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Getting Started
All Sketchpad documents (sketches) for Exploring Ratio, Proportion, and Probability in  

Grades 6–8 with The Geometer’s Sketchpad are available online for download. 

•	 Go to www.keypress.com/gsp5modules. 

•	 Log in using your Key Online account, or create a new account and log in.

•	 Enter this access code: ER68q531

•	 A Download Files button will appear. Click to download a compressed (.zip) folder of 

all sketches for this book.

The downloadable folder contains all of the sketches you need for this book, organized by 

chapter and activity. The sketches require The Geometer’s Sketchpad Version 5 software 

to open. Go to www.keypress.com/gsp/order to purchase Sketchpad, or download a trial 

version from www.keypress.com/gsp/download.

Types of Sketches
Student Sketches: In most activities, students use a 

prepared sketch that provides a model, a simulation, or 

a complicated construction to investigate relationships. 

You will often use the student sketch to introduce an 

activity, guided by the Activity Notes. The name of a 

Student Sketch usually matches the activity title, and is 

referenced on the Student Worksheet for the activity, 

such as Making Means.gsp.

Presentation Sketches: Some activities include sketches 

designed for use with a projector or interactive 

whiteboard, either for a teacher presentation or a whole-

class activity.  Presentation Sketches often have action 

buttons to enhance your presentation. For activities 

in which students create their own constructions, the 

Presentation Sketch can be used to speed up, summarize, 

or review the mathematical ideas from the activity. The 

name of a Presentation Sketch always ends with the word 

“Present,” such as Trees and Shadows Present.gsp.

Downloading Sketchpad Documents
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Sketchpad Resources

Sketchpad Learning Center
The Learning Center provides a variety of resources to help you 

learn how to use Sketchpad, including overview and classroom 

videos, tutorials, Sketchpad Tips, sample activities, and links to 

online resources. You can access the Learning Center through 

Sketchpad’s start-up screen or through the Help menu.

The Learning Center has three main sections:

Welcome Videos

These videos introduce Sketchpad from the point of view of 

students and teachers, and give an overview of the big ideas and 

new features of Sketchpad 5.

Using Sketchpad

This section includes 12 self-guided tutorials with embedded videos, 70 Sketchpad Tips, 

and links to local and online resources.

Teaching with Sketchpad

This section includes videos and articles describing how teachers make effective use of 

Sketchpad and how it affects their students’ attitudes and mathematical understanding. 

There are over 40 sample activities, each with an overview, teaching notes, student 

worksheet, and sketches, that you can use with students to support your grade level, 

and curriculum.
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Other Sketchpad Resources
Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad 

activities are an excellent introduction to Sketchpad for both students and teachers. If you 

want to learn more, Sketchpad contains resources for beginning and advanced users. 

•	 Reference Center: This digital resource, which is accessed through the Help menu, 

is the complete reference manual for Sketchpad, with detailed information on every 

object, tool, and menu command. The Reference Center includes a number of How-To 

sections, an index, and full-text search capability.

•	 Online Resource Center: The Geometer’s Sketchpad Resource Center  

(www.dynamicgeometry.com) contains many sample sketches and advanced toolkits, 

links to other Sketchpad sites, technical information (including updates and frequently 

asked questions), and detailed documentation for JavaSketchpad, which allows you to 

embed dynamic constructions in a web page.

•	 Sketch Exchange: The Sketchpad Sketch Exchange™ (sketchexchange.keypress.com) 

is a community site where teachers share sketches and other resources with Sketchpad 

users. Browse by keyword or topic for sketches that interest you, or ask questions and 

share ideas in the forum.

•	 Sample Sketches & Tools: You can access many sketches, including some with 

custom tools, through Sketchpad’s Help menu. You can use some sample sketches as 

demonstrations, others to get tips and information about particular constructions, and 

others to access custom tools that you can use to perform special constructions. These 

sketches are also available under General Resources at the Sketchpad Resource Center 

(www.dynamicgeometry.com).

•	 Sketchpad LessonLink™: This online subscription service includes a library of more 

than 500 prepared activities (including those used in this book) aligned to leading 

math textbooks and state standards for grades 3–12. For more information, additional 

sample activities, or a trial subscription, go to www.keypress.com/sll.

•	 Online Courses: Key Curriculum Press offers moderated online courses that last six 

weeks, allowing you to immerse yourself in learning how to use Sketchpad in your 

teaching. For more information, see Sketchpad’s Learning Center, or go to  

www.keypress.com/onlinecourses.

•	 Other Professional Development: Key Curriculum Press offers free webinars on a 

regular basis. You can also arrange for one-day or three-day face-to-face workshops for 

your district or school. For more information, go to www.keypress.com/pd.
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Addressing the Common Core State Standards

The Common Core State Standards emphasize the importance of students gaining expertise 

with a variety of mathematical tools, including dynamic geometry® software such as The 

Geometer’s Sketchpad. The Standards for Mathematical Practice specify that students should 

use technological tools to explore and better understand mathematical concepts.

5. Use appropriate tools strategically.

Mathematically proficient students consider the available tools when solving a 

mathematical problem. These tools might include pencil and paper, concrete 

models, a ruler, a protractor, a calculator, a spreadsheet, a computer algebra 

system, a statistical package, or dynamic geometry software. Proficient students 

are sufficiently familiar with tools appropriate for their grade or course to make 

sound decisions about when each of these tools might be helpful, recognizing 

both the insight to be gained and their limitations. They are able to use 

technological tools to explore and deepen their understanding of concepts.  

(Common Core State Standards for Mathematics, 2010, www.corestandards.org)

This collection of Sketchpad activities supports you in using dynamic geometry® software 

to address the Common Core State Standards for Mathematics for Grades 6 to 8. In 

addition to supporting the Standards for Mathematical Practice, these activities give 

students the opportunity to explore content from the domains of Ratios and Proportional 

Relationships and Statistics and Probability. As a set, they address the standard cluster 

statements listed below.

Grade 6

Ratios and Proportional Relationships

•	 Understand ratio concepts and use ratio reasoning to solve problems.

Statistics and Probability

•	 Develop understanding of statistical variability.

•	 Summarize and describe distributions.

Grade 7

Ratios and Proportional Relationships

•	 Analyze proportional relationships and use them to solve real-world and 

mathematical problems.

Statistics and Probability 

•	 Use random sampling to draw inferences about a population.

•	 Draw informal comparative inferences about two populations.

•	 Investigate chance processes and develop, use, and evaluate probability models.
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Grade 8

Expressions and Equations

•	 Understand the connections between proportional relationships, lines, and linear 

equations.

Statistics and Probability

•	 Investigate patterns of association in bivariate data.
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Overview of Content

The content of each chapter is described below, as well as how the activities in that chapter 

correlate to the Common Core State Standards. All of these activities strongly correlate to 

the Standards for Mathematical Practice. The Geometer’s Sketchpad is a mathematical tool 

that students can use strategically, allows them to model with mathematics, and motivates 

them to make sense of problems and persevere in solving them. In addition, the worksheets 

and activity notes are designed to help students reason abstractly and quantitatively, look 

for and make use of structure, and look for and express regularity in repeated reasoning.

Chapter 1: Rate and Slope 
Students work with a variety of models to build their understanding of rate of change and 

slope. Students relate slope to speed in a distance-time graph, reason about ratios and begin 

to relate rise over run to slope with staircase models, model linear data in the context of 

comparison shopping, and investigate the linear relationship between the circumference 

and diameter of circles.  Students develop facility with multiple representations, including 

scatter plots, function graphs, tables, and equations.

Chapter 2: Scale Drawings
Students begin by working with scale models, first using a map and a scale tool to estimate 

distances, and then designing and creating a scale drawing for an apartment. Students 

then investigate proportional relationships in geometric figures, defining similarity and 

exploring the relationship between perimeters and areas of dilated figures. Students apply 

the ratios of similar triangles to solve real-world problems using proportions.

Chapter 3: Central Tendency 
Students use dynamic data representations to develop their statistical thinking, first honing 

their understanding of mean, and then comparing and contrasting mean and median for 

different data sets. Finally, students explore quartiles, outliers, and the shape of a data set 

using a dynamic box-and-whiskers plot. 

Chapter 4: Representing Data
Students review angle measurement and percent in the context of creating a circle graph to 

represent data. Then students move into bivariate data, representing real-world data with 

tables and scatter plots. Students revisit rate of change and slope as they explore how to fit a 

line to a scatter plot. 

Chapter 5: Probability
Students explore chance processes through games and spinners, developing ideas about 

probability and fairness. They informally explore combinations and develop techniques for 

counting outcomes. Finally, in their exploration of geometric probability, students apply 

both probability concepts and proportional reasoning to calculate the areas of shapes.
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Toy Car: Associating Rate with Steepness
Students see how the steepness of a graph of distance over 

time changes as the constant rate of a toy car varies. They 

form connections between numerical and visual ways of 

thinking about the coordinate grid and the situation it 

represents. This activity is led by the teacher; there is no 

Student Worksheet

Reach the Target: Developing Concepts of Slope
Students navigate a point on a coordinate grid by 

decomposing its movement into vertical and horizontal 

components. As the point moves in staircase fashion along 

a line, students develop preliminary concepts of slope.

Staircase Standards: Exploring Slope
Students manipulate and then create dynamic staircase 

models, adjusting sliders for the height of the risers and the 

length of runners. They make the connection to steepness, 

or slope, and see why slope is measured as rise over run.
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Paper Cups: Connecting Slope and Unit Price
In the context of comparison shopping for paper cups, 

students connect slope ratios with rate (unit price) ratios. 

Students fi rst determine the meaning of the points on a 

graph and then associate the ratios of their coordinates 

with the slope of a ray from the origin through the point. 

This activity is led by the teacher.

Rainbow of Lines: Investigating Slope and Intercepts
Students compare several examples of linear functions and 

their associated graphs and match them by using color. 

They create families of graphs that go through the same 

given point, share the same slope, and pass through given 

quadrants.

Circle Roundup: Circumference to Diameter Ratio
Students measure the circumferences and diameters of 

several circles and make a table of the measurements. They 

plot the measurements on a coordinate graph and explore 

the relationship between the slope of the ray and the ratio 

of the circumference to the diameter, or .
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Toy Car: Associating Rate with Steepness ACTIVITY NOTES

INTRODUCE
1. Open the document Toy Car.gsp and go to page “Table.”

 2. Describe the table. A child is playing with a toy car. This table shows 
the distance traveled by the car in various amounts of time. Either 

now or at some later point, you can press Show Animation and use it 

to help students understand the relationship between rate, time, and 

distance.

 3. The table doesn’t specify any measurement units. What units might 
make sense? Students will probably suggest seconds as time units. They 

may suggest feet or meters for distance units. How realistic are those 
units? The rate is initially set to 2. A very fast toy car might go 2 meters 

in a second, and a slow car would travel 2 feet in a second. Students may 

suggest that wind-up toy cars will slow down before 5 seconds have 

elapsed. Help students make estimates of distance and time and review 

measurement units rather than strive to achieve a particular answer.

DEVELOP
Explore the Table
 4. Are there patterns in the table values? Students are quite likely to see 

that the distances are going up by 2. Some may note that the distances 

are 2 times the times. What does the pattern indicate? Elicit the idea 

that the car is going 2 distance units per time unit. (Most classes will 

have decided that this means 2 feet per second or 2 meters per second.) 

If students have not noticed that the distance is twice the time, ask, 

Could we predict the distance if time were, say, 100?

5. What else might we try? Someone will probably suggest dragging the 

point marked Drag. What happens as we drag this point? [The rate 

changes, and the distances in the table change.] How do the distances 
change? Elicit the idea that the times are multiplied by the rate to get 

the distances. What measurement units will rate have? The rate is 

in distance units per time unit, such as meters per second or feet per 

second. It’s good to make explicit the fact that the rate in this situation 

is the speed. What’s another name for rate, then? 

6. What else might we do? Welcome all suggestions. Whether or not 

anyone suggests it, adjust the rate slider to be negative. What happened 
to the distances now? What meaning could negative distances have? 

Expect this part of the 
activity to take about 
5 minutes.

Expect this part of the 
activity to take about 
15 minutes.
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Toy Car: Associating Rate with Steepness ACTIVITY NOTES
continued

A negative distance might be interpreted as a distance traveled when the 

car is going backward. A negative rate is often interpreted to be a speed 

going backward. Depending on your class and curriculum, you might 

mention that a word for directed speed is velocity.

Explore a Graph
 7. What else might we try? Welcome all suggestions. Even if nobody 

suggests doing so, propose plotting the points on a graph. Choose 

Graph⏐Show Grid. Encourage conjecturing (without judgment) to 

engage students. What do you think the graph will look like? 

 8. How can we represent a point on a graph? As needed, remind students 

that each point has two coordinates. 

So each row could represent a point. To plot a point in Sketchpad, we 
need to select the coordinates in order. Which should we select fi rst, 
the left column or the right column? Students may disagree. If they’re 

familiar with dependent and independent variables, elicit the fact that 

the fi rst coordinate chosen is the independent variable, which in this 

case is time because the distance depends on time.

Otherwise, get to the same idea without building on the terminology. It 
doesn’t really matter, as long as we’re consistent. The tradition, though, 
is to think about whether one column depends on the other. If so, the 
second coordinate comes from the dependent column and the fi rst 
coordinate comes from the other column. For the toy car, does distance 
depend on time or does time depend on distance? [Distance depends 

on time.]

This would be a good time to introduce the terms dependent variable 

and independent variable if your curriculum will use them or if you 

think students will be able to use the terms again soon and remember 

them.

 9. Plot at least one point. Select a coordinate pair in order (Time, Distance) 

and choose Graph⏐Plot as (x, y). Plot a second point. If suspense is 

building about the shape of the graph, plot the fi ve points one at a time. 

Otherwise, go to page “Graph” to see the points already plotted. (Adjust 

the rate slider to the rate you’ve been using.) Acknowledge students who 

predicted that the points would lie on a straight line. It looks as if the 
conjecture that the points will lie in a line is confi rmed. You might ask 
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Toy Car: Associating Rate with Steepness ACTIVITY NOTES
continued

students to explain how they thought of the idea; the thought process is 

more important than the actual conjecture.

 10. Use the Ray tool to construct a ray from the origin through the points. 
How will the graph change as we adjust the rate slider? What is your 
conjecture? Encourage a variety of conjectures without judging them. 

At this time do not bring up the question of what happens when the 

rate becomes negative, although welcome the idea if a student raises it.

11. Adjust the rate slider, keeping it positive. Be dramatic. Seeing the graph 

change dynamically helps students make the connection between rate 

and the graph’s steepness. What happened? Adjust the rate some more, 

keeping it positive. 

12. You may need to change the scale on the axes to keep the points in view. 

(Move the pointer over the 5 on the x-axis until it becomes a double 

arrow and drag the 5 toward the origin.) Help the class articulate the 

idea that bigger rates correspond to steeper graphs.

13. What else might we try? Someone will suggest making the rate negative. 

Decrease the rate slowly, watching the line become less steep. Stop when 

the rate is 0. Why does the line disappear when the rate is 0? Student 

ideas will vary. The line is still there but along the x-axis. Or, You’re 

multiplying each time by 0, so the distances are 0. Or, The car isn’t moving. 

Allow a variety of descriptions to help students make meaning of the 

phenomenon in their own ways. If someone says that you can’t multiply 

by 0, correct the misconception by helping the class review integer 

operations that include 0.

14. Adjust the rate to be negative. Why is the line going down from left 
to right? Help the class articulate that multiplying larger and larger 

values of time by a negative rate makes distances (second coordinates) 

become more and more negative. Is there a number that tells how 
steep the graph is? There are lots of numbers with this property; the 

most obvious one in this context is the rate. If appropriate to your 

curriculum, this is a good time to introduce the term slope as describing 

the steepness. The slope of the graphed line is given by the rate. 
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Toy Car: Associating Rate with Steepness ACTIVITY NOTES
continued

SUMMARIZE
 15. What have we learned here? Make notes on your display as students 

bring up points like these.

• Tables and graphs can describe motion.

• If an object is moving at a constant speed, the distance it travels makes 

a table with constant differences (over regular time intervals). 

• For this kind of moving object, those constant differences are its rate.

• The rate is distance divided by time. The rate is distance per unit 

of time.

• Negative rate means traveling backward.

• Distance equals rate times time.

• Distance is the dependent variable, and time is the independent 

variable, because the distance traveled depends on how long it’s been 

traveling.

• The dependent variable depends on the independent variable.

• The fi rst (horizontal) coordinate is that of the independent variable, 

and the second (vertical) coordinate is that of the dependent variable.

• For movement at a constant speed, the graph of distance in terms of 

time is a straight line.

• If the rate is positive, the line rises from left to right. 

• If the rate is negative, the line falls from left to right.

• The line is steeper for rates farther from 0. 

• The line is horizontal if the rate is 0, because the distance the car has 

traveled doesn’t change.

16. What other questions might we ask? Encourage both productive and 

non-productive questions from students. Here are some interesting 

questions.

Would it make sense for the rate to be numbers other than integers?

In that case, would you calculate distance from time the same way as you 

do with integers? 

Expect this part of the 
activity to take about 
10 minutes.



Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad 
  

7
© 2012 Key Curriculum Press

Toy Car: Associating Rate with Steepness ACTIVITY NOTES
continued

What if time were between integers? 

Would it ever make sense for time to be negative? 

Could the table be quite different and still give a straight-line graph? 

What would the graph look like if the car slowed down over the 5 seconds? 

EXTEND
1. For students who would benefi t from more work on determining rates 

from tables and graphs, assign pairs or individuals to work on page 

“Practice” in Toy Car.gsp. Or, you might ask the class to determine the 

rate for various tables and graphs. Pressing New Table and Graph gives 

a table and graph whose rate is an integer chosen randomly between –3 

and 5. Students can press Show Rate to check their conjectures.
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Reach the Target: Developing
Concepts of Slope ACTIVITY NOTES

INTRODUCE
 1. Open Reach the Target.gsp. Go to page “Reach the Target.”

 2. Present an overview of the problem, referring to the appropriate 

elements of the sketch to help students become familiar with their 

workspace.

