourage students to experiment freely with the
prism, dragging each of its vertices to see what happens. Students will
enjoy immensely watching the prism move and, in the process, will
hone their visual perception skills. Moreover, they may find a single
orientation of the prism in which they can see one face flipping back
and forth between being the top face and the back face.

Gather the class. Students should have their worksheets with them. Hold
up an actual rectangular prism for students to see. A rectangular prism
with right angles has six faces. What kind of polygon is each face?

[A rectangle]

Now show a completed prism on screen with face ABCD colored. What
kind of polygon is ABCD? [A rectangle] Are the other faces that you
constructed also rectangles? Take responses. Students should realize that
aside from face EFGH, the remaining four faces are actually
non-rectangular parallelograms. By constructing the faces as
parallelograms, our eyes interpret them as rectangles on a three-
dimensional object.

Using the Sketchpad model, have students demonstrate
how to manipulate the prism so that its shaded face
appears on different sides. Students will likely have
different ways of interpreting the same picture.
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EXTEND

ANSWERS
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In the illustration on the previous page, for example, some students
might see the shaded rectangle as the front face of the prism. Other
students might see the shaded rectangle as the bottom face of the
prism. Both visualizations are correct.

. Take a deck of cards (or a ream of paper) and place it on a table so that

the cards are stacked straight up, as shown in the picture on the left. The
cards represent a rectangular prism in which all six faces are rectangles.
Now push the cards so that the deck slants in one direction, as shown in
the picture on the right. Ask students what happened to the faces of the
prism. Two of the faces are still rectangles, but the other four faces are
now parallelograms. To continue, ask students to look at their
Sketchpad models of a prism. Can they visualize the prism on screen
looking like the slanted deck of cards?

. What other questions can you ask about prisms? Encourage student

curiosity. Here are some sample student queries.
Is there a way to draw rectangular prisms to look more realistic?
Why do the faces of the transparent prism appear to flip back and forth?

Are there any orientations of the prism in which they don’t appear to flip
back and forth?

Do you have to hide lines to keep the faces from flipping?

Are there patterns to the numbers of vertices, edges, and faces in prisms
with different shapes for bases?

Can prism bases be shapes other than polygons, such as circles?

6. Answers will vary.
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Using Parallel Lines GSPI

Use Sketchpad to construct a picture of a rectangular prism.

CONSTRUCT

1. Open Drawing Prisms Parallel Lines.gsp. Go to page
“Construct.” One face of a prism is given to you.
You will construct the rest of the prism.

E
/: 2. Construct a segment AE. It should look something like B
_ this picture.
A Click on point E to show its label.
p— D c
X R 3. Finish the top face of the prism by constructing E

two lines. To make a parallel line, select a
point the line will pass through and a segment
that will be parallel to the line. Then choose
Construct| Parallel Line.

td

. Now you'll replace the lines with segments.

Click the intersection of the two lines to construct
point F

Select just the two lines (not point F). Choose
Display| Hide Lines.

Construct segments EF and BF. The second face
of the prism is now donel

AN

5. Follow steps 3 and 4 again to make the third face of
the prism.

@ 6. Drag the vertices of your prism one at a time.
Describe anything interesting you notice.
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Drawing Prisms: Using Parallel Lines £SPs
continued

7. Some pictures of prisms show all six faces. Construct
three more parallel line segments to show the edges
and faces that cannot be seen.

8. Add color to face ABCD. Select its four vertices in either
a clockwise or counterclockwise direction. Then choose
Construct| Quadrilateral Interior. To change the color,
choose Display| Color.

@ 9. Drag the vertices of your prism so that face ABCD is the top face of
the prism.

Now drag again so that ABCD is the back face.
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Transformations

Reflect and Trace: Properties of Reflection 4 N

Students explore the relationships between a point, its (j?
reflection, and the line of reflection, as they build and — M
experiment with a construction that traces both points as

either is dragged. 3)

~
\

Fold and Reflect: Line Symmetry in Regular Polygons 4 )

Students make conjectures about lines of symmetry for regular
polygons, first by experimenting with paper folding, then

by working in Sketchpad where they construct lines and use
reflection to test their conjectures.

~
\

~

Crop and Reflect: Mirror Symmetry

Students create mirror symmetry lines for a variety of
pictures, including the Eiffel Tower, a butterfly, letters of the
alphabet, and a human face. Optionally, they can import

a picture of their own face into Sketchpad and explore its

mirror symmetry.

Turning Regular Polygons: Rotational Symmetry /

Students investigate rotational symmetry by rotating
regular polygons about a center point and observing how :
many degrees the polygons rotate to match their pre-image | ® €

and how many times they match in one 360° rotation. m£ABC = 30°

- v
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Making a Kaleidoscope: Exploring Rotations

Students create virtual kaleidoscopes by rotating
quadrilaterals and then animating them. Students
learn that rotated figures keep their size and shape;
only their orientation changes. Students make a variety
of kaleidoscopes, each with a different number of
quadrilaterals and amount of rotation.

Magnifying and Shrinking: Similar Pictures on Grids

Students draw figures on grids that can be dynamically
enlarged and reduced. Students discover that a figure’s
size may change, while its shape remains constant. This
introduction to similar figures develops an intuitive
understanding of scale and proportionality that is a
foundation for later, more formal work with similarity.

Mosaic Tile Designs: Symmetry and Reflection

Students hone their ability to visualize symmetry and
lines of reflection as they solve puzzles requiring them to
transform simple tile patterns into more complex mosaics.

Regular Tessellations: Investigating Regular Polygons

Students construct regular tessellations and discover that
certain regular polygons tessellate, while others do not. By
studying the geometry of tessellations, students begin to
understand the properties of a regular polygon that make it
suitable for tessellating.

Reflecting a Point: Exploring the Four-Quadrant Grid

Students apply understanding of positive and negative
numbers as they investigate the relationship between a
point’s coordinates and the coordinates of its reflected
image across the x- or y-axis of the four-quadrant grid.

4 N
)
\
\ v
4 N
\ v
I )
Start Goal
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Sliding Shapes: Translations in the Coordinate Grid

Students use a mathematical object known as a vector

to translate a triangle in the coordinate grid, and then
investigate the relationships among the vector, the
translation, and the coordinates of a pre-image and its
image. Students describe the effect that translation has on
the triangle’s coordinates.

Drawing Prisms: Using Translation

Students construct a dynamic, two-dimensional
representation of a rectangular prism by translating a
rectangle and connecting the corresponding vertices of the
two rectangles. By dragging the vertices of the completed
prism, students change its size, shape, and orientation.

Exploring Number and Operations in Grades 3—-5 with The Geometer’s Sketchpad
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i _ For——>
Reflect and Trace: Properties of Reflection - jgl'ﬁ ACTIVITY NOTES

INTRODUCE

Project the sketch on
a shared computer for
viewing by the class.
Expect to spend about
10 minutes.

You might record students’
descriptions of what the
words mean. At the end of
the activity you can return
to the recording.

DEVELOP

Expect students at
computers to spend
about 35 minutes.

1. Explain, Today you’re going to experiment with a point that you reflect

across a line. I'll demonstrate the Sketchpad construction and then
you’ll work on your own. Open Reflect and Trace.gsp. Go to page
“Construct.” Enlarge the window so it fills most of the screen. Model
worksheet steps 2—6, introducing any Sketchpad skills new to your
students. Here are a few tips.

* When you have constructed the line, select it and choose
Display | Line Style | Thick so it can be seen easily by the class.

* When you model marking the mirror line, explain that by marking
the straight line, it will act as the mirror across which future
reflections will take place.

* You may also model another way to mark a mirror: Double-click on
the line with the Arrow tool. The marked line will flash briefly to
indicate it has been marked as a mirror for future reflections.

* When you reflect point C, ask students about their experiences
reflecting images in a mirror. This will give students an opportunity
to connect reflecting an object using Sketchpad with their prior
knowledge. Invite students to express in their own words what reflect
and reflection mean. Leave a mathematical definition for the end of
the activity.

+ Explain that the Undo command is helpful for undoing something
you didn’t mean to do or for going back and starting over. Sketchpad
lets you undo your actions, one at a time, all the way back to the
beginning of your construction. Using Edit | Undo, model backing up
through your construction.

. If you want students to save their work in the document, demonstrate

choosing File | Save As, and let them know where to save.

. Assign students to computers and tell them where to locate Reflect and

Trace.gsp. Distribute the worksheet. Tell students to work through
steps 1-13 and do the Explore More if they have time. Encourage
students to ask a neighbor for help if they have questions about using
Sketchpad.
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For——>

Reflect and Trace: Properties of Reflection ~~BSPT" ACTIVITY NOTES
continued

To distinguish the trail of 4. Let students work at their own pace. Here are some things to notice as
point C from the trail of you circulate.

point D, students can make

point D a different color » Remind students to use Edit | Undo to back up one or more steps, or
by selecting point D and to start over, if they need to.

choosing a color from the

Display | Color submenu. + In worksheet step 7, notice how students describe what happens to

point D. Here are some samples of student thinking.
Point D moves just like point C, only in the opposite direction.

If point C is close to the line, so is point D. If point C is far from the line,
so is point D.

The points always seem to be the same distance away from the line, but
on opposite sides.

If I drag point C across the line, then point D switches places with it,
moving to the other side of the line.

+ In worksheet step 8, do students figure out that points Cand D come
together along the entire line of reflection?

Students should be + In worksheet step 10, how do students describe the trail of point D
dragging only point C. compared to the trail of point C? Here are sample responses.

Point D draws the same thing as point C, only point D draws it facing
the other way.

Point D draws something that’s flipped.

It’s as if the line is a mirror and I'm looking in the mirror at a reflection.

+ In worksheet step 12, students are challenged to draw symmetric
images built from the traces, or trails, of points C and D. As students
begin, make sure to emphasize the following points. Point C, by itself,
is not drawing the entire circle, heart, triangle, or other shape. Each
point will draw only half of each picture, and the two halves together
will make the whole shape. Also, don’t expect your drawings to be
as smooth looking as the figures on the worksheet. Observe how well
students plan before they turn on tracing. Note that creating the letter
“A” requires some backtracking that might challenge students.
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For——>

Reflect and Trace: Properties of Reflection ~ B8PS ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch.
Expect to spend about
10 minutes.

+ In worksheet step 13, students’ challenge is to locate a hidden line of
reflection. If you decide to provide a hint, suggest that students drag
point C to places where it and point D meet.

. If time allows, students can follow the directions in worksheet step 14 to

animate the points, and draw more of the symmetric shapes and letters
in step 12.

. Gather the class. Students should have their worksheets. Revisit the

recording of students’ descriptions of reflect and reflection if you made
one, or ask students to describe these words now. If you made a
recording earlier, begin by asking whether students would like to change
or add to the descriptions. Students are likely to include examples of
how the traces, or trails, of points C and D behave. Record the new ideas.
Here are some ideas to elicit.

+ Reflecting changes the direction of the original object, or pre-image.

+ Everything is reversed. If students have not included the term flip
in their descriptions, ask, A reflection is also called a flip. How is
reflecting a shape across a line like flipping it? Students may say that
both flipping and reflecting produce the reverse image.

+ A point and its reflection are the same distance from the line of
reflection.

In mathematics, reflection is the term for one way of moving a figure
to a new position. There are other ways too, such as sliding and
rotating. These ways of moving figures are called transformations.
That’s why the Mark Mirror and Reflect commands are found in the
Transform menu in Sketchpad.

. Invite students to the computer to demonstrate their ways of creating

the shapes and letters in worksheet step 12. This is a good opportunity
to introduce the words symmetric and symmetry. Why is the line of
reflection also called the line of symmetry?

. Invite students to share their experiences trying to find the line of

reflection in the game they played in worksheet step 13. How did you
determine where the line was?
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For——>

Reflect and Trace: Properties of Reflection ~ BSPT ACTIVITY NOTES

continued

EXTEND

ANSWERS

174

10.

12.

What questions about reflecting across a line of reflection would you
like to pose? Have you wondered about something? Encourage student
curiosity. Here are some sample student queries.

What other letters can you make this way?
Is it possible to make the “A” without backtracking?
Which symmetric letters will also require backtracking?

Why does point D trace out a straight line if I select the reflection line and
drag it?

Why does point D trace a circle if I drag either point A or B and swing the
line around?

How do you get reflections like the ones in funhouse mirrors?

. In the schoolyard, have students act out the tracing of reflected points.

Explain that partners will walk in unison, with one person representing
a point and the other person representing the point reflected across a
line. The line can be represented using a rope or chalk line. Give partners
time to plan how they will form a particular shape (either a shape on the
worksheet or an other symmetric shape, like a butterfly). Have partners
act out their reflection skits, and ask the class to determine the shape
each pair is tracing.

Point D moves in a mirror image to point C. The Develop section of the
Activity Notes offers other observations that students might make.

Points C and D come together at all locations along the line of reflection.

The traces of points Cand D are reflections of each other. They both
trace the same shapes but are reflected images.

The key to tracing each shape is to find its line of reflection. Each

of the shapes—circle, heart, triangle, as well as the letter “A>—has a
vertical line of reflection that divides it in half (the circle has infinitely
many lines of reflection, and the triangle has a line through each of its
vertices). Both letters “C” and “K” have a horizontal line of reflection.
With each shape or letter divided in half along a line of reflection,
students can draw the entire shape by tracing either half with point C.
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Reflect and Trace ip~ Name:

Explore the relationship between a point and its reflection.
CONSTRUCT
1. Open Reflect and Trace.gsp. Go to page “Construct.”

./1 2. Construct a line AB.

e | 3. Construct a point C that is not on the line.

T 4. Select AB and choose Transform | Mark Mirror.
5. Select point C and choose Transform | Reflect.

. Click the points to label them. Change the label of
point C’s reflection to D.

EXPLORE

E] 7. Drag point C around.
What happens to point D?

>

8. Find a place where points C and D come together.
Where else do they come together?

9. Select points C and D and choose Display | Trace Points.

10. Select point C only. Drag it.
How does the trace of point D compare to the trace of point C?

11. Choose Display | Erase Traces. Drag point C again to make a new
picture.
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Reflect and Trace EISFPE

continued

12. Points C and D can work together to make the shapes and letters
below. Try it! Choose a shape. Drag point C only. Point D will join
in to help you draw the shape.

LN AKC

13. Go to page “Find the Line.”
Play with a partner. Take turns.
Player 1 looks away.

Player 2 moves the line of reflection and presses Hide Line.

Player 1 drags point Cin order to figure out the location of the
hidden reflection line.

Check by pressing Show Line.

EXPLORE MORE

14. For fun, select point C and choose Display | Animate Point.
Stop the animation. Choose Display | Stop Animation.

15. Draw more of the shapes and letters in step 12.
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Fold and Reflect: For

Line Symmetry in Regular Polygons BP9 ACTIVITY NOTES
INTRODUCE

Beprepared 0 prolect ...... 1. Show the class one of the large paper squares. Elicit ideas about the

the sketch for viewing by properties of a square, in particular its four equal sides and four equal

the class. Expect to spend angles.
about 25 minutes.
2. Give several volunteers the large paper squares. Explain, I'd like each
of you to fold the paper so that you divide the square into two equal
parts. When the students are done, have them show the class their folds.
Most likely, students will have folded one edge onto the opposite edge
or folded along the diagonal. (If no one has folded along the diagonal,
elicit and demonstrate this possibility.) How do you know that you have

divided the square into two equal parts? Here are sample responses.
I folded the paper so that the edges match up. Nothing sticks out.

When I fold the paper, one half of the paper lands exactly on top of the
other half.

When I unfold the paper, it looks like I have two equal parts.

3. Is the square symmetric? Review or introduce the term symmetric.
Because the square can be folded so that its two halves match exactly,
the square is symmetric. The crease line that divides the square is the
line of symmetry. Another way to think about symmetry is that a shape
is symmetric if one half of the shape is a reflection (a mirror image) of

the other half.

4. Open Fold and Reflect.gsp. Go to page “Square.” Hold up a paper
square that was folded edge to edge vertically. You were able to divide
this square into two equal parts by folding it in half. I'd like to see
whether we can divide one of the squares in this sketch in half in the
same way.

Draw attention to the vertical crease on the paper square. I wonder
whether we can construct the line of symmetry with Sketchpad? What
follows is an example of how one teacher used students’ observations to
guide construction of a line of symmetry.

Sample Class Discussion
Nathan: The crease is a segment. Let’s make the segment with Sketchpad.

Teacher: Where should the segment start and end?
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For

Fold and Reflect: Line Symmetry in Regular Polygons BSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 45 minutes.

178

. What other lines of symmetry did you make when

Natasha: The segment should go through the middle of each side, the top
and bottom, like the crease.

Karina: Let’s put a point where we think the middle is.
Sam: Can Sketchpad make the point that’s exactly in the middle?
Teacher: Let’s check the Construct menu.

Chris: I see a Midpoint command. That means a point in the middle. But
it’s not lit up.

Teacher: That’s because we need to tell Sketchpad which

segment we want to construct the midpoint of. I'll select

the segment and let’s look again. There, now we can

choose the Midpoint command. (Teacher constructs the

midpoint.) Who wants to construct the other midpoint?

(Volunteer constructs it.) By convention, lines rather than segments are
used to divide shapes symmetrically. I’'m going to select the two
midpoints and choose Construct | Line. Then I’'m going to choose
Display | Line Style | Dashed.

. Demonstrate how to check whether the line is a line of symmetry by

constructing the interior of half the square and reflecting it across the
line of symmetry, following worksheet steps 4—6.

you folded the paper squares? [The diagonal of the
square and the horizontal line of symmetry] L — — — _ |
If students don’t propose the horizontal line, take the

appropriate paper square, unfold it, and show the

crease in a horizontal orientation.

. Finally, drag one of the red vertices of the square, changing the square’s

size and orientation. Does it look as if the line continues to divide
the square symmetrically as the square grows, shrinks, and rotates?
Students will be intrigued by the power of the dynamic model.

. Distribute the worksheet. Assign students to computers and tell them

where to locate Fold and Reflect.gsp. Explain that they will be
constructing lines of symmetry for different regular polygons. Review
this term. Students should follow steps 1-9 of the worksheet and do the
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For

Fold and Reflect: Line Symmetry in Regular Polygons GSPT  ACTIVITY NOTES

continued

You may print the sketch
page and let students cut
the shape and experiment
with folding it.

SUMMARIZE

Project the sketch. Expect
to spend about 20 minutes.

Explore More if they have time. Encourage students to ask a neighbor
for help if they have questions about using Sketchpad.

. Let pairs work at their own pace. As you circulate, notice how students

are identifying lines of symmetry and going about their constructions.

+ Watch for students who create midpoints of segments by eyeballing
their locations rather than using the Construct menu. Remind
students that for their constructions to be accurate, they should use
the Midpoint command.

+ For regular polygons with an odd number of sides

(the triangle and the pentagon), let students discover
that they cannot create lines of symmetry by

connecting two vertices or two midpoints. Rather, each
line of symmetry connects a vertex to the midpoint of the opposite
side. Where could you fold this shape to divide it into two parts that
are reflections of each other?

. Gather the class. What can you say about lines of symmetry in regular

polygons? Let’s make a poster to show what you've learned. Act as
scribe or invite volunteers to add words and pictures to the poster.
Here are some ideas to elicit.

+ Aline of symmetry divides a polygon into two halves that match
exactly.

+ If a polygon has line symmetry, you can reflect half of the polygon
across a line of symmetry and the halves will match exactly.

+ The halves are reflections of each other.
+ Regular polygons have more than one line of symmetry.

*+ The number of lines of symmetry for a regular polygon is the same as
the number of sides of the polygon.

* Good places to look for lines of symmetry in regular polygons are
from a vertex to an opposite vertex and from the midpoint of a side to
the midpoint of the opposite side.

+ Sometimes lines of symmetry in regular polygons go through a vertex
and the midpoint of the opposite side.
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Fold and Reflect: Line Symmetry in Regular Polygons BSPT  ACTIVITY NOTES

continued

EXTEND

ANSWERS

180

+ Folding paper models is one way to look for lines of symmetry.
In Sketchpad, we can make a line of reflection and reflect half of the
polygon across the reflection line to check that the line of reflection is
correct.

1. Follow these directions to provide a different look at line symmetry and

reflection.

* Open Fold and Reflect.gsp. Go to the page for one of the regular
polygons and construct a line of symmetry.

* Place a point somewhere in the interior of the polygon with the
Point tool.

+ Ask students to predict where the point will land when reflected
across the line.

+ Reflect the point to check.

* Drag the point along the boundary of the polygon. Ask students
to predict the path of its reflection. By selecting both points and
choosing Display | Trace Points, you can view the path of both points
and see that they trace mirror images.

. What other questions about lines of symmetry occurred to you?

Encourage curiosity. Here are sample student queries.
What other shapes can I make tracing points and their reflections? Hearts?

I think that any point in the interior of a polygon or on its perimeter is the
same distance from the line of reflection as its reflection. Can we measure
the distance by using Sketchpad to see whether that’s really true?

Is it possible to divide a square into two congruent halves that aren’t
reflections of each other across a line of symmetry?

. If the line of symmetry is constructed correctly, the reflected interior

will fill the other half of the square exactly.

10. The area measurements are all equal.
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Fold and Reflect Egpﬁ Name:

Find and construct the lines of symmetry of regular polygons.

CONSTRUCT

1

)

. Open Fold and Reflect.gsp. Go to page “Square.”
k| 2

Construct a line of symmetry for one of the squares.

To construct a line through two points, select the points and
choose Construct| Line.

To construct a midpoint, select the segment and choose
Construct| Midpoint.

. Drag a red vertex of the square to change its size.

Check whether the line of symmetry still seems right.

. You will color half of your square.