Your goal is to send the point from Start to Target. Watch when I press 
Take a Step. What happened? [The point moved one unit up and one 

unit to the right, corresponding to the vertical and horizontal values of 

1.00 listed on screen.]

Each time I press Take a Step, the point will continue to move in the 
same way. Do you think the point will eventually reach the Target 
location? Why or why not? Take responses. Allow time for students to 

consider each other’s ideas. Some students might phrase their answer in 

terms of the x- and y-coordinates of the point. The point lands only on 

locations where the x- and y-coordinates are equal. That includes (6, 6). 

Other students might describe how the point always moves. The point 

moves up 1, over 1, eventually landing it on (6, 6).

 3. Continue pressing Take a Step until the point lands on the target and the 

message GOT IT! appears. Allow time for students to verify the result 

and connect the model’s action with the explanations they gave. 

 4. Press Reset to move the point back to Start. Ask, Can you think of 
another pair of vertical and horizontal values that will lead the point 
from Start to the same Target? Let’s limit ourselves to integers.

Record students’ conjectures before trying any with the model. Some 

students may respond with horizontal and vertical integers that are the 

same (both 4 or both 5), but which won’t land at the Target. Other 

students may offer values that will reach the Target (both values 2, both 

3, or both 6). Pick any of these pairs and demonstrate changing the 

current horizontal and vertical values by double-clicking each parameter 

and entering a new integer. Press Take a Step one or more times to test 

students’ conjectures.

Project the sketch on 
a large-screen display. 
Expect to spend about 
10 minutes.

Eliciting students’ 
ideas in this part of the 
activity allows you to 
gather information about 
students’ prior knowledge 
at the same time that it 
invites them to connect 
what they already know to 
the problem at hand.

Introduce or review 
the meaning of the 
term integer.

Let students know that 
they cannot change their 
horizontal and vertical 
values once the point 
starts along its path from 
Start to Target.
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Reach the Target: Developing Concepts of Slope ACTIVITY NOTES
continued

DEVELOP
5. Distribute the worksheet. You will solve a series of Reach the Target 

problems, with the goal of navigating the point from Start to Target in 
as many ways as possible. Starting with part b, you’ll fi rst need to drag 
the Target to the given location. Work through question 3 and do the 
Explore More if you have time. Emphasize that for worksheet steps 1 

and 2, students should fi nd as many different pairs of vertical and 

horizontal integer values as they can to get from Start to Target.

Forming Strategies for Navigating the Grid
6. As you circulate among pairs, learn about their thinking for moving the 

point from Start to Target. Allow students to struggle as they develop 

their ideas. Students will likely employ a variety of strategies as they 

investigate, some of which will be more successful than others. Listen to 

the explanations students use in their conversations, noting students to 

call on during the class discussion that follows.

Look for these student observations and strategies.

You can always move the point from Start to Target in one step. Just make 

the vertical value equal to the y-coordinate of the target and the horizontal 

value equal to the x-coordinate of the target.

When the x- and y-coordinates of the target are equal, the vertical and 

horizontal values also have to be equal.

When the x- and y-coordinates of the target are equal, any factor of these 

numbers will work. For instance, if the target is at (6, 6), then vertical and 

horizontal values of 1, 2, 3, or 6 all move the point from Start to Target.

When the target is (4, 8), the y-coordinate of the target is twice the 

x-coordinate. That means that for every step in a horizontal direction, 

the point has to move twice as far in the vertical direction. 

It might help some students to list the intermediate grid locations their 

point lands on before reaching the Target.

I decided to think about how many times I’d need to push the Take a Step 

button to get from Start to Target. When my target was (15, 6), I realized 

that if I took 2 steps to reach the target—that would make my horizontal 

steps 7.5. After experimenting for a while, I realized that the number of 

steps needs to be a factor of both 15 and 6. That means that I can take 

Expect this part of the 
activity to take about 
30 minutes.
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Reach the Target: Developing Concepts of Slope ACTIVITY NOTES
continued

1 step or 3 steps. If I take 3 steps, then the vertical value of my step is   6 _ 3   � 2 

and the horizontal value is   15
 __ 3   � 5.

When I fi nd a vertical and horizontal pair of values that work, I notice that 

as the point moves, it lands on points that are on the line passing through 

the Start and the Target.

 7. Page “Reach the Target 2” places the target in the second quadrant. 

Some students may need help thinking about whether to enter negative 

or positive values when navigating the grid. Which coordinate needs to 
be negative?

SUMMARIZE
Comparing Strategies
 8. Gather the class. Ask volunteers to offer 

observations and strategies for guiding 

the point to the target. Engage the class 

in discussion of each strategy, making 

it students’ responsibility to verify 

the identifi ed strategy and to ask for 

and contribute to clarifi cation of the 

explanations.

9. One particular observation you may want to highlight is this: When 
the point moves from Start to Target, it lands on locations that sit 
on the line connecting the two points. To demonstrate this, use the 

Straightedge tool to draw a line through Start and Target. Now trace 

the point’s path for a pair of vertical and horizontal values that guide 

it to the target.

 10. Pick a problem from worksheet step 1 or 2 and ask students to form the 

ratio vertical/horizontal for each pair of vertical and horizontal values 

in the table. Students should note that the ratios of all pairs of values are 

the same. As an early introduction to slope, you can tell students 

that this constant ratio is the slope of the line connecting the Start 

and Target points.

Project the sketch on 
a large-screen display 
for viewing by the class. 
Expect to spend about 
20 minutes.

6

4

2

5Start

Target

Noting that the constant 
up-and-over behavior 
of the point generates 
points on a line is a good 
fi rst step for an eventual 
understanding of slope. 
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Reach the Target: Developing Concepts of Slope ACTIVITY NOTES
continued

Inquiring Further
11. What other questions can you ask that you may or may not be able 

to answer? Encourage all student inquiry. Mathematical questions of 

interest include these:

Why does the point always move vertically before moving horizontally?

In general, how many different paths are there along the grid lines from 

Start to Target?

Why do some points have fewer paths on grid lines than others?

Can we predict the length of each path from Start to Target?

What if we were aiming for a target in space rather than on a plane?

Explore More
12. In worksheet step 5, students solve problems in which the Start location 

is no longer at the origin. The strategies for solving such problems are 

the same as before, only now students must fi rst calculate the vertical 

and horizontal distances between Start and Target. In 5(a), for example, 

the vertical and horizontal distances for the point to travel are both 

4, because 5 � 1 � 4. Students may fi nd 5(c) especially challenging, 

because the slope is negative even though the points are in the fi rst 

quadrant.

13. In step 6 of the worksheet, students restrict their solutions to step sizes 

in which the horizontal value is 1. In problem 6(a), a horizontal step 

size of 1 means that it will take 4 steps to reach (4, 2). Each of those 

four steps must have a vertical component of 2/4 � 0.5. For your own 

understanding, note that the vertical component of each answer is the 

slope of the line connecting Start to Target. 

ANSWERS
1. Many answers are possible if students use decimals. Answers given here 

apply if they use only integers.

a. vertical � 1, horizontal � 1; vertical � 2, horizontal � 2; 
vertical � 3, horizontal � 3; vertical � 6, horizontal � 6

b. vertical �1, horizontal � 1; vertical � 2, horizontal � 2; 
vertical � 5, horizontal � 5; vertical � 10, horizontal � 10
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Reach the Target: Developing Concepts of Slope ACTIVITY NOTES
continued

c. vertical � 1, horizontal � 1; vertical � 7, horizontal � 7

d. vertical � 4, horizontal � 2; vertical � 2, horizontal � 1; 
vertical � 8, horizontal � 4

e. vertical � 2, horizontal � 5; vertical � 6, horizontal � 15

f. vertical � 14, horizontal � 9

2. Many answers are possible if students use decimals. Answers given 

here apply if they use only integers.

a. vertical � 2, horizontal � �3; vertical � 4, horizontal � �6

b. vertical � 1, horizontal � �1; vertical � 2, horizontal � �2; 
vertical � 4, horizontal � �4; vertical � 8, horizontal � �8

c. vertical � 1, horizontal � �3; vertical � 5, horizontal � �15

 3. See the Develop section for possible student strategies.

 5. a. vertical � 1, horizontal � 1; vertical � 2, horizontal � 2; 
vertical � 4, horizontal � 4

b. vertical � 2, horizontal � 1; vertical � 6, horizontal � 3

c. vertical � �4, horizontal � 6; vertical � �2, horizontal � 3; 
vertical � �8, horizontal � 12

6. a. vertical � 0.5

b. vertical � 0.75

c. vertical � 1.2

d. vertical � 0.9
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Reach the Target Name:

Figure out how to travel between two points on the coordinate plane by taking 
horizontal and vertical steps.

EXPLORE

  1. Open Reach the Target.gsp. Go to page “Reach the Target.”

To begin each problem, drag the Target to the given location. Press Reset.

Enter numbers for the vertical and horizontal values by double-clicking them.

Keep pressing Take a Step until you reach or miss the Target, and then try 
another pair of numbers.

Find as many different paths as you can to go from Start to Target. V stands for 
vertical, and H stands for horizontal.

a. Start: (0, 0) Target: (6, 6)

 

b. Start: (0, 0) Target: (10, 10)

  
 

c. Start: (0, 0) Target: (7, 7)

d. Start: (0, 0) Target: (4, 8)

e. Start: (0, 0) Target: (15, 6)

f. Start: (0, 0) Target: (9, 14)

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �
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Reach the Target
continued

 2. Go to page “Reach the Target 2” and solve these problems.

a. Start: (0, 0) Target: (�6, 4)

b. Start: (0, 0) Target: (�8, 8)

c. Start: (0, 0) Target: (�15, 5)

 3. What strategies did you use to move from Start to Target?

EXPLORE MORE

 4. Make your own problems for a classmate to solve. Change the location of the 
target and ask your partner to solve the problem.

 5. Go to page “Explore More 1.” 

To begin each problem, drag Start and Target to the locations given here. 
Then press Reset.

Find as many different paths as you can.

a. Start: (1, 1) Target: (5, 5)

b. Start: (2, 2) Target: (5, 8)

c. Start: (3, 9) Target: (15, 1)

 6. Go to page “Explore More 2.”

For each problem, enter a vertical value that will take you from Start to Target. 
Leave the horizontal value at 1.

a. Start: (0, 0) Target: (4, 2)

b. Start: (0, 0) Target: (8, 6)

c. Start: (0, 0) Target: (5, 6)

d. Start: (0, 0) Target: (10, 9)

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �

V � V � V � V �

H � H � H � H �
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INTRODUCE
1. Engage the students by bringing in their experience. Who knows 

something about building staircases? If no students know about 

building staircases, ask what they know about the shapes of stairs. 

From students’ contributions, introduce the terms riser (the vertical 

distance between stairs) and runner (the depth of a stair).

 2. Explain that building codes have established standards for building 

staircases so that they are predictable and safe. You might say, The 
building code for this model sets the standard for the sum of lengths 
of the riser and the runner between 17 and 17.5 inches. The ratio of 
these lengths is to be between 0.45 and 0.6.

3. As needed, introduce or review the idea of a ratio as a fraction. How 

would you calculate the ratio of the length of the riser to the length of 

the runner? [  riser
 

_____ runner  , divide riser by runner]What would the standard 

indicate if the standards ratios, 0.45 and 0.60, were written as 

fractions? [Between   9 __ 20   and   12
 __ 20   (or   3 

_ 5  )]

Introducing the Model
4. Open Staircase Standards.gsp and go to page “Adjust Staircase.” Use the 

slider to add another stair to the staircase.

5. Point out that both risers have the same length and both runners have 

the same length. Note the use of the terms rise and run in the model. 

The term rise is shorthand for “length of a riser,” and run means 
“length of a runner.” The riser control is a directed distance; on page 

“Down Staircase,” it can be made negative. Share this information with 

students as they ask about it while working on worksheet step 8.

6. Demonstrate adjusting the sliders. Students will observe that dragging 

either the rise or run slider changes the size of a stair and the 

calculations of the sum and ratio. More stairs are added as the green 

slider is dragged. With 5 or 6 stairs in place, adjust the rise and run so 

that both standards are met. Add more stairs, one at a time. The rise to 
run ratio does not change as stairs are added. Create 11 stairs, adjusting 

the riser and runner as needed. Adjust the riser and runner and the 
number of stairs until the last runner meets the landing. 

7. On page “Up Staircase,” demonstrate how to translate the top stair by 

selecting the two points at the right end of the last two runners and 

Project the sketch for 
viewing by the class. 
Expect to spend about 
10 minutes.

Staircase Standards: Exploring Slope ACTIVITY NOTES
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Staircase Standards: Exploring Slope ACTIVITY NOTES
continued

choosing Transform⏐Mark Vector. Then select the last riser and the 

last runner and the point at the right of the top runner and choose 

Transform⏐Translate. (Make sure Marked is selected in the dialog 

box.) You might repeat the process to create another stair and then 

assure students they will see the instructions when they are asked to 

construct their own staircases.

 8. Move to page “Down Staircase” to show students that the Drag for Riser 

slider can be pulled down so that the staircase will go down from left to 

right. You might share more information about this last model now or 

as you check in with working students.

The vertical distance between stairs is still called the riser. After all, it’s 
rising if you climb from the other direction.

Mathematically, the goal is now a negative ratio, because the stairs go 
down as they go from left to right. 

DEVELOP
 9. Assign pairs to computers and tell them where to locate Staircase 

Standards.gsp. 

 10. Distribute the worksheet. Ask students to work on worksheet steps 

1�10 and complete the Explore More if they have time. 

 11. As you circulate, notice these things. 

• On pages “Up Staircase” and “Down Staircase,” some students may 

focus on only the ratio or on only the sum, ignoring the other one. 

Are both goals being met? Keep asking, even when they are.

• Also on those pages, students may fi nd it hard to decide which slider 

to increase or decrease. One goal of the activity is that students 

deepen their understanding of fractions and ratios through the 

hands-on activity, so do not be too quick to intervene. If the 

frustration level becomes too high for learning, you can ask guiding 

questions. What happens to the value of a ratio or fraction if you 
increase the denominator? [value decreases] What if you decrease the 
denominator? [value increases]

• Some students may have diffi culties translating stairs. What are some 
good problem-solving techniques for when you are stuck? Elicit the 

idea that a good problem-solving strategy is to re-read the problem or 

instructions; then help students re-read the instructions. 

Expect students at 
computers to spend 
about 25 minutes.
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Staircase Standards: Exploring Slope ACTIVITY NOTES
continued

• Some students may put on too many stairs. They can select the riser, 

runner, and last point and delete them, or they can choose Edit⏐Undo 

until they have the right number of stairs. They may need to adjust the 

rise and run again.

• As you interact with students working on worksheet step 6, students 

should count the same number of runners as risers. You might ask 

students who have completed worksheet step 6 to help any who are 

struggling. What do we mean by a ratio? How do you calculate a 
ratio? Be patient with students’ struggles to articulate their ideas. 

Checking In
12. Check in with the class or individual pairs as students fi nish worksheet 

steps 6 and 7. What did you discover about the ratio    vertical distance
  ____________  

horizontal distance
   ?

[The ratio of the totals is the same as the ratio of the rise to the run 

of a single stair.] What did you discover about the slope of the line 
representing the strip of wood? [Same ratio]

Constructing the Down Staircase 
13. As pairs continue with worksheet steps 8 and 9, circulate and ask 

students to explain the connections they fi nd. Does it make sense 
that the down staircase is described differently? Help them make 

connections. You might think of slope as climbing up or going down a 
hill. You are standing on the left, moving right. Slope is positive if you 
are climbing up—the larger the slope, the steeper the climb. If climbing 
up has a positive slope, how would you describe going down? [Negative 

slope] Which slope is steeper, 1 or 0.6? [1] Which slope is steeper, 
�1 or �5 ? [�5]

Some students may point out that the sum of the rise and the run 

should be less than the run, because the rise is negative. It’s for that 

reason that the instructions ask for the sum of the lengths of the riser 

and the length of the runner instead of the sum of the rise and the run. 

A length or distance is always positive.

14. As you visit pairs completing worksheet step 10, you might ask, 

Why do you divide to calculate a ratio? [A ratio is like a fraction; 

a decimal value of a fraction is found by dividing the numerator by 

the denominator.]
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Staircase Standards: Exploring Slope ACTIVITY NOTES
continued

SUMMARIZE
 15. Ask for volunteers to share their ideas about the two staircases. How 

were they the same? How were they different? Was one steeper than the 
other? From the ratio of    rise

 ___ run  , how can you tell that one staircase is 
steeper than another? [The larger the number, the steeper the up 

staircase; the lower the negative number, the steeper the down staircase.] 

If the rise and run were the same length, what would be the steepness? 
[�1] Would that be harder or easier to climb than a staircase that 
meets the standards? [Harder]

 16. How is the steepness of the staircase like the slope of a line? [They’re 

both calculated by dividing rise by run.] What does the graph of a line 
of slope 1 look like? [Answers might include a 45° angle or that rise 

and run are equal.] A line with slope �1? [Answers might include a 45° 

angle and going down from left to right.]

17. To emphasize that slope is constant, draw an irregular staircase on the 

board, where the ratio of rise to run is changing. How steep is this 
staircase? [You can’t tell; it changes.]. Under what conditions can we 
talk about the steepness of a staircase? [When stairs are the same size]

If the steepness stays the same, what can you say about the relationship 
of the rise to run? Does it stay the same? What about in the stairs I just 
drew? Does the ratio of rise to run stay the same there? Elicit the idea 

that the straight line drawn along the stairs shows that the steepness is 

constant. The slope of a line is constant. 

  Though building codes have some leeway as to what the ratio is, why 
do they insist that the ratio must be constant for a particular staircase? 

[People need to be able to predict the size of the next stair.]

 18. Draw a line on the board. How can I fi nd the slope of this line? Draw a 

single stair below it to help students make the connection to the slope 

formula in terms of the rise and the run.

 19. To the extent appropriate for your curriculum, ask questions about 

the meaning of translation. What is a translation? [Movement of an 

object] What two things do you need to determine where a translation 
will take an object? [A direction to move and the distance to move in 

that direction] To translate in Sketchpad, you fi rst use the command 
Mark Vector. What is a vector? [A vector has direction and length.] 

Expect this part of the 
activity to take about 
10 minutes.
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Staircase Standards: Exploring Slope ACTIVITY NOTES
continued

Explore More
 20. Students can work backward to the solution. What do you know about 

the steepness or slope of a line? [The ratio of rise to run of one stair is 

the same as the ratio of total rise to total run.]

EXTEND
 1. Suggest that students fi nd the staircase specifi cations in their own local 

building codes. 

 2. Students might measure the dimensions of the rise and run of staircases 

in the school and in their homes or an offi ce building. Which staircase 
is steeper? How do the lengths and ratios compare to the building code 
specifi cations?

ANSWERS
 2. For 11 stairs with the last runner meeting the top landing, the sum is 

17.25 inches with ratio 0.60. Answers may vary slightly.

 3. Sums should be between 17 and 17.5 inches. Ratios should be between 

0.45 and 0.6.

 5. Seven risers, with sum 17.00 inches and ratio 0.45.

 6. The total vertical rise is the length of 7 risers, or 7 � 6.25, which equals 

43.75 inches. The total horizontal span counting 7 runners, or 7 � 11.11, 

which is 77.77 inches. The ratio is about 0.56. Answers may vary slightly.

 7. The slope of the line is 0.56.

 8. Both the value of rise and the ratio become negative.

 9. Eight runners, with sum 17.50 inches and ratio �0.59.

 10. The slope is �0.59.

 11. a. Answers should include the idea that the slope of the line is the ratio 

of vertical distance to horizontal distance. Therefore, the horizontal 

distance is the ratio of the vertical distance to the slope. 

slope �   v __ 
h

  

h �   v ____ 
slope

  

  b. There will be 18 risers starting about 190 inches from the point 

below where the staircase will end. 
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Staircase Standards Name:

In this activity you will make staircase models whose rise and run meet standard 
goals. The standards are established so that the staircase will be safe and easy to 
climb: not too steep, with runners that are not too shallow.

EXPLORE

 1. Open Staircase Standards.gsp. On page “Adjust Staircase,” 
you see the main fl oor, a landing above, and a single stair. 

  2. Adjust the sliders to meet the goals for the sum and ratio for the rise and run of 
one stair. Add stairs and adjust sliders until the stairs connect to the left end of 
the upper fl oor. Check that the two goals are met.

How many stairs did you make? _______________

What is the sum of riser and runner lengths for your staircase? _______________

What is the ratio of rise to run for your staircase? _______________

 3. Now you’ll be building the stairs yourself. Go to page “Up Staircase.” 

First, adjust the sliders to give the single stair a sum and ratio that meet 
the goals.

What is the sum of riser and runner lengths? _______________

What is the ratio of rise to run? _______________

 4. To add another stair, you will translate the fi rst stair.

To indicate the direction to translate the stair, select two points. Select the 
point at the top of the fi rst riser then the point at the top of the second riser.

Choose Transform⏐Mark Vector.

Now indicate what you want to translate by selecting the top runner, the top 
riser, and the point at the top of the riser. Choose Transform⏐Translate. 
The dialog box should have Marked checked.

 5. To make another stair, translate again. Keep making stairs until you think you 
have enough to connect to the landing. Experiment until you have a staircase 
that connects and meets the goals.

How many risers have you made? _______________

What is the sum of riser and runner lengths? _______________

What is the ratio of the rise to the run? _______________

Drag for run

Drag for rise
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Staircase Standards
continued

 6. You can compare this ratio to another ratio. 

To calculate the vertical distance from the fi rst fl oor to the landing, fi nd the sum of the 
risers. _______________

Calculate the total horizontal distance that the staircase spans. _______________

Divide to fi nd the ratio of the vertical distance to the horizontal distance. _______________

How does this ratio compare to the ratio   rise ___ run   for a single stair? 

  7. You plan for a strip of wood that can go up the side of 
the staircase. To represent the strip of wood, draw a line 
through the points representing the front of each stair. 

The steepness of this line is the same as the steepness 
of the staircase. What numerical value would you use 
to describe the steepness of the line?  _______________

This value is called the slope of the line.

  8. Go to page “Down Staircase.” Here the landing is below the main fl oor.

You can drag the point marked Drag for rise to make the riser go down. 
It’s still called a riser. 

What happens to the value of rise as you make a stair go down? 

What happens to the ratio of rise to run as the stairs go down? 

 9. Construct your staircase by translating the fi rst stair down. Use the process you 
used in step 4. Adjust it to meet the goals and connect with the landing.

How many runners have you made?  _______________

What is the sum of riser and runner lengths?  _______________

What is the ratio of rise to run? _______________

 10. Draw a line representing a strip of wood along the down staircase. 

What numerical value describes the slope of that line? _______________

Main floor 



22 
 

 Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Staircase Standards
continued

EXPLORE MORE

 11. a. Suppose you knew the vertical distance between the two fl oors. You also 
knew the ratio of rise to run for each stair. But you didn’t know the number 
of stairs. How might you fi nd the approximate horizontal distance from one 
end of the staircase to the other? 

b. Your dad asks for help designing a staircase from the backyard to a deck on 
the second fl oor. He has decided he wants the staircase to be as steep as 
possible, with a ratio close to 0.6. You measure the distance from ground 
level to the deck and fi nd it is 114 inches. About where should the staircase 
start? How many risers should it have?
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Paper Cups: Connecting
Slope and Unit Price ACTIVITY NOTES

INTRODUCE
1. Start on page “Problem” of Paper Cups.gsp. Ask for a volunteer to read 

the situation description aloud.

Strive for making sense. Can you describe the situation in your own 
words? What can you imagine about the characters and places and 
events involved?

2. Go to page “Data.” You might act surprised at the way the data are 

presented. Oh! The shopper recorded everything in a graph. Would you 
have done that? Students may have preferred to make lists or tables. 

Why do you think the shopper used a graph? Students might say, To 

make a harder math problem. Or, It’s easier to add new data—just make a 

point instead of writing down numbers. Or, It’s easier to see patterns.

3. Does the graph make sense to you? What would it take to make sense? 
Elicit the idea that students need to figure out what the coordinates 

mean and that labels on the axes would have helped. What might the 
coordinates of the points represent in the context of buying packages 
of paper cups? Students may be quick to decide that one coordinate is 

price, and consideration of the scales can convince them that the price 

coordinate must be the vertical coordinate. Again in context, the first 

coordinate probably represents the size of the package in some way. 

Students may propose to measure size in ounces. If other students don’t 

challenge that idea, you might. How heavy is 30 ounces? Have you ever 
bought paper cups or plates? Some students may know from experience 

that packages of cups usually tell how many cups are included, and 

indeed that number would be important to someone buying cups 

for a party.

4. If your students are familiar with the ideas of dependent and 

independent variables, you might use those terms. If they aren’t familiar 

with that terminology, but your curriculum calls for it, you might 

introduce the words now. The rest of this lesson does not refer to them, 

but you can insert them into the conversation frequently.

5. Questions may arise about the exact values of the coordinates. For now 
is it good enough to estimate their values?

Project the sketch on 
a large-screen display. 
Expect this part of the 
activity to take about 
10 minutes.
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DEVELOP
 6. What problem are we trying to solve? Students may have to reread the 

description of the situation several times, because the instructions are 

buried. We need to fi gure out which packages of 9-ounce cups to buy. 

 7. What characteristics of the packages will you consider? Be open to a 

variety of ideas. Most students will want to think about price. Some may 

conjecture that the package with lowest price is represented by the point 

lowest in the coordinate plane—with the smallest second coordinate. 

If no one disagrees, try to include size in the discussion. I thought the 
cheapest was usually the largest. Bring the discussion to unit prices and 

their meaning. For these cups, what measurement unit would the unit 
price have? [Dollars per cup]

8. If time allows and students can turn to computers individually or in 

pairs, you might let them try to solve the problem on their own. No 

worksheet is needed. Otherwise, you can continue with the whole-class 

conversation. Either way, your goal is that students will tie the ratio of 

unit price to the slope of a line. Because a graph is geometric, is there 
some geometric meaning for a ratio like unit price? Is the cost over the 
number of cups the rise over the run of some line? It’s a line from the 

origin to the point. And you want to find the point whose line has the 

smallest slope.

9. On the sketch, you or students can use the Ray tool to start a ray at the 

origin. Moving the pointer will swing the ray around to have various 

slopes. It’s easy to see which data point the ray must go through to have 

the minimal slope. 

10. Focus back on the problem. Have you solved the problem? Bring out the 

idea that you need to find the coordinates of the chosen point. Students 

may well see that the number of cups is 25 just by looking at the graph, 

but they will probably realize that they can’t estimate the price very well. 

Choose Measure⏐Coordinates to display the coordinates of the chosen 

point.

 11. If time allows, focus back on the unit price. So, what is the unit price? 

Students can divide 1.89 dollars by 25 cups to get 0.0756. What does 
that mean? [7.56 cents per cup]

Expect to spend about 
10 minutes. Students may 
follow the class discussion 
at individual computers.
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Paper Cups: Connecting Slope and Unit Price ACTIVITY NOTES
continued

SUMMARIZE
12. If the students have been working individually or in pairs, reconvene 

the class for a summary. What have you learned? Record on display the 

points that students raise. They may include these.

Graphs can help you understand data.

It’s difficult to understand graphs if the axes aren’t labeled.

The slope of the line from the origin to a point is the unit cost of the 

package represented by that point.

The cheapest cups in unit price are in the package corresponding to the 

smallest slope.

Students might also raise points about independent and dependent 

variables, if those topics arose in the introduction.

13. Introduce or remind students of the term rate. A ratio with 1 in the 
denominator is often called a rate. Do we have a rate here? [Yes, unit 

cost and slope are rates.] What other rates can you think of?  Students 

will probably think of speed. Conversion factors such as feet per meter 

can be thought of as a special kind of rate.

14. What considerations other than least cost might you use to 
decide which package to buy? Students might suggest many 

ideas, including these.

How many packages do I want to carry? 

What are the cups made of? [Some are paper and some are plastic.] 

By the time we get there, the store may be out of the cheapest cups, or it 

may have changed the prices.

15. What other questions can you ask? Brainstorming includes 

unproductive as well as productive questions. Here are some 

interesting examples.

What’s the most expensive package?

Can you always solve rate problems with slopes of lines on a graph?

Why is the slope the unit price?

The goal is to pose problems, not solve them, but the first and third 

questions are good ones students can pursue in a deeper investigation.

Expect to spend about 
10 minutes.
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Paper Cups: Connecting Slope and Unit Price ACTIVITY NOTES
continued

EXTEND

You might offer the page “Practice” in Paper Cups.gsp to students who 

would benefi t from more individual work on connecting rate ratios with 

slope ratios. The instructions accompany the sketch.

Students can spend 
5 to15 minutes or more 
working in pairs or 
individually.
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Rainbow of Lines:  
Investigating Slope and Intercepts ACTIVITY NOTES

INTRODUCE
1. Open Rainbow of Lines.gsp. If your students are not familiar with 

function notation, you might start with page “Function,” which provides 

a brief demonstration of function notation. For this activity students 

simply need to know that the equations of lines will be displayed as 

functions rather than the more typical y � . . . form.

2. Go to page “Lines.” Explain, Today you’ll work on arranging these 
lines into different patterns using color, slope, and intercepts. Before 
you begin, I’ll demonstrate how the sketch works. As you can see, the 
red line has been matched with function f. What is the slope of this 
line? Students should be able to respond that the slope is   1 _ 3  . Encourage 

students to explain how they know the slope is   1 _ 3  , using both algebraic 

evidence (looking at the value of the coeffi cient of x in the function) 

and graphical evidence (looking at the fact that the slope is positive, 

but less than 1). You can also see that the blue line is matched with 
function r. What is the slope of the blue line? Again, ask for algebraic 

and graphical evidence.

3. How could we change the equation of the blue line so that it went 
through the same quadrants as the red line? Students may have 

different ideas, including simply making the slope �5 instead of �5. 

Show students how they can edit the defi nition of the blue function to 

change the graph. All the lines go through the origin. How could we 
change the blue line so that it did not pass through the origin? Give 

students an opportunity to try different ideas. Some students may 

want to change the slope again, whereas others may think of adding a 

constant term to the function. Allow them to experiment with several 

different options. Then, tell students, Now you’ll match the remaining 
functions to their corresponding graphs.

4. If you want students to save their work, demonstrate choosing 

File⏐Save As, and let them know how to name and where to save 

their fi les.

DEVELOP
5. Assign students to computers and tell them where to locate Rainbow 

of Lines.gsp. Distribute the worksheet. Tell students to work through 

step 6 and do the Explore More if they have time.

Project the sketch for 
viewing by the class. 
Expect to spend about 
5 minutes.

Expect students at 
computers to spend 
about 20 minutes.
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Rainbow of Lines: Investigating Slope and Intercepts ACTIVITY NOTES
continued

 6. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• Make sure students are able to edit the equations.

• Help students recognize that lines going through the origin have 

equations of the form y � mx.

• Help students notice that parallel lines have the same slope.

• In worksheet steps 4 and 5, students may have diffi culty fi nding 

x-intercepts of graphs. You may have to provide several examples to 

help them see that the value of the x-intercept is   �b
 ___ m  . If appropriate, 

show students how this value comes from setting the equation equal 

to zero.

SUMMARIZE
 7. Gather the class. Students should have their worksheets with them. 

Use the sketch to support the discussion. Review worksheet steps 2 and 3 

to make sure students understand the slope-intercept form of a line: 

y � mx � b. If needed, you can choose the custom tool Slope Triangle 

and click on a line to create an adjustable slope triangle.

 8. Review worksheet step 4. Ask students to generate examples of 

equations whose graphs have an x-intercept of �3. Change the existing 

graphs to illustrate their examples. 

 9. Using one of the graphs already on the sketch, ask students to work 

quickly in pairs to generate another line parallel to it. Create as many 

of these as you can on the sketch, assigning different colors if possible. 

Ask students what you would need to do to make all the lines slant 

in the opposite way, or to be horizontal, or to be vertical (which is 

not possible).

EXTEND
 1. Choose Number⏐New Parameter and name it m. Change each 

equation so that the slope is defi ned by m. Select parameter m and 

choose Display⏐Animate to illustrate how all the lines change slope 

as the parameter changes.

Project the sketch. Expect 
to spend about 5 minutes.
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Rainbow of Lines: Investigating Slope and Intercepts ACTIVITY NOTES
continued

2. What other questions might you ask about equations and lines? 
Encourage all inquiry. Here are some ideas students might suggest.

Could you calculate the slope of a line on a graph without knowing 

its equation?

Can you tell from the equations whether two graphs have the same 

x-intercept?

What is the equation of a vertical line? Can you graph it as a function?

ANSWERS
2. All the slopes are positive (and all the y-intercepts are zero).

3. Answers will vary. Students should generate equations of the form 

y � mx � 3.

4. Answers will vary. Students should generate equations in which 

  �b
 ___ m   � 2.

5. It’s the same line. 

6. Answers will vary. All the lines should have the same slope, and the 

y-intercepts should be separated by a constant difference.

7. Answers will vary. One line will have a slope of 4 and the other a 

slope of 0.

8. Answers will vary depending on equations students choose in the 

previous step.
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Rainbow of Lines Name:

In this activity you’ll investigate how to change equations (expressed in function 
form) in order to produce different linear graphs. Then you’ll use color to create a 
rainbow of lines.

EXPLORE

 1. Open Rainbow of Lines.gsp and go to page “Lines.” The red and blue graphs 
are already matched to their equations. Use Display⏐Color to match the three 
black graphs to their corresponding equations.

 2. To change an equation, double-click it and then edit the expression in the 
function calculator. Change the equations so that all the graphs pass through 
the origin and remain in Quadrants I and III. What can you say about their 
slopes? 

 3. Change the function rule for equation f to x � 3. The graph now goes through 
(0, �3), which is the y-intercept of the line. Change all the equations so that 
their graphs all go through (0, �3). Describe your strategy.

 4. Change the function rule for equation f to 3x � 6. The graph now goes 
through (2, 0), which is the x-intercept of the line. Change the function rule for 
equation g to �2x � 4. The graph for equation g now has the same x-intercept 
as that of equation f. Change the remaining equations so that their graphs all 
have the same x-intercept. Describe your strategy.

 5. Change equation r so that its graph has the same x-intercept and same slope 
as equation f. What do you notice?
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Rainbow of Lines
continued

 6. Change the equations so that the graphs create a rainbow. The lines should 
have the same slope and be equally spaced. You may want to add more lines 
by choosing Graph⏐Plot New Function to create a rainbow with the full 
spectrum of colors. Describe your strategy.

EXPLORE MORE

 7. Change the function rule for equation f to 4x � 4 and the rule for equation 
g to 2. If the graphs of those two equations form two sides of a parallelogram, 
then change equations h and p so that their graphs complete the 
parallelogram.

 8. Can you change equation r so that its graph is the diagonal of the 
parallelogram from the previous step?
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INTRODUCE
 1. Start the activity by checking students’ prior knowledge. Say, Describe 

the relationship between a circle’s circumference and its diameter. 
Students may answer with a range of comments.

The circumference is like perimeter, except it’s for a circle. It’s the distance 

around a circle.

The diameter is the distance across a circle through its center.

The diameter is less than the circumference.

The circumference is about three times longer than its diameter.

The ratio of the circumference to the diameter is approximately 3.14.

You can fi nd the circumference by multiplying the diameter by pi.

Pi is the ratio of the circumference to the diameter for any circle.

Assess what your class knows and tailor this activity as needed. If 

your students already know that the ratio of the circumference to the 

diameter is pi, explain that they will use Sketchpad to explore this 

relationship in a new way.

 2. Open Sketchpad and enlarge the document window so it fi lls most of 

the screen. Explain, Today you are going to use Sketchpad to investigate 
the relationship between a circle’s circumference and its diameter. 
I will model how to construct a circle, measure its circumference and 
diameter, and make a table listing the measurements. Then you will 
do the same construction and measurements, but you will also plot 
the points for the diameters and circumferences of several circles on a 
graph. Based on your graph, you will make some conclusions about the 
relationship between a circle’s circumference and its diameter.