Select the vertices, going clockwise or counterclockwise.
Choose Construct| Interior.

. Select the line of symmetry and choose Transform| Mark Mirror.
. Select the colored interior and choose Transform| Reflect.

. What do you notice?

. Find different ways to construct a line of symmetry for the other

squares. Follow steps 2 to 6 to construct each line.

. Move on to the other pages. Construct a few lines of symmetry for

each polygon.
Follow steps 2 to 6 each time you construct a line.

To change the color of a polygon interior, choose Display| Color
and choose a color.
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Fold and Reflect EISFPE

continued

EXPLORE MORE

10. On page “Square,” press Reset Squares to make all squares the
same size.

Select one of the shaded parts of a square.
Choose Measure| Area.

Repeat for the other squares.

What do you notice?

11. Go to page “Explore More.”
Construct one or more lines of symmetry for each shape.
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Crop and Reflect: Mirror Symmetry B8P ACTIVITY NOTES

INTRODUCE

Project the sketch for
viewing by the class.
Expect to spend about
15 minutes.

DEVELOP

Expect students at
computers to spend about
25 minutes.

. Explain, Today you are going to use Sketchpad to explore objects that

are symmetric. Draw the letter W on the board. How can we draw a
line that divides the W into two symmetric halves? Ask a volunteer to
use a ruler or other straight object to draw the line. Explain that this line
is called the line of symmetry.

If you have a small mirror available, demonstrate how you can stand the
mirror on the line of symmetry to view a complete W (half the W is on
the board, the other half is reflected in the mirror). Explain that objects
with this property are said to have mirror symmetry.

What other objects can you name that have mirror symmetry? Students
might suggest other letters of the alphabet or objects like squares,
rectangles, tables, chairs, etc.

. Do you think your face has mirror symmetry? If it did, where would

its line of symmetry be? Students will likely note that their faces are not
perfectly symmetric, but the vertical line that divides their nose and
mouth in half does split their face into two roughly identical parts.

In this activity, you’ll look for mirror symmetry in a variety of places,
including pictures of buildings, butterflies, and human faces.

. Open Crop and Reflect.gsp. Go to page “Eiffel Tower.”

Demonstrate steps 3—7 of the worksheet but do not find the line of
symmetry for the Eiffel Tower. Students will do this themselves in step 8.

. After you've demonstrated step 7 of the worksheet, drag points A and B

to show how varying the position of AB changes what is reflected. Also
drag CD to the right of AB; doing so alters the reflection so that the
opposite half of the picture is reflected.

. Assign students to computers. Distribute the worksheet. Tell students

to work through step 15 and to do the Explore More if they have time.
Encourage students to ask their neighbors for help if they are having
difficulty with the construction.
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Crop and Reflect: Mirror Symmetry BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 10 minutes.

184

6.

8.

Let pairs work at their own pace. As you circulate, here are some things
to notice.

« In worksheet step 8, students position AB so that it is the line of
symmetry for the Eiffel Tower. Many students will be quick to
position this segment without exploring the effects of dragging it into
positions where it is not the line of symmetry. Encourage students
to experiment by asking questions like, Where can you position the
segment so that the Eiffel Tower disappears? [near the left edge of
the picture] Where can you position the segment so that only a very
small part of the Eiffel Tower appears? [a little farther away from
the left edge of the picture] Where can you position the segment so
that two Eiffel Towers appear? [near the right edge of the picture].
Thinking about such questions will give students more experience
in visualizing the effects of reflection.

+ In worksheet steps 10-12, students find the line of symmetry for
the Leaning Tower of Pisa. This example, as well as the picture of
the butterfly, expands students’ conceptions of mirror symmetry
by demonstrating that a line of symmetry need not be vertical or
horizontal.

. Step 17 encourages students to copy a head-on image of their face into

Sketchpad and check it for mirror symmetry. (On newer Mac computers
with a built-in iSight camera, students can use the free application
Photo Booth to snap a headshot of themselves. This picture can then be
dragged directly from Photo Booth into Sketchpad.)

Gather the class. Open Crop and Reflect.gsp and go to page
“FEiffel Tower.”

Delete the pictures of the Eiffel Tower. Then, copy and paste the letter O
from the “Explore More” page onto the “Eiffel Tower” page. Ask students
to think about how they can crop the O so that it takes two reflections
to obtain the complete letter again. By cropping the O so that only

one quarter of it is visible, students can reflect it to show half an O. By
reflecting this half across another mirror line, students can obtain the
complete O. A similar two-step reflection works with the letter X.
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Crop and Reflect: Mirror Symmetry GSPT  ACTIVITY NOTES

continued

EXTEND

ANSWERS

1.

14.

16.

17.

. Go to page “Extend.” Working in pairs, students

Encourage students to find other pictures on the Internet that display
mirror symmetry. Students can copy these pictures into Sketchpad and
then crop and reflect them. Be aware, however, of copyright restrictions
that may apply if you wish to share or print your students’ work.

A good Internet resource for public domain photos and illustrations

is Wikimedia Commons.

. If your students have access to digital cameras, they can take pictures of

objects with mirror symmetry, import the pictures to their computers,
and use Sketchpad to crop and reflect them.

can play a game in which they crop and reflect
a portion of a letter (not, in this case,

a symmetric portion), and then challenge their
partner to identify the letter. In the pictures at
right, a student has cropped the letter M and
then pressed Hide Quadrilateral so that the line
of reflection is not visible. The student’s partner

must then try to determine the letter by visualizing

r

the line of symmetry.

. The cloud pattern in the sky and the rows of trees are not perfectly

symmetric in the original picture.

The Leaning Tower is not perfectly symmetric. Notice that there is
a single door on the ground level.

Of the letters on the Explore More page, only M, V, and C have mirror
symmetry. Considering the entire alphabet, the set of letters symmetric
about a vertical mirror is {A, H,I, M, O, T, U, V, W, X, Y}. Depending
on the font, the set symmetric about a horizontal mirror is {B, C, D, E,
H, L, K, O, X}. Also depending on the font, the letters O and X may be
symmetric about a diagonal mirror.

Students will most likely discover that their faces are not perfectly
symmetric.
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Examples of mirror symmetry can be found all around us. In this
activity, you'll use Sketchpad to find the line of symmetry for buildings,
a butterfly, and maybe even your own face!

FIND THE LINE OF SYMMETRY

The Eiffel Tower in Paris, France is one of the world’s most famous
buildings. Does it have mirror symmetry? You'll find out by cropping
a picture of the Eiffel Tower and reflecting what remains across a line.

1. Open Crop and Reflect.gsp. Go to page “Eiffel Tower.” ¢
You’ll see two identical pictures of the Eiffel Tower in Paris, '
France.

2. Look for any examples of symmetry in the picture of the
Eiffel Tower.

D B
3. You'll use quadrilateral ABCD to crop the Eiffel Tower Riidiger Wolk, Minster
picture. Drag the interior of ABCD so that it partially
overlaps Picture 1.

@ 4. Select the interior of ABCD and the picture. Choose Edit| Crop
Picture to Quadrilateral. The portion of the picture outside of
ABCD will be hidden.

5. Experiment by dragging point A or B. Notice that as you drag,
the portion of the picture that is cropped changes.

6. Now, you'll reflect the visible portion of the Eiffel Tower across
a mirror line. Double-click segment AB to mark it as a mirror.

7. Select Picture 1. Choose Transform | Reflect. The visible portion
of the picture will be reflected across AB.

8. Find the line of symmetry for the Eiffel Tower: Drag points A and B
so that the cropped picture and its reflection form a complete
image of the Eiffel Tower. Use Picture 2 as a reference to help you
find the line of symmetry.

186 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Crop and Reflect E{Pﬁ

continued

9. What differences remain between the original picture and your
reflected version?

REFLECT OTHER PICTURES

Now you’ll look for mirror symmetry in other pictures.

10. Go to page “Other Pictures.” Select the picture of the Leaning
Tower of Pisa (which is in Pisa, Italy) and choose Edit| Copy.

11. Go back to page “Eiffel Tower.” Select either half of the
cropped and reflected Eiffel Tower picture. Choose Edit| Paste
Replacement Picture. The Eiffel Tower will be replaced by the
Leaning Tower.

12. Select the other picture of the complete Eiffel Tower. Choose
Edit| Paste Replacement Picture.

[E 13. Adjust points A and B so that AB is a mirror line for the Leaning
Tower. You can change which half of the picture is being reflected
by dragging CD to the opposite side of the mirror.

14. Compare the two pictures of the Leaning Tower. Is the Leaning
Tower perfectly symmetric?

15. Repeat steps 10-14 with the picture of the butterfly and the
picture of the man on page “Other Pictures.”
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Crop and Reflect EISFPE

continued

EXPLORE MORE

16. Go to page “Explore More.” Which letters of the alphabet have
mirror symmetry? Select a letter, choose Edit| Copy, and paste the
picture onto the page “Eiffel Tower” to find its line of symmetry.
Repeat this process with the other letters that have mirror
symmetry.

17. If possible, copy a head-on picture of your face to the computer
and drag it into Sketchpad. Reflect one half of your face onto the
other. Is your face perfectly symmetric?
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Turning Regular Polygons: For

Rotational Symmetry BP9 ACTIVITY NOTES
INTRODUCE

PrOJectthesketchfor ...... 1. Open Turning Regular Polygons.gsp. Go to page “Square.”

viewing by the class. . . . ,
Expect to spend about 2. Explain, Today you are going to explore regular polygons. First let’s

15 minutes. review what a regular polygon is. Write “A regular polygon is” on chart

paper. Have volunteers define the term. Students may say that a regular
polygon is a polygon with equal sides. If so, draw a rhombus (but not a
square) on the board. Is this a regular polygon? It meets your definition
of having all sides the same length. Elicit the idea that all interior angles
of a regular polygon must be equal as well.

Agree on a common definition. A sample definition is “A regular
polygon is a polygon that has all sides of equal length and all interior
angles of equal measure.”

3. Review the names of regular polygons. On chart paper, create a table
with the class, listing the regular polygons and the number of sides
each has.

Regular Polygon | Number of Sides

Equilateral triangle

Square

Regular pentagon

Regular hexagon

Regular heptagon

Regular octagon

O v |INOOjlor B~ W

Regular nonagon

Regular decagon 10

4. Briefly review the concept of line symmetry. What does it mean when a
shape has line symmetry? [When a line can be drawn so that one half
of the shape is the mirror image of the other half] Have students give
examples of line symmetry. Then explain that students will investigate
a different type of symmetry called rotational symmetry. Today you are
going to explore whether regular polygons have rotational symmetry.

Explain that “m2£ ABC" is 5. On page “Square” of the sketch, point out the position of the black dot
read as “the measure of on the square. When the dot is in the top-right corner, the square is in
angle ABC.”

its original position.
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For

Turning Regular Polygons: Rotational Symmetry BSPT  ACTIVITY NOTES

continued

Because Sketchpad
rounds angle measures,
360° and 0° appear as
separate measurements.

190

10.

Slowly drag point A in a counterclockwise direction. What happens
when I drag point A counterclockwise? [The measure of ZABC
increases as the square with the dot turns counterclockwise. The red
point is the center of rotation—the point the square turns about.] Point
out that the image of the square’s original position (the “pre-image”)
remains in place. What do you think the measure of /. ABC tells us?
[How far the square has turned]

. Drag point A in a complete circle counterclockwise until it returns to its

original position. How many degrees are in a full turn or full rotation?
[360°] How far did the square turn? [All the way around, 360°]

. Ask a volunteer to come up and drag point A counterclockwise until

the square with the dot rotates just enough so that the two squares line
up again.

Where is the dot now? [Top-left corner] How far did the square turn?
[90°] It’s possible the student will drag until £~ ABC measures 89° or 91°
and be satisfied with the result. Explain, Eighty-nine degrees is very
close to another angle measure that we associate with squares. What
angle am I thinking of? [90°] It’s also possible, due to the precision of
the sketch, that a student will want to rotate by 90° but can only get as
close as 89° or 91°.

. A shape has rotational symmetry if it can be rotated by less than

360 degrees and match up with its original image. Does a square have
rotational symmetry? Explain. [Yes, you can turn the square 90° about
a center point and it matches its original image. ]

You’re going to investigate what happens when you keep rotating the
square. You'll see whether it lands on itself again before rotating the
full way around.

You’ll also explore other regular polygons to see whether they have
rotational symmetry. As you work, look for patterns in what you
observe.

Explain that the easiest way to count how many times each polygon
matches itself during its 360° rotation is to look at the location of the
black dot. The squares, for example, match up four times: The black dot
sits in a different corner of the square each time the squares align.
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For
Turning Regular Polygons: Rotational Symmetry GSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at 11. Assign students to computers and tell them where to locate Turning
computers to spend Regular Polygons.gsp. Tell students to work through step 4 and do
about 20 minutes. the Explore More if they have time. Encourage students to ask their

neighbors for help if they are having difficulty with Sketchpad.

12. Let pairs work at their own pace. As you circulate, here are some things
to notice.

+ Encourage students to make predictions before they rotate each shape.
If you want students to record their predictions, have them write in
the table in worksheet step 2. Have students underline or circle their
predictions to distinguish them from the actual results.

+ Check that students understand how to figure out the amount of each
separate turn. How can you figure out how many degrees the shape
has rotated in a turn? Here are sample responses.

The square rotated 90 degrees to go from 0 to 90. Then, when we turned
the square again, we got to 180 degrees before the squares lined up.
Because we started at 90, we went 180 minus 90, or 90 degrees. That’s
the same amount we rotated the first time.

We turned the square four equal amounts in a full turn. A full turn
is 360 degrees, so we’ll divide it by four to find the amount it turned
each time.

We know that the shape turns the same amount each time, so we just
wrote down the amount of the first turn.

We found what fraction of 360 degrees each turn is. For a square, it turns
one-fourth of the way each time, so one-fourth of 360 is the amount it
turns each time.

+ In worksheet step 2, as students are filling in the table, ask them to
share their thinking. What patterns do you notice? Students may
make observations such as these.

We noticed that the number of sides of the shape is the same as the
number of times it matches up in a full turn.

The number of angles in the shape is the same as the number of times it
fits itself in a full turn.
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For

Turning Regular Polygons: Rotational Symmetry BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 10 minutes.
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13.

14.

If we multiply the number of times the shape matches its original image
by the number degrees it turns each time, we get 360 degrees. That makes
sense because the shape is making a full turn.

We figured out that the size of the turn plus the measure of the angle
is always equal to 180 degrees. For example, we know an equilateral
triangle has 60-degree angles, and we turned the triangle 120 degrees
to match it up. Add them together, 60° + 120° = 180°. It works for a
square too.

+ In worksheet steps 3 and 4, students will test their thinking on a
regular nonagon and a regular decagon. If you notice that students
can’t find these answers, have them go back to their table in worksheet
step 2 and look for patterns again. Help students as needed.

Gather the class. Students should have their worksheets with them.

Go to page “Square.” Which regular polygons have rotational symmetry?
Explain. Students should state that all the shapes they tried have
rotational symmetry because each can be rotated less than 360° about a
center point and match its original image. Review the table in worksheet
step 2 as a class, having volunteers demonstrate the rotations.

Have the class look at the completed table. Based on your work today,
do you think all regular polygons have rotational symmetry? Elicit

the conjecture that all regular polygons have rotational symmetry.
How would you tell someone else how to find the degrees any regular
polygon has to turn to match its original image? If all students did not
have time for the Explore More, provide time for students to discuss
this question with a neighbor. Invite students to share their reasoning.
Here are some sample responses.

If you know the number of sides, then you can just divide 360 degrees by
this number. That will tell you the number of degrees of each turn.

In a full turn, a shape turns 360 degrees. If we divide this by the number of
angles the shape has, then we know how far the shape turns each time to
match its original image.
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For

Turning Regular Polygons: Rotational Symmetry GSPT  ACTIVITY NOTES

continued

EXTEND

ANSWERS

Let’s state this as a general rule for finding how many degrees a regular
polygon with n sides has to turn to match its original image. Introduce
and discuss the following algebraic language: For any n-sided regular
polygon, divide 360 by #.

. Ask students to find all the uppercase letters of the alphabet that have

rotational symmetry. Answers may vary, depending on the font. In most
fonts, H, I, N, S, and Z all match themselves twice as they rotate 360°.
The letter O matches itself twice, as long as it’s not drawn as a perfect
circle. The letter X matches itself twice or four times.

. What questions occurred to you about rotating shapes? Encourage

curiosity. Here are some sample student queries.
Can polygons that aren’t regular have rotational symmetry?

A circle has rotational symmetry, but how many times does it match its
original image in a full turn? No matter how much you turn it, it matches.

Regular polygons also have line symmetry. Is the number of times you can
turn a regular polygon to match its original image the same as the number
of lines of symmetry it has?

Measure of | Number of Times Shape
Shape Each Turn | Matches Original Image
(in degrees) in One Full Turn
Square 90° 4
Triangle 120° 3
Pentagon 72° 5
Hexagon 60° 6
Octagon 45° 8

. 40°% divide 360° by the number of angles, 360 +~ 9 = 40, or 40°
. 36°% divide 360° by the number of angles, 360 + 10 = 36, or 36°

. For any n-sided regular polygon, divide 360 by # to find how many

degrees the shape must turn to match its original image.
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See what you can find out about rotational symmetry.

EXPLORE

1. Open Turning Regular Polygons.gsp. You will explore the shapes

on pages “Square” through “Octagon.”

2. Drag point A counterclockwise. Find out how many degrees you

have to turn each shape until it matches its original image.

Then find out how many times the rotating shape matches its

original image in one full turn.

Use the table to record your work. Make a prediction before you

start to turn the shape.

Measure of | Number of Times Shape
Shape Each Turn | Matches Original Image
(in degrees) in One Full Turn
Square
Triangle
Pentagon
Hexagon
Octagon

3. Here is a regular nonagon. It has 9 sides.

How many degrees should you turn it to match its
original image? Tell how you know.
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Turning Regular Polygons E]srpﬁ

continued

4. Here is a regular decagon. It has 10 sides.

How many degrees should you turn it to match its
original image? Tell how you know.

EXPLORE MORE

5. Make a general rule for finding the number of degrees a regular
polygon has to turn to match its original image.
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Making a Kaleidoscope: For

Exploring Rotations

INTRODUCE

Be prepared to project
the sketch for viewing by
the class. Expect to spend
about 15 minutes.

Concentric is Latin in origin
and comes from the words
con, meaning “together,”
and centrum, meaning
“center.”

You can also double-click
point C with the Arrow tool
to mark it as the center for
rotations.

196

BSPT ACTIVITY NOTES

1. To start the activity, you may wish to pass out kaleidoscopes to the class

and ask students to describe what they see. How many copies of each
particular shape do you see? How are these copies the same? How are
they different? Listen as students state their observations; don’t clarify
any thinking at this time.

. Explain, Today you are going to make a kaleidoscope with

Sketchpad by rotating and animating a quadrilateral. I’ll do a brief
demonstration, and then you’ll make one on your own.

. Open Making a Kaleidoscope.gsp. Go to page “Kaleidoscope.” Model

worksheet steps 1-8. Here are some points to emphasize as you
demonstrate.

+ In worksheet step 2, explain that circles that share a common center
are called concentric circles. All three circles have point C as their
center. Then model constructing a point on each circle, noting that
each circle should be highlighted before placing the point.

+ In worksheet step 4, emphasize the importance of selecting the points
in the proper order to form a quadrilateral. What is a quadrilateral?
[A polygon with four sides] How is a quadrilateral named? [In order
of its vertices]

+ In worksheet step 5, model how to select point Cand choose
Transform | Mark Center. Explain that this means point C will be the
center of rotation. Quadrilateral CDEF will turn, or rotate, about
this point. A brief animation indicates that the point has been
marked.

+ We will tell Sketchpad to rotate this quadrilateral by 90 degrees.
Where do you predict the new rotated quadrilateral will appear?
Take students’ predictions, and then select the quadrilateral interior
and choose Transform | Rotate. In the Rotate dialog box, show
students where to enter 90 for degrees. Point out how Sketchpad
shows a preview of the rotated image. Click Rotate.

* Rotate the quadrilateral interior two more times, each time having
students predict where the new image will appear. When you’re
done, change the color of the quadrilaterals so that each of the four
is a different color.
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For

Making a Kaleidoscope: Exploring Rotations BSPS  ACTIVITY NOTES

continued

Emphasize that if students make any mistakes as they construct
the kaleidoscope, they can back up one or more steps by choosing
Edit | Undo.

4. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know how to name and where

to save their files.

DEVELOP

Expect students at 5. Assign students to computers and tell them where to locate Making a
computers to spend Kaleidoscope.gsp. Tell students to work through steps 1-11 and do the

about 30 minutes.

Explore More if they have time. Encourage students to ask their

neighbors for help if they are having difficulty with the construction.

6. Let pairs work at their own pace. As you circulate, here are some things

to notice.

In worksheet step 2, remind students to wait until each circle is
highlighted before clicking to construct a point on it.

If students make an error during the construction, remind them
to use Edit | Undo to back up one or more steps. They can also use
Edit | Redo to retrace their steps.

As students are rotating the quadrilaterals in worksheet steps 5-7,

ask them to think about the rotations. In which direction does the
quadrilateral rotate? [Counterclockwise] How far has the original
quadrilateral rotated if it rotated 90 degrees and then 90 degrees
again? [180°] And if it rotates another 90 degrees? [270°] What point
is common to all four quadrilaterals? [Point C, the center of rotation]

Listen as students compare the four quadrilaterals in worksheet step 9.
If students comment only that the quadrilaterals are different colors,
ask questions to trigger further observations. What changed when the
quadrilateral was rotated? What stayed the same?

In worksheet step 10, students may be surprised that the shapes
change as they animate. Why do you think the quadrilaterals change
shape? Help students see that the three points animate at the same
speed, so a point on a smaller circle makes a full rotation faster than
one on a larger circle.
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For

Making a Kaleidoscope: Exploring Rotations B3PS ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.
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8.

10.

« If students have time for the Explore More, they will construct
another kaleidoscope by rotating a quadrilateral 60° each time.
Have students predict how many quadrilaterals they will get. Some
students may have time to design their own kaleidoscopes on page
“Make Your Own.” You may want them to print these products to
share with the class.

If students will save their work, remind them where to save it now.

Gather the class. Students should have their worksheets with them. Ask,
When you rotate a figure about a center point, what stays the same
and what changes? Students may observe that the figure is the same size
and shape but is oriented in a new way. Ask students to look at what
happened to each vertex of CDEF when it was rotated three times. Each
point and its rotated images all sit on the same circle. This means that
all four points are the same distance from point C.

. Go to page “Kaleidoscope” and construct quadrilateral CDEF.

You started your kaleidoscope by rotating CDEF by 90 degrees.
Do the rotation. You then rotated two more times by 90 degrees.
Do the rotations. How many degrees of rotation is that in all?
[270°] What do you think would happen if you rotated the fourth
quadrilateral by 90 degrees? Students may make the following
responses.

It looks like all four quadrilaterals are evenly spaced. So I think that if you
rotated again, the quadrilateral would land right on CDEF.

Every quadrilateral on the kaleidoscope looks like it’s been rotated
90 degrees from the one next to it. So, if you rotate the fourth quadrilateral
by 90 degrees, you'd get to the quadrilateral you started with, CDEF.

We rotated 270 degrees so far. There are 360 degrees in a circle. So, if we
rotate another 90 degrees, that’s 270 + 90 = 360 degrees. That means we’ll
be right back at CDEF.

If time permits, discuss the Explore More. Have students share the
kaleidoscopes they made following worksheet steps 12—14 and explain
why they got six quadrilaterals when rotating by 60°. Discuss students’
responses to step 15. Have students share any kaleidoscopes they made
in step 16.
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For

Making a Kaleidoscope: Exploring Rotations BSPS  ACTIVITY NOTES

continued

EXTEND

1. What questions occurred to you about kaleidoscopes or rotations?

Encourage curiosity. Here are some sample student queries.

How many degrees should we rotate if we want eight shapes in our
kaleidoscope?

What does a kaleidoscope look like with a rotation of 10 degrees or even
1 degree?

Can you rotate different shapes, like a triangle?

What happens if you rotate the quadrilateral by 11 degrees, which is not a
factor of 360¢

Can you rotate a shape by more than 360 degrees?
Is it possible to rotate the quadrilateral clockwise?

Can you fix the speed so all the points move at the same speed?

. Students can construct a kaleidoscope by starting with a blank sketch

and constructing their own circles by following these steps.

+ Use the Compass tool to construct three circles with the same center.
For the second and third circles, be sure the center point is highlighted
before clicking to construct a new circle.

+ Label the center point A, using the Text tool.

+ Hide all the points except point A: Select the points and choose
Display | Hide Points.

Students may wonder why they should hide the three points in the last
step. These are radius points. If a radius point is dragged, it changes
the size of the circle. By contrast, a point constructed on an existing
circle simply moves around the circumference of the circle without
changing its size. You may wish to show students what happens to the
kaleidoscope by constructing one with radius points. The animation is
very different.

. Suppose our kaleidoscope started with four concentric circles. What

type of shape would we construct and rotate? [The shape will have
five sides; it will be a pentagon.] Students may want to try making a
kaleidoscope using four or more concentric circles.
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For
Making a Kaleidoscope: Exploring Rotations B3PS ACTIVITY NOTES

continued

ANSWERS

9. The quadrilaterals are all the same size and shape but are oriented
differently.

13. Students should get six shapes. There are 360° in a circle. Dividing 360°
by the number of degrees in each rotation gives the number of shapes:
360° <+ 60° = 6.

15. Answers will vary. As one example, if students repeatedly rotate a shape
by 30°, a total of 12 copies of the shape will fit in the kaleidoscope.

16. Answers will vary. Check students’ work.
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Making a Kaleidoscope i~ Name:

Make a kaleidoscope by rotating a quadrilateral.

1. Open Making a Kaleidoscope.gsp. Go to page “Kaleidoscope.”
You will see three circles, all with center at point C.

e | 2. Construct a point on each circle.

K 3. Click points D, E, and F, in that order, to show
R their labels.

X | 4. Construct a quadrilateral. Select points C, D, E, and
F, in order, and choose Construct | Quadrilateral
Interior.

5. Follow these steps to rotate the quadrilateral by
90° using point C as the center of rotation.

@ Select point C and choose Transform | Mark Center.
Select the quadrilateral interior and choose Transform | Rotate.

In the window that pops up, enter 90 for the angle and click
Rotate.

6. With the new quadrilateral still selected, rotate it by 90°.

7. Rotate one more time by 90°. You should now have
four quaderilaterals.

@ 8. Make the quadrilaterals different colors. Select the
interior of each quadrilateral one at a time. Choose
Display | Color and pick a new color.

9. Compare the four quadrilaterals. How are they similar?
How are they different?
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Making a Kaleidoscope
continued

» R 10. Now you will animate your kaleidoscope.
’ Select only points D, E, and F. Choose Display | Animate Points.

11.

Watch what happens.

Click the arrow buttons to change the speed
of your kaleidoscope. Press the Stop button to
stop the motion.

EXPLORE MORE

202

12.

13.

14.

15.

16.

Go to page “Explore More.” Follow steps 2-5
to make a quadrilateral CDEF on the circles.

For

BSPY
Motion Controller
Target: Points g |
g [ | = 1
Speed:l 1.0 |

How many shapes will you get if you keep rotating CDEF by 60°?

Tell how you know.

Construct the kaleidoscope. Keep rotating by 60°.

Give two other examples of the number of degrees to rotate a

shape and the number of shapes that you will get.

Go to page “Make Your Own.” Make your own kaleidoscope.
Choose the number of degrees to rotate the shape. Describe your

kaleidoscope.
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Magnifying and Shrinking: For
Similar Pictures on Grids BPS ACTIVITY NOTES

INTRODUCE

Project the sketch on

a large-screen display
for viewing by the class.
Expect to spend

about 15 minutes.

DEVELOP

Expect students at
computers to spend
about 40 minutes.

Students may use a word
such as matching to
describe corresponding
sides and angles.

. Open Magnify Shrink Present.gsp. Go to page “One Slider.” Explain,

Today you’re going to magnify and shrink shapes using several
Sketchpad models. This is the first one.

. Model worksheet step 2. Make sure students understand that segments

must share endpoints: All the vertices of the figure must be at the
intersections of the grid lines. Model using Edit | Undo to go back a
step. Introduce the slider by dragging just a little to the right and left,
and then pressing Reset to return it to 1. Don’t say anything more about
the slider at this point.

. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know where to save.

. Assign students to computers and tell them where to locate Magnify

Shrink.gsp. Distribute the worksheet. Tell students to work through
steps 1-12 and do the Explore More if they have time. Encourage
students to ask a neighbor for help if they have questions about using
Sketchpad.

. As you circulate among students, listen to their conversations about the

size and shape of the figures.

+ In worksheet steps 3 and 4, some students may pay attention to the
changes in size and neglect to note that the figures still look alike.
Is there anything about the figures that looks the same?

+ In worksheet step 5, ask what is unique about the figures when the
slider is at 1. Do students recognize that the figures are only the same
size when the slider is at 1? How do students make sense of this?

+ In worksheet step 6, do students recognize that each side of the blue
figure is twice as long as the corresponding side of the red figure?
How do you think the slider works? How does the 2 on the slider
relate to how much the sides just changed?

+ In worksheet step 7, notice whether students are comparing the size of
corresponding angles as well as the lengths of corresponding sides.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 203

© 2012 Key Curriculum Press



For

Magnifying and Shrinking: Similar Pictures on Grids BSPT  ACTIVITY NOTES

continued

6
SUMMARIZE
Project the sketch. Expect 7.
to spend about 20 minutes.

8.

Introduce the terms
corresponding angles
and corresponding
sidesto help students
communicate their ideas.
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+ In worksheet steps 9—12, students perform transformations that don’t
preserve a figure’s shape. Working with these counterexamples helps
students clarify their ideas about similar figures.

. Students who have time should do worksheet step 13.

Open Magnify Shrink Present.gsp. Go to page “One Slider 2” and drag
the slider. In mathematics, the figures we see are called similar figures.
Go to page “Two Sliders.” Drag the sliders so that the blue figure and red
figure are not similar. These two figures are not what mathematicians
call similar figures. Do you think you know when two figures are
similar and when they are not? Invite several volunteers to the
computer to drag one or both sliders to show other examples of figures
that are not similar. Make sure the class agrees that the figures are not
similar. How could I show similar figures here? Students may propose
that you press Reset or that you drag both sliders so they are the same
length. (Both ways produce the same result.)

When most students are fairly confident that they recognize figures that
are similar and those that are not, propose that the class record their
ideas. What can you say about similar figures? How would you describe
for someone else what you found out? Facilitate discussion. As alternate
descriptions are proposed, record them so the class can consider all
ideas and work to communicate them clearly.

The two attributes students need to address are shape and size. Similar
figures are those that have exactly the same shape but not necessarily the
same size.

+ Students may focus on the angles in similar figures, noting that two
similar figures have corresponding angles that are the same size
(congruent). Students may point out, and find interesting, the fact
that the lengths of a figure’s sides change, but the figure’s angles stay
the same size.

+ Students may say that the corresponding sides “all change the same
way.” They may point out that in step 6 of the worksheet the lengths
of the blue figure’s sides all doubled when the slider was at 2. The blue
figure’s sides were twice the length of the corresponding sides in the
red figure.
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For

Magnifying and Shrinking: Similar Pictures on Grids GSPT  ACTIVITY NOTES

continued

EXTEND

ANSWERS

+ Students may make conjectures about the areas of similar figures.
One idea that students often propose is that when the side lengths
double (when the slider is at 2), the area doubles. Engage the class in
justifying, challenging, and verifying ideas about the area. One way to
test is to select the smaller grid using a selection marquee, and drag it
onto the larger grid. Drag the small grid around so that students see
that it fits four times within the larger grid.

. Have students describe how they were able to drag both sliders and

make the blue and red figures similar. Some sample student descriptions
are these.

You just have to move both sliders the same amount. That’s when the blue
figure doesn’t get stretched or squeezed.

The blue grid starts out with squares. If you stretch it in one direction, the
squares become rectangles. Then you need to stretch it in the other direction
until the rectangles become squares again. Then the figure goes back to its
original shape.

Students may enjoy using page “Make Your Own,” in which they can draw a

figure on a large grid and magnify and shrink it using two sliders.

8-9.
10-11.

. Students should note that the blue figure gets larger, but its shape stays

the same. The size changes, but the shape does not.

Students should note that the blue figure gets smaller, but its shape stays
the same. The size changes, but the shape does not.

. The slider is at 1. The figures are the same shape and the same size.

The length of each side of the blue figure is twice the length of the
corresponding side of the red figure.

Answers will vary. The corresponding angles are the same size; they are
congruent. The shapes of the figures are the same. The lengths of the
sides are different. The areas are different.

Predictions will vary. The figure is stretched from side to side.

Predictions will vary. The figure is stretched from top to bottom.
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For
Magnifying and Shrinking: Similar Pictures on Grids BSPT  ACTIVITY NOTES

continued

12. Answers will vary. Students may note that they can combine the changes

made by the sliders, such as squeezing the figure from side to side, and
stretching it taller.

13. Drag both sliders by the same amount.
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Magnify and Shrink irr~ Name:

Explore what happens when you magnify and shrink a polygon.

CONSTRUCT

1.

2.

Open Magnify Shrink.gsp. Go to page “One Slider.”

On the left grid, draw a polygon that takes up most of the grid.
Draw your first segment and choose Display| Line Style| Thick.
Choose red from the Display| Color submenu.

Draw the same polygon on the right grid.
Make the segments of this polygon blue.

EXPLORE

x| 3

Drag the slider between 1 and 2. 0o 1 2
What happens to the blue polygon? —Odrag

. Drag the slider between 0 and 1.

What happens to the blue polygon?

. Press Reset. Where is the slider?

How do the polygons compare now?

. Drag the slider to 2. How do the sides of the blue polygon

compare to the sides of the red polygon?
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Magnify and Shrink E]srpﬁ

continued

7. With the slider at 2, Press Hide Grids.

Drag one polygon onto the other. Move the polygons around to compare
them. Name anything that is the same about the polygons.

Name anything that is different.

8. Go to page “Two Sliders.” Don’t drag the sliders yet.

Predict what will happen to the polygon on the blue grid when
you drag the horizontal slider.

9. Drag the horizontal slider.
What did you find out? Are you surprised?

10. Press Reset. Predict what will happen when you drag the vertical
slider.

11. Drag the vertical slider. What happens?
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Magnify and Shrink E]£P5

continued

12. Experiment with dragging both sliders. Tell about one way you
can change the polygon.

EXPLORE MORE

13. How can you drag the sliders so that the blue polygon keeps
its shape?
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Mosaic Tile Designs: For

Symmetry and Reflection

INTRODUCE

Project the sketch on
a shared computer for
viewing by the class.
Expect to spend about
10 minutes.

In the illustrations here,
P represents purple and
Y represents yellow.

Dragging either point
on the line will change
its tilt.

DEVELOP

Expect students at
computers to spend
about 35 minutes.

210

BSPT ACTIVITY NOTES

1. Explain, Today you’re going to create mosaic tile designs by solving

puzzles. Open Mosaic Tile Designs.gsp. Go to page “Puzzle 1.” Each
puzzle consists of a Start pattern and a Goal pattern made of colored
square tiles. The object of each puzzle is to create the Goal pattern by
reflecting tiles in the Start pattern. Explain that the Start and Goal
patterns in the box are for reference. Students will reflect the Start
pattern that sits outside the box.

. Guide the class in solving a puzzle together, introducing any

Sketchpad skills new to students. P

_<

* Begin by asking, Where is the line of symmetry in the
Goal pattern? When students have identified the line,
draw a vertical line on the Start pattern, as shown at right.
(Note that the line snaps to grid intersections.) Select the line and
choose Display | Line Style | Thick. Why did I construct this line
on the Start pattern? Do you agree that if we reflect the purple and
yellow tiles across this line, we’ll see the Goal pattern?

« With the line selected, choose Transform | Mark Mirror. Then select
the Start pattern tiles and choose Transform | Reflect. The tiles will
reflect across the line, creating the Goal pattern.

* Drag the reflection line to the left and right. Stop at various places and
allow students to notice that the reflected tiles move to new locations
based on the placement of the line.

+ Emphasize that if students reflect tiles across a line and are not
satisfied with the result, they can either move the line of reflection or
choose Edit | Undo several times to get back to the Start pattern.

. Demonstrate choosing File | Save As, and let students know where to

save their Sketchpad documents.

. Assign students to work at computers and tell them where to locate

Mosaic Tile Designs.gsp. Distribute the worksheet. Explain that
students should work through all the steps and do the Explore More if
they have time. Tell students that they can ask their neighbors for
Sketchpad help if they need it.
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For

Mosaic Tile Designs: Symmetry and Reflection GSPT  ACTIVITY NOTES

continued

Visualizing the results of
reflecting across a
diagonal line of
reflection is a skill that is
likely to require practice.

5. Let students work at their own pace. As you circulate, observe how

students go about solving the puzzles. Here are some things to be
aware of.

« If students are having difficulty identifying a line of reflection, offer
the following hints to prompt them to keep doing their own thinking.

Look at the Goal pattern. Can you find the Start pattern within it?
Look for symmetries in the Goal pattern.

Imagine a line, or multiple lines, that would divide the Goal pattern
into symmetric patterns.

+ Puzzle 4 is the first puzzle whose solution requires that students create
more than one line of reflection. You may hint, Some puzzles will
require drawing more than one line of reflection.

This is a more efficient solution than reflecting just two tiles at a time.

+ For your information, puzzle 4 illustrates a strategy that students can
put to use in subsequent puzzles. After reflecting the Start pattern
vertically (or horizontally), students can reflect the resulting image
(all four tiles) to obtain the Goal.

+ Introduce two additional challenges to pairs who have not thought of
them already.

When you have solved a puzzle one way, look for another way. There
may be more than one sequence of steps that will take you from the
Start to the Goal.

Solve each puzzle in as few reflections as possible.

* Puzzles 6-9 are tricky. Students must visualize diagonal lines of
reflection. If students feel stumped, prompt them to do their own
thinking by asking, Do lines of reflection have to be horizontal or
vertical?
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For

Mosaic Tile Designs: Symmetry and Reflection BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

EXTEND

212

. On page “Make Your Own,” students follow directions to create

challenges for their partners and classmates to solve. Remind them
to save one puzzle to share with the class later if there is time.

. Have students save their work, preferably in a place that will be

accessible to the computer connected to the overhead display so that
they can share their work in the class discussion that follows.

. Gather the class. Were there some puzzles that stumped you? What’s a

tricky one that youwd like to see a solution for? Explore solutions as time
allows, with volunteers demonstrating at the computer.

Highlight alternate solutions to a puzzle. If one solution is to reflect
across a vertical line and then across a horizontal line, for example, the
result could also be achieved by reversing the order of those steps.

Invite students to share their ideas as their solutions are shared. Does
seeing the solution for this puzzle help you to solve any of the other
puzzles?

Highlight terms such as symmetry, symmetric, flip, horizontal, and
vertical as appropriate in the conversation. A student might explain,
I looked at the Goal pattern and saw that it was symmetric. If I drew a
vertical line here, it divided the tile pattern into two symmetric pieces.
Each had the same tiles and same colors, but the patterns were flipped.

. If time allows, have the class try to solve puzzles students created on

page “Make Your Own.”

What questions about creating mosaic tile designs would you like to pose?
Have you wondered about something? Encourage student curiosity. Here are
some sample student queries.

What are all the different ways to reach the Goal for each of the puzzles we tried?
Are there ways I haven’t thought of?
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For
Mosaic Tile Designs: Symmetry and Reflection GSPT  ACTIVITY NOTES

continued

If we reflect the same pattern twice, once horizontally and once vertically,
is that the same as rotating the pattern?

What if the tiles were not squares?

Can you do reflections with three-dimensional objects?

ANSWERS

The illustrations that follow show the Start pattern and the line or lines of
reflection needed to transform the Start pattern into the Goal pattern. The
letters G, P, R, and Y represent the colors of the tiles—green, purple, red,
and yellow. When two lines of reflection are shown, the first reflection can
be done with either line.

P G G
Y Y P G
Puzzle 1 Puzzle 2 Puzzle 3
Y
R P
P G R
Puzzle 4 Puzzle 5 Puzzle 6
G P
P
R
Puzzle 7 Puzzle 8 Puzzle 9
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Mosaic Tile Designs gsps~ Name:

Explore symmetry and reflection as you make designs with tiles.
CONSTRUCT AND EXPLORE
1. Open Mosaic Tile Designs.gsp. Go to page “Puzzle 1.”
{Z 2. Where should the line of reflection go? Draw it.
Rk | 3. With the line selected, choose Display | Line Style | Thick.
4. With the line still selected, choose Transform | Mark Mirror.

R | 5. Select the tile or tiles you want to reflect.
Choose Transform | Reflect.

6. If your result isn’t what you want, do one of these things.
* Move the line of reflection.
* Reflect more tiles.
e Choose Edit | Undo and back up.

7. Solve puzzles 2-9 on their pages of Mosaic Tile Designs.gsp.

EXPLORE MORE

8. Go to page “Make Your Own.”
Follow the directions to make puzzles for others to solve.
Save one puzzle you make.
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Regular Tessellations: Fop
Investigating Regular Polygons BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Say, Today you’re going to investigate patterns made with regular

viewing by the class. polygons. What is a regular polygon? Make sure all students
Expect to spend 10 to

15 minutes understand that a regular polygon is a polygon whose sides are the same

length and whose angles have the same measure. What are some
regular polygons? Students may suggest equilateral triangles, squares,
pentagons, hexagons, and octagons.

2. Open Regular Tessellations.gsp and enlarge the window so it fills most
of the screen. Go to page “Quadrilateral.” Demonstrate how to use one
of the custom tools. Follow these steps.

* Press and hold the Custom tool icon to display the Custom Tools menu.
Choose Regular Quadrilateral from the menu.

* Move your pointer over the sketch and click once. Move the pointer
away; as you do, the polygon will appear. You've placed one vertex of
the polygon.

* Move the pointer to the place you want to locate an adjacent vertex,
and click again. The polygon is now complete.

+ Select the Arrow tool and drag one of the red vertices of the polygon.
The polygon will grow, shrink, and rotate, but retain its shape.

3. Clarify vocabulary by asking, What’s another name for regular
quadrilaterals? Elicit the idea that squares are regular quadrilaterals.
What’s another name for a regular triangle? Elicit the idea that regular
triangles are equilateral triangles. Where have you seen a pattern made
only of regular polygons? Students are likely to think of tile patterns in
the floors at school or in their homes.

This time, you don't 4. Let’s try constructing a tile pattern using the square. Continue on page

need to press and hold “Quadrilateral.” To resume making squares, click the Custom tool icon.
to choose from the Custom

Tools menu. Just clicking Then follow these steps.

the Custom tool icon * Move the pointer over any vertex of the existing square. When the
activates the last custom

vertex is highlighted, click. Move your pointer and swing it around
tool you chose.

to an adjacent vertex of the existing square. When that vertex is
highlighted, click to attach the two squares. Emphasize that students
must wait to see that the vertex is highlighted before clicking. This
guarantees that the points are connected. (Note that it matters which
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For

Regular Tessellations: Investigating Regular Polygons BSPT  ACTIVITY NOTES

continued

Now that the
quadrilaterals are
attached, they will grow,
shrink, and move in unison.
Demonstrate dragging one
of the red points to see
the tessellation grow and
shrink.