3. As you demonstrate, make lines thick and labels large for visibility. 

First, model the circle construction in worksheet steps 1–4. Then model 

how to measure the circumference and the length of the diameter in 

worksheet steps 5 and 6. Finally, demonstrate how to make a table of 

circumference and diameter measurements in worksheet steps 7–9. 

Here are some tips.

Project the sketch for 
viewing by the class. 
Expect to spend about 
10 minutes.

Labels will automatically 
appear if you choose 
Edit⏐Preferences⏐Text 
and set Show labels 
automatically: For all new 
points.

Circle Roundup: Circumference
to Diameter Ratio ACTIVITY NOTES
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Circle Roundup: Circumference to Diameter Ratio ACTIVITY NOTES
continued

• In worksheet steps 1 and 2, model how to construct  
___

 AB   and its 

midpoint C. Label the points using the Text tool. Students will label 

the points after they construct the circle, but you will label the points 

now for reference.

• In worksheet step 3, model how to construct a circle using the 

Compass tool. Point C will be the center of the circle and point B will 
be the radius point. A circle is typically named after its center point. 
Remind students that the radius is a line segment that has one 

endpoint at the center of a circle and the other endpoint on the circle. 

When you have your pointer over point C, it will be highlighted. 
Press your pointer button and drag until point B is highlighted and 
then release the button. Model how to choose Edit⏐Undo Construct 
Circle if students make an error in their construction.

• After you have fi nished constructing the circle, ask students what  
___

 AB   

represents. If needed, defi ne diameter as a line segment that passes 

through the center of a circle and has endpoints on the circle. Defi ne 

circumference if the term is new to students. The circumference is the 
distance around the circle.

• In worksheet steps 5 and 6, model how to measure the circle’s 

circumference and its diameter. Encourage students to click anywhere 

in blank space on the sketch after the fi rst measurement to deselect all 

objects. Read the measurements aloud to the class. 

• Drag point A or point B to make the circle smaller and larger. What 
do you notice about the circumference and diameter measurements? 

[As the length of the diameter gets longer, the circumference gets 

longer. As the length of the diameter gets shorter, the circumference 

gets shorter.]

• In worksheet steps 7–9, model how to make the table of diameter and 

circumference measurements. Select, in order, the diameter 

measurement and then the circumference measurement. Choose 

Number⏐Tabulate. Then make the circle smaller and larger. What do 
you notice about the measurements in the table? [The table 

measurements dynamically change as the circle size changes.] Now 

double-click with the Arrow tool inside the table to add a new row. 

Change the size of the circle. What happens to the measurements in 
the table now? [The measurements in the fi rst row are set, whereas the 

Some students may fi nd 
it easier to construct the 
circle by selecting point C 
and point B and choosing 
Construct⏐Circle by 
Center+Point.

You can also add data to a 
table by selecting the table 
and choosing Number⏐
Add Table Data. If students 
mistakenly make the same 
measurements twice, 
they can remove the most 
recently added row from a 
table by pressing the Shift 
key while double-clicking 
the table.
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Circle Roundup: Circumference to Diameter Ratio ACTIVITY NOTES
continued

measurements in the last row dynamically change as the circle size 

changes.] Model adding another row to the table to be sure students 

understand how to add new measurements.

 4. If you want students to save their work, demonstrate choosing File⏐
Save As, and let them know how to name and where to save their fi les. 

DEVELOP
 5. Assign students to computers and distribute the worksheet. Tell students 

to work through step 19 and do the Explore More if they have time. 

Encourage students to ask their neighbors for help if they are having 

diffi culty with the construction.

 6. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 7, when students choose Number⏐Tabulate, 
it might not be available because point A or point B may still be 

selected from worksheet step 6. Make sure you have only the two 
measurements selected.

• In worksheet step 10, if students have the table and another object 

selected, then Plot Table Data will not be an option in the Graph 

menu. Instead it will say Plot Points. Students should check that 

only the table is selected. In the Plot Table Data dialog box, have 

students check that Column Choice is set so that the x-coordinate is 

the length of the diameter and the y-coordinate is the circumference. 

Coordinates should be set to Rectangular.

• The default coordinate system has an origin point (0, 0) and a unit 

point at (1, 0). By dragging the unit point, students can change the 

scale of the coordinate system. What happens when you drag point E 
to the right or to the left? [The scale changes.] Adjust the scale, if 
needed, so that you can see all of your points.

• In worksheet step 11, listen to students as they describe the points on 

their graph. They may make these observations.

 Our points are spread out.

 Our points are grouped close together.

Expect students at 
computers to spend 
about 25 minutes.

You can also change the 
scale of the coordinate 
system by dragging an axis 
tick label.



Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad 
  

35
© 2012 Key Curriculum Press

Circle Roundup: Circumference to Diameter Ratio ACTIVITY NOTES
continued

 The points get higher the farther right they go.

 All of our points are in the same quadrant.

 If we connect our points, it seems like we would make a straight line.

• Ask some probing questions as needed. In which quadrant do your 
points lie? [First quadrant] Do you think you would ever get a 
point that lies in another quadrant? Explain. [No, because both the 

circumference and the diameter are positive measurements, so they 

will always lie in the fi rst quadrant.] Are the points spread out all 
over or does there seem to be a pattern? [The points appear to lie in a 

line.]

• In worksheet steps 12 and 13, question students to see whether they 

understand what is happening to the point as they change the size of 

the circle. What happens to the point as your circle gets larger? [The 

point moves up and to the right.] What happens to the point as your 
circle gets smaller? [The point moves down and to the left.] What 
does the x-coordinate of this point represent? [The diameter] What 
does the y-coordinate of this point represent? [The circumference] 

Have students summarize that as the circle gets larger (smaller), both 

the diameter and circumference get larger (smaller) so that the point 

moves up and right (down and left).

• In worksheet step 15, check students’ understanding of slope. What 
does slope of the ray refer to? [It is the measure of the steepness of 

the ray; it is the ratio of the rise to the run.] What are the rise and the 
run in this situation? [The rise is the change in y-coordinate, or the 

circumference measurement; the run is the change in x-coordinate, or 

the length of the diameter.] Does the slope vary? How do you know? 

[No, the slope is constant; it is a straight line.]

• If students have time for the Explore More, make sure they make a 

prediction before doing the construction and exploration. 

7. If students will save their work, remind them where to save it now.

SUMMARIZE
8. Gather the class. Students should have their worksheets with them. 

Begin the discussion by opening Circle Roundup Present.gsp. Select the 

points (0, 0) and (1.61, 5.05) and choose Display⏐Show Label. 

Project the sketch. 
Expect to spend about 
10 minutes.
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Circle Roundup: Circumference to Diameter Ratio ACTIVITY NOTES
continued

 9. Discuss worksheet steps 12 and 13. Press Animate Point B. Describe 
what is happening to the circle and point K. [As the circle is getting 

smaller, point K is moving along   
 
 

___
 
›
 DF   toward the origin. As the circle is 

getting larger, point K is moving along   
 
 

___
 
›
 DF   away from the origin.] What 

do the coordinates for point K represent? [The x-coordinate is the 

diameter; the y-coordinate is the circumference.] When the diameter 
is 0, what will the circumference be? [The circumference will be 0.] 

Which point represents this on the graph? [The origin (0, 0)] Can you 
predict the circumference of a circle with a diameter of 2 cm? [About 

6 cm] Can you predict the diameter of a circle with a circumference of 
9 cm? [About 3 cm]

10. Review worksheet steps 15–17. What is the slope of ray   
 
 

___
 
›
 DF  ? [About 

3.14.] What does this slope represent? [The ratio of the rise to the run 

or the ratio of the circumference to the diameter] Will this hold true for 
any circle? Explain your reasoning. [Yes, the slope is constant, a straight 

line, so the ratio will be the same for any circle.] If the ratio differed 
for different-sized circles, what would the graph look like? [The points 

would not lie along a straight line. It would not be a linear relationship.]

11. For worksheet step 18, explain that the circumference/diameter ratio 

is known as pi and is represented by the Greek symbol �. Pi is an 
irrational number. The decimal part continues forever without 
repeating. Explain that 3.14 and   22

 __ 7   are often used as approximations for 

pi. Ask volunteers to come up and write the formulas on chart paper. 

[� � C/D and C � �D]

12. For worksheet step 19, ask students to explain the relationship between 

the diameter and the radius of a circle. [The radius is two times the 

diameter, or 2r � D.] Based on the relationship, have students write the 

formula for circumference using the radius instead of the diameter.

13. If time permits, discuss the Explore More. Students will observe that the 

circumference/radius ratio for a circle is two times the circumference/

diameter ratio for a circle, or C/r � 2�.
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Circle Roundup: Circumference to Diameter Ratio ACTIVITY NOTES
continued

EXTEND
Have students write an equation for the ray in slope-intercept form: 

y � mx � b. [y � �x] Ask students to explain their equation. What is m in 
your equation? [The slope of the ray or the ratio of the circumference to the 

diameter, pi] What is b in your equation? [The y-intercept is where the ray 

crosses the y-axis. This happens at the origin, (0, 0).] 

ANSWERS
11. The points lie in a line and fall in the fi rst quadrant.

16. The slope of the ray is �. The ratio of the circumference to the diameter 

in a circle is also �. Slope shows the ratio of rise /run. In this graph, 

the rise (y-axis) shows circumference measurements and the run 

(x-axis) shows diameter measurements. This is why the slope shows 

circumference/diameter. You can choose Preferences from the Edit 

menu (Windows) or Sketchpad menu (Mac) and set Precision for 

(Slope, Ratio, …) to thousandths to show the slope measurement to the 

nearest thousandth.

17. The fact that all the plotted points lie on this ray signifi es that the 

circumference/diameter ratio is the same for each of the different circles 

in the table.

18. � � C/D

C � �D

19. C � �(2r), or C � 2�r

20. Predictions will vary. Students should conclude that the ratio of the 

circumference to the radius is 2�.
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Circle Roundup Name:

In this activity you’ll discover a relationship between a circle’s circumference and 
its diameter. Even if that relationship is familiar to you, this investigation may 
demonstrate it in a different way.

CONSTRUCT

  1. In a new sketch, construct  
___

 AB  .

  2. Construct point C, the midpoint of  
___

 AB  , by selecting  
___

 AB   and choosing 
Construct⏐Midpoint.

  3. Construct circle CB.

  4. Label the points A through C as shown here.

 Step 1 Step 2 Step 3

EXPLORE

  5. Select the circle and choose Measure⏐Circumference. Click anywhere in 
blank space to deselect all objects.

 6. Measure the diameter by selecting  
___

 AB   and choosing Measure⏐Length. 
Change the size of the circle by dragging point A or point B and observe the 
two measurements.

 7. Now you’ll make a table for the diameter and circumference measurements. 
Select, in order, the diameter measurement and the circumference 
measurement. Then choose Number⏐Tabulate.

A B
C

BA
C

BA
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Circle Roundup
continued

 8. Add another row to your table by double-clicking inside the table. Change the 
size of the circle to record a new measurement. 

 9. Repeat step 8 until your table has at least four entries.

 10. Select the table and choose Graph⏐Plot Table Data. Then click Plot in the 
dialog box.

   Label your points as shown here.

   To hide the grid lines, choose Graph⏐Hide Grid. 

  11. Describe the points that appear on the graph.

 12. Now you’ll plot the diameter and circumference measurements as (x, y). 

   Select, in order, the diameter measurement and the circumference 
measurement. Choose Graph⏐Plot as (x, y).

   Choose Display⏐Color to change the color of this point so you can tell it from 
the other points on the graph.

 13. Choose Display⏐Trace Point. Change the size of your circle. Watch the 
plotted point.

10–10

5

10

m AB Circumference � CB

1.552 cm 4.876 cm
2.434 cm
3.387 cm
4.445 cm

Circumference � CB � 9.420 cm
m AB � 2.999 cm

I

H

G

F
C

A B

D E

7.647 cm
10.640 cm
13.964 cm
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Circle Roundup
continued

 14. Now you’ll construct a ray from the origin to any of the plotted points.

Select point D and one of the plotted points. Choose Construct⏐Ray.

 15. Measure the slope of the ray by selecting the ray and choosing 
Measure⏐Slope.

 16. How is the slope of the ray related to the circumference/diameter ratio for 
the circles?

 17. What’s the signifi cance of the fact that all the plotted points lie on this ray?

 18. The circumference/diameter ratio is represented by the Greek letter � (pi ). 
Complete each formula using �, C for circumference, and D for diameter.

� �        

C �        

 19. Write a formula for circumference using C, �, and r (for radius).

EXPLORE MORE

 20. Based on your fi ndings, predict the slope of a ray related to the ratio of the 
circumference to the radius for a circle. Then verify your prediction by working 
through steps 1–14 using the measure of the circle’s radius instead of its 
diameter. State your prediction and what you concluded.
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U.S. Cities: Using Map Scale
Students use an interactive scale tool to estimate the 

distances between cities on a U.S. map. Students drag 

the tool, an expandable segment, so that its endpoints 

sit on two U.S. cities. They then count the tick marks on 

the segment and use the map scale (1 unit represents 500 

miles) to estimate the distance.

Apartment Floor Plan: Scale Drawing
Students create a rough fl oor plan and a scale drawing 

for apartments they design. The activity includes practice 

fi nding the area of rectangular regions.

Dilation Designs: Proportions in Similar Polygons
Students construct a geometric design and dilate it to form 

similar polygons. By comparing corresponding angles and 

ratios of corresponding sides, students develop their own 

defi nition of similar polygons.
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Scaled Polygons: Effects on Area and Perimeter
Students trace rectangles and other irregular polygons and 

enlarge them by different scales. Then they compare the 

original and enlarged shapes and make a conjecture about 

the effects of scale on perimeter and area.

Shape and Size: Exploring Similar Triangles
Students manipulate two similar triangles, measure their 

angles and side lengths, and draw conclusions about the 

ratios of the sides. Students then use similar triangles to 

solve problems involving missing side lengths.

Trees and Shadows: Proportions in Similar Triangles
Students construct a model that represents a tree, a person, 

and both of their shadows. They measure the lengths of the 

shadows and the height of the person, and then apply the 

ratios of similar triangles to fi nd the height of the tree.



Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad 
  

43
© 2012 Key Curriculum Press

U.S. Cities: Using Map Scale ACTIVITY NOTES

INTRODUCE
1. Open U.S. Cities.gsp. Go to page “Oregon Trail.” Explain, Today 

you’re going to use a virtual map and a special scale tool to estimate 
distances. We’ll start by looking at a map of the Oregon Trail. 
Familiarize students with the historical facts about the Oregon Trail 

given here. Don’t tell students the length of the trail. They will estimate 

this distance.

• The trail began in Independence, Missouri, and ended in Oregon City, 

Oregon.

• The trail was the only practical way for 19th-century settlers to 

make their way west across the United States. It spanned over half 

the continent and crossed the territory of what would become six 

U.S. states.

• Migration to the west began in 1843. More than half a million people 

used the trail over the next 25 years.

• Conditions on the trail varied from snow-covered mountains to 

deserts. The diffi cult journey took six months. One in ten settlers died 

along the way.

2. Ask students to look at the scale below the map. A segment is marked 

as “1 unit” and “500 miles.” This is the map scale. What do you think it 
tells us? Here are sample responses. 

The segment is 1 unit long. The “500 miles” means that 1 unit on the map 

is equal to 500 miles.

I think it makes more sense to say that 1 unit on the map represents 

500 miles on real land.

We can’t make a life-size map. The scale tells how much the size of the land 

has been shrunk.

Project the sketch for 
viewing by the class. 
Expect to spend about 
10 minutes.
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U.S. Cities: Using Map Scale ACTIVITY NOTES
continued

 3. Explain that the red line segment is a special scale tool. Using the 

Arrow tool, drag the scale tool onto the map. Then, slowly drag point 

B to make the tool grow longer. As you do, more tick marks will appear. 

What does each tick mark show? [1 unit or 500 miles] 

A B

 4. Drag point B to show 2 units. What distance on the map does the scale 
tool represent now? Elicit the idea that because each unit represents 

500 miles on land, 2 units represent 500 miles multiplied by 2, or 

1000 miles.

5. Ask a volunteer to drag the scale tool’s endpoints so that they sit at the 

beginning and end of the trail. Discuss the results and record estimates 

on the board. Here are samples of student thinking.

By looking at the tick marks, I can see that there are three units. 

That represents 3 times 500 miles, which is 1500 miles.

For every unit, I counted 500 miles. So starting at point A, I counted 

500 miles, 1000 miles, 1500 miles.

The trail isn’t straight, though. It curves far away from the straight line for 

a long time. So the trail is longer than 1500 miles.

The actual length of the Oregon Trail was 2170 miles. Are you 
surprised? Discuss the meaning of the expression, “as the crow fl ies.” 

Explain that it connotes the distance along a straight line between two 

Students might like to 
speculate about why a 
shorter, more direct route 
wasn’t created, and do 
research to fi nd out.
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U.S. Cities: Using Map Scale ACTIVITY NOTES
continued

places, or the most direct route from one place to another. Explain that 

often when we use maps we consider the distance as the crow fl ies.

6. Go to page “Cities” and describe the map so students are ready to work 

with it independently. Point out that on this page, the endpoints on the 

scale tool are not labeled. (This is to make it easier to view the points 

and letters on the map when using the tool.)

DEVELOP
7. Assign students to computers and let them know where to locate 

U.S. Cities.gsp. Distribute the worksheet. Tell students to work through 

step 3 and do the Explore More if they have time. Encourage students 

to ask their neighbors for help if they have questions about using 

Sketchpad.

8. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 2, students estimate the distance between San 

Francisco and Phoenix, using the scale tool. A student might say, 

The distance is more than 500 miles and less than 1000 miles because 

the cities are a little more than 1 unit apart on the map. I’m going to 

estimate and say that the cities are 700 miles apart. After students have 

estimated, you can let them know that the driving distance between 

the two cities is about 750 miles.

• To estimate a distance that falls between whole units, students may 

decide to drag the scale tool beyond the second city, and then compare 

the partial-unit distance to the whole unit of which it is a part.

• When estimating a distance that falls between whole units, some 

students may fi nd it challenging to think in terms of fractions of 500. 

Be ready to help students who give inappropriate numbers (such as 

17 miles when it was more likely to be 100).