DEVELOP

Expect students at
computers to spend
about 30 minutes.

216

adjacent vertex you choose to attach the new square to: You could
create a new square on top of the old one. This will be apparent.)

+ Continue to construct squares that share one or more sides, tiling
the space.

+ Purposefully make a mistake: Place a square so
that the second vertex is not positioned to attach to an
existing square or squares. Demonstrate choosing
Edit | Undo to back up a step.

. What do you notice about this tile pattern? Elicit the ideas that there

are no gaps and the shapes do not overlap; all of the polygons are
congruent (the same size and shape); and the tile is a regular polygon.
If you imagine that these quadrilaterals are tiles, I could tile a floor as
large as 1 wanted by continuing this pattern. This kind of pattern is
called a tessellation. Write the word on the board.

. You’ll work on your own to investigate whether other regular polygons

tessellate. Explain that students will try to tessellate each regular
polygon on the appropriate page of the sketch document.

. If you want students to save their work in the document, demonstrate

choosing File | Save As, and let them know where to save.

. Assign students to work at computers and tell them where to locate

Regular Tessellations.gsp. Distribute the worksheet and explain that
students should work through all the steps and try the Explore More
task if they have time. Ask your neighbors for Sketchpad help if you

need it.

. Let students work at their own pace. As you circulate, here are some

things to notice.

+ What predictions and conjectures are students making about why the
regular polygon they are working with will or won't tessellate?

+ Some students may place polygons without predicting or
conjecturing. Use questions such as these as prompts.
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For
Regular Tessellations: Investigating Regular Polygons BSPS  ACTIVITY NOTES

continued

Do you think your polygon will tessellate? Why or why not?

You have made a regular hexagon. How many regular hexagons do
you think will fit around one vertex of your hexagon?

* Note that if students make their first polygon very large, there won’t
be much space to create a tessellation. Have students drag a red vertex
of their first polygon to shrink it.

* When students have discovered that only the regular triangle,
quadrilateral, and hexagon tessellate, ask, What are you thinking
about why certain shapes tessellate whereas others do not? Students
will also share their ideas with the class.

10. In worksheet step 9, students try to construct tessellations that combine
two of the regular polygons. See the Answer section for examples of
patterns they might construct.

11. Have students save their sketches, preferably in a place that will be
accessible to the computer connected to the overhead display so that
they can share their work in the class discussion that follows.

SUMMARIZE

Project the sketch. 12. Students should have their worksheets. Have small groups discuss
Expect to spend about worksheet step 7. Then discuss as a class, inviting students to the
15 minutes.

computer to demonstrate. The question of why certain regular polygons
tessellate, whereas others do not, can lead to a rich interchange of ideas.
Here is a sample class discussion.

Alena: Some of them, like the triangles, fit together.
There are no gaps.

Charles: Some don’t fit. I made three pentagons
fit around a point, but there wasn’t enough room
for a fourth one.

Martin: It’s the same for the octagons.
There was room for two, but they overlapped
when I tried to fit three.

Teacher: Did anyone else think about how many
regular polygons could fit around a point?
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For

Regular Tessellations: Investigating Regular Polygons BSPT  ACTIVITY NOTES

continued

Use the Compass tool to
construct a circle.

218

Doug: Six regular triangles fit around a point.
Randi: Four squares fit.

Karleen: Three regular hexagons fit.

Teacher: What comes together at the points?
Nathalie: The corners of the shapes.

Chris: Angles. Angles of the same size. There are four right angles for the
squares.

Teacher: So, there are four 90° angles that come together at a point.
How many degrees is that in total?

Anne: The total is 360°. That’s the same as the number of degrees in a
circle!

Teacher: Who agrees with Anne? Let’s construct a tiny circle around a
point where the squares come together. Let’s do the same thing in the
triangle and hexagon tessellations too.

5 @
1/

Laurel: Six angles come together for the triangle tessellation. The angles

have the same measure because this is a regular polygon. So, if the total for
six angles is 360°, each angle must be 60°. For hexagons, its 360° for three
angles, so each angle has to be 120°.

Teacher: Let’s look at the pentagon and octagon. What do you think
we’ll find out about the measures of their angles?

Tuan: We couldn’t tile them when we tried. You can’t get pentagons
to fit around a point, so you can’t divide one angle of a pentagon
into 360° evenly.

Teacher: Who agrees? (Hands go up.)
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For

Regular Tessellations: Investigating Regular Polygons GSPT  ACTIVITY NOTES

continued

EXTEND

13.

14.

15.

Aya: You can’t divide 360° by 5 and get an even amount. That tells you that
the pentagon won’t work. It won’t tessellate.

Alicia: It’s the same for octagons. They don’t fit around a point, so one
angle of an octagon can’t divide into 360° evenly.

Teacher: Who agrees with Aya and Alicia? (Hands go up.)

Shall we measure using Sketchpad and see what we find out about
the angle measures of pentagons and octagons? Invite a volunteer to
measure an angle of the regular pentagon. If three adjacent vertices are
A, B, and C, the class can measure angle B by selecting, in order, A-B-C
or C-B-A and choosing Measure | Angle. They’ll discover that an angle
in a regular pentagon measures 108°. Doing the same for an angle in

a regular octagon, they’ll discover it measures 135°. Does this confirm
your thinking? Because neither number is a factor of 360°, these
polygons cannot tessellate.

Have students write independently on what they have learned about
tessellating with regular polygons.

If students had time to try to construct tessellations by combining two
of the regular polygons, invite them to share combinations that did
work and those that didn’t. See the Answers section that follows for
examples of tessellations they may construct.

. What questions about tessellations have occurred to you? What do you

wonder about? Encourage student curiosity. Questions of mathematical
interest include these.

+ Are there other regular polygons that tessellate?
+ Can irregular polygons tessellate?

+ Which pairs of polygons tessellate?

+ Can three-dimensional shapes tessellate space?

« How many colors do I have to use so that no two adjacent polygons
have the same color?
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For

Regular Tessellations: Investigating Regular Polygons BSPT  ACTIVITY NOTES

continued

ANSWERS

4-6.

Tessellations don't have
to be restricted to
regular polygons or
polygons that are the
same size.

220

. Regular triangles do tessellate.

. The tessellation grows larger and smaller and rotates.

Regular hexagons tessellate. Regular pentagons and regular octagons
do not.

. See the Summarize section for a discussion of possible responses.

. Several tessellation patterns that combine two regular polygons are

presented here. Other patterns are possible.

The pattern that follows is a tessellation of octagons, squares, and right
triangles. It was created using regular octagons of two sizes. Using the
Regular Octagon tool, octagons A and B were built first. Octagon C was
then constructed by attaching a new octagon to a vertex of octagon A
and a vertex of octagon B. The gaps between the octagons are squares
and right triangles.
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Regular Tessellations g5~ Name:

Find out which regular polygons tessellate.

CONSTRUCT AND EXPLORE

Open Regular Tessellations.gsp. Go to page “Triangle.”

1.
@ 2. Using the Regular Triangle custom tool, make a regular triangle.
Try to tile with regular triangles.
If you make a mistake, choose Edit| Undo.
Do regular triangles tessellate?

3. Drag a red point at a vertex. What changes?

4. Do regular pentagons tessellate? What did you find out?

5. Do regular hexagons tessellate? What did you find out?

6. Do regular octagons tessellate? What did you find out?
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Regular Tessellations E]srpﬁ

continued

7. What ideas do you have about why some regular polygons
tessellate and others do not?

8. Now you will color your tessellations.

Select the interior of one or more polygons, choose
Display | Color, and pick a new color. Repeat for other polygons.

EXPLORE MORE

9. Go to page “Explore More.”
Try to make a tessellation that combines two different regular
polygons.
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Reflecting a Point: For
Exploring the Four-Quadrant Grid B3 ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Open Reflecting a Point.gsp. Go to page “x-axis.” Enlarge the document
viewing by the class. window so it fills most of the screen. Drag the point at (0, 0) to
Expect to spend about

: approximately the center of the screen.
10 minutes. PP Y

2. Explain, Today you’re going to explore in the four-quadrant grid the
coordinates of a point and its reflection. I'll model how to reflect and
label a point. Follow these steps.

+ Using the Point tool, construct a point anywhere in the sketch.

+ Using the Arrow tool, drag the point. (Note that the point will move
only to locations where the grid lines intersect because the Snap
Points command in the Graph menu is selected. The result is that
coordinates will always be whole numbers.)

+ To reflect the point, we need to tell Sketchpad what the line of
reflection will be. I want to make the y-axis the line of reflection.
Select the y-axis and choose Transform | Mark Mirror. Select the
point and choose Transform | Reflect.

+ Using the Text tool, click on the point and its reflection to label them.
Introduce the terminology and notation for a reflected object: The
image of point A is point A’, which is read “A prime.”

* You’re going to measure the coordinates of both points and then
investigate the relationship between the coordinates of a point and
its reflection.

3. If you want students to save their work, demonstrate choosing
File | Save As, and let them know how to name and where to save

their files.
DEVELOP
Expect students at 4. Assign students to computers and tell them where to locate Reflecting
computers to spend a Point.gsp. Distribute the worksheet. Tell students to work through

about 30 minutes. steps 1-15 of the worksheet and do the Explore More if they have time.

Encourage students to ask a neighbor for help if they have questions
about using Sketchpad.

5. Let student pairs work at their own pace. As you circulate, here are
things to notice.
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Reflecting a Point: Exploring the Four-Quadrant Grid gsp5~ ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 20 minutes.

224

6.

+ In worksheet step 7, encourage students to spend time dragging
point A or A” around the grid. By viewing many different locations
of the points, not only should students be able to observe that the
y-coordinates are always the same and the x-coordinates are always
opposites (the answer to the question in worksheet step 8), but they
should also begin to develop ideas for why this should be the case.

* In worksheet step 10, students are asked to think about the results of
reflecting a point across the x-axis before doing so. Listen to students’
conversations to learn how they are thinking about the coordinates in
the four quadrants of the grid.

+ In worksheet steps 13—15, again encourage students to drag either of
the points until they have some ideas about why the relationship of
the coordinates makes sense.

« If students have time for the Explore More, ask them to tell you
why the location of the reflected point is where it is and why the
relationship of the coordinates makes sense.

Gather the class. Students should have their worksheets for this
discussion. Open Reflecting a Point.gsp and use it to support the class
discussion.

. Go to page “y-axis.” When point A is at a location like (3,5) what do

you know about the location of its reflection across the y-axis? Why do
you think this is so? Sample student responses follow.

When you reflect point A, its reflection always sits on the same horizontal
line as point A. The y-coordinates of point A and point A’ tell you what
horizontal line the points sit on. Because the points are on the same
horizontal line, their y-coordinates are the same.

When you reflect point A, its reflection is always the same distance away
from the y-axis as point A is. When point A is at (3, 5), I can count three
squares over from point A to the y-axis. The reflection of point A is going
to be three squares on the opposite side of the axis. That’s why the
x-coordinates of point A and point A" are always opposites.
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For

Reflecting a Point: Exploring the Four-Quadrant Grid peps~ ACTIVITY NOTES

continued

For your own information, 9.

the blue line represents
y=X

EXTEND

. Go to page “x-axis.” Ask students to justify their observations about the

coordinates of points Band B’. Encourage students to use the word
opposite rather than the word negative. Opposite values have different
signs; negative values are those less than 0.

Discuss the Explore More worksheet steps if students had time to
complete them. What relationship do you see between the coordinates
of the points? Students will likely notice that the x- and y-coordinates
of the point and its reflection swap places, with the x-coordinate of one
point becoming the y-coordinate of the other point, and vice-versa.

Do you notice anything special about the line of reflection? [For every
point along the line, the x- and y-coordinates are the same.] You can
demonstrate this by using the Point tool to place a point on the line,
measuring the coordinates of the point, and then using the Arrow tool
to drag the point along the line.

What questions occurred to you about reflection in the four-quadrant
grid? Encourage curiosity. Here are sample student queries.

Can you reflect shapes—not just points?
What if the points are between the grid lines?
What happens to the coordinates if you reflect across other lines?

What happens to the coordinates if you reflect across a line and then across
another line?

Why are the x- and y-coordinates swapped when the point is reflected
across the line in Explore More?

. Have students go to page “Extend” and use the Sketchpad skills they

have learned to experiment with reflecting a shape on the coordinate
grid. Give these directions.

+ With the Arrow tool, use a selection rectangle to select the whole
arrow (including all vertices).

+ Using the Transform menu, mark a mirror line and reflect the arrow.

+ Measure coordinates. If you predicted the coordinates, use the
measured coordinates to check your thinking.
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Reflecting a Point: Exploring the Four-Quadrant Grid £SP5

continued

ANSWERS
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10.
13.
14.

15.

17.
18.

For

* Reflect the arrow so it is in each quadrant. Investigate the
relationships among the arrow’s coordinates in the different

quadrants.
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The coordinates students list will vary.

. The y-coordinates of points A and A” are the same, but the

x-coordinates are opposites of each other.

. The coordinates of points A and A” will be the same (the points will

coincide) when either point is dragged to the y-axis.
Answers will vary. Students check their thinking in step 14.
The coordinates students list will vary.

The x-coordinates of points Band B’ are the same, but the
y-coordinates are opposites of each other.

Because the x-axis is the line of reflection, the coordinates of points B
and B’ will be the same (the points will coincide) when either point is
dragged to the x-axis.

The coordinates students list will vary.

The x- and y-coordinates of points C and C’ are “flipped.” The
x-coordinate of point Cis the y-coordinate of point C’, and the
y-coordinate of point C'is the x-coordinate of point C’.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Reflecting a Point ks~ Name:

Explore what happens to the coordinates of a point when you reflect it.

CONSTRUCT

1.

o
x,

9,

@6.

Open Reflecting a Point.gsp. Go to page “y-axis.”
Make the window large. Drag the origin to the center of the
screen.

Construct a point anywhere in the sketch.
Drag the point to make sure it snaps to the grid.

. Select the y-axis. Choose Transform| Mark Mirror.
. Select your point. Choose Transform| Reflect.

. Click on the points to show their labels.

Select points A and A'.
Choose Measure| Coordinates.

EXPLORE

@7.

Drag either point A or point A” and watch the coordinates of
the points.

Stop dragging and record the coordinates. Do this four times.

Point A | Point A’

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For
Reflecting a Point B3PS

continued

8. What do you notice about the coordinates?

9. Where can you drag the points so that their coordinates are the same?

10. Go to page “x-axis.” Construct a point anywhere in the grid.
Label the point. Double-click to change the label to B if you need to.
Measure its coordinates.

If you reflect the point across the x-axis, how will the coordinates
of point B” compare to the coordinates of point B?

@ 11. Now reflect point B across the x-axis.

Click on the new point to show its label.

12. Measure the coordinates of point B'.

@ 13. Drag point B and watch the coordinates of the points.
Stop dragging, record the coordinates, and repeat.

Point B | Point B’
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For
Reflecting a Point BSPY

continued

14. What do you notice about the coordinates?

15. Where can you drag the points so that their coordinates are
the same?

EXPLORE MORE

16. Go to page “Explore More.”
Construct a point.
® Reflect it across the orange line.

A Click on the points to label them. Double-click to change the label
e of the first point to Cif you need to.

Measure the coordinates of the points.

hd

E] 17. Drag one of the points and watch the coordinates.
Stop dragging, record coordinates in the table, and repeat.

Point C | Point C

18. What do you notice about the coordinates?
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Sliding Shapes:

For

Translations in the Coordinate Grid BSPT ACTIVITY NOTES

INTRODUCE

Project the sketch for 1.

viewing by the class.
Expect to spend about

15 minutes.

2
If students aren't familiar 3.
with the term translate,
introduce it now.
Sketchpad uses translate
rather than slide as the
name of a command in the 4
Transform menu.

5.
Students may propose 6.

the idea that the pre-
image and image have
corresponding sides as
well as corresponding
angles.

230

Open Sliding Shapes.gsp. Go to page “Triangle.” Ask students to
describe what they see. A triangle ABC ssits on a grid, and the
coordinates of its three vertices are displayed. A segment DE lies along
the x-axis, with endpoint D at (0, 0), the origin. The coordinates of its
other endpoint, E, are displayed.

. Explain, Today you’re going to slide A\ ABC in the coordinate grid using

something called a vector. You will learn what a vector is by using one.

+ I’m going to tell Sketchpad to use segment DE as a vector.
Select, in order, points D and E. By selecting points D and E in
this order, I'm telling Sketchpad that my vector starts at point D and
ends at point E.

+ With both points selected, tell students to watch for a brief animation,
and then choose Transform | Mark Vector. Explain that the
animation indicates that the vector from point D to point E has been
marked.

Now I’m going to use the vector to slide, or translate, the triangle.
Using the Arrow tool, select the whole triangle by enclosing it in a
selection rectangle. Choose Transform | Translate and in the dialog box
that appears, click Translate.

. Review the terms pre-image and image. The new triangle is the image

of the original triangle, the pre-image. We want to label the vertices of
the image so we can talk about it. Using the Text tool, label each vertex.
If needed, move a new label by dragging it using the Text tool. Introduce
or review the notation. The vertices are A’, B’, and C’, which are read

A prime, B prime, and C prime.

What changed about the triangle when it was translated? What stayed
the same? Students should recognize that the triangle’s location and
coordinates changed, and its shape and size stayed the same.

Select the vertices of the new triangle and choose Measure |
Coordinates. Drag the new coordinates alongside the coordinates for A,
B, and C so students can compare them. What do you notice about the
coordinates of the corresponding (or matching) angles, angle A and
angle A’? Elicit the idea that each x-coordinate of A” is 5 more than the
x-coordinate of A. Ask students to see whether this is also true for the
other corresponding vertices. [It is.]

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For

Sliding Shapes: Translations in the Coordinate Grid BSPS  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 45 minutes.

7.

10.

How do you think Sketchpad used information about segment DE, the
vector, to slide the triangle? How do you think the vector is related to
the coordinates of the pre-image and image? Facilitate discussion. Here
are samples of student thinking.

I think Sketchpad used the length of the vector, 5 units, to know how far
to slide the triangle. And Sketchpad used the direction of the vector, going
from point D to point E, to know what direction to slide the triangle.

On the vector, point D is at (0, 0) and point E is at (5, 0). The x-coordinate
of point E is 5 more than the x-coordinate of point D. The x-coordinates of
the new triangle are 5 more than the x-coordinates of the original triangle.
The y-coordinates of points D and E are the same, so the y-coordinates of
the new triangle are the same as the y-coordinates of the original triangle.

. Have students observe as you drag point E one unit to the right along the

x-axis. Elicit the idea that changing the vector creates a new translation
of AABC.

Now you will translate triangles using vectors. As you work, notice the
relationships between the vector, the translation, and the changes in the
coordinates of triangle ABC when it is translated. If you want students
to save their Sketchpad work, demonstrate choosing File | Save As, and
let students know how to name and where to save their files.

. Assign students to computers and tell them where to locate Sliding

Shapes.gsp. Distribute the worksheet. Tell students to work through
step 20 and do the Explore More if they have time. Encourage them to
ask a neighbor for help if they have questions about using Sketchpad.

Let students work at their own pace. As you circulate, here are some
things to notice and do.

+ In worksheet step 2, students must be sure to select point D first, then
point E. If they select the points in the reverse order, Sketchpad will
translate the triangle in a different direction. The direction from point
D to point E is not the same as the direction from point E to point D.
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For

Sliding Shapes: Translations in the Coordinate Grid B3PS ACTIVITY NOTES

continued

232

* Beginning in worksheet step 5, make sure students know they can use
the scroll bars to view triangles that lie beyond the visible portion of
the screen.

+ In worksheet steps 5-9, students explore how the location of point E
affects AA’B’C’. Ask students to tell you what they’re noticing. Here
is a student’s response: When I drag point E, it’s kind of like moving
a joystick on a video game. If point E is to the left of point D, then the
purple triangle will be to the left of the black triangle. If point E is below
point D, then the purple triangle will be below the black triangle. If
point E is near point D, then the purple triangle will be near the black
triangle. Point E controls everything.

+ In worksheet steps 10 and 11, students consider vectors other
than those that are horizontal or vertical. Students should make a
prediction before dragging point E. If some students ask for help in
predicting, prompt them to do their own thinking by asking questions
such as, If you dragged point E to (4, 0), what would the coordinates
of the image be? Then if you dragged point E to (4, 1), how would
that translate the triangle? Students will see that using coordinates
is a convenient way to figure out what the results of translating by a
vector will be. In step 10, for example, the vector starts at (0, 0) and
ends at (4, 1). This means it will slide the pre-image 4 units (4 — 0) in
the horizontal direction and 1 unit (1 — 0) in the vertical direction.

+ In worksheet steps 12—16, neither endpoint of the vector is at the
origin. Some students may count over and up from point D to point E
to find the change in the horizontal and vertical units. Other students
may discover that using coordinates is very convenient: The vector
starts at (4, 1) and ends at (10, 3); this means it will slide the pre-
image 10 — 4 = 6 units in the horizontal directionand 3 — 1 =
2 units in the vertical direction.

+ It may occur to students that they don’t know the length of the vector
when the vector is neither horizontal nor vertical. You might ask,
Without knowing the length, you are able to use the vector to figure
out where AABC will slide. How are you doing that? Elicit the
strategy of finding the change in horizontal distance and the change
in vertical distance from point D to point E.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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For

Sliding Shapes: Translations in the Coordinate Grid BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch.
Expect to spend about
30 minutes.