• In the Explore More, students draw a segment and construct its 

midpoint. When either endpoint of the segment is dragged, the 

midpoint adjusts its location to stay halfway between the endpoints. 

By dragging the segment’s endpoints onto two cities, students can use 

the midpoint to determine a location halfway between them.

Expect students at 
computers to spend 
about 25 minutes.
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U.S. Cities: Using Map Scale ACTIVITY NOTES
continued

SUMMARIZE
 9. Gather the class. Have an atlas or online resource available for fi nding 

the actual distances between the cities. Students should have their 

worksheets with them.

 10. Go to page “Cities.” Discuss some of the results students got. Have 

students share their estimates for the distance between two cities, and 

invite a volunteer to look up the actual distance. (Students may not 

have estimated the distances for all the possible pairings of cities.) How 
close were your estimates? Why do you think your estimates didn’t 
always match the actual distances? Students may note that the scale 

tool allowed them only to make good approximations. If the distance 

they were measuring fell between whole units on the scale tool, students 

needed to make an estimate. Students may also say that their distances 

were based on as-the-crow-fl ies routes. The distances reported in an 

atlas or other resource might not be.

 11. If students had time for the Explore More, ask a volunteer to 

demonstrate how to fi nd a location about halfway between two cities.

12. If time allows, use the Compass tool to draw a circle on the map, 

positioning the circle so that its center sits on Chicago and its radius is 

approximately the size shown.

Project the sketch. Expect 
to spend about 10 minutes.
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U.S. Cities: Using Map Scale ACTIVITY NOTES
continued

What do we know about points that sit on the circumference of a 
circle? [They are all the same distance from the center of the circle.] 

How can we fi nd out about how far it is from the city at the center of 
the circle, Chicago, to cities near the circumference of the circle? [Place 

one endpoint of the scale tool on the center of the circle and the other 

endpoint on the circumference.] Let’s use the atlas [or other resource] 

to identify two cities that are about the same distance from Chicago. 
Have a volunteer help.

EXTEND
1. What other questions might you ask about using a map scale to 

measure distance? Encourage curiosity. Here are some sample student 

queries.

Suppose the map on our screen were the same size but showed the entire 

world. Would one unit represent more or less than 500 miles?

Sometimes maps aren’t drawn to scale. The subway map, for example, 

makes some parts of our city look larger than they really are. Why might 

a map not be drawn to scale?

It took six months for settlers to travel the Oregon Trail. We found out that 

the trail was 2170 miles long. On average, how far did the settlers travel 

each day? How long does it take to travel that distance today?

2. Have students use page “Cities” to estimate the distance between two 

cities or places of interest to them that are not on the map. After fi nding 

the locations in an atlas, students should use the Point tool to place 

them on the Cities map. Using the Text tool, students can label the 

points with initials to identify them.

ANSWERS
2. San Francisco and Phoenix are between one and two units apart. 

Estimates should fall somewhere between 500 and 1000 miles.

3. Estimates will vary depending on the cities chosen. 

4. Students use visual inspection to approximate the halfway point 

between the two cities they choose.

6. Answers will vary.
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U.S. Cities Name:

Use a map scale to estimate distances.

EXPLORE
 1. Open U.S. Cities.gsp. Go to page “Cities.”

  2. Use the scale tool to estimate the distance from San Francisco to 
Phoenix as the crow fl ies.
About how far apart are these cities? Explain how you made your 
estimate.

 _________________________________________________________________

 _________________________________________________________________

 _________________________________________________________________

 3. Use the scale tool to estimate the distance between other cities on 
the map. Record your work.

From To Estimate (miles)

EXPLORE MORE
 4. Suppose you are going on a trip and you want to know a city that 

is about halfway to where you are going. Choose a city to start 
from and a city to get to.
From:  

To:  
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U.S. Cities
continued

Use the scale tool to tell where you will be when you are about 
halfway.

  5. Here’s another way to estimate where halfway is.
  Draw a segment.
  Select the segment (but not its endpoints) and choose 

Construct⏐Midpoint.
Drag the endpoints to sit on the two cities.

 6. Use an atlas to fi nd a city near your halfway point.

 _________________________________________________________________
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES

INTRODUCE
 1. Imagine there is an old warehouse in your neighborhood that is being 

made into apartments. You’ve been hired to design the apartments. 
Like real architects, fi rst you’re going to make a rough fl oor plan using 
paper and pencil. Can anyone explain what a fl oor plan is? Bring out 

the idea that a fl oor plan is a view of a building’s interior that shows 

everything from above, as though the ceiling were gone and you were 

looking straight down on the rooms. Students may also share ideas 

about scale.

 2. Open Apartment Floor Plan Present.gsp and go to page “Example.” 

You’ll use your rough fl oor plan to make an accurate fl oor plan like this 
one, called a scale drawing, using a grid in Sketchpad. Because 
architects’ fl oor plans can’t be the actual size of buildings, architects 
scale down the measurements (or dimensions) when they make scale 
drawings. Read the scale on the drawing: 1 centimeter represents 

1 meter. Make sure students recognize the abbreviations for centimeter 

and meter.

Make groups of three to four students and distribute at least one 

meterstick to each group. Have the groups locate a distance of 

1 centimeter on the meterstick and compare it to 1 meter. Elicit the 

observations that a meter is 100 times as large as a centimeter: 

100 centimeters equal 1 meter.

 3. In a scale drawing you show the fl oor area. How do we measure area? 
[In square units] If your classroom fl oor is covered with square tiles, 

point them out.

Go to page “Area.” Using the scale for the apartment fl oor plan—
1 centimeter represents 1 meter—what will 1 square centimeter on 
your fl oor plan represent? [1 square meter in the actual apartment]

Have the groups construct the outline of a square meter on the 

fl oor, using one or more metersticks. If groups have fewer than four 

metersticks, have students use tape to mark the outline or the corners of 

the square meter.

 4. Give each group a pre-cut square centimeter to place inside their square 

meter. How many square centimeters do you think it would take to fi ll 
up the inside of this square meter?

Be ready to project the 
sketch for viewing by the 
class in step 2. Expect to 
spend about 45 minutes, 
the fi rst class period.

When writing a scale, the 
drawing’s dimension is 
written fi rst, followed by 
the real-life dimension.
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES
continued

Sample Class Discussion
Jason: I think it would take 100 because there are 100 centimeters in 

a meter.

Margo: There have to be more. One hundred of those little squares would 

fi ll up just one row all the way across the square meter!

Susan: There would have to be 100 rows of 100.

Sonny: What’s 100 times 100? Four zeros after a 1—that’s 10,000. It would 

take 10,000 square centimeters to cover the square meter.

Teacher: Every square meter of the apartment you design will be shown 
as a square centimeter in your scale drawing. (Teacher provides time 

for refl ection on this fact to help students understand that the scale 

drawing will be much smaller than the real apartment.)

5. Partner students and have them sit together. Go back to page “Example.” 

You and your partner will develop a design together. Your apartment 
design may be quite different from this one, but it has to follow these 
design rules set down by the building owner.

• The apartment must be rectangular and have a total area of 

100 square meters.

• All rooms and other spaces must have square corners.

• One side of the apartment must have windows. The other three sides 

will not have windows.

• There must be two bedrooms.

• All dimensions must be in whole meters.

Talk with your partner about the apartment shown in this plan. 
Exchange ideas about what you like and what you might change. 
Explain these features of the plan: The label C indicates a closet; the 

label W indicates a window; dashed segments at closets represent sliding 

doors; and doors that swing are shown with the symbol that includes 

the green arc.

Give students a few minutes and then facilitate a brief class discussion 

about the features of the apartment. Call attention to the traffi c paths, 

something students may not have considered.

Draw attention to the grid in order to discuss how students will calculate 

the area of rooms and other spaces. How big is the kitchen? How did 

Consider partnering 
students who have strong 
computation skills with 
students who are not as 
strong.
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES
continued

you decide that? How big is the living room/dining area? How did 
you fi nd that? Some students are likely to have found the areas by 

multiplying the dimensions; others may have counted squares. Offer 

multiplying as a faster method, but accept the counting strategy as a 

valid alternative.

How big is bedroom 1, without the closet? How did you fi nd that? 
Because this is not a rectangular space, students’ strategies may vary. 

Elicit a variety of methods. Some students may have partitioned the 

space into a rectangle with “extra” squares. Others may have counted 

squares. And others may have imagined a 3-by-5 rectangle, multiplied, 

and then subtracted the one square that is part of the bathroom.

 6. Let’s create another apartment design. Go to page “Do Your Own.” I’m 
going to model what you will do when you make your scale drawing. 

We have to follow the design requirements for this apartment. It has to 
be exactly 100 square meters. And it has to be rectangular. One way to 
get 100 square meters is to make the dimensions of the apartment 
10 meters by 10 meters.

What other dimensions would give us an area of 100 square meters? 
What are some other factors of 100? As students make suggestions, 

develop the idea that some factor pairs would generate dimensions that 

result in better apartment shapes than others. Introduce the important 

idea that the practical choices available to students as they are designing 

will be fewer than the mathematically possible choices. Work with 

different dimensions to encourage students to think about the options. 

One reasonable choice is 5 m by 20 m.

 7. As you draw the layout and traffi c paths of the apartment, think aloud 

and invite student comments and questions. Follow these steps.

• Construct the perimeter of the apartment, using the Segment 
tool and choosing Display⏐Line Style⏐Thick. Explain that 

Graph⏐Snap Points is chosen so that segments align with the grid 

and walls will measure in whole centimeters.

• Place one or more windows along one side of the apartment. 

Explain that for the sake of simplicity, students will show windows 

as segments in a color different from the color used to show walls. 

(Architects use another symbol.)

Some students may 
question whether a square 
is a rectangle. Don’t let this 
sidetrack the activity. Offer 
a defi nition and move on.
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES
continued

• Locate the entrance and demonstrate how to draw doors. Because it 

takes a few steps to draw a door, consider making a large door to one 

side of the fl oor plan as an example.

 Start with two points (A and B in the illustration here) that mark the 

location and width of the door. Draw a segment (AC here) from one 

of the points to indicate the door and the direction it opens. (Point 

labels here are for descriptive purposes only; students won’t be 

labeling points.)

 Draw a point approximately midway along the door opening. Select 

sequentially the three points indicating the door opening and choose 

Construct⏐Arc through 3 Points.

 Hide the middle point of the arc by selecting it and choosing 

Display⏐Hide Point. Hide the original wall segment, draw new 

segments on either side of the door, and use Display⏐Line 
Style⏐Dashed for a segment you draw across the doorway itself.

• Partition the interior into rooms, drawing walls in short segments that 

can be easily changed by dragging, rather than in long segments that 

span several rooms.

• Have the class mentally compute the area of each room, as you create 

it, and give an equation for fi nding the area.

• Using the Text tool, create captions to label the rooms.

C

A B

Note that you can draw a 
point that does not snap 
to the grid by placing the 
point away from the grid 
intersections. C

A B

C

A B

Remind students that 
all dimensions and area 
measurements must be 
whole unit amounts.
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES
continued

File Save As, and let students know how to 

name and where to save their files.

8. Before you design an apartment, you will measure spaces at home to 
gather information that may guide you in making decisions. For 
example, what dimensions of bedrooms allow the furniture to fit well 
and people to move easily around the room? In which direction do 
doors open? How much light do large windows let in? Small windows? 

Distribute the first page of the worksheet and the metric measuring 

tapes or 1-meter paper strips students will take home to use.

Have two volunteers measure a wall of the classroom using a metric 

measuring tape or meterstick. About how many meters long is this wall 
of our classroom? Point out that construction in students’ homes may be 

based on feet, not meters, so students may need to think in approximate 

terms as they look at the size of spaces in their own homes.

Distribute measuring tapes for use at home.

DEVELOP
 9. On a following day, after students have collected measurements at 

home, seat students with their partners. Students should have the first 

page of the worksheet with the measurements they recorded at home. 

Distribute blank paper and the remaining pages of the worksheet. Read 

the Rough Floor Plan section of the worksheet (step 2) with the class. 
Tell students to aim to complete their floor plan in 30 minutes.

As you observe partners working, check whether they are incorporating 

all the requirements. Have you included all the information you will 
need for your scale drawing? When you have a design, try to “walk” 
through the apartment. If you want to make changes, do.

 10. When students are ready to move to computers, tell them where to 

locate Apartment Floor Plan.gsp and let them know they will need 

their worksheets. Do steps 3 through 8. If you have time, do the Explore 
More. Encourage students to ask a neighbor for help if they have 

questions about using Sketchpad.

conversations and observe their designs in order to learn about their 

thinking. Note whether students are showing their area calculations as 

Emphasize that the 
apartment students design 
need not match their own 
home.

Expect students to spend 
about 30 minutes on  
the rough floor plan and 
30 minutes at computers 
creating the scale 
drawing.
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES
continued

multiplication equations. Accept addition equations only from those 

students for whom that is cognitively appropriate.

12. Let students know when about 10 minutes are left so they can plan to 

bring their work to an end. Students who have time can do the Explore 

More. Remind students how to name and where to save their fi les.

 13. If a fl ash drive is available, collect student sketches to display on the 

shared computer during the Summarize discussion. Alternatively, plan 

time to print out the sketches for display. Some fl oor plans may require 

printing on more than one page in order for the drawing to remain to 

scale. Alternatively, students could choose File⏐Print Preview; in the 

dialog box that appears, they would set the image to fi t on one page 

before clicking Print. Explain to students that the unit distances, 

however, will be less than a centimeter.

SUMMARIZE
14. Gather the class and facilitate discussion of students’ experiences and 

thinking. Here are questions the discussion may address.

• How did students decide on the size of the doorways? 

• Did students think about furniture in the rooms and where it 

might go?

• How did students’ measurements at home help them make decisions 

about the apartment?

• Did using the metersticks to see actual distances cause students to 

change or confi rm dimensions used in their scale drawing? How?

• Is the scale the class used a good scale? Why or why not?

• What would be a good scale for working with customary U.S. 

measures—yards, feet, and inches?

15. What other kinds of things have you seen that are scale drawings or 
scale models? Expect students to suggest such things as model cars and 

trains, dollhouses, and maps. Offer your own ideas only if students have 

diffi culty thinking of things. The goal is to prompt students to realize 

that scale drawings and models are all around them.

16. If time permits and students had time to do the Explore More activity, 

ask volunteers to share their results.

Be sensitive to differences 
in students’ real-world 
housing as you remind 
them that this is their 
chance to design a space 
that will not have problems 
that many homes have.

Project students’ sketches. 
Expect to spend 
15 minutes. Consider 
printing and displaying any 
fl oor plans that you do not 
have time to discuss.
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Apartment Floor Plan: Scale Drawing ACTIVITY NOTES
continued

EXTEND
Have students create a scale drawing that shows an object at a size that is 

larger than life. Gather the class. Facilitate discussion of times when a scale 

drawing that is larger than the actual thing is useful.

With the class, read the Larger Than Life Steps 10–14 on the worksheet. 

Project Apartment Floor Plan.gsp. Go to page “Pencil.” Point out these 

features of the sketch: the axes, but not the grid, are visible; Graph Snap 
Points is not chosen (demonstrate using the Point tool); and units are set 

to tenths of a centimeter (demonstrate by drawing a segment and choosing 

Measure Length).

Students should again work in pairs. As you observe, ask them to compare 

their scale drawings to the actual pencil to verify that the drawings look 

to be in proportion. How many times the actual size of the pencil is your 
drawing? [Two times] 

ANSWERS
 1. Measurements will vary.

8. Measurements will vary. The total of all areas should be 100 square 

meters. Here is a sample, using the dimensions of the example floor 

plan. 

Room Equation Area ( m  2 )

Bedroom 1 3  4  1  2  14 14

Bedroom 2 3  6  18 18

Bathroom 2  3  2  8 8

Kitchen 3  4  12 12

Closets (all) 1  2  2  1  4 4

Entry and Hall 2  4  2  3  2  16 16

Dining and Living 
Room Areas 4  7  28 28

TOTAL 100
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Apartment Floor Plan Name:

EXPLORE
 1. At home, take measurements using a meterstick or tape 

measure. Round the measurements to the nearest meter. 
Record in the table.

Home Measurements

Room or Space Length (m) Width (m) Area ( m 2 )

Door 1

Door 2

Hall 
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Apartment Floor Plan 
continued

ROUGH FLOOR PLAN
 2. On blank paper, draw a rough fl oor plan with your partner. You 

may use metersticks to decide the size a space should be. Think 
about the measurements you made at home too.
Remember, the owner of the building has these requirements.

• The apartment must be rectangular.

• All rooms and other spaces must have square corners.

• One side of the apartment should have windows. The other three sides 
will not have windows.

• There must be two bedrooms.

• The total area of the apartment must be exactly 100 square meters.

• All dimensions must be whole meters.

SCALE DRAWING
Now you will use the information in your rough fl oor plan to make a 
scale drawing of your apartment design.

  3. Open Apartment Floor Plan.gsp. Go to page “Scale Drawing.” 
Enlarge the document window so it fi lls most of the screen.

  4. At the top of the page, type a caption with your names. Below, 
type a caption with the scale (1 cm represents 1 m). 

  5. Start to draw the perimeter of the apartment. When you have 
drawn the fi rst segment, while it is selected, choose Display⏐Line 
Style⏐Thick.
Show windows, using segments in a different color. Select one or 
more segments, choose Display⏐Color, and pick a color.

 6. Draw the rooms and other spaces, such as closets and hallways. 
Tip: Do not draw a wall longer than a side of one room. 
To include doors, follow these steps.

• Start with two points that mark the doorway. Use the Point tool if you 
need to make the points.
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Apartment Floor Plan 
continued

• Draw a segment showing the direction the door opens. 

• Add a point, select three points, and choose Construct⏐Arc through 
3 Points.

• Select the middle of the three points and choose Hide⏐Point.

• Make a segment across the doorway and choose 
Display⏐Line Style⏐Dashed. (If needed, select 
a wall segment and choose Hide⏐Segment; 
then draw wall segments on each side of the door.)