11.

* In worksheets steps 17-20, make sure students predict and create a
vector DE before they translate AABC. The challenge is to create the
vector correctly without using the Translate command, and then use
the command to check.

« If time allows, have students do the Explore More, steps 21-22.

If students will save their work, remind them where to save now.

. Gather the class. Students should have their worksheets with them. You

have used a vector to tell Sketchpad how far and in what direction to
translate A ABC. What did you find out about how the vector is related
to the distance A ABC slides? How do the coordinates of the vector
relate to the coordinates of the image, /\A’B’C’? Facilitate discussion,
encouraging students to support, challenge, and clarify ideas.

Sample from a Class Discussion

James: Using the vector is the same as adding or subtracting the same
number to each of the x-coordinates and another same number to each of
the y-coordinates.

Hannah: If the vector starts at (3, 0) and ends at (8, 0), it is 5 units long—
how far it is from 3 to 8—and the triangle will translate 5 units. Each

of the x-coordinates of AA’B'C” will be 5 more than the x-coordinates

of AABC.

Marcus: The amount AABC slides depends on how far it is from the start
of the vector to the end: how far it is both ways, in the x direction and in the
y direction.

Anita: You can just look at the coordinates of the vector and tell how much
is going to be added to or subtracted from the x-coordinates and to the
y-coordinates of AABC. Let’s say the vector starts at (5, 5) and ends at
(15, 7). The difference between the start and end x-coordinates is 10, so
you can add 10 to all the x-coordinates of AABC and know that those will
be the x-coordinates of AA’B’C’. The difference between the start and end
y-coordinates is 2, so you can add 2 to all the y-coordinates of AABC and
know that those will be the y-coordinates of AA’B’C’.

Vicki: We can just say that if the vector’s endpoints, D and E, are 10 units
apart horizontally and 2 units apart vertically, then that’s true about the
triangles and their coordinates too.
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For
Sliding Shapes: Translations in the Coordinate Grid B3PS ACTIVITY NOTES

continued

Teacher: Who agrees with Anita and Vicki? [Teacher notices who
readily agrees and who seems less sure.] Let’s talk about worksheet steps
17—-20 and how you figured out the vector that would translate AABC
to the given coordinates.

13. Go to page “Triangle.” Drag point E to (5, 3). Ask whether the vertices
are the only parts of AABC that translated to the right 5 units and up
3 units. Promote discussion to develop understanding that all points
on AABC move the same way when the triangle is translated.

14. Suppose you were not using Sketchpad. Instead you drew a triangle
in the four-quadrant grid on graph paper. Without using a vector,
how would you translate the triangle to a new location in the grid?
Facilitate discussion. Here is a sample student response.

First, I'd get ready to write the coordinates of the translated triangle
like this.

AC, ) B'(, ) ')

Then I'd add (or subtract) one number to all the x-coordinates of AABC
and write down the new numbers as the x-coordinates for A’, B’, and C’.
Then I'd add (or subtract) one number to all the y-coordinates of AABC
and write those in the parentheses. Then I'd plot the points and connect
them.

15. Discuss the Explore More, worksheet steps 21 and 22. If students did
not have time to try these on their own, do them as a class. See the
Answers section for information about each step.

EXTEND

1. Have students go to page “Iriangle” and draw segments that connect the
corresponding points (point A to A’, point B to B’, and point Cto C”).
Ask students to drag point E and report what they notice. Discuss these
features: All three segments are parallel to the vector DE and have the
same length as the vector.

2. Have students go to page “Extend” to make up problems like those on
the worksheet, working with shapes other than triangles, for others to
solve.
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For

Sliding Shapes: Translations in the Coordinate Grid BSPS  ACTIVITY NOTES

continued

ANSWERS

10.

. For any location of point E directly above point D, the image is directly

above the pre-image. These locations of E are on the positive y-axis. The
x-coordinate of point E is always 0. The x-coordinates of AABC and
AA’B’C’ are the same. The y-coordinates of the image are larger than
those of the pre-image. Students may also notice that the y-coordinate
of point E tells them the number of units by which AA’B’C” is above
AABC.

For any location of point E directly below point D, the image is directly
below the pre-image. These locations of E are on the negative y-axis.
The x-coordinate of point E is always 0. The x-coordinates of AABC
and AA’B’C’ are the same. The y-coordinates of the image are smaller
than those of the pre-image. Students may also notice that the
y-coordinate of point E tells them the number of units by which
AA’B’C’ is below AABC.

For any location of point E directly to the right of point D, the image
is directly to the right of the pre-image. These locations of E are

on the positive x-axis. The y-coordinate of point E is always 0. The
y-coordinates of AABC and AA’B’C’ are the same. The x-coordinates
of the image are larger than those of the pre-image. Students may also
notice that the x-coordinate of point E tells them the number of units
by which AA’B’C” is directly to the right of AABC.

. For any location of point E directly to the left of point D, the image

is directly to the left of the pre-image. These locations of E are

on the negative x-axis. The y-coordinate of point E is always 0. The
y-coordinates of AABCand AA’B’C’ are the same. The x-coordinates
of the image are smaller than those of the pre-image. Students may also
notice that the x-coordinate of point E tells them the number of units
by which AA’B’C’ is directly to the left of AABC.

When points D and E are both at (0, 0), AABCand AA’B’C” are
directly on each other.

Each vertex of the image will be shifted 4 units to the right and 1 unit
up from its corresponding vertex on the pre-image. This means that
A'=(7,3),B"=(9,7),and C" = (10, 5).
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Sliding Shapes: Translations in the Coordinate Grid B3PS ACTIVITY NOTES

continued

236

11.

14.

15.

16.
17.

18.

19.

20.

21.

22.

Each vertex of the image will be shifted 5 units to the left and 2 units up
from its corresponding vertex on the pre-image. This means that
A= (—2,4),B"=(0,8),and C" = (1, 6).

Point D has an x-coordinate of 4, and point E has an x-coordinate of 10.
That means the vector from D to E will move the x-coordinates of the
triangle 6 units (10 — 4) to the right.

Point D has a y-coordinate of 1, and point E has a y-coordinate of 3.
That means the vector from D to E will move the y-coordinates of the
triangle 2 units (3 — 1) up.

Answers will vary.

Answers will vary. The vectors students create may be anywhere in the

grid. The difference between the x-coordinates of the vector’s start and
end points must be 4. The difference between the y-coordinates of the

vector’s start and end points must be 6.

Answers will vary. The vectors students create may be anywhere in the

grid. The difference between the x-coordinates of the vector’s start and
end points must be 2. The difference between the y-coordinates of the

vector’s start and end points must be —6.

Answers will vary. The vectors students create may be anywhere in the
grid. The difference between the x-coordinates of the vector’s start and
end points must be —8. The difference between the y-coordinates of the
vector’s start and end points must be —8.

Answers will vary. The vectors students create may be anywhere in the
grid. The difference between the x-coordinates of the vector’s start and
end points must be —5. The difference between the y-coordinates of the
vector’s start and end points must be 2.

Even though the vector moves, the distance between points D and E
does not change, nor does the direction from point D to point E. As a
result, the translated triangle does not move.

When the vector is marked from point D to point E, this is a direction
of 6 units horizontally and 1 unit vertically. When the vector is marked
from point E to point D, this is a direction of —6 units horizontally and
—1 unit vertically.
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Sliding Shapes

Explore what happens to the coordinates of points when you slide

a shape.

CONSTRUCT

1. Open Sliding Shapes.gsp. Go to page “Triangle.”

x| 2

X,

@4.

You will mark DE as a vector.
Select point D and point £, in that order.

Choose Transform| Mark Vector. Watch for the
animation.

. Now you will slide A ABC.

EXPLORE

;
l:‘:];Pﬁ Name:

________________

B ;
Select the whole triangle. |
Choose Transform| Translate. e
In the window that pops up, click Translate. ]
With the sides of the triangle still selected, choose £ B
Display| Color and choose purple. \
Select the vertices of the new triangle
and choose Measure| Coordinates. A3.2)  A-(82)
Drag the coordinates so they are B:(5.6)  B:(10,6)
placed like the ones in this picture. C:(6,4) C:(11.4)
E: (5, 0)
D: (0, 0)
In steps 5-9, you will change the vector to slide A ABC.
@ 5. Find several places to drag point E so that AA’B’C is directly above
A ABC.
What do you notice about the coordinates of point E?
How do the coordinates of A A’B’C’ relate to those of A ABC?
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Sliding Shapes B3PS

continued

238

6.

10.

Find several places to drag point E so that A A’B’C” is directly
below A ABC.
What do you notice about the coordinates of point E?

How do the coordinates of A A’'B’C’ relate to those of A ABC?

. Find several places to drag point E so that AA’B’C’ is directly to the

right of A ABC.
What do you notice about the coordinates of point E?

How do the coordinates of A A’'B’C’ relate to those of A ABC?

. Find several places to drag point E so that AA’B’C” is directly to the

left of A ABC.
What do you notice about the coordinates of point E?

How do the coordinates of A A’'B’C’ relate to those of A ABC?

. Drag point E so that AA’B’C” is directly on A ABC.

What do you notice about the coordinates of point E?

How do the coordinates of A A’B’C’ relate to those of A ABC?

Drag point £ to (—7, 0) to move A A’B’C’ out of the way.

Predict: What will be the coordinates of A A’B’C” if you drag
point Eto (4, 1)?
Try it. What are the results?

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Sliding Shapes

continued

11.

12.

@13.

14.
15.

16.

Predict: What will be the coordinates of A A’B’C” if you drag
point Eto (—5, 2)?
Try it. What are the results?

Go to page “Triangle 2.” Vector DE starts at point D and goes to
point E.

Select point D and point £ and choose Measure| Coordinates.

How far will A ABC slide horizontally when translated by this
vector? Tell about your thinking.

For
RSP

How far will A ABC slide vertically when translated by this vector?
Tell about your thinking.

Follow steps 2 and 3 above to mark vector DE and translate A ABC.

Is the location of A A’B’C’” what you expected?

In each step 17-20, you will create a vector DE so that when you
translate A ABC, the coordinates of A A’B’C” will match those in the
table. In each step.

e Mark the vector, following steps 2 and 3. It should start at D and
end at E.

e Position the vector so that the coordinates of A A’B’C” will match
the table.

e Check your thinking by using the vector to translate A ABC. Do the new
coordinates match those in the table?

* Be ready to discuss your thinking about how to position the vector.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
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Sliding Shapes

continued

240

17. Go to page “Vector 1.”

Pre-image Image
A (-6, 0) A (-2, 6)
B (-2,1) B’ (2,7)
C (-2, -3) c’ (2, 3)

What are the coordinates of the vector you used?

D E
18. Go to page “Vector 2.”
Pre-image Image
A (_2/ 2) A (O/ _4)
B (_2/ 6) B’ (0/ 0)
C (3. 4) C (5, -2)

What are the coordinates of the vector you used?

D E
19. Go to page “Vector 3.”
Pre-image Image
A 1, 3) A (=7, —95)
B (2/ 7) B’ (_6/ _1)
C (7,4) C (=1, -4)

What are the coordinates of the vector you used?

D

E

For
GSPYS

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad

© 2012 Key Curriculum Press



Sliding Shapes E]£P5

continued

20. Go to page “Vector 4.”

Pre-image Image
A (2, —4) A (-3, —2)
B (3, 2) B’ (—2,4)
C (4, —3) C’ (=1, —-1)

What are the coordinates of the vector you used?

D E

EXPLORE MORE

21. Go to page “Explore More.” Select the segment connecting
points D and E. Drag the segment. Does A A'B’C” move? Why
is this?

22. Now mark the vector by selecting point E first, then point D.
Translate A ABC by this new vector. How is this translation different
from the translation when you select point D first?
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Drawing Prisms: Using Translation BPT ACTIVITY NOTES

INTRODUCE

Be prepared to project the
sketch for viewing by the
class. Expect to spend
about 15 minutes.

242

. Open Drawing Prisms Translation.gsp and go to page m

. Give groups of students various classroom objects, all of which are

rectangular prisms. Ask, What do these objects have in common?
Students might say that the objects are all three-dimensional, all have
six sides, all have right angles, and all have sides that are rectangles
(or squares).

. Explain that all of the objects are called rectangular prisms. Boxes and

cubes are good examples of rectangular prisms. These objects all have
two parallel bases with the same size and shape, and all the sides are
rectangles.

. Introduce or review the terms vertex, vertices, edges, and faces. Ask

students to count the number of vertices [8], edges [12], and faces [6]
on their rectangular prisms.

. Do you know how to draw a rectangular prism? Ask students to draw

a rectangular prism on paper or on the board. Students may draw
illustrations like the ones that follow. If not, draw the illustration on the
top-left yourself. Ask a volunteer to point to the vertices of the front face
of the prism. Depending on how students view the illustration, they
might see either of the two rectangles as the front face.

. You’re going to use Sketchpad to construct a picture of a rectangular

prism. Your picture will be dynamic—you will be able to drag its parts
and watch the prism grow, shrink, and change size.

“Construct.” The sketch shows a rectangle and a segment,
AB. Demonstrate worksheet steps 2—4. In step 3, model =~ --------- X
using a selection rectangle to select the entire figure.
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Drawing Prisms: Using Translation GSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 30 minutes.

10.

For your own information, notice that segment AB is used in a special
way. In mathematics, segment AB is called a vector. Vectors have a length
(the distance from point A to point B) and a direction (the direction
from point A to point B). You don’t need to say anything about vectors
or the role of AB at this point. Students will discover informally what AB
does as they work through the prism construction.

Save this construction. You can return to it in the Summarize discussion.

Demonstrate to students that they can undo their actions step by step
by choosing Edit | Undo one or more times. This is particularly useful if
students make mistakes that they want to correct. Tell students they will
complete the rest of the prism on their own, following the steps on the
worksheet.

. If you want students to save their work, demonstrate choosing

File | Save As, and let them how to name and where to save their files.

Assign students to computers and tell them where to locate Drawing
Prisms Translation.gsp. Encourage students to ask a neighbor for help
if they have questions about using Sketchpad.

Let students work at their own pace. As you circulate, here are some
things to notice.

+ In worksheet step 4, do students recognize the new rectangle as a
translated copy of the original?

+ In worksheet step 5, can students explain the effect that dragging
point B has on the translated rectangle? Students may say that
dragging point B changes the location of the rectangle. They may also
note that when point B is far from point A, the two rectangles are
also far apart. Similarly, if the two points are near each other, the two
rectangles are also near each other. When point B is slightly above and
to the right of point A, the two rectangles share the same relationship.

+ As students work through the remaining steps of the prism
construction, they may recognize that the steps are similar to the way
they might draw prisms using a pencil: Draw two identical rectangles
(one offset from the other), and then connect the four pairs of
corresponding vertices.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 243

© 2012 Key Curriculum Press



For

Drawing Prisms: Using Translation BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project a sketch with a
completed prism. Expect to
spend about 15 minutes.

244

11.

* When students have completed worksheet step 6, ask them to count
the number of edges, vertices, and faces they see in their pictures.
Because the pictured prism looks transparent, all edges, vertices, and
faces are visible. Depending on their visualization skills, some students
may need help interpreting what they see on screen.

+ In worksheet steps 8 and 9, encourage students to experiment freely
with the prism, dragging each of its vertices as well as point B to see
what happens. Students will enjoy immensely watching their prisms
move and, in the process, will hone their visualization skills. In
particular, some students may notice that the segments connecting
corresponding vertices of the two rectangles are all equal in length to
AB and parallel to AB. This is a nice, visual way to see that each vertex
of the original rectangle has been translated by the same distance (the
length of AB) and in the same direction (the direction from point A
to point B).

* Encourage students who finish early to
do the Explore More. It is easy and very
fun to turn two-dimensional shapes
like equilateral triangles and pentagons
into three-dimensional prisms, following
the same steps used in this activity.

If students will save their work, remind them to do so now.

. Gather the class. Students should have their worksheets with them.

Hold up an actual rectangular prism for students to see. A rectangular
prism has six faces. What kind of polygon is each face? [A rectangle]

Now show a students’ completed prism on screen with a rectangular face
colored. What kind of polygon is this face? [ A rectangle] Are the other
faces that you constructed also rectangles? Take responses. Students
should realize that aside from one other face, the remaining four faces
are actually parallelograms. By constructing the faces as parallelograms,
our eyes interpret them as rectangles on a three-dimensional object.
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Drawing Prisms: Using Translation BSPT  ACTIVITY NOTES

continued

EXTEND

13.

14.

Using the Sketchpad model, have students

demonstrate how to manipulate the prism so that its
shaded face appears on different sides. Students will
likely have different ways of interpreting the same
picture. Here, for example, some students might see

the shaded rectangle as the front face of the prism.
Other students might see the shaded rectangle as the
bottom face of the prism. Both visualizations are correct.

Students may be curious about the use of AB in the construction. What
information about AB do you think Sketchpad used to translate the
rectangle? Facilitate discussion. Share any of the following information
that students don’t propose themselves.

In mathematics, AB is called a vector. Vectors have a length (here, the
distance from point A to point B) and a direction (here, the direction
from point A to point B). The vector tells Sketchpad how far and in
what direction to translate the selected shape.

. Take a deck of cards (or a ream of copy paper) and place it on a table so

that the cards are stacked straight up, as shown in the illustration below
left. The cards represent a rectangular prism in which all six faces are
rectangles. Now push the cards so that the deck slants in one direction,
as shown in the illustration below right. Ask students what happened to
the faces of the prism. Two of the faces are still rectangles, but the other
four faces are now parallelograms. To continue, ask students to look at
their Sketchpad model of a prism. Can they visualize the prism on
screen looking like the slanted deck of cards?

. What other questions can you ask about prisms? Encourage student

curiosity. Here are some sample student queries.
Is there a way to draw rectangular prisms to look more realistic?

Why do the faces of the transparent prism appear to flip back and forth?
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continued

Are there any orientations of the prism in which they don’t appear to flip
back and forth?

Do you have to hide lines to keep the faces from flipping?

Are there patterns to the numbers of vertices, edges, and faces in prisms
with different shapes for bases?

Can prism bases be shapes other than polygons, such as circles?

ANSWERS

5. As point Bis dragged, the translated rectangle moves too. The two
rectangles overlap when point B is dragged onto point A. When
point B is near point A, the two rectangles are equally near each other.
When point B is above point A, the translated rectangle is above the
original rectangle.

8. Answers will vary.

9. Answers will vary.
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Drawing Prisms: r— Name:

Using Translation

B3PS

Construct a picture of a rectangular prism like the
picture here.

CONSTRUCT

1.

@2.

Open Drawing Prisms Translation.gsp. Go to page “Construct.”
One face of a picture of a prism is given to you. You'll construct
the rest of the picture.

Select, in order, points A and B. C/OB
Choose Transform| Mark Vector and watch for A

the animation.

. Select the entire rectangle.

. Choose Transform| Translate. In the dialog box that

appears, click Translate.

. Drag point B. Describe what happens.

. Finish the prism by drawing segments to connect the

corresponding vertices of the rectangles.
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Drawing Prisms: Using Translation £SPs

continued

7.

10.

11.

12.

248

Now you will add color to one face.

¢ Select its four vertices in a clockwise or
counterclockwise direction.

 Choose Construct| Quadrilateral Interior.

* To change the color, choose a color using
Display| Color.

. Experiment with your prism by dragging each of its vertices.

Describe anything interesting you notice.

. Experiment with your prism by dragging point B. Describe

anything interesting you notice.

Find a way to drag so that the shaded face becomes the top face
of the prism.

Now drag so that the shaded face is the back face.

Color some of the other faces of your prism.

Using a selection rectangle, select the entire Mation Controller 8
prism. Now choose Display| Animate Objects. Torge: Poirts |
When you want to stop, press the Stop button >lag e on
on the Motion Controller. Speect| 10 |
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continued

EXPLORE MORE

13. Go to page “Equilateral Triangle.” Follow steps 2—4 above to make
a prism with the triangle as a base.

14. Go to page “Pentagon.” Make a prism with the pentagon as a
base.

15. Go to page “Make Your Own.” Draw your own polygon. Then use
it to make a prism.
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Area and Perimeter

Running Around the Park: Introducing Perimeter - )

Students explore perimeter in the context of runners who

sprint along the boundaries of parks. Students find the
distances covered by the runners and use that information
to determine the measure of each park’s perimeter. They

then work in reverse, constructing parks with given

L Start |/

perimeter measures.

Missing Pieces: Polygons That Keep Their Perimeter 4 )

Students develop understanding of perimeter through | |

challenges in which they must remove square-unit tiles from

a polygon model without changing the distance around the

polygon. Students make conjectures, test them on different | |

polygons, generalize their results, and explain why their

methods work.

Finish the Polygon: Concept of Area - N

On virtual grid paper, students draw non-rectangular
polygons with specified areas. A common student
misconception is that area applies only to rectangles and is
always found by “multiplying length times width.” As they

create polygons other than rectangles, students develop a

Area = 13 square units
- >

deeper understanding of area.
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Area on a Grid: Combining and Subdividing Shapes

Students develop the understanding that all polygons, not
only rectangles, have a measurable area. Students create
polygons with specified areas by arranging squares and

right triangles on grids, using the discovery that the area of

a right triangle is half the area of a rectangle.

Rectangles and Triangles: Triangle Area

To explore the relationship between the area of rectangles
and the area of triangles, students construct a dynamic
model of a triangle and the rectangle that surrounds it.
Using visual perception and area measurements, students
investigate the continuum of examples generated by
dragging, and conjecture that the area of a triangle is half
the area of the rectangle.

Perimeter Formulas: Algebraic Notation

Students develop multiple approaches to computing
the perimeter of rectangles and come to understand
that the approaches are equivalent. Students express
the computations as verbal rules and then use algebraic
notation to state the rules as formulas.