  7. Label the rooms and other spaces with their names.

 8. Use mental math to fi nd the area of each room and other space. 
Write your calculations as equations in the table. 

Area of Rooms

Room Equation Area ( m 2 )

Bedroom 1

Bedroom 2

Bathroom
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Apartment Floor Plan 
continued

EXPLORE MORE
 9. Draw a stick fi gure next to your fl oor plan. The stick fi gure 

should represent a basketball player who is two meters tall.

LARGER THAN LIFE
 10. Now use scale drawing to make a big drawing of a small thing. 

Find a sharpened pencil that is between 8 cm and 15 cm long.

 11. Go to page “Pencil.” At the top, type your names and the scale 
2 cm represents 1 cm. This means that every centimeter of pencil 
length will be shown as 2 cm in your sketch.

 12. Measure all parts of the pencil carefully. Round measurements to 
the nearest tenth of a centimeter (nearest millimeter). Record in 
the table. Then record the measurements you will use for the scale 
drawing (2 times the actual measurements).

Pencil Measurements

Part of the Pencil 
(see the picture 

above)

Actual 
Measurement 
(rounded to 
nearest mm)

Scale 
Drawing 

Measurement

Entire pencil length

Width of pencil

Eraser (1)

Metal band (2)

Main body of pencil (3)

Sharpened wood 
area (4)

Tip (5)

54321
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Apartment Floor Plan 
continued

 13. Make your scale drawing. Use the distances on the axes to help you 
draw segments that are the correct length. To check a segment’s 
length, select the segment and choose Measure⏐Length. Change 
the segment, if needed.

 14. Now you will color your drawing. In a clockwise or counterclockwise 
direction, select, in order, the points that surround a region. Choose 
Construct⏐[Polygon] Interior. With the interior selected, choose 
Display⏐Color and pick a color.
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Dilation Designs:
Proportions in Similar Polygons ACTIVITY NOTES

INTRODUCE
 1. Open Sketchpad and enlarge the document window so it fi lls most of 

the screen. Explain, Today you’re going to use Sketchpad to make a 
design that includes a polygon, and then you’ll dilate it. By comparing 
the original polygon to the dilated image, you’ll develop your own 
defi nition of similar polygons. First I’ll show you how to measure a 
ratio using segments. As you demonstrate, make lines thick and labels 

large for visibility.

2. Construct two segments, select them, and choose Measure⏐Ratio. 
Drag one of the endpoints so that students see how the ratio changes. 

What does this number represent? [The ratio of the lengths of the 

two segments] Show students how the ratio is equal to 1 when the two 

segments are equal in length, and greater than or less than 1 when the 

segments are unequal in length. Point out that the order of selection is 

important. You might select the two segments in the opposite order and 

measure the ratio again to show this.

3. Say, Now I’ll show you how to mark this ratio to dilate your design. 
Select the two segments and choose Transform⏐Mark Segment Ratio. 
Explain that when students are ready to dilate their design, this ratio 

will be used to determine the size of the dilation, but do not model the 

dilation itself. 

4. If you want students to save their work, demonstrate choosing 

File⏐Save As, and let them know how to name and where to save 

their fi les. 

DEVELOP
 5. Assign students to computers. Distribute the worksheet. Tell students to 

work through step 15 and do the Explore More if they have time. 

Encourage students to ask their neighbors for help if they are having 

diffi culty with the construction.

 6. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 7, when students select Dilate, a pop-up window 

will prompt them to choose to dilate by fi xed ratio or marked ratio. 

If they correctly marked the ratio of the segments, Marked Ratio will 

be selected.

Project the sketch for 
viewing by the class. 
Expect to spend about 
5 minutes.

Expect this part of the 
activity to take about 
15 minutes.
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Dilation Designs: Proportions in Similar Polygons ACTIVITY NOTES
continued

• In worksheet step 12, students must select a side on the dilated image 

and then the corresponding side on the original polygon to create an 

equivalent ratio.

• In worksheet step 13, students are asked to drag points on the 

polygon, the ratio segments, and the center of dilation. By observing 

that the ratios remain equivalent, students should conclude that 

corresponding sides of similar polygons must have equivalent ratios.

• In worksheet step 14, students compare the angles of the polygons by 

dragging the center of dilation to each vertex. This should reinforce 

the idea that similar polygons have congruent angles. 

7. If students will save their work, remind them where to save it now.

SUMMARIZE
8. Gather the class. Students should have their worksheets with them. 

Begin the discussion by opening Dilation Designs Present.gsp and 

using it to review worksheet steps 11–15. 

 9. Ask students to share their responses and discuss any other ideas or 

challenges that came up for them as they worked through the activity. 

Students will note that the fi gures are not generally the same size 

(so they’re not congruent), but they are the same shape. What does it 
mean for polygons to be similar? [The ratios of corresponding sides will 

all be the same and corresponding angles will all be congruent.]

10. Decide as a class on a common defi nition of similar polygons. Sample 

defi nition: Two polygons are similar if all the corresponding angles are 

congruent and all the corresponding sides are proportional.

11. If time permits, discuss the Explore More. Discuss how the rays from 

the center of dilation through the vertices of the original image also 

pass through the vertices of the dilated image. This is a prerequisite for 

1- and 2-point perspective drawing.

12. How do you know whether two shapes are similar? You may wish to 

have students respond individually in writing to this prompt.

Project the sketch. Expect 
to spend about 10 minutes.
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Dilation Designs: Proportions in Similar Polygons ACTIVITY NOTES
continued

EXTEND
 1. Ask students to construct a pair of similar triangles without using 

a dilation. For example, construct a segment through two sides of a 

triangle that is parallel to the third side.

 2. Ask students to construct two polygons that are not similar even though 

their corresponding angles are congruent. For example, the angles of 

any rectangle are congruent to corresponding angles of any square; 

but because the sides may not be proportional, the shapes are not 

necessarily similar.

 3. Ask students to construct two polygons that are not similar even though 

their corresponding sides are proportional. For example, the sides of 

any rhombus are proportional to the corresponding sides of any square; 

but because the angles may not be congruent, the shapes are not 

necessarily similar.

ANSWERS
 9. The polygons will coincide when the dilation scale factor is 1. This 

happens when the two segments defi ning the ratio have equal lengths.

 13. The ratios of corresponding sides of similar polygons are equal.

 14. The corresponding angles in similar polygons are congruent.

 15. Similar polygons are polygons whose corresponding sides are 

proportional and whose corresponding angles are congruent.

 16. Each ray through an original point passes through the corresponding 

image point. 

 17. The ratio of the distances from the center to an image point and from 

the center to the corresponding original point is the scale factor. For 

example, the image of a point dilated by a 2 : 1 scale factor is twice as far 

from the center of dilation as the original point.
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Dilation Designs Name:

In this activity you’ll dilate a design and explore properties of similarity. You’ll use 
what you discover to come up with a defi nition of similar polygons.

CONSTRUCT

  1. In a new sketch, use segments to make a design that includes a polygon.

  2. Construct a free point.

  3. Label it Center. 

  4. Double-click the point to mark it as a center of dilation.

  5. Construct two segments of different lengths.

  6. Select the segments and choose Transform⏐Mark Segment Ratio. Remember 
the order you select them—it will determine the numerator and denominator 
of the ratio you’ll fi nd later in step 11.

 7. Select your design and choose Transform⏐Dilate. Make sure Marked Ratio is 
selected in the dialog box. Then click Dilate.

EXPLORE

  8. Drag the center of dilation. Also, change the lengths of your two segments 
that defi ne the ratio. Observe how these changes affect the similar designs. 

 9. How can you make the dilated image exactly the same size as the original 
design?

Center
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Dilation Designs
continued

 10. Drag the ratio segments so that the image is smaller than the original design.

 11. Select the segments in order, as in step 6, and choose Measure⏐Ratio.

 12. Measure the ratios of some corresponding sides of the polygons in your image 
and design. 

 13. Drag different points in the design, the ratio segment endpoints, and the 
center of dilation. What do you notice about the ratios of corresponding sides?

 14. Drag the center of dilation onto each vertex of the polygon. What do you 
notice about the corresponding angles?

 15. Use your observations to write a defi nition of similar polygons.

EXPLORE MORE

  16. Construct rays from the center through each vertex of your original polygon. 
What other point does each ray pass through?

 17. How does the distance between the center and the fi rst polygon compare to 
the distance between the center and the second polygon?

Center
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Scaled Polygons: 
Effects on Perimeter and Area ACTIVITY NOTES

INTRODUCE
1. Open Scaled Polygons.gsp. Go to page “Rectangles.” Enlarge the 

document window so it fi lls most of the screen. 

 2. Explain, Today you are going to use Sketchpad to fi nd out what 
happens to the perimeters and areas of rectangles and irregular 
polygons when they are enlarged by different scales. You might 

mention that a scale is also known as a scale factor.

3. Discuss what students already know about enlargements. What are 
some examples of things that are enlarged? Students may suggest 

photographs or other images, such as scientifi c drawings. If students 

give examples that don’t preserve similarity, such as enlarging a house, 

mention that in mathematics, an enlargement means increasing a shape 

by the same ratio in all dimensions.

4. If a shape is enlarged or reduced by the same factor in all directions, 
that factor is called a scale. Let’s start by exploring a scale of 1. I will 
press up, down, left, and right so that point A traces a rectangle. 
Press the four direction buttons to trace a rectangle. What happens 
to point B? [Point B traces the same rectangle as point A.] 

5. Show students how to use the 

Rectangle custom tool to color 

the interiors of both rectangles 

simultaneously. 

• In the Toolbox, press and hold 

the Custom tool icon to display 

the Custom Tools menu. Choose Rectangle from the menu.

• Move your pointer over the sketch and click once on a vertex of the 

rectangle traced by point A. 

• Move the pointer to the vertex diagonally opposite and click again. 

Two shaded rectangles will appear; one rectangle overlaps the traces 

of point A, and the other overlaps the traces of point B. 

6. With the shaded rectangles now in place, the traces left by points A 

and B are no longer needed. Model how to erase these traces by 

choosing Display⏐Erase Traces. 

Project the sketch for 
viewing by the class. 
Expect to spend about 
10 minutes.
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Scaled Polygons: Effects on Perimeter and Area ACTIVITY NOTES
continued

 7. What are the length and width of rectangle A? Of rectangle B? Predict 
how the two perimeters and two areas will compare. [Because the 

lengths and the widths are the same, the perimeters and the areas will be 

the same.] 

 8. If you enlarge a shape by a scale of 1, what happens? [The new shape 

is the same size as the original shape.] For your information, a scale is 

a ratio that describes a relationship between measures. A scale of 1 is a 

ratio of 1 to 1, meaning the measures are the same.

9. Now go to page “Polygons.” Use the Arrow tool to drag point B to a 

new location. You can drag point B anywhere on the grid if you need 
additional room to trace a shape. Choose Display⏐Erase Traces to 

delete the traces left by point B. 

 10. Now let’s trace an irregular polygon. What is an irregular polygon? 

[A polygon whose sides are not all the same length or whose interior 

angles do not all have the same measure] Ask a volunteer to come to the 

computer and use the direction buttons to trace an irregular polygon. 

You might mention that students should wait for the motion to stop 

before pressing another button.

 11. I can divide the irregular polygon traced by point A into rectangles. 
Demonstrate how to use the Rectangle custom tool to divide the 

irregular polygon into multiple rectangles. As you do, the irregular 

polygon traced by point B will simultaneously be divided into identical 

rectangles. Point out that each rectangle in the irregular polygons is 

a different color, but the corresponding rectangles in both irregular 

polygons are colored the same.

 12. Choose Display⏐Erase Traces to erase the traces of points A and B. 

Then change the scale factor from 1 to 2 by double-clicking on the 

parameter scale by �, entering 2, and clicking OK. The irregular 

polygon traced by point B will be scaled by 2, as will all the shaded 

rectangles inside it.

 13. As you work on the activity, notice how the scale affects the perimeter 
and area of the irregular polygon being enlarged. Also notice how 
the scale affects the perimeter and area of the rectangles. See what 
conjectures you can make.
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Scaled Polygons: Effects on Perimeter and Area ACTIVITY NOTES
continued

14. If you want students to save their work, demonstrate choosing 

File⏐Save As, and let them know how to name and where to save 

their fi les. 

DEVELOP
15. Assign students to computers and tell them where to locate Scaled 

Polygons.gsp. Distribute the worksheet. Tell students to work through 

step 20. Encourage students to ask their neighbors for help if they are 

having diffi culty with Sketchpad.

 16. Have students enlarge their screens as much as possible so that they can 

explore scale factors up to 4.

17. Let pairs work at their own pace. As you circulate, listen to students’ 

conversations. Here are some things to notice.

• When the scale is larger than 1, do students realize that the original 

fi gure and its enlargement are the same shape, but different sizes? 

Do they see that the corresponding angle measures of the fi gures 

don’t change?

• In worksheet steps 9 and 10, are students surprised that scaling 

a rectangle by 2 doubles its perimeter but quadruples its area? 

Challenge students to think about what they’re observing. When 
you fi nd the area of a rectangle, you multiply length by width. If the 
length and the width each double, what happens to the area?

 In worksheet steps 14–20, do students observe how scaling affects 

the perimeter and area of the colored rectangles in the same way it 

does the irregular polygons as a whole? What do you notice about 
the relationship between the area of this colored rectangle and the 
area of its corresponding enlarged same-colored rectangle? How does 
this compare to the relationship of the area of the entire irregular 
polygon and the area of the enlarged irregular polygon?

18. If students will save their work, remind them where to save it now.

SUMMARIZE
19. Gather the class. Students should have their worksheets with them. Have 

a volunteer trace a rectangle. Change the scale to 2. Can you explain 
why the perimeter of the rectangle doubles but its area quadruples? 

Expect students at 
computers to spend 
about 25 minutes.

Project the sketch. Expect 
to spend about 10 minutes.
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Scaled Polygons: Effects on Perimeter and Area ACTIVITY NOTES
continued

Sample student responses include the following.

When the scale is 2, the length and width of rectangle B are twice the length 

and width of rectangle A. Because perimeter is the sum of all the sides, it 

makes sense that the total distance around will be twice as long.

When the scale is 2, the length and width of rectangle B are twice the length 

and width of rectangle A. Area is calculated by multiplying length by width. 

Twice the length of rectangle A times twice the width of rectangle A gives us 

4 times the area.

 20. Change the scale to 3 and 4, and ask students to again explain what they 

observe about the perimeter and area of the scaled rectangle.

 21. On a different page of the sketch, have a volunteer trace an irregular 

polygon with its scaled image and then divide the polygons into 

rectangles. Change the scale to 2. Can you explain why the perimeter of 
polygon A doubles but its area quadruples? Sample student responses 

include the following.

When the scale is 2, all the sides of polygon B are twice the corresponding 

lengths of polygon A. Because the perimeter is the sum of all the sides, it 

makes sense that the total distance around will be twice as long.

We’ve seen that the areas of all the rectangles in polygon B are four times 

the areas of the rectangles in polygon A. Because the area of either polygon 

is the sum of the areas of its rectangles, it makes sense that the area of 

polygon B is four times the area of polygon A.

 22. If time permits, discuss the Explore More. What happens when the 
scale factor is less than 1? Elicit the idea that a scale greater than 1 

creates an enlargement, whereas a scale less than 1 creates a reduction. 

Students may not be ready at this time to abstract the effect on 

perimeter and area as formulas involving n.

 23. In general, describe what effect the scale factor has on the perimeter 
and area of an enlarged polygon. You may wish to have students 

respond individually in writing to this prompt.

 24. What other questions might you ask? Encourage all curiosity. Here are 

some questions of mathematical interest.

If you have an irregular polygon, can you predict how many ways there are 

to fi ll it in with rectangles?
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Scaled Polygons: Effects on Perimeter and Area ACTIVITY NOTES
continued

Why is area of an irregular polygon the sum of areas of the inside 

rectangles, but the perimeter of the polygon isn’t the sum of the perimeters 

of those rectangles? 

For what shapes do area and perimeter have the same numerical value 

�as in number 22 on the worksheet, with scale   1 _ 4  �?
What if the shapes and their enlargements were three-dimensional?

What if the scale were a number like 1.5 or �2?

ANSWERS
2. Point B moves in the same direction and the same distance as point A.

4. Point B moves in the same direction but twice the distance as point A.

5. The perimeter is multiplied by the scale.

8. Answers will vary. The values in each column should be the same; the 

perimeter should be twice the sum of the length and width; and the area 

should be the product of the length and width.

9. Answers will vary. Check students’ work.

10 Scale � 2: The perimeter of rectangle B is 2 times the perimeter of 

rectangle A. The area of rectangle B is 4 times the area of rectangle A.

Scale � 3: The perimeter of rectangle B is 3 times the perimeter of 

rectangle A. The area of rectangle B is 9 times the area of rectangle A.

Scale � 4: The perimeter of rectangle B is 4 times the perimeter of 

rectangle A. The area of rectangle B is 16 times the area of rectangle A.

14. The perimeters and the areas are the same.

15. The perimeters and the areas are the same.

16. Scale � 2: The perimeters of irregular polygon B and its same-colored 

rectangles are 2 times the perimeters of irregular polygon A and its 

same-colored rectangles. The area of irregular polygon B and its 

same-colored rectangles is 4 times the area of irregular polygon A and 

its same-colored rectangles.
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Scaled Polygons: Effects on Perimeter and Area ACTIVITY NOTES
continued

Scale � 3: The perimeters of irregular polygon B and its same-colored 

rectangles are 3 times the perimeters of irregular polygon A and its 

same-colored rectangles. The area of irregular polygon B and its 

same-colored rectangles is 9 times the area of irregular polygon A and 

its same-colored rectangles.

Scale � 4: The perimeters of irregular polygon B and its same-colored 

rectangles are 4 times the perimeters of irregular polygon A and its 

same-colored rectangles. The area of irregular polygon B and its 

same-colored rectangles is 16 times the area of irregular polygon A and 

its same-colored rectangles.

 20. Predictions will vary. Check students’ work.

 21. The perimeter of the reduced shape is 0.5 times the perimeter of the 

original shape. The area of the reduced shape is  (0.5) 2 , or 0.25, times the 

area of the original shape.

22. For a scale of 5, the perimeter of polygon B would be 500 units, and 

its area would be 10,000 square units. For a scale of   1 _ 4  , the perimeter of 

polygon B would be 25 units, and its area would be 25 square units. 