Rectangles with the Same Area: Area and Perimeter
Relationship

Students use an interactive rectangle model to investigate
the perimeter of rectangles that have the same area.
Students frequently assume that rectangles with the same
area also share the same perimeter. This activity helps
students develop a more refined understanding of the
relationship between a rectangle’s perimeter and its area.

Rectangles with the Same Perimeter: Area and
Perimeter Relationship

Students use an interactive rectangle model to investigate
the area of rectangles that have the same perimeter.
Students frequently assume that rectangles with the same
perimeter also share the same area. This activity helps
students develop a more refined understanding of the
relationship between a rectangle’s perimeter and its area.

[Reset] gﬂ >
E cC D
A F B
Area AACB = 15.45 cm2
Area AEDB = 30.90 cm?
D C
AB=7cm
BC=5cm
CD=7cm
DA=5cm
A 2.AB+2-BC = 24 cm
AB BC |Perimeter ABCD |Area ABCD
4cm | 4cm 16 cm 16 cm?
2cm | 8cm 20 cm 16 cm?
8cm | 2cm 20 cm 16 cm?
16 cm| 1cm 34 cm 16 cm?
1cm |16 cm 34 cm 16 cm?
1cm |16 cm 34 cm 16 cm?
AB | BC |Area ABCD |Perimeter ABCD
6cm|6cm| 36 cm? 24 cm
7cm|5cm| 35cm? 24 cm
8cm|4cm| 32cm? 24 cm
4cm|8cm| 32cm? 24 cm
5cm|7cm| 35cm? 24 cm
5cm|7cm| 35cm? 24 cm

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press




Running Around the Park: Fo

Introducing Perimeter

INTRODUCE

Project the sketch on

a large-screen display
for viewing by the class.
Expect to spend about
10 minutes.

Students may also think

of the word periscope.
Scope comes from a Greek
word meaning “to watch,
or look at.” A periscope is
a device that lets the user
look around.

DEVELOP

Expect students at
computers to spend
35 minutes.

BSPS ACTIVITY NOTES

1. Open Running Around the Park.gsp and go to page “Runners.”

Introduce the model. Who can tell us what a relay runner is? Take
responses. In this model, relay runners, represented by colored circles,
are positioned at the six corners of a park.

. In order, press the Run! buttons. Each runner should start where the

previous runner stopped. Ask students to share their observations.
What happened? Highlight the language students use to talk about the
runners’ course. Students might use the words path, edge, boundary,
outside, and perimeter.

Introduce perimeter if students don’t. Explain that perimeter is the term
used for the distance around a closed (plane) figure or region. Explain
the etymology of the word. It is Greek in origin and comes from two
words, peri (meaning “around”) and metron (meaning “measure”).

So, perimeter means “the measure around.” Point out the grid the
park diagram is on. Explain that each side of a grid square stands for

1 kilometer.

The word perimeter is also used for the boundary around a closed
(plane) figure or region. Explain that in this activity the class will use
the word perimeter to refer both to the boundary of the park and to the
distance around the park.

. Explain that students will first find the perimeter of some parks and

then make parks themselves. Go to page “Make a Park 1.” Demonstrate
that the shape and side lengths of this park can be changed by dragging
any of the labeled points. Explain the rules for making parks: Each side
of a park must lie along a grid line, and the sides of the park must meet
at right angles.

. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know where to save.

. Assign students to computers and let them know where to locate

Running Around the Park.gsp. Distribute the worksheet. Tell students
to work through steps 1-9.
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Running Around the Park: Introducing Perimeter

continued

Students may not know
whether to count the
distance at corners as

2 kilometers because two
runners each ran

a kilometer, or 1 kilometer
because the two

runners ran around the
same square. Choose
Graph | Hide Grid and give
students the opportunity
to consider the perimeter
again.

254

For

B8PS  ACTIVITY NOTES

6. As you circulate, here are some things to notice about students’

approaches to the perimeter problems on page “Runners.”

Examine students’ recordings and observe their ways of finding the
perimeters of the parks.

In worksheet steps 4 and 6, ask, How did you figure out the perimeter
of the park? Did students add up the distances in order? Did they

add “nice numbers” to make it easier? Did they find the sum of two
distances and double it?

Some students may have trouble answering the question in steps 4
and 6 because they have not made the connection between the total
distance traveled by the runners and the perimeter of the park. Pose
questions to help them understand why these values are the same.

7. In worksheet steps 7-9, observe the strategies students use to make

parks.

In step 7, notice students who create a 2 X 6 rectangle. Ask, Why is
the perimeter 12 kilometers? If they count the squares within their
park boundary, first watch to see whether they catch their error. If not,
ask, Were you finding the perimeter or the area when you counted
the squares?

Some students may calculate the perimeter of the current park, adjust
it to make it either smaller or larger, and then check again to see
whether their new perimeter is closer to the target perimeter.

Students may turn parks into rectangles, dragging the points so that
the park has only four distinct sides. Though this is a valid solution,
encourage students to look for solutions in which the park maintains
six sides.

8. In worksheet step 10, students make their own park. Remind them to

follow the rules they have been using. Ask questions to learn about

students’ thinking. How did you choose that perimeter for a park? Are

you sure it’s possible to make a park with that perimeter? Would a six-
sided park with a perimeter of 25 kilometers be possible?
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Running Around the Park: Introducing Perimeter GSPT  ACTIVITY NOTES

continued

SUMMARIZE

to spend about 15 minutes.

EXTEND

9.

10.

11.

Have students save their work, if desired. If a printer is available,

you might have students print some of their parks to share with the
class. (Students can pencil in the lengths of each side of the park after
printing.) Give these instructions for printing.

* Choose File | Print Preview.

+ In the dialog box that appears, set the image to fit on one page and
then click Print.

Gather the class. If students have printed some of the parks they made,
post them grouped by their perimeters. Alternatively, invite students to
the computer to make parks on each of the “Make a Park” pages and the
“Your Park” page. Students will see that there is more than one way to
make a park with a specified perimeter. As a class, discuss the strategies
that students used to make the parks.

Give students grid paper and have them work individually to draw parks
with other perimeters you specify.

. Specify a perimeter and ask one or both of these questions.

Suppose the park could have any number of sides. What could your
park look like?

Suppose the sides of the park did not have to meet at right angles.
What could your park look like?

What questions can you pose about park perimeter problems?
Encourage all student inquiry. Mathematical questions of interest
include these.

+ How many different parks could there be with a given perimeter?
* Are perimeters always even numbers?

+ What if the sides could be curved, like real parks?

+ What if you had more than six runners?

* Do parks with the same perimeter have the same area?
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continued

ANSWERS

3. Distances will vary, depending on the problem the computer generates.

4. The perimeter will vary, depending on the problem the computer
generates.

5. Distances will vary, depending on the problem the computer generates.

6. The perimeter will vary, depending on the problem the computer
generates.

7-10. Answers will vary.
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Around the Park EI£P5 Name:

Learn to make parks with different perimeters.
EXPLORE
1. Open Running Around the Park.gsp. Go to page “Runners.”
@ 2. Press the Run! buttons to send the runners around the park.

3. Each side of a grid square stands for 1 km.
Record how many kilometers each runner goes.

Orange: Red: Green:
Blue: Purple: Brown:

4. What is the perimeter of the park?

5. Press New Problem to make a new park.
This time, press Run All the Way Around. Record how far each runner goes.

Orange: Red: Green:
Blue: Purple: Brown:

6. What is the perimeter of the park?

@ 7. Go to page “Make a Park 1.”
Each side of a grid square stands for 1 km.
Drag the points to make a park with a perimeter of 12 km.

8. Go to page “Make a Park 2.” Make a park with perimeter 18 km.

9. Go to page “Make a Park 3.” Make a park with perimeter 24 km.

EXPLORE MORE

10. Go to page “Your Park.” Make your own problem.
Follow the same rules for making parks.
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Missing Pieces: For
Polygons That Keep Their Perimeter BP9 ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Open Missing Pieces.gsp. Enlarge the window so it fills most of the
viewing by the class. screen. Go to page “One Tile.” Scroll down the page if necessary to show
Expect to spend about

10 minitas all the polygons and the second discard pile. Explain that each polygon
' is composed of square tiles measuring 1 unit on a side and 1 square unit
in area. Check that students can find the perimeter and area of the blue

rectangle. [12 units and 8 square units]

2. Ask, What do you think will happen to the
perimeter of the blue rectangle if I remove one tile?

Entertain responses. Drag the tile from the location —
shown at right to a discard pile.

Is the perimeter still 12 units? [No.] This result will probably not
surprise students: A common student misconception is that when the
area of a polygon changes, the perimeter (the distance around) also
changes.

Check students’ understanding of the term perimeter. They should know
that it refers both to the boundary around a two-dimensional shape and
to the distance around it. Tell students that in this activity, talking about
a change in the perimeter refers to a change in the distance around.

Tiles that touch only at a 3. Explain that students will use this Sketchpad model on their own.

vertex are not allowed. Look for ways to remove one or more tiles from a polygon without
changing the perimeter. When students remove tiles, all remaining
tiles must have at least one side touching the side of another tile;
that is, the figures must be polygons. If students cannot find a way to
keep a polygon’s perimeter the same, they should drag the entire
polygon to one of the discard piles. Model using a selection rectangle
to select a polygon, and then drag the polygon to a discard pile.

Students may wonder about removing tiles from the interior of a
polygon, leaving a hole. Tell them that this will not be considered in this
activity.

4. If you want students to save their work, demonstrate choosing
File | Save As, and let them know how to name and where to save
their files.
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Missing Pieces: Polygons That Keep Their Perimeter GSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at 5. Distribute the worksheet. Assign students to computers and tell them
computers to spend about where to locate Missing Pieces.gsp. Students should follow steps 1-3 of
35 minutes.

the worksheet and do the Explore More tasks if they have time.
Encourage students to ask a neighbor for help if they have questions
about using Sketchpad.

6. Let students work at their own pace. As you circulate, observe and pose
questions to learn about students’ thinking. What follows are examples
of student thinking, suggestions for questions to ask students, and
questions to ask yourself.

* At the start, students may find the perimeter of a polygon by counting
units or adding the lengths of all sides, then remove a tile, and find
the new perimeter by counting units or adding the lengths of all sides
again. At right, students might compute
2 + 4 + 2 + 4 to start, and compute
2+4+2+2+1+1+1+1after
removing a tile.

+ Notice when students realize that it is not necessary to compute the
entire perimeter. You might prompt, Can you find a faster way to
check whether the perimeter changes when you remove a tile? Here
are several methods.

a. Removing a non-corner tile affects the length of one side only. In
the following illustration, the length of the bottom side of the
rectangle is 4 units, to start. Removing a tile creates 3 units where
there had been 1 unit. Thus, the perimeter of the rectangle changes
by an additional 2 units.

b. A corner tile contributes 2 units to the perimeter. When the tile is
removed, the rectangle loses those 2 units, but gains 2 units from
the newly exposed tiles. The perimeter doesn’t change.
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Missing Pieces: Polygons That Keep Their Perimeter BSPT  ACTIVITY NOTES

continued

c. The blue rectangle begins with 4 units along its bottom side. When
a corner tile is removed, as shown at right in the following
illustration, the new polygon still has 4 units “along the bottom,”
but one of those units has shifted up. The student sees 4 units on
each long side of the rectangle, and 2 units on each short side—the
same as at the start.

i

+ Some students may think the solutions shown below are different.
Clarify that they should be considered the same. Can students see that
both solutions involve removing one tile from a corner? Do they see
that the polygons are congruent?

* On page “Two Tiles,” do students try to apply what they’ve learned
about removing one tile? In the example that follows, a student began
with the 4-by-4 polygon and removed a corner tile to keep the
perimeter the same. She then looked for another corner tile to
remove. All of the tiles shown with dots are corner tiles (tiles with
exactly two sides exposed). Removing any of them will not change the
perimeter.

+ To challenge students working on the Explore More tasks, you might
ask, What is the largest number of squares you can remove and keep
the perimeter the same?

7. If students will save their work, have them do so now.
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Missing Pieces: Polygons That Keep Their Perimeter GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 15 minutes.

EXTEND

ANSWERS

8. Gather the class. Ask volunteers to demonstrate how they removed one
or more tiles to keep the perimeters of polygons the same. Students
should discuss polygons for which a solution was not possible.

9. Do you have a rule that tells when a tile can be removed without
changing the perimeter? Provide plenty of opportunity for students
to try to communicate their thinking clearly. Encourage debate,
clarification, justification, and verification. [Any tile that has exactly two
sides exposed can be removed without changing the perimeter.]

What other questions occur to you about the area and perimeter of
polygons? Encourage curiosity. Here are sample student queries.

Can you add square tiles to a polygon without changing its perimeter?
Can you add or remove squares from a polygon without changing its area?

What’s the most the perimeter of a rectangle can grow if one tile is removed?
Two tiles? Three tiles?

What’s the greatest number of tiles we can remove without changing the
perimeter?

Is there a polygon that you can remove three tiles from, but not four tiles,
without changing the perimeter?

What if you remove a tile from the inside of the polygon? Does that change
the perimeter?

What about tiles with other shapes, like hexagons?

2. Only tiles with exactly two sides exposed can be removed without
changing the perimeter of one of the polygons. There is no way to
keep the perimeter of a 1 X nrectangle the same, because there are no
corner tiles.
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Missing Pieces: Polygons That Keep Their Perimeter BSPT  ACTIVITY NOTES

continued

262

3. Again, each tile removed must have exactly two sides exposed. The

illustration shows two ways to remove two tiles from the blue rectangle
without changing its perimeter. On the left, removing the tile in
position 1 makes the tile in position 2 a candidate for removal: it now
has two sides exposed. On the right, the tiles removed each had exactly
two exposed sides at the start.

2 1 |

For the red square, two tiles can be removed following the “exactly two
exposed sides” rule, but the resulting figure is not a polygon.

. Any tiles with exactly two sides exposed, originally or along the way, can

be removed. The illustration here shows two ways to remove three tiles,
using the blue rectangle as an example. As each tile is removed, new
sides are exposed, making other tiles candidates for removal.

. Two possible solutions are presented here; others are possible. When

a tile with one vertex exposed is removed, the perimeter decreases by
1 unit. When a tile with one side exposed is removed, the perimeter
increases by 1 unit. For each vertex-exposed tile removed, a one-side-
exposed tile has also been removed in order to keep the perimeter
the same.
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Missing Pieces g5~ Name:

Explore the area and perimeter of polygons.

EXPLORE

1. Open Missing Pieces.gsp. Go to page “One Tile.”
Enlarge the window so it fills most of your screen.
@ To remove a tile, drag it to one of the discard piles.

To move a polygon to a discard pile, first select the polygon with a
selection rectangle and then drag.

2. Try to remove one tile from each polygon without changing its
perimeter.

What did you discover? What can you say about the tiles that can
be removed?

3. Go to page “Two Tiles.” Try to remove two tiles from each
rectangle without changing its perimeter.

What did you discover? What can you say about the tiles that can
be removed?
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Missing Pieces E,SI‘PE

continued

EXPLORE MORE

4. Go to page “Explore More 1.” Try to remove three or more tiles
from each polygon without changing its perimeter.
What did you discover? What can you say about the tiles that can
be removed?

5. Go to page “Explore More 2.” Try to remove one or more tiles
from each big triangle without changing the perimeter.
What did you discover? What can you say about the tiles that can
be removed?

264 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Finish the Polygon: Concept of Area Egl‘ﬁ ACTIVITY NOTES

INTRODUCE

to spend about 10 minutes.

1. Open Finish the Polygon Present.gsp. Go to page “Example 1.” Ask

students to describe what they see. Here are sample student responses.
The shape is a rectangle.

The shape is a polygon.

The sides of the rectangle sit on the gray lines.

Two sides of the rectangle have a length of 3. The other two sides have a
length of 5. I can tell by counting the squares.

. Discuss how the squares on the grid can be used to measure the

polygon. Each side of a square has a length of 1 unit, so the dimensions
of the polygon are 3 units by 5 units. Ask, What is the area of the
polygon? Some students may find the area by counting the squares
inside the rectangle. Others may multiply 3 by 5 to get 15. Because
squares are being used as units to measure area, the area of the polygon
is 15 square units.

. Go to page “Example 2.” Now the polygon shown is not a rectangle.

Its sides are not all the same length, nor are its angles all the same size.
(Students may not realize at first that not all of the angles are right
angles.) What is the area of this polygon? Students who have thought
about area only in the context of rectangles may wonder whether

this polygon even has an area. This is an opportunity to facilitate an
exchange of ideas among students and let some students make the case
that area is the amount of flat space a shape covers. Counting squares

is a useful way to find the area of the rectangle, and that method works
here too. Because there are 11 squares in the polygon’s interior, its area is
11 square units.

. Still on page “Example 2,” use another part of the grid to demonstrate

how to draw a polygon using the Segment tool. Tell students you want
to make a polygon with an area of 7 square units and “think out loud”
as you are deciding how you will do that.

. Demonstrate ways to change a drawing.

+ To make the segments thick, choose Display | Line Style | Thick. To
make the segments black, choose Display | Color.

+ To undo actions step-by-step, choose Edit | Undo one or more times.
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Finish the Polygon: Concept of Area BSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 35 minutes.

266

10.

+ To make a segment longer or shorter, drag one of its endpoints.

+ To delete a segment, select the segment and choose Edit | Clear
Segment or press the Delete key on your keyboard.

Go to page “Polygon 1” and read the directions with the class.
Demonstrate adding several sides to the polygon by drawing segments.

If you want students to save their work in the document, demonstrate
choosing File | Save As, and let them know how to name and where to
save their files.

. Assign students to computers and tell them where to locate Finish the

Polygon.gsp. Distribute the worksheet. Students should follow steps
1—4 and do the Explore More if they have time. Encourage students to
ask a neighbor for help if they have questions about using Sketchpad.

As you circulate, observe how students go about making their polygons
and finding the area. Here are some things to note.

* How are students finding the area of polygons? Are they counting
unit squares one by one? Are they dividing a polygon into rectangular
areas, finding the area of each rectangle, and adding the areas?

+ Do students recognize that there are many ways to complete each
polygon so that it has an area of 13 square units?

+ For students who find worksheets steps 3 and 4 difficult, suggest they
begin by drawing any polygon that passes through the point. Then,
after finding the polygon’s area, students can change the polygon by
adding, removing, or relocating segments.

+ On page “Polygon 4,” when students have constructed a polygon
with area 13 square units, ask, How can you change your polygon
so the area is 12 square units and point A is still on the border?
Invite students who want more challenge to pose other questions of
this type and try to answer them as they work on pages “Polygon 4,
“Polygon 5,” and “Polygon 6.”

Have students save their work so that it can be shared with the class.
Collecting sketches on a flash drive makes it easy to display them from
the shared computer in the class discussion that follows. Viewing more
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For

Finish the Polygon: Concept of Area GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect 11.

to spend about 30 minutes.

12.

EXTEND

than one polygon that solves each problem helps students develop a
stronger conceptual understanding of area.

Gather the class. Discuss several worksheet problems, viewing two or
more ways to complete each polygon. Share saved sketches, or have
students come to the computer and quickly create polygons.

Today you explored the area of some polygons that are not rectangles.
What have you learned about area? Here are sample student responses.

A polygon that is not a rectangle has area.

When a polygon is not a rectangle, you can’t multiply the number of rows
times the number of columns to find the area.

When a polygon is not a rectangle, you can’t multiply the length times the
width to find the area.

One way to find the area of polygons like the ones we made is to count the
square units inside the polygon.

Another way to find the area is to divide the polygon into rectangular areas,
find the area of each of those, and then add all the areas together.

. What questions occurred to you about finding area? Encourage

curiosity. Here are some student queries.
How many polygons are there with an area of 13 square units?

On page “Polygon 5,” can you make a polygon through point A that has an
area of less than 13 square units?

Can you tell the area of a polygon by counting the number of sides?

How can you find the area of shapes that have curved sides?

. Have students create problems like those in worksheet steps 3 and 4.

Students may enjoy figuring out how far they can place point A from
the partially complete polygon and have a solution be possible.
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Finish the Polygon: Concept of Area BSPT  ACTIVITY NOTES

continued

3. Have students open a new copy of Finish the Polygon.gsp and work
through the worksheet again with two changes to the rules:

+ Sides do not have to lie along the grid lines; they may be drawn
diagonally from one intersection to another on the grid.

* Polygons must be coverable by whole or half square units; if they
aren’t, students must be able to justify the areas for the polygons they
construct. This illustration shows student work in which the student
has chosen the Text tool and double-clicked in each part of the
polygon to make a caption with the area of the part.

ANSWERS

Answers will vary. Some possible answers are shown here.

T
e
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Finish the Polygon iy~ Name:

Explore the area of some polygons that are not rectangles.

CONSTRUCT

1. Open Finish the Polygon.gsp. Go to page “Polygon 1.”
A drawing of a polygon has been started.

/: Finish the polygon in any way you like. There are two rules:
— * The area of the polygon must be 13 square units.

- * All sides of the polygon must be on the grid lines.

X R To change your polygon, you can

* Drag the endpoint of a segment to a new place.
* Choose Edit| Undo to back up.
* Select a segment and choose Edit| Clear Segment.

2. Go to pages “Polygon 2” and “Polygon 3.”
Follow the two rules and finish each polygon.

3. Go to page “Polygon 4.” Again, follow the two rules.
Challenge: Point A must lie on a side or at a vertex of the polygon.

4. Go to pages “Polygon 5” and “Polygon 6” and do the same.

EXPLORE MORE

5. Go to page “Make Your Own.”
Start a polygon for a partner to finish.
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Area on a Grid: Combining For
and Subdividing Shapes BT ACTIVITY NOTES

INTRODUCE

Project the sketch for 1. Open Area on a Grid Combining.gsp. Go to page “Area 1.” Read the
viewing by the class. directions together. Tell students that the area of a blue square is
Expectto spend about

10 minutes 1 square unit. Now demonstrate dragging the square and tell students
' that Sketchpad has a stack of squares here: when one square is dragged

from the stack, a new square is supplied.

2. Drag three squares from the pile to make a polygon with

an area of 3 square units. Ask students to tell you its area.

Drag the squares to form the pattern shown at right.
The squares touch only at their vertices. Point out that

this kind of arrangement does not make a polygon.

For this activity, adjacent squares (and, on other pages,

adjacent triangles) must touch edge to edge.

3. If you want students to save their work, demonstrate choosing
File | Save As, and let them know how to name and where to save

their files.
DEVELOP
Expect students at 4. Assign students to computers and tell them where to locate Area on a
computers to spend Grid Combining.gsp. Distribute the worksheet. Students should follow

about 35 minutes. steps 1-9 of the worksheet and do the Explore More if they have time.

5. Asyou circulate, notice how students go about making their polygons.
There are many ways to complete each polygon so that it has the
specified area. Here are some things to notice.

* On page “Area 1,” how comfortable are students with thinking about
area for shapes other than rectangles? Students whose understanding
of area is tied to thinking about rectangles (and perhaps the formula
“length times width”) may take some time to realize that all polygons
have area that can be measured.

+ On pages “Area 2” and “Area 4,” ask students
to tell you how they figured out the area of the |Z| EEI
given triangles. On page “Area 2,” some students
will use visual recognition alone to determine that the triangle is half a
unit square; other students will drag two triangles into a grid square
and discover that together they fill 1 square unit so each measures
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Area on a Grid: Combining and Subdividing Shapes GSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project sketches. Expect to
spend about 15 minutes.

EXTEND

% square unit. Students will use these same strategies on page “Area 4”
to determine that those triangles each have an area of 1 square unit.

+ Students may not realize that the area of a polygon remains the same
when its parts (here, the squares and triangles) are rearranged to form
a different polygon. For students who need a prompt on page “Area 2,
wait until they have combined two triangles to fill a unit square. Then
ask whether they can drag one of the two triangles so that it joins
the other triangle in a different way. When students have done this,
ask whether there are other ways to join the “moving” triangle to the
stationary one. When students have created several polygons, note
whether they realize that the area has not changed. You might ask,
What is the area now? Let them continue to work; don’t give this big
idea away.

Zﬂé

+ In worksheet step 10, students draw their own polygons and challenge
others to find the area. Students who draw the polygons should be
sure that a solution is possible.

. Collect students’ sketches on a flash drive to display from the shared

computer, or have students save their work to a location accessible on
the shared computer. Viewing more than one polygon that solves each
problem helps students develop a better sense of area.

. Gather the class and share some of students’ solutions on the pages of

their Sketchpad documents. For each page, ask students to explain how
the area of each polygon is determined.

. As time allows, share students’ polygons on the “Make Your Own” pages.

. On page “Extend,” students find the area of right triangles and “tilted”

rectangles. Based on their experience with triangles, students should
recognize each triangle is half a rectangle. To find the area of the two
tilted quadrilaterals, students can divide them into triangles and squares.
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For
Area on a Grid: Combining and Subdividing Shapes BSPT  ACTIVITY NOTES

continued

They can also draw a rectangle with horizontal and vertical sides

to surround the figure. In the illustration, what is the area of the
surrounding rectangle? What is the area of the surrounding triangles?
How can this information be used to find the area of the tilted

rectangle?

O

2. What questions about finding area occurred to you? Encourage
curiosity. Here are sample student inquiries.

Is there an easier way to find the areas of these polygons than by dragging
in squares and triangles?

How many polygons are there with area 7 square units?

Do shapes without straight sides have areas?

ANSWERS

There are many polygons students can build with the given areas.
Some possible answers are shown below.

2. 3.
4

N
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For

Area on a Grid: Combining and Subdividing Shapes BSPT  ACTIVITY NOTES

continued

. The four given triangles have the same area. Each polygon is built from

two of the triangles. Because two triangles can fit together to make
1 square unit, any polygon built with two triangles has an area
of 1 square unit.

< . T
< T4

. The four given triangles have the same area. Each polygon is built from

two of the triangles. Because two triangles can fit together to make a
rectangle with an area of 2 square units, any polygon built with two of
the triangles has an area of 2 square units.

g D
DN I NN i I SN

. The area of the top polygon is 12 square units. The area of the

middle polygon is 6% square units. The area of the bottom polygon
1s 15 square units.
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Area on a Grid E"sppﬁ Name:

Find the area of polygons on a grid.

EXPLORE

@2:

274

Open Area on a Grid Combining.gsp. Go to page “Area 1.”

Drag squares from the stack to make a polygon with an area
of 7 square units.

. Go to page “Area 2.”

Make four polygons with an area of 1 square unit.

How do you know your polygons have an area of 1 square unit?

. Go to page “Area 3.”

Make four polygons with an area of 3 square units.

. Go to page “Area 4.”

Make four polygons with an area of 2 square units.

How do you know your polygons have an area of 2 square units?

. Go to page “Area 5.”

Make four polygons with an area of 4 square units.
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Area on a Grid E]£P5

continued

9. Go to page “Area 6.”
Drag blue squares and triangles to cover each yellow polygon.
What is the area of each polygon? How do you know?

EXPLORE MORE
10. Go to page “Make Your Own.”

Draw a polygon. Have a classmate find its area.
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Rectangles and Triangles: Triangle Area BPT ACTIVITY NOTES

INTRODUCE

Project a blank sketch 1. Explain, Today you’re going to construct a model with Sketchpad and

for viewing by the class. use it to think about the areas of triangles. In a new sketch do the
Expect to spend about

: following to make a rectangle:
15 minutes.
+ Using the Segment tool, draw a segment. Make ¢

the segment horizontal, or nearly so.

+ Using the Text tool, label the segment’s endpoints A B
Aand B.

+ Using the Point tool, draw a point C above the segment.
Label the point.

+ Using the Arrow tool, select point C and AB c
(but not endpoints A and B). Choose
Construct | Parallel Line. Sketchpad will o

construct a line through point C parallel to AB.

» Select point A and AB. Choose Construct |

c
Perpendicular Line. Sketchpad will construct |

a line through point A perpendicular to AB.

+ Ask students how to construct the fourth side
of the rectangle. They should note that you can
construct either a parallel or a perpendicular line
through point B. Use either option to construct
the line.

+ Using the Arrow tool, click on the two vertices
of the rectangle that do not have points. Label
the two new points D and E.

» Select the three lines. Choose Display | Hide Lines. E ¢ D

o—o———0

+ Using the Segment tool, draw three line segments,

replacing the lines, to complete the rectangle. A B

2. Construct a segment that is the diagonal of the rectangle, connecting
points D and A or points E and B.

What do you see? [Two triangles]

What type of triangle are they? [Right triangles]
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For

Rectangles and Triangles: Triangle Area GSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 45 minutes.

What can you say about the areas of the two triangles? [The areas look
equal. Indeed, the triangles are congruent. ]

How does the area of each triangle compare to the area of the
rectangle? [It is half the area of the rectangle.]

. I’m going to construct another model.

* Choose Edit | Undo Construct Segment to remove the diagonal of
the rectangle.

+ Construct segments to connect point C to point A E C D

and to point B. B

+ Select the vertices of the triangle and choose A B
Construct | Triangle Interior.

Here’s another triangle surrounded by a rectangle. Now you’ll work
with a partner to explore areas of triangles. See what you can find out.

. Assign students to computers and tell them where to locate Sketchpad

so they can begin a new sketch. Distribute the worksheet. Tell students
to work through step 17. Encourage students to ask their neighbors for
help if they have questions about using Sketchpad.

. As you circulate, observe students’ work with the model and pose

questions to learn about their thinking. Here are some things to notice.

+ In worksheet step 3, be sure that students are using the Parallel and
Perpendicular commands to construct the rectangle around the
triangle. If students simply draw segments that look parallel and
perpendicular to each other, the quadrilateral will not be a rectangle
when its vertices are dragged.

+ Worksheet step 4 is important. Make sure students drag the rectangle’s
vertices to confirm the construction. If students need to try again,
they may need to choose Edit | Undo repeatedly to back up.

+ In worksheet step 6, be sure that students hide the lines rather than
deleting them. If students delete the lines, points D and E will go away
as well.
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Rectangles and Triangles: Triangle Area BSPT  ACTIVITY NOTES

continued

Students will likely drag
point C past point D or

E and make the triangle
obtuse. Explore this case
later with the class,

if appropriate.

SUMMARIZE

Project the sketch. Expect
to spend about 30 minutes.

278

7.

+ In worksheet step 9, students drag point A and observe the two
area measurements. Do students notice that the area of the triangle
always seems to be half the area of the rectangle? Explain that because
Sketchpad is rounding the measurements, the measurement of the
rectangle shown on screen may not always be exactly twice the area
measurement of the triangle.

* In worksheet step 10, students drag point C to sit on point E. Triangle
ABC will become a right triangle. Students may recognize this as the
special case they saw in the Introduce section of the activity. Students
can conjecture that wherever point Csits along AB, the area of the
triangle is half the area of the rectangle.

+ In worksheet step 14, if students aren’t sure what to look at, you might
prompt, I see a pair of triangles that are the same size and shape. Do
you see that? Do you see another pair of triangles that are the same
size and shape? Does it make sense that triangles AEC and CFA are
congruent? Do students explain that the diagonal of rectangle AECF
divides it into two congruent triangles?

If students will save their work, let them know how to name and where
to save their files.

Gather the class. Students should have their worksheets with them.
Open Rectangles and Triangles Present.gsp. Go to page “Explanation.”
You'll see the construction that students made in the Explore 2 section
of the worksheets.

Why does it make sense that the area of triangle ABC is half the area of
rectangle ABDE? Here are sample responses.

Imagine that we cut out triangles AEC and BDC. We could arrange them

to make a triangle that’s identical to triangle ABC. That means that the
rectangle is made up of two equal triangles, an orange triangle and a yellow
triangle. So the orange triangle, ABC, has half the area of the entire rectangle.

If I look at just rectangle AECF, I see that triangle CFA is half the area of
the rectangle. It’s the same if I look at rectangle FCDB. Triangle CFB is
half the area of the rectangle. It makes sense that if I put the two rectangles

together to get the whole rectangle, then the area of the orange triangle will
be half the whole thing.
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Rectangles and Triangles: Triangle Area GSPT  ACTIVITY NOTES

continued

You may need to move the
Calculator out of the way
if it's blocking one of the
measurements.

8. Select segments AB and BD. Choose Measure | Length. How can we

find the area of the rectangle? Students will likely suggest multiplying
the two lengths.

Choose Number | Calculate. Click a measurement on screen to enter
the value into the Calculator. (Do not type the measurements into the
Calculator.) Help students read the symbols and equation as they appear
in the Calculator’s input line and preview area. Click OK when you're
done calculating the area.

MNew Calculation

m AB-m DB = 45.9421 c¢m?

W (| |0

0o | E®

| Help H Cancel ‘ | oK |

Drag point C. As you do, the measurements and the calculated area will
change to reflect the new value of the height of the rectangle.

. How can we use the Calculator to compute the area of triangle ABC?

Take responses. Some students may suggest taking the calculation for
the area of rectangle AECF and dividing the result by 2.

Mew Calculation

m AB-m DB

2 =23.4711cm?

mﬁ‘mﬁjZ

DEEEHE w -

Can I multiply AB by something other than BD? Develop the idea
that students can multiply the measures AB and FC (and divide the
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Rectangles and Triangles: Triangle Area BSPT  ACTIVITY NOTES

continued

ANSWERS

280

10.

11.

12.

10.

14.

16.

17.

result by 2) because length FCis equal to length BD. Use the Calculator
to find the area of AABC in this way.

Before introducing the formula for triangle area, have students explain
in their own words how to find the area. Introduce the terms base

and height to refer to AB and FC, respectively. Can you use the terms
base and height to rephrase your method for finding the area of any
triangle? [Multiply the base by the height and divide by 2]

Express the method as a formula. Explain that A, b, and & represent area,
base, and height, respectively.

AZ% or A:%(b'h)

Let’s watch what happens when I drag point C again. Drag point C
from one side of the sketch to the other so that point C moves outside
the rectangle. Elicit the idea that sometimes FC intersects the base of the
rectangle and sometimes it doesn’t.

Drag point C outside the rectangle. What type of triangle is this?
[Obtuse] Do you think the area formula for triangles applies to obtuse
triangles? Take responses. It is likely that some students will find it hard
to think of FC as the height of AABC when it sits outside the triangle.
It is not important or expected that students be convinced at this point
that the formula will work—only that their curiosity is piqued.

. The area of the rectangle is always twice the area of the triangle.

When point Cis dragged on to point E, AABC becomes a right triangle.
In this position, it’s easy to see that the area of the triangle is half the
area of the rectangle.

It appears that AAEC and A CFA are congruent (they are both half of
rectangle AECF) and ACFB and ABDC are congruent (they are both
half of rectangle FCDB).

Triangles AEC and CFA share the same area measurement as do ACFB
and ABDC.

See step 7 of the activity notes for possible student explanations.
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Rectangles and Triangles ks~ Name:

What can you find out about the areas of triangles?

EXPLORE

1. In a new sketch, draw a triangle.

BN

2. Select the three vertices and choose
Construct | Triangle Interior.

A Label the vertices. c
k »

A B
Choose Display | Color and make the triangle orange.

3. Build a rectangle around the triangle by constructing parallel and
perpendicular lines. Shown here is an example.

To make a parallel line, select a point and a segment (or a point
and a line) and choose Construct | Parallel Line.

To make a perpendicular line, select a point and a segment (or a
point and a line) and choose Construct | Perpendicular Line.

c c | | ¢ |
A/\B ANB ANB
2 3

1

X R 4. Drag the points to make sure the rectangle stays a rectangle. If it
doesn’t, choose Edit | Undo to back up and try again.
R | 5. By clicking on the intersections, create points

-

at the two vertices of the rectangle that don’t
already have points.

Label the points as D and E.

Ldlld

6. Hide the lines by selecting all three and choosing
Display | Hide Lines. Don’t hide points D and E.

Construct line segments to finish the rectangle.

>
vy)
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Rectangles and Triangles E]srpﬁ

continued

7. Select the four vertices of the rectangle in a clockwise or
counterclockwise direction and choose Construct | Quadrilateral
Interior.

Choose Display | Color and pick yellow.

8. Select the yellow interior and choose Measure | Area to measure
the area of the rectangle.

Select the orange interior and measure the area of the triangle.

E C D

A B

Area AEDB = 5.27 cm?
Area AABC = 2.64 cm?

9. Drag vertex A of the rectangle. Watch the area measurements.
What do you notice?

10. Drag point C. What happens when you drag point C onto point E?

EXPLORE 2

11. Start with your rectangle and triangle construction.

Select the interior of the rectangle and choose Display | Hide
Quaderilateral. Do the same with the interior of the triangle.
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Rectangles and Triangles E]£P5

continued

12. Select point C and AB. Choose Construct |
Perpendicular Line to construct a line
through point C perpendicular to AB.

m
O
O

» Click on the intersection of the new line with AB to
make a point.

>
-
w

Label the point as F.

Ldlld

E C D
13. Select the line through points C and F. Choose
_ Display | Hide Perpendicular Line.
/: Construct a segment connecting points C and F.
A F B

R | 14. There are now four right triangles in the rectangle. (There are
five triangles in all.) Drag point C. What do you notice about the
triangles and their areas (without measuring)?

-

15. Select the vertices of AAFC. Choose Construct | Triangle Interior.
Do the same to construct the interiors of the other three right
triangles.

Select the interiors of all four triangles and choose Measure | Area.

16. How do the measurements compare?

17. Explain why it makes sense that the area of AABC is half the area of
rectangle ABDE.
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Perimeter Formulas: Algebraic Notation BPT ACTIVITY NOTES

INTRODUCE

Project the sketch on 1. Open Perimeter Formulas.gsp. Go to page “Rectangle.” Explain, In this
a large-screen display activity, you will be exploring ways to find the perimeter of a rectangle.
for viewing by the class.
Expect to spend about
10 minutes.

I’ll introduce the Sketchpad model, and then you’ll work on your own.
Introduce the model and any Sketchpad skills new to your students.

* On page “Rectangle,” have students describe how the rectangle
behaves as you drag each vertex of the rectangle. [Dragging point B
changes the lengths of both side AB and side CD. Dragging point D
changes the lengths of both side DA and side BC. Dragging point
C changes the lengths of all sides. Dragging point A translates the
rectangle without changing its dimensions.]

« Sketchpad’s length measurements include an “m” that stands for
measure of. On page “Measure,” model measuring the length of a side
of the rectangle and reading the displayed measurement.

* On page “Calculate,” students will measure in a way different from
the way they do on page “Measure”: They will select two vertices and
choose Measure | Distance. Model measuring distance and then
explain that the reason for doing this is to avoid having the symbol “m”
displayed in the sketch. This will make the calculations students insert
in the Calculator easier to read and refer to.

« Students will discover the power of using this technique when
they drag the rectangle and watch the displayed calculation update
automatically.

« Students will use Sketchpad’s Calculator to create a calculation of the
rectangle’s perimeter. Unlike what they do when using a handheld
calculator, students will not press buttons on the Calculator’s keypad
to insert the numbers for the value of a measurement. Instead, they
will click directly on a measurement in the sketch to insert it into their
calculation. Model clicking one of the displayed measurements to
enter it into the Calculator. Also, point out the parentheses, addition,
and multiplication buttons in the Calculator’s keypad.

2. If you want students to save their Sketchpad work, demonstrate
choosing File | Save As, and let them know where to save.
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For

Perimeter Formulas: Algebraic Notation GSPT  ACTIVITY NOTES

continued

DEVELOP

Expect students at
computers to spend
about 25 minutes.

3. Assign students to computers and tell them where to locate Perimeter

Formulas.gsp. Distribute the worksheet. Tell students to work through

steps 1-11 and do the Explore More if they have time. Encourage

students to ask a neighbor for help if they have questions about using
Sketchpad.

4. Let pairs work at their own pace. As you circulate, here are some things

to notice.

In worksheet step 2, students should spend time dragging the vertices
of the rectangle and becoming familiar with how it behaves.

Students’ responses to worksheet step 4 will help you assess their
understanding that the opposite sides of a rectangle have the same
length. If some students seem unsure of this, spend time with them
carrying out step 5, observing the behavior of the sketch and talking
about this property of rectangles. Students need this understanding to
make sense of this activity.

In worksheet step 5, students should observe that the displayed
measurements update automatically. This simple observation
is important because it will help students understand how their
calculations update automatically when they carry out step 8.

In worksheet step 7, encourage students to ask a neighbor for help if
they have questions about using Sketchpad’s Calculator.

In worksheet step 9, students discover the power of inserting
measurements in the sketch into the Calculator. When they drag the
vertices of the rectangle, they observe that the displayed calculation
updates automatically.

Worksheet step 10 asks students to use multiplication as well as
addition to calculate the perimeter. Some students may have done
this already in step 7; ask them to create another calculation now.

If some students need help, ask, Is there a way to find the rectangle’s
perimeter without adding the lengths of all four sides? Can you use
two sides only? Here are some of the calculations students

might enter.

2% AB+2*BC 2*(CD+ AD)
2%¥*BC+2%AB (CD+ AD) *2
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For

Perimeter Formulas: Algebraic Notation BSPT  ACTIVITY NOTES

continued

SUMMARIZE

Project the sketch. Expect
to spend about 25 minutes.

286

Students may have a correct idea, but not enter their calculation
correctly into the Calculator. For example, some may enter

“CD + DA * 2” because they want to add two adjacent sides of
the rectangle and then double the result. Because the Calculator
multiplies DA by 2 before adding CD, it will not compute what
students expect. This is a good opportunity to review the role of
parentheses and the order of operations.

5. Students now create perimeter calculations for a square and for an

equilateral triangle. There are two approaches: add the lengths of all
sides, or find the length of one side and multiply by the number of sides.

. Bring the class together. Have students share their methods for

calculating perimeter. As they do, record them on the board. You might
make three columns of related expressions as you record—without
explaining your reasoning to students.

AB+ BC + CD + DA 2% AB+ 2 * BC 2% (CD + AD)
AB+ CD + BC + DA 2% BC+2*AB 2% (AD + CD)
AB + AB + BC + BC (CD + AD) * 2

. Why do these different approaches give the same perimeter? Some

sample student responses are presented here.

It doesn’t matter what order you add up the four side lengths in. As long as
every side is included, the answer will be the same.

Opposite sides of the rectangle have the same length. So, multiplying AB
by 2 is the same as adding AB and CD. And multiplying BC by 2 is the
same as adding BC and DA. So, the calculation 2 % AB + 2 * BC will be
the same as the calculation AB + CD + BC + DA.

It doesn’t matter which long side and which short side you add before you
multiply by 2, because both long sides are the same length and both short
sides are the same length.

All the ways we calculated end up finding the total length of two long sides
and two short sides.
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For

Perimeter Formulas: Algebraic Notation GSPT  ACTIVITY NOTES

continued

You may wish to start the
class off by writing one
statement together.

Again, review order of
operations.

8.

10.

11.

How would you tell someone else, using words only, how to calculate
the perimeter of any rectangle? Record students’ descriptions on the
board or chart paper.

Add the lengths of all four sides.

Add the length of a long side and the length of a short side. Multiply
that by 2.

Double the length, and double the width. Add the result.