For a scale of n, its perimeter would be 100n units and its area would be 

500 n 2  square units.
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Scaled Polygons Name:

In this activity you’ll explore what happens to the perimeters and areas of 
rectangles and irregular polygons when you scale them to make them bigger.

EXPLORE

 1. Open Scaled Polygons.gsp. Go to 
page “Tracing.” 

  2. Use the up, down, left, and right buttons 
to trace a polygon with point A. Always 
wait for the motion to stop before 
pressing the next button. What happens 
to point B ?

 3. Erase your traces by choosing 
Display⏐Erase Traces.

 4. Now you’ll change the scale to 2. To change the scale, double-click it, enter 
a new number, and click OK. Trace a new polygon. What happens to point B 
when the scale is 2?

 5. Erase your traces and try another scale. Explain how changing the scale affects 
the perimeter of the polygon.

 6. Go to page “Rectangles.” Trace a rectangle using the buttons.

  7. Press and hold the Custom tool icon and choose Rectangle from the Custom 
Tools menu. Click on opposite vertices of the rectangle traced by point A to 
color it. As you do, observe what happens to the rectangle traced by point B.

 8. Click in blank space and erase your traces. Then fi ll in the table.

scale by = 1
down

left
up

right

A

B

Scale � 1 Length Width Perimeter Area

Rectangle A

Rectangle B
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Scaled Polygons
continued

     9. Now you’ll change the scale to 2, 3, and 4. For each scale, fi nd the length, 
width, perimeter, and area of the two rectangles and fi ll in the table.

Scale � 2 Length Width Perimeter Area

Rectangle A

Rectangle B

Scale � 3 Length Width Perimeter Area

Rectangle A

Rectangle B

Scale � 4 Length Width Perimeter Area

Rectangle A

Rectangle B

 10. Explain how the perimeters and the areas of the two rectangles compare for 
each scale.

  11. Go to page “Polygons.” Trace an irregular polygon using the buttons. 

  12. Divide your irregular polygon into 
rectangles using the Rectangles 
custom tool.

 13. Erase your traces.

 14. Find and compare the perimeters 
and the areas of the same-colored 
rectangles.

B

A
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Scaled Polygons
continued

 15. Find and compare the perimeters and the areas of irregular polygon A and 
irregular polygon B.

  16. Change the scale to 2, 3, and 4. Find and compare the perimeters and the 
areas of the same-colored rectangles and the irregular polygons each time. 

 17. Go to page “More Polygons.” Trace a different irregular polygon.

  18. Divide your irregular polygon into rectangles.

 19. Erase your traces.

 20. Change the scale to 2, 3, and 4. Find the perimeters and the areas of the 
colored rectangles and of irregular polygon A each time. Predict the perimeters 
and the areas of the colored rectangles and of irregular polygon B each time. 
Then check.

EXPLORE MORE

 21. Go to page “Explore More.” You’ll explore what happens when shapes are 
reduced in size. Make sure the scale is 0.5. Trace a large polygon and divide it 
into rectangles. Find and compare the perimeters and the areas of the original 
and its reduction. Does the scale affect the perimeter and the area the same 
way for reductions as it does for enlargements?

 22. Let’s say polygon A has a perimeter of 100 units and an area of 400 square 
units. If the scale were 5, what would be the perimeter and area of polygon B? 
What if the scale were   1 __ 4  ? What would it be for any scale n?
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Shape and Size: 
Exploring Similar Triangles ACTIVITY NOTES

INTRODUCE
 1. Open Shape and Size.gsp. Go to page “Similar Triangles.” Enlarge the 

document window so it fi lls most of the screen.

 2. Explain, Today you’re going to use Sketchpad to investigate the 
properties of similar triangles. What does it mean when two fi gures are 
similar? Take students’ suggestions. If they only say that the two fi gures 

have the same shape, ask students whether the fi gures must be the same 

size. Do the two fi gures have to be the same size? Write an agreed-upon 

defi nition on the board: Two fi gures are similar if they are identical in 

shape, but not necessarily the same size. You might want to clarify that 

similarity requires more than just the same general shape: Not all 

triangles are similar. For your understanding, this activity does not 

consider refl ections that are similar.

 3. Direct students’ attention to the sketch. Press Show Vertices. What 
are the names of these two triangles? [�ABC and �DEF] If needed, 

review how to name triangles by their vertices. Drag vertices D and E 

on the blue triangle. What do you notice? Students may note that the 

position, orientation, and size of the blue triangle changes, but its shape 

and the sizes of its angles do not change. (The term orientation is used 

informally in this activity to refer to rotation, not the order of vertices.) 

Don’t press students if they miss some observations; they will investigate 

the properties of similar triangles further during the activity. 

 4. In this activity you’ll explore what makes these two triangles similar. 
You’ll learn what the properties of similar triangles are and use them 
to fi nd missing side lengths.

DEVELOP
 5. Assign students to computers and tell them where to locate Shape and 

Size.gsp. Distribute the worksheet. Tell students to work through step 22 

and do the Explore More if they have time. Encourage students to ask 

their neighbors for help if they are having diffi culty with Sketchpad.

6. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 4, before students press Blue to Yellow, have them 

make the blue triangle dramatically smaller and in a different 

orientation than the yellow triangle. What happens during the 

Project the sketch for 
viewing by the class. 
Expect to spend about 
5 minutes.

Expect students at 
computers to spend 
about 30 minutes.
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Shape and Size: Exploring Similar Triangles ACTIVITY NOTES
continued

animation? Help students identify the three stages of the animation: 

change in position (translation), change in orientation (rotation), and 

change in size (dilation). Students can also press Yellow to Blue to see 

the yellow triangle translate, rotate, and dilate.

• In worksheet step 6, as students are dragging the vertices of each 

triangle, ask them to try to predict which vertex of the blue triangle 

corresponds to each vertex of the yellow one. Can you tell which 
angle in the blue triangle corresponds to angle A in the yellow 
triangle? How about angle B? Angle C? Be sure students understand 

the term corresponds and defi ne it as “matches,” if necessary. Students 

can check their answers in the next step when they match up 

the triangles.

• In worksheet step 7, if students have trouble overlaying the triangles 

exactly, have them fi rst press Align Triangles and then overlay the blue 

triangle on the yellow triangle.

• In worksheet step 9, review how to name angles by three points: a 

point on one side, the vertex point, and a point on the other side. 

Remind students that the vertex point must always be the second 

point named.

• In worksheet step 12, have students drag all the vertices. Encourage 

them to make triangles of different sizes. What happens to the 
angle measurements if you make the blue triangle really big? What 
happens to the angle measurements if you make the blue triangle 
really small? Try making the yellow triangle’s angles all equal. What 
do you notice about the angle measures in the blue triangle? If 

necessary, remind students that the symbol m� means “measure of 

the angle” and that angle measurements units are degrees.

• In worksheet step 14, students can choose the Segment tool and then 

choose Edit⏐Select All Segments to select all the segments in both 

triangles before measuring the lengths. After students measure the 

side lengths, ask them to drag the vertices and watch what happens 

to the measurements. If you drag the vertices of the blue triangle 
to change its side lengths, what happens to the side lengths in the 
yellow triangle?

• In worksheet step 15, review the defi nition for ratio as needed: A ratio 

is a comparison of two quantities by division. Then check that students 

understand what the corresponding sides are in the two triangles. 
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Shape and Size: Exploring Similar Triangles ACTIVITY NOTES
continued

Which side in the yellow triangle corresponds to side AB in the blue 
triangle? What other sides in the two triangles correspond?

• An alternate method for fi nding the ratio of side lengths is to select 

two sides (not their measure lengths) and choose Measure⏐Ratio. 
This would accomplish the same result as worksheet steps 14 and 15.

• In worksheet step 16, after students calculate all three ratios, have 

them drag the vertices of the triangles and observe what happens 

to the ratios. What do you notice about the ratios? Students 

should observe that the ratios change, but all three remain equal 

to each other.

• In worksheet step 18, remind students that a proportion is made up of 

two equal ratios. Tell students it’s not fair to interchange the left and 

right sides of a proportion and count it as different.

• In worksheet step 21, students may fi nd that their answers differ from 

other students’ answers due to Sketchpad’s rounding.

• If students have time for the Explore More, they will use similar 

triangles to fi nd the length of a bridge. If students are stumped, help 

them identify the two similar triangles they can use. What triangle do 
you see in the scale drawing? How can you fi nd the length of the two 
sides shown? What similar triangle can you use in the real world? 
What measurements do you know? What measurement are you 
trying to fi nd out?

SUMMARIZE
 7. Gather the class. Students should have their worksheets with them. 

Begin the discussion by opening Shape and Size.gsp and going to page 

“Similar Triangles.” What did you learn about the properties of similar 
triangles? Let volunteers come up to the computer and demonstrate. 

Students should respond that in similar triangles the corresponding 

angle measures and the ratios of corresponding side lengths are equal.

 8. Then have students demonstrate how they solved the problems in 

worksheet steps 20 and 22. What proportion did you use to solve the 
problem? How did you know how to set up the proportion? Students 

should describe how they set up ratios of corresponding sides.

Project the sketch. Expect 
to spend about 10 minutes.
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Shape and Size: Exploring Similar Triangles ACTIVITY NOTES
continued

9. Suppose the ratio of corresponding sides of similar triangles is one to 
one. What do you know about the triangles? Students should recognize 

that the triangles are congruent. Demonstrate on the sketch for the class.

10. If time permits, discuss the Explore More. Ask students to describe 

the two similar triangles and what proportion they used to solve the 

problem. Triangle ABC in the scale drawing is similar to the triangle 

ABC in the real world. Students need to measure the lengths of the sides 

in the sketch to set up a proportion equivalent to   4.42
 ___ x   �   2.49

 ___ 500  . Check that 

students understand that the answer is in meters.

11. Are all right triangles similar? Explain. You may wish to have students 

respond individually in writing to this prompt. Right triangles might 

have only one angle that is the same measure—the right angle. The two 

other angles measures may not be equal, so not all right triangles 

are similar.

EXTEND
What questions occurred to you about similar fi gures? Encourage curiosity. 

Here are some sample student queries.

What if you fl ipped one of the triangles over?

Is the ratio of two sides in one triangle the same as the ratio of the 

corresponding two sides in a similar triangle?

We just looked only at triangles. Do these properties hold true for other 

similar fi gures?

What other types of problems can you solve using similar triangles?

ANSWERS
3. As you drag points D and E, the angles of the blue triangle stay the 

same, but its size, position, and orientation change.

4. Both buttons show an animation that suggests the two triangles are the 

same shape.

7. The triangles match up when point D is on top of A, and E is on 

top of B.

9. When you make �CAB in the yellow triangle very small, �FDE in the 

blue triangle also becomes small.
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Shape and Size: Exploring Similar Triangles ACTIVITY NOTES
continued

 10. When you drag point C far away from points A and B, point F moves far 

away from points D and E.

 12. Angle DEF in the blue triangle corresponds to �ABC in the yellow 

triangle, and �EFD corresponds to �BCA. Angle CAB in the yellow 

triangle corresponds to �FDE in the blue triangle.

13. The corresponding angles of similar triangles are equal in measure 

(or congruent).

17. The ratios of the three pairs of corresponding side lengths of similar 

triangles are equal.

18. Students should write these three proportions or their equivalents:

  m  
___

 AB   _____ 
m  

___
 DE  
   �   m  

___
 CA   _____ 

m  
___

 FD  
     m  

___
 AB   _____ 

m  
___

 DE  
   �   m  

___
 BC   _____ 

m  
___

 EF  
     m  

___
 BC   _____ 

m  
___

 EF  
   �   m  

___
 CA   _____ 

m  
___

 FD  
  

19. Corresponding angles of similar triangles are equal in measure 

(or congruent), and the ratios of corresponding side lengths are equal.

20. m  
___

 EF   � 6.7 cm. This result is rounded off to the nearest tenth, as are all 

the distances in this activity.

21. Because of rounding, some students may end up with slightly different 

answers, such as m  
___

 EF   � 6.6 cm.

22. m  
___

 AB   � 2.6 cm. The proportion is   m  
___

 AB  
 ____ 

m  
___

 DE  
   �   m  

___
 CA  
 ____ 

m  
___

 FD  
  .

23. There are two similar triangles: One triangle appears in the scale 

drawing, with sides that students should measure in centimeters. The 

other straddles the banks of the river itself, with one side of 500 m and 

another side that is the unknown length of the bridge. One approach is 

to measure the distances in the scale drawing (using centimeters) and 

to set up a proportion involving the corresponding sides of the two 

triangles. The bridge must be 888 m in length.
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Shape and Size Name:

Two geometric fi gures are similar if they have the same shape, but not necessarily 
the same size. In this activity you’ll investigate the properties of similar triangles and 
use proportions to fi nd the missing sides of a pair of similar triangles.

EXPLORE

 1. Open Shape and Size.gsp and go to page “Similar Triangles.”

  2. Drag points D and E to change the blue triangle.

 3. As you drag the points, what changes and what stays the same?

 4. Press Blue to Yellow. Then press Yellow to Blue. What does this seem to show 
about the two triangles?

 5. To change the shape of the yellow triangle, fi rst press Show Vertices.

 6. Drag the vertices of each triangle. Observe what changes and what stays 
the same.

 7. Drag point D and E until �DEF lies exactly on top of �ABC. Where do you have 
to place points D and E to make the triangles match up?

 8. Drag the triangles apart again.

E

D
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Shape and Size
continued

 9. Make �CAB in the yellow triangle very small. What happens in the blue 
triangle?

 10. Drag point C far away from points A and B. What happens in the blue triangle?

 11. Press Show Angle Measurements.

 12. Drag each vertex to see what happens to the angle measurements. Which 
angle in the blue triangle corresponds to �ABC in the yellow triangle? Which 
angle corresponds to �BCA? Which angle in the yellow triangle corresponds 
to �FDE ?

 13. What can you conclude about the corresponding angles of similar triangles?

 14. Select each side and choose Measure⏐Length.

 15. Calculate the ratio of one pair of corresponding sides. To do so, choose 
Number⏐Calculate to open the Sketchpad Calculator. Click on a 
measurement to enter it into a calculation.

 16. Calculate the ratios of the other two pairs of corresponding side lengths.

 17. What can you conclude about the ratios of the corresponding side lengths of 
these triangles?

 18. Complete the following proportion using the ratios you calculated in steps 15 
and 16. Then write two other proportions using these ratios.

  m  
___

 AB   _____     �     _____ 
m  

___
 DF  
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Shape and Size
continued

 19. Using your answers to steps 13 and 17, write a summary of the properties of 
similar triangles.

 20. If m  
___

 AB   � 3.0 cm, m  
___

 BC   � 4.0 cm, and m  
___

 DE   � 5.0 cm, use the triangles to 
fi nd m  

__
 EF  . Set up a proportion to check your answer.

 21. Compare you answer to step 20 with other students’ answers. Then compare 
your sketches. Explain any similarities or differences.

 22. If m  
___

 CA   � 4.5 cm, m  
___

 DE   � 2.0 cm, and m  
___

 FD   � 3.5 cm, use the triangles to 
fi nd m  

___
 AB  . Set up a proportion to check your answer.

EXPLORE MORE

 23. Go to page “Explore More.” This sketch shows a scale drawing of a river and 
the location of a bridge that must be built between point A and point B. There 
is no easy way to directly measure the distance between the two points on 
opposite sides of the river. Use similar triangles and proportions to fi nd the 
required length of the bridge.
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Trees and Shadows:
Proportions and Similar Triangles ACTIVITY NOTES

INTRODUCE
 1. Open Sketchpad and enlarge the document window so it fi lls most of 

the screen.

 2. Explain, Today you’re going to use Sketchpad to construct similar 
triangles to represent you and your shadow and a tall tree and its 
shadow. Your goal is to fi nd the height of the tree without actually 
measuring it, and to justify your answer.

 3. Model the construction described in worksheet steps 1–12. As you 

demonstrate, make lines thick and labels large for visibility. Before 

step 9, explain, In order to construct a parallel line, Sketchpad needs to 
know two things: what to be parallel to, and a point to go through. Ask 

students to identify these two objects (the ray representing the sunlight 

and the points at the top of the segments representing you or the tree). 

After you construct the parallel lines, drag one of the defi ning points on 

the ray of sunlight in the sketch to demonstrate that the lines remain 

parallel.

 4. Depending on the background of your students, you can choose to 

review how to use a proportion to fi nd missing measurements of similar 

fi gures, such as 

  
tree height

 __________ 
tree shadow

   �   
your height

 __________ 
your shadow

  

However, your students will probably learn more if you give them the 

fl exibility of using any valid approach based on proportional reasoning. 

Then students can share different approaches during the Summarize 

section.

 5. If you want students to save their work, demonstrate choosing 

File⏐Save As, and let them know how to name and where to save 

their fi les.

DEVELOP
 6. Assign students to computers and distribute the worksheet. Tell students 

to work through step 22 of the worksheet and to do the Explore More if 

they have time. Encourage students to ask their neighbors for help if 

they are having diffi culty with the construction.

Project the sketch for 
viewing by the class. 
Expect to spend about 
10 minutes.

Expect students at 
computers to spend 
about 25 minutes.
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Trees and Shadows: Proportions and Similar Triangles ACTIVITY NOTES
continued

 7. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 7, explain that they can double-click on a displayed 

label to bring up the properties menu and type their own label.

• In worksheet step 9, if students fi nd Construct⏐Parallel Lines 

grayed out, it’s because they have not made the correct selections. 

Ask students to identify the objects they need to select (the ray 

representing the sunlight and the points representing the tops of 

“you” and the tree) and confi rm that they have those, and only those, 

objects selected when they choose the command. 

• In worksheet step 10, it might be easier for some students to select the 

parallel lines and the ground and choose Construct⏐Intersections.

• In worksheet steps 14–16, students are asked to drag different points 

of the sketch and observe what happens to the length of the shadows. 

This reinforces the idea that as the sun moves across the sky, the 

shadows change, but the heights of the student and tree remain 

constant.

• In worksheet step 19, students might use the Calculator. They must 

fi rst determine how to use the three measurements to fi nd the height 

of the tree (multiplying their heights by the length of the tree’s 

shadow and then dividing by the length of their shadows). Once 

they have calculated the height of the tree, they should check their 

calculations by measuring the length of the segment in the sketch to 

verify their calculations.