. Focus on the method “add all four side lengths.” Use the words length

and width and any operation signs to write statements representing
your ways of computing the perimeter. Start your statements like this:

Perimeter =

Invite volunteers to write statements. Some examples are these.
Perimeter = length + width + length + width

Perimeter = 2 X length + 2 X width

I don’t want to write out all of these words. It takes too long!
Mathematicians use letters in place of words. What letter shall we

use to represent the length of the rectangle? Any letter is a possibility.
Using [ for length makes sense because it makes it easy to remember
what [ stands for. Similarly, w can represent width and P can represent
perimeter. Choose one statement and write it using letters. For example:
P=l+w+ 1+ w

What do your other methods look like written this way? Record
responses in a table such as this one.

Add all four side lengths. P=zi+w+(+w

Double a long side, double a short
side, and add together.

P=z2zXl+2z2Xw

Add a long and a short side, and

double the result. P=Utwx2

Tell the class that the methods they have developed for finding the
perimeter of a rectangle are called formulas. Give a definition: A formula
is a general rule that describes a calculation.

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 287

© 2012 Key Curriculum Press



For

Perimeter Formulas: Algebraic Notation BSPT  ACTIVITY NOTES

continued

ANSWERS

288

12.

10.
11.
12.

13.

If students had time to calculate the perimeter of the square and the
equilateral triangle, ask, How were your ways like your calculations for
a rectangle? How were they different? What formulas would you write
for finding the perimeter of a square? For an equilateral triangle?

Answers will vary.

Answers will vary. Students should give the length of side AB for the
length of side CD, and the length of side BC for the length of side DA
because opposite sides of a rectangle have the same length.

. The measurements update as point Cis dragged.
. Possible answers are those listed in Activity Notes step 6.

. The answer is yes if the calculation is correct.

Possible answers are listed in step 6 of the Activity Notes.
The answer is yes if the calculation is correct.

Calculation statements will vary. The possible approaches include
finding the lengths of all four sides and adding them, and finding the
length of one side and multiplying by 4.

Calculation statements will vary. The possible approaches include
finding the lengths of all three sides and adding them, and finding the
length of one side and multiplying by 3.
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Perimeter Calculations EI£P5 Name:

Create calculations for the perimeter of a rectangle.

EXPLORE

1. Open Perimeter Formulas.gsp. Go to page “Rectangle.”

2. Drag point C. Try dragging the other points. D c
Get to know how rectangle ABCD behaves.

3. Go to page “Measure.”
Select side AB. Choose Measure| Length.
Find the length of side BC too. Record both lengths.

4. Without measuring, what do you know about the lengths of sides
CD and DA?

5. What happens to the measurements as you drag point C?

6. Go to page “Calculate.”
Select point A, then point B. Choose Measure | Distance.
Select only point B, and then point C. Measure the distance.
Select only point C, and then point D. Measure the distance.
Select only point D, and then point A. Measure the distance.
If you make a mistake, choose Edit | Undo to back up.

New Calculation

Create an expression using the keypad

7. Choose Number | Calculate. e
Calculate the perimeter of the rectangle.

orinsel
by clicking them in the sketch

Don’t key measurements into the Calculator!

Do click on the measurements on screen. W B0 0 e
When you are done, click OK. L % JiI _we

Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad 289
© 2012 Key Curriculum Press



Perimeter Calculations E]srpﬁ

continued

8. Write your calculation as it looks in the sketch.

9. Drag point C of your rectangle to change its perimeter.
Look at the new measurements.
Does your perimeter calculation work for new measurements?

10. Use the Calculator to find the perimeter of ABCD again.

This time, use the Calculator’s multiplication key (the * symbol)
along with the addition key.

Write your calculation as it looks in the sketch.

11. Drag point C. Look at the new measurements.
Does your perimeter calculation work for new measurements?

EXPLORE MORE

12. Go to page “Square.”
Use the Calculator to find the perimeter in more than one way.
Drag the shape to check your way of calculating.
Record each way.

13. Go to page “Triangle” and do the same thing.
Record the calculations.
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Rectangles with the Same Area: For

Area and Perimeter Relationship B3 ACTIVITY NOTES
INTRODUCE

PrOJectthesketchon """"" 1. Begin by asking, True or false? If two rectangles have the same area,
alarge-screen display they have the same perimeter. Record the question and students’ first

for viewing by the class.
Expect to spend about

10 minutes. 2. Open Rectangles Same Area.gsp and go to page “Rectangle.” In this
activity, yow'll investigate this statement using a Sketchpad model.
Demonstrate any Sketchpad skills new to your students as you prepare

thoughts and save them for the discussion at the end of the activity.

students to use the model on their own.

* Model changing the dimensions of the rectangle by dragging its
vertices. Dragging the vertices changes the rectangle in different ways.
Dragging point A changes both lengths AB and DA, whereas dragging
point B or point D changes only one dimension. Dragging point C
translates the rectangle without changing its dimensions.

+ Regardless of which point is dragged, ABCD remains a rectangle.

+ Students will not be drawing new rectangles from scratch. They will
be changing the dimensions of the dynamic model on the screen to
create different rectangles.

3. Go to page “A = 16 Table.” Model adding several rows of data to the
table and then removing the last row or all rows of the table by clicking
in the table and choosing Number | Remove Table Data.

4. If you want students to save their Sketchpad work, demonstrate
choosing File | Save As, and let them know where to save.

DEVELOP

Expect students at 5. Assign students to computers and tell them where to locate Rectangles
computers to spend Same Area.gsp. Distribute the worksheet. Tell students to work through
about 30 minutes. steps 1-10 and to do the Explore More if they have time. Encourage
students to ask a neighbor for help if they have questions about using

Sketchpad.

6. Let pairs work at their own pace. As you circulate among students, here
are some things to be aware of.

« If students are not familiar with referring to rectangles by their
dimensions, introduce the language “a 1-by-16 rectangle.”
This language will help students communicate in writing and in class
discussions.
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For

Rectangles with the Same Area: Area and Perimeter Relationship BSPT  ACTIVITY NOTES

continued

Remind students that they
can remove the last row
of the table or all rows

of the table by choosing
Number | Remove

Table Data.

The issue of whether a
square is a rectangle
may come up, depending
upon your students’
experience classifying
two-dimensional shapes.

292

On page “A = 16,” make sure students are able to (1) recognize that
the grid is a centimeter grid; (2) use the abbreviations cm and cm?;
and (3) confirm that the perimeter and area measurements displayed
on screen are accurate.

On page “A = 16 Table,” note how students go about creating the

table of measurements. Some students may approach the problem
systematically, adjusting the length of one rectangle side to consecutive
factors of 16 (see the following table). Other students may adopt a
more random approach.

To make the 16 X 1 rectangle in its vertical orientation (and the

24 X 1 rectangle later on), students will need to scroll to see another
part of the screen. If students don’t discover this on their own, be
ready to point it out.

Students may create a table of values like the one that follows. Ask
what students think about the last two rows of the table. Are these
rectangles “new” ones? Students are likely to note that they are the
same as the rectangles in the first two rows of the table, but their
dimensions are switched.

AB BC | Perimeter ABCD | Area ABCD
Tcm | 16cm 34 cm 16 cm?
2cm | 8cm 20 cm 16 cm?
4cm | 4cm 16 cm 16 cm?
8cm | 2¢cm 20 cm 16 cm?
16cm | 1cm 34 cm 16 cm?

When students have completed page “A = 16 Table,” ask them about
their findings. Do they recognize that the square they made has the
smallest perimeter, and that the rectangle with the shorter sides
measuring one centimeter has the largest perimeter?

. As students work on page “A = 24 Table,” they will find that they are not
able to make a square. Listen for ideas such as these.

The area is not a square number, so the rectangle with the smallest
perimeter won’t be a square.

The rectangle with the smallest perimeter is the one that is almost a square:
the 4-by-6 rectangle.
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For

Rectangles with the Same Area: Area and Perimeter Relationship BSPS  ACTIVITY NOTES

continued

SUMMARIZE

If possible, project the
sketch for viewing by the
class. Expect to spend
about 20 minutes.

10.

11.

12.

There might be a side length between 4 and 5 centimeters that makes a
square and has an area of 24 square units.

. If students choose a value for the area that is not a square number, they

will not be able to make a rectangle that is a square. Again, they may
make the conjecture that it is possible to make a square, and thus a
smaller perimeter, if the measurement of a side length could be other
than a whole number.

Gather the class. Have available the recording made at the beginning of
the activity. Students should have their worksheets. Let’s look back at
your thinking. True or false? If two rectangles have the same area, they
have the same perimeter. Read the recorded responses and ask students
to respond with their thinking now.

When students have agreed that the statement is false, ask them to
rephrase it so that it is true. Students might offer, Two rectangles can
have the same area but different perimeters. Or, Two rectangles that have
the same area may not have the same perimeter. You might share this
language: Not all rectangles with the same area have the same perimeter.
Record on chart paper the statement the class agrees upon.

Open Rectangles Same Area.gsp. Discuss the worksheet questions.
Have students share any systematic ways they generated rectangles using
the model and the table. Listen for the following approaches.

+ Did students try changing the side lengths incrementally?

+ Did they notice patterns in the table that helped them find other
rectangles?

+ Did they notice that the side lengths in the table are all of the factors
of the number that is the value of the area measurement?

You may wish to have students respond individually in writing to this
prompt. Without using the Sketchpad model, list all the rectangles
with a perimeter of 36 centimeters that you could make with the
model. (The words with the model are included because the model only
allows dimensions in whole-number increments.)
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For

Rectangles with the Same Area: Area and Perimeter Relationship BSPS  ACTIVITY NOTES

continued

EXTEND
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Explore More

13. Invite students to share their work on worksheet steps 11 and 12. Call

on pairs who chose an area measurement that was not a square number.
Elicit the fact that their rectangles cannot be made into squares.
Nonetheless, in each case, the rectangles with the largest perimeter

are the “skinniest,” with a side length of 1 cm. The rectangles with the
smallest perimeter are “almost squares,” with dimensions that are closest
to equal.

. Students can use page “Explore More” to investigate their own

questions. What other questions occurred to you about the area and
perimeter of rectangles? Encourage student curiosity. Here are sample
student queries.

Can you tell without drawing how many rectangles there are with a
given area?

Could you have two rectangles with the same area and the same perimeter
but different side lengths?

What if fractional lengths were allowed? Could you have rectangles with
area 16 cm?, but with even larger perimeters than those we could create
with our model? What’s the largest possible perimeter?

If fractional lengths were allowed, would there be a square with
area 24 cm’?

Is it always true that of all rectangles with the same area, the square has the
smallest perimeter? If so, why?

What if we went backward? Of all rectangles with the same perimeter,
which has the largest area? Which has the smallest?

What about triangles or other polygons with the same area? Which has the
smallest perimeter?

. Students can use page “Explore More” to make rectangles with other

constant areas and integer-length sides, capture the data in the table
provided, and interpret the data.
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For

Rectangles with the Same Area: Area and Perimeter Relationship BSPS  ACTIVITY NOTES

continued

ANSWERS

10.

12.

. Answers will vary. If the dimensions of the rectangles are different, then

their perimeters may be different.

The dimensions of rectangles with an area of 16 cm? are these.
I cm X 16 cm

2cm X 8 cm

4cm X 4cm

8cm X 2cm

16cm X 1 cm

The 1 cm X 16 cm and 16 cm X 1 cm rectangles have the largest
perimeters.

The 4 cm X 4 cm rectangle has the smallest perimeter.

The rectangles with the largest perimeters are the “skinniest,” with a side
measuring 1 cm in length. The rectangle with the smallest perimeter is
a square.

The dimensions of rectangles with an area of 24 cm?are 1 cm X 24 cm,
2cm X 12cm,3cm X 8cm,4cm X 6 cm,6 cm X 4 cm, 8 cm X 3 cm,
12cm X 2 cm,and 24 cm X 1 cm.

The 1 cm X 24 cm and 24 cm X 1 cm rectangles have the largest
perimeters.

The 4 cm X 6 cm and 6 cm X 4 cm rectangles have the smallest
perimeters.

The rectangles with the largest perimeters are the “skinniest,” with a side
length of 1 cm. The rectangles with the smallest perimeter are “almost
squares,” with dimensions that are close to equal.

Answers will vary.
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Rectangles with — Name:
the Same Area ok

Explore rectangles that have the same area.

EXPLORE

1. Open Rectangles Same Area.gsp. Go to page “Rectangle.”
@ Find out how rectangle ABCD behaves by dragging its vertices.

2. Go to page “A =16."
Drag a vertex and watch the measurements.
Make a rectangle that has an area of 16 cm?.
Record the length, width, and perimeter.
Make a different rectangle with an area of 16 cm?.
Record the length, width, and perimeter.
What do you notice about the perimeters of the two rectangles?

3. Go to page “A = 16 Table.”
Make rectangles with an area of 16 cm?. Make all you can.

Each time you make a new rectangle, double-click on the table to
enter the measurements.

To remove a row or rows of the table, click in the table and choose
Number| Remove Table Data.

4. What is the rectangle with the largest perimeter?

5. What is the rectangle with the smallest perimeter?
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Rectangles with the Same Area E]sppﬁ

continued

6. What can you say about the shapes of the rectangles that have the
largest and smallest perimeters?

@ 7. Go to page “A = 24 Table.”
Make all the rectangles you can with an area of 24 cm?.
Record the measurements in the table.

8. What is the rectangle with the largest perimeter?

9. What is the rectangle with the smallest perimeter?

10. What can you say about the shapes of the rectangles that have the
largest and smallest perimeters?

EXPLORE MORE

11. Go to page “Explore More.” Choose an area measurement.
Make all the rectangles you can with this area.
Record them in the table.

12. What did you find out?
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Rectangles with the Same Perimeter: For
Area and Perimeter Relationship B9 ACTIVITY NOTES

INTRODUCE

Project the sketch on

a large-screen display
for viewing by the class.
Expect to spend about
10 minutes.

DEVELOP

Expect students at
computers to spend
about 30 minutes.

298

1. Begin by asking, True or false? If two rectangles have the same

perimeter, they have the same area. Record the question and students’
first thoughts, and save them for the discussion at the end of the activity.

. Open Rectangles Same Perimeter.gsp and go to page “Rectangle.”

Today you’ll use a Sketchpad model to investigate this statement.
Model changing the dimensions of the rectangle by dragging its vertices.
Points to make are these.

+ Not every vertex behaves in the same way. Dragging point A can
change the lengths of both side AB and side AD, while dragging
point B or point D changes only one dimension. Dragging point C
translates the rectangle without changing its dimensions.

* Regardless of which point is dragged, ABCD remains a rectangle.

+ Students will not be drawing new rectangles from scratch. They will
only be changing the dimensions of the dynamic model on screen.

* Model adding data to the table on page “P = 16 Table.” Model
removing the last row of the table or all rows of the table by clicking
in the table and choosing Number | Remove Table Data.

. If you want students to save their Sketchpad work, demonstrate

choosing File | Save As, and let them know where to save.

4. Assign students to computers and tell them where to locate Rectangles

Same Perimeter.gsp. Distribute the worksheet. Tell students to work
through steps 1-9 and do the Explore More if they have time. Encourage
students to ask a neighbor for help if they have questions about using
Sketchpad.

. Let pairs work at their own pace. As you circulate among students, here

are some things to be aware of.

« If students are not familiar with referring to rectangles by their
dimensions, introduce the language “a 1-by-7 rectangle.” This
language will help students communicate in writing and in class
discussions.
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For

Rectangles with the Same Perimeter: GSPT  ACTIVITY NOTES
Area and Perimeter Relationship continued

The issue of whether a
square is a rectangle
may arise, depending

on your students’
experience classifying
two-dimensional shapes.

Remind students that they
can remove the last row
or all rows by clicking in
the table and choosing
Number | Remove

Table Data.

+ On page “P = 16 ,” make sure students are able to (1) recognize that
the grid is a centimeter grid; (2) use the abbreviations cm and cm?;
and (3) confirm that the perimeter and area measurements displayed
on screen are accurate.

+ On page “P = 16 Table,” note how students go about creating
rectangles whose data they are recording in the table. Some students
may take a systematic approach. One way to create new rectangles is
to increase the shorter sides by one centimeter while decreasing the
longer sides by one centimeter.

+ Students may create a table of values like the one that follows. Ask
what students think about the last three rows of the table. Are these
rectangles “new” ones? Students are likely to note that they are the
same as the rectangles in the first three rows of the table, but their
dimensions are switched.

AB | BC | Area ABCD | Perimeter ABCD
Tcm|7cm 7 cm? 16 cm
2cm|6cm|  12cm? 16 cm
3cm|5¢m|  15cm? 16 cm
4cm|d4cm| 16cm? 16 cm
5¢cm|3cm| 15cm? 16 cm
6ecm|2cm|  12cm? 16 cm
7cm|1cm 7 cm? 16 cm

+ Some students may include the dimensions 8 cm by 0 cm in their
table because Sketchpad reports a perimeter of 16 cm for these values.
Clarify that ABCD is a segment in this case, not a rectangle.

+ When students have completed worksheet steps 4-6, ask them about
their findings. Do they see that the area increased as the rectangle
approximated a square? Do they recognize that the square has the
largest area and that the rectangle with the shorter sides (or width)
measuring one centimeter has the smallest area? Students will
discover similar results when they work on page “P = 24 Table.”

. If students choose a value for the perimeter that is not a multiple of 4,

they will not be able to make a rectangle that is a square. What are their
ideas about why this is so? Note any pairs who make this discovery and
plan to call on them in the class discussion that follows.
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For

Rectangles with the Same Perimeter: BSPT  ACTIVITY NOTES
Area and Perimeter Relationship continued

SUMMARIZE

If possible, project the
sketch. Expect to spend
about 20 minutes.

300

10.

. Gather the class. Have available the recording made at the beginning of

the activity. Students should have their worksheets. Let’s look back at
your thinking. True or false? If two rectangles have the same perimeter,
they have the same area. Read the recorded responses and ask students
to respond with their thinking now.

When students have agreed that the statement is false, ask them to
rephrase it so that it is true. Students might offer, If two rectangles have
the same perimeter but different side lengths, then their areas are not the
same. Or, Two rectangles that have the same perimeter may not have the
same area. Record on chart paper the statement the class agrees upon.

. Open Rectangles Same Perimeter.gsp. Discuss the worksheet questions.

Have students share any systematic ways they generated rectangles using
the model and the table. One pattern is this: To change the dimensions
of a rectangle while keeping its perimeter the same, increase one length
by one centimeter while decreasing the other length by one centimeter.

You may wish to have students respond individually in writing to this
prompt. Without using the Sketchpad model, list all the rectangles with
a perimeter of 32 centimeters that you could make with the model.
(The model is included because it allows only measurements that are
whole numbers of centimeters.)

Explore More

11.

Invite students to share their work. Call on pairs that chose a value for
the perimeter that is not a multiple of 4 and ask them to share their
answers to worksheet steps 8 and 9.

Elicit the fact that their rectangles cannot be made into squares.
Nonetheless, in each case, the rectangle with the largest area will be
the one whose dimensions are “almost” a square. For rectangles with a
perimeter of 26 centimeters, for example, the one with the largest area
has dimensions 6 cm X 7 cm.
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Rectangles with the Same Perimeter: GSPT  ACTIVITY NOTES

Area and Perimeter Relationship continued

EXTEND

Students can use the “Explore More” page of the sketch to investigate their
own questions. What other questions can you ask that you may or may not
be able to answer? Encourage all student inquiry. Mathematical questions
of interest include the ones here.

+ What happens when the length of a rectangle increases by 1 unit?
How does the perimeter change? How does the area change?

* When the perimeter of a rectangle doubles, what happens to the area?

* True or false? If two rectangles have the same area, they have the
same perimeter.

ANSWERS

2. If the dimensions of the rectangles are different, then their areas may
be different.

4. The 4 cm X 4 cm rectangle has the largest area.
5. The 1 cm X 7 cm (or 7 cm X 1 cm) rectangle has the smallest area.

6. The rectangle with the largest area is a square. The rectangle with the
smallest area is the one with a side length of 1 cm.

8. The 6 cm X 6 cm rectangle has the largest area.
9. The 1 cm X 11 cm (or 11 cm X 1 cm) rectangle has the smallest area.

11. Answers will vary.
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Rectangles with the r— Name:
Same Perimeter B8PS

Explore rectangles that have the same perimeter.

EXPLORE

k’ 1. Open Rectangles Same Perimeter.gsp. Go to page “Rectangle.”
’ Find out how rectangle ABCD behaves by dragging its vertices.

2. Go to page “P = 16.”
Drag a vertex and watch the measurements.
Drag vertices so that the rectangle has a perimeter of 16 cm.

Drag vertices to make a different rectangle with a perimeter
of 16 cm.

What did you notice about the areas of the two rectangles
you made?

3. Go to page “P = 16 Table.”
Make rectangles with a perimeter of 16 cm. Make all you can.

For each new rectangle, double-click in the table to enter the
measurements.

To remove a row or rows of the table, click in the table and choose
Number | Remove Table Data.

4. What is the rectangle with the largest area?

5. What is the rectangle with the smallest area?

302 Exploring Geometry and Measurement in Grades 3—5 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press



Rectangles with the Same Perimeter E]£p5

continued

6. What can you say about the shapes of the rectangles that have the
largest and the smallest areas?

@ 7. Go to page “P = 24 Table.”
Make all the rectangles you can with a perimeter of 24 cm.

Record the measurements in the table.

8. What is the rectangle with the largest area?

9. What is the rectangle with the smallest area?

EXPLORE MORE

10. Go to page “Explore More.”
Choose a perimeter measurement.
Make all the rectangles you can with this perimeter.
Record them in the table.

11. What did you find out?
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