 8. If students will save their work, remind them where to save it now.

SUMMARIZE
 9. Gather the class. Students should have their worksheets with them. 

Begin the discussion by asking, How did you calculate the height of the 
tree? If you want to project sketches during the discussion, you can 

have students share their sketches, or you can use Trees and Shadows 
Present.gsp. Allow for different types of approaches involving ratios, 

fi nding unit values, or using other valid proportional reasoning.

Expect to spend about 
10 minutes.
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Trees and Shadows: Proportions and Similar Triangles ACTIVITY NOTES
continued

 10. If the relationship of the ratios has not already been addressed, ask, 

How are the ratios of corresponding sides of similar fi gures related? 
Take responses and then write the equivalent ratios on the board.

  
tree height

 __________ 
tree shadow

   �   
your height

 __________ 
your shadow

  

Ask a student to demonstrate how the equivalent ratios are related to 

the calculations for the height of the tree. Then discuss how such a 

proportion can be solved algebraically.

 11. Depending on your curriculum, you can introduce or review similar 

triangles. How do you know the triangles formed by the objects, their 
shadows, and the sun’s rays are similar? Students should understand 

that all angles must be congruent for shapes to be similar, and that if 

two triangles have a pair of congruent angles, then their third angles 

must also be congruent. You might ask students to explain in writing 

what similarity means.

 12. If time permits, discuss the Explore More. Students should be able to 

explain situations in which it would be physically impossible to identify 

nonexamples, in contrast to the situation developed with the sketch. 

Students are challenged to identify examples of similar triangles formed 

at different times of day or with complementary angles. 

EXTEND
Have students use the method in this activity to measure the height of a 

tree, fl agpole, lamp, or building by measuring shadows in a parking lot, 

fi eld, or other outdoor area at your school.

ANSWERS
 15. As the sun gets lower in the sky, shadows get longer.

 16. If you get shorter, your shadow also gets shorter.

 17. No. Walking does not change the length of your shadow. This is because 

your position with respect to the sun remains essentially the same.
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Trees and Shadows: Proportions and Similar Triangles ACTIVITY NOTES
continued

 19. Answers will vary. Students should write and solve a proportion like

  
tree height

 __________ 
tree shadow

   �   
your height

 __________ 
your shadow

  

where tree shadow, your height, and your shadow are numbers measured 

in the sketch. To get an accurate calculation for tree height, students 

should use Sketchpad’s Calculator. Otherwise, they’ll be multiplying and 

dividing rounded numbers.

 20. Answers will vary.

 21. If students don’t use Sketchpad’s Calculator, calculated answers will 

differ somewhat from the measurement because of rounding. 

If students’ calculations are far off from the measurement, they have 

made a mistake and should try their calculations again.

 22. The triangles formed by the person and her shadow and by the tree and 

its shadow are similar by the Angle-Angle Similarity Theorem. In both 

cases, the angles the sun makes with the ground are congruent. Also, 

both the person and the tree make right angles with the ground.

 24. Answers will vary. You can model one impossible situation if you drag 

a control point of the sun’s beam of light until the sun’s rays are parallel 

to the ground.

 25. The angle of the sun’s rays changes continuously throughout the day, so 

in general, different times of day will yield triangles that are not similar. 

However, for each time in the morning, there is a corresponding time in 

the afternoon when the angle of the sun is the same. If you knew exactly 

when two such times were, you could measure one triangle in the 

morning and a similar triangle in the afternoon. Also, the angle of the 

sun is the same at different times for different latitudes and for different 

seasons. Finally, it’s possible to get similar triangles at different times 

of day with different sun angles if the sun angles are complementary. 

For example, suppose at one time the sun makes a 30° angle with the 

ground. Measure another triangle when the sun makes a 60° angle with 

the ground. At both times, the triangles will be 30°-60° right triangles 

and will thus be similar.
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Trees and Shadows Name:

In this activity you’ll model how to use proportional reasoning to calculate the 
height of a tree by measuring shadows on a sunny day.

CONSTRUCT

  1. In a new sketch, draw a horizontal line to represent the ground. Holding down 
the Shift key makes it easier to make the line horizontal. 

  2. Select the control points of the line and choose Display⏐Hide Points. You 
should now see only the line.

  3. Construct two points on the line. These will represent your feet and the 
bottom of the tree.

  4. Select the points and the line and choose 
Construct⏐Perpendicular Lines.

  5. Construct segments on these lines that start at the 
ground and go up. 

  6. Hide the lines (or use Display⏐Line Style⏐Dashed, 
as in the fi gure at right).

  7. Label the lines. Double-click the labels and change them to You and Tree.

  8. Construct a ray from above and to the right of the 
tree, down to the ground. This line represents a ray 
of sunlight. 

The sun is so far away and large that its rays are essentially parallel when they reach 
the earth. In steps 9 through 12, you’ll construct lines parallel to the ray of sunlight 
and segments representing your shadow and the tree’s shadow.

You

Tree

Sunlight
Tree

You
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Trees and Shadows
continued

     9. Select the ray and the points representing the top of you and the tree, and 
choose Construct⏐Parallel Lines.

  10. Construct the points where the parallel lines intersect the ground.

  11. Construct segments to represent your shadow and the tree’s shadow. Change 
the line width to thick and label the shadows.

  12. Drag all the points to make sure the construction holds together correctly.

EXPLORE

  13. Measure the three things that you can measure in real life: your height, the 
length of your shadow, and the length of the tree’s shadow.

 14. Drag different points in your model to see what they do. Think about what 
these movements represent (for example, the sun going up or down, shadows 
getting longer, you getting taller, and so on). Be careful—you might drag parts 
of your model below the line that represents the ground!

 15. What happens to shadows as the sun gets lower in the sky?

 16. What happens to the length of your shadow if you make yourself shorter in 
your model?

Sunlight

Tree

You

Your shadow Tree's shadow
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Trees and Shadows
continued

 17. Drag your “feet” along the ground to simulate walking. Does walking the short 
distances represented in this model do anything to the length of your shadow? 
Explain.

 18. Your model is a scale drawing you can use to solve problems. Drag the top 
point of the segment that represents you until its length corresponds with your 
height (for example, if you’re 60 inches tall, you could make the segment 
0.60 cm or inches long.) Drag your tree to a good height (taller than you!) and 
adjust the sun’s rays to a reasonable angle. 

 19. Using only the three measurements you have already made, fi gure out the 
height of the tree. Show and explain all your work.

 20. You can check your reasoning in step 19 by measuring the height of the tree in 
your model. What is the measured length?

 21. How well do your calculations match the measurement for the tree’s height in 
your sketch? If your calculations don’t match the measurement, explain what 
went wrong and try the calculations again.

 22. Measure all the angles in both triangles. Explain why the triangles formed by 
you and your shadow and by the tree and its shadow are similar.
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Trees and Shadows
continued

EXPLORE MORE

 23. Create an animation of a day from sunrise to sunset.

 24. Drag parts of your model until it represents a situation that is physically 
impossible. Describe the situation.

 25. Suppose you measured the shadows of two objects, each at a different time of 
day. Is it possible for the objects and their shadows to create similar triangles? 
Use your sketch to justify your answer.
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Making Means: Data Distribution and Averages
Students drag data points on a number line and observe 

how the mean of their values changes. Students can add, 

remove, and drag the data points to different locations to 

create examples of data sets with a given mean.

Target Mean Game: Data Distribution and the Mean
In a game context, students create data sets that have given 

mean values. This “working backward” challenge prompts 

students to clarify their understandings of the mean and 

how data may be distributed.

Mean Meets the Median: Measures of Central Tendency
Students drag a fi xed number of data points to different 

locations on a number line and observe the effects on the 

median and the mean. Students can explore the difference 

in the median that occurs between having an even and odd 

number of data points. The emphasis of the activity is not 

so much on calculating the values of the mean or median 

given a data set, but on understanding how the mean and 

median behave depending both on how the data is distributed 

and on the number of data points.
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Quartile Craze: Box and Whisker Plots
Students change the values of nine data points on a box-

and-whisker plot. As students move the data points, they 

simultaneously see changes in the shape of the plot. This 

immediate feedback allows students to explore the effect of 

the distribution of the data points on the shape of the box-

and-whisker plot, and also helps them to compare data.
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Making Means: 
Data Distribution and Averages ACTIVITY NOTES

INTRODUCE
1. Open Making Means.gsp and go to page “Line Plot.”

2. Explain, Today you’re going to use Sketchpad to create data sets that 
have specifi c mean values. Usually, you start with a given data set 
and have to calculate the mean. But now you’ll work in the reverse 
direction. If you’re given a certain mean value, can you think of how 
many data sets it might represent? How big would the data set have 
to be? How might the different values in the data set be distributed? 
Before you begin, I’ll demonstrate how to create a data set using 
the sketch. 

3. Drag the data point from 7 to 6. Students should see that the mean 

changes as you do this. Drag a new data point to the number line and 

ask the students where to place the data point in order to make the 

mean smaller, bigger, and the same.

• Show that data points can be stacked.

• Show students that dragging a data point back to the left bank 

removes it from the set.

• Press Reset to return to the initial confi guration of the sketch.

DEVELOP
4. Assign students to computers and tell them where to fi nd Making 

Means.gsp. Distribute the worksheet. Tell students to work through 

step 16, and do the Explore More if they have time. You might consider 

convening the class after most students have completed worksheet 

step 11 and discussing students’ predictions before asking students to 

continue on with the remaining questions.

5. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• For questions where students are asked to provide more than one 

example, encourage them to construct examples that are different. For 

instance, {3, 4, 5}, {2, 4, 6}, and {1, 4, 7} are similar examples of data 

sets with means of 4.00. However, {0, 6, 6} is quite different because it 

neither includes 4 nor has distinct values.

• Encouraging students to see what their sets of data have in common 

might help them construct different data sets. (Sometimes it’s hard for 

Project the sketch for 
viewing by the class. 
Expect to spend about 
5 minutes.

Expect students at 
computers to spend 
about 25 minutes.
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Making Means: Data Distribution and Averages ACTIVITY NOTES
continued

students to think outside a particular strategy they have developed to 

generate new data sets).

• For worksheet step 10, encourage students to write down things they 

know for sure and things they don’t know for sure. Sometimes the 

things you don’t know for sure can be just as important!

• In talking about the prediction for worksheet step 11, ask students to 

explain their predictions. Students can either use examples or describe 

how the sum of the numbers and total number of data points will 

change when adding a new data point.

 6. If you decide to convene the class once most students have completed 

worksheet step 11, follow steps 7–10 in the Summarize section before 

having pairs return to their computers.

SUMMARIZE
 7. Gather the class. Students should have their worksheets with them. 

Open Making Means.gsp and use it to support the class discussion.

 8. Ask students to offer solutions to worksheet step 4, and write them 

down. After you have written down several, ask students for examples 

that are different from the ones written on the board. Help the students 

notice that not all data sets with a mean of 5 will be “balanced” around 

the mean or will include the value 5.

 9. Now discuss the question in worksheet step 9, and ask students to talk 

about their strategies. Some will describe how they constructed their 

data sets so that the values always summed to 20. Some might also have 

considered the data points in pairs, and thought about summing a given 

pair to 10. If students are having diffi culty using the sum to help them 

generate new data points, illustrate how they might do this using fewer 

data points and a different mean.

 10. Students have now worked quite a bit on constructing different sets 

of data. Using the sketch, drag fi ve data points to these locations: 2, 3, 

4, 5, and 6. How does the mean change as more data points are added? 
Can the mean stay the same? Can it increase? Decrease? How do you 
know? Ask for volunteers to explain their reasoning. Then drag a new 

data point to 4, and drag it slowly toward the right so that the students 

see the mean value continuously increasing. Return it to 4, and ask a 

Project the sketch. Expect 
to spend about 15 minutes.
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Making Means: Data Distribution and Averages ACTIVITY NOTES
continued

student to describe what will happen if the value moves toward the left. 

This should help students see that the mean must change unless the new 

data point has the same value as the previous mean.

11. Continue on to worksheet step 14. Ask for volunteers to describe 

their answers. Some will have found a way of getting a mean of 10 by 

dragging the square off the screen. For those who stayed within the 

bounds, ask them to explain why the mean could never be 10. They 

may simply want to show you that they placed all of the remaining data 

points on 10, and still the mean was less than 10. They should be able 

to explain that at least one data value would have to be greater than 10 

for the mean to be 10.00 given the existing data points. To provide some 

extra challenge: What if we placed three of the four remaining data 
points at 10? Then what value would the fi nal data point have to be in 
order to make a mean of 10? [46]

12. For worksheet step 15, ask students to share some of the data points 

they had. Again, make sure to ask for different data sets. So, given these 
data sets, what can we say about a family of 8 that has a mean height 
of 4 feet? Encourage students to take into account the heights that the 

family members could realistically have.

EXTEND
1. When do you think that the mean would be a good measure to use to 

describe a set of data? Encourage students to give specifi c examples. 

They may have already encountered the mean in the context of school 

grades. Usually, what’s important is not so much the kind of data that is 

being collected (grades), but what we want to know about the data. So, 

if we want to know whether a test was too hard for most students, then 

the mean is helpful because it is sensitive to extreme values (in this case, 

to very low test scores). However, the mean might not be a very good 

measure if we don’t care about extreme values (maybe some students 

were away, so we don’t want their marks of 0 to affect the measure).

2. Have pairs work together with the sketch. Introduce the idea of the 

median, if the students haven’t already encountered it. Ask the students 

to fi nd a few examples where the mean will equal the median for a given 

data set.
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Making Means: Data Distribution and Averages ACTIVITY NOTES
continued

ANSWERS
 3. Answers will vary. Sample answers: {3, 4, 6, 7}, {4, 4, 5, 7}, or {2, 6, 6, 6}

 4. Answers will vary. See above.

 6. {0, 9, 9} or {0, 8, 10}. Other answers are possible if data points beyond 

10 are used.

 9. Answers will vary. Sample answer: To keep a given mean when adding 

two data values, balance the two data points around the mean.

 10. The data points can be distributed in many ways, and can even include 

extreme values such as 0 and 10. None of the data points has to be 4.00. 

However, the mean of all the data points must equal 4.00.

 11. Answers will vary.

 12. If the new data value is greater than 4, then the mean will increase. 

The larger its value, the more the mean will increase. Similarly, if it’s less 

than 4, the mean will decrease, with smaller values decreasing it more.

 14. Only if some of the four new data points have values more than 10. 

For the ten data values to have a mean of 10, the sum of the ten data 

points would have to be 100, which is 76 more than the sum of the 

given data values.

 15. Answers will vary. The sum of the heights must be 32.

 16. Because the question involves the heights of humans, it is unlikely that 

any person will be more than 7 feet tall and unlikely that any person will 

be less than 1 foot tall. In order to get a mean of 4, we know that either 

all of the heights are exactly 4, or at least some will be less than 4 feet 

tall, and some will be more. 

 17. The sum of the three points is 27, and the sum of the fi rst two is 10, so 

the third point is 17.
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Making Means Name:

In this activity you’ll investigate some properties of the mean and generate 
examples of data sets that have a given mean.

EXPLORE

1. Open Making Means.gsp. Go to page “Line Plot.” Make sure you have one 
data point at 3 and one data point at 7. If not, press Reset.

 2. Drag the two data points to new values without changing the mean value of 
5.00. Find three ways of doing this.

3. Add two more data points so that the mean remains 5.00. Write down your 
new set of data points.

4. Drag the four data points so that the mean remains 5.00. Write down your 
new set of data points. Drag them again, while still keeping the mean at 5.00, 
and write down your new set of data points.

5. Press Reset. Add a new data point so that the mean is 6.00.

6. Drag one data point to 0. Drag your two other data points so that the mean 
remains 6.00. List all the ways you can fi nd of doing this.

7. Place fi ve data points anywhere on the number line, except at 4, so that they 
have a mean of 4.00.

8. Find two more sets of fi ve data points that have a mean of 4.00 without any 
one of the data points having the value 4.

9. What strategy did you use to generate data sets with a mean of 4.00?

10. What can you say about data sets that have a mean of 4.00?
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Making Means
continued

11. If you look at your answers to steps 7–10, you will see that you have created 
many different sets of data, all of which have a mean of 4.00. These may have 
included {1, 2, 3, 5, 9}, as well as {0, 3, 3, 6, 8} or {0, 0, 0, 10, 10}. Imagine 
that you added one more data point between 0 and 10 to each of these sets of 
data. Predict how much you think the mean might change.

12. Test your prediction from step 11. Describe your fi ndings.

13. Drag the six data points to these locations: 2, 3, 4, 4, 5, and 6. Predict what 
will happen to the mean if one data point is added at 10. Test your prediction.

14. Can the mean increase to 10.00 by dragging in all the remaining data points 
from the left? Explain.

15. Suppose you fi nd out that the mean value of the heights of the eight members 
of the family next door is 4 feet. Write down at least two different possibilities 
for the heights of each member of the family.

16. What kinds of things do you know for sure about the heights of each member 
of the family?

EXPLORE MORE

17. Press Reset. Imagine that your classmate placed a new data point far enough 
along the number line so that you couldn’t see it on your screen. But you 
could see that the mean value of the three data points was 9.00. How could 
you fi gure out the value of the third data point?
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Target Mean Game: 
Data Distribution and the Mean ACTIVITY NOTES

INTRODUCE
1. Open Target Mean Game.gsp. Go to page “Game.” Explain, Today 

you’re going to use Sketchpad to play a game that will challenge your 
thinking about data distribution and the mean.

Let’s look at the game board. Point out that the sketch shows the 

beginning of a line plot. To the left of the line plot is a collection of tiles 

that students will drag onto the line plot. Because there are no tiles on 

the line plot when you open the sketch, the “Current Mean” is shown as 

“undefi ned.” 

We need some data to show on the line plot. Suppose I gave a quiz with 
ten questions and each question was worth one point. What are some 
scores I might see as I look through students’ quizzes? Record responses 

on the board. If students don’t suggest 0, or don’t include the same 

score more than once, introduce these possibilities and add some scores 

to illustrate them. Let’s represent these data by using the tiles. One 

at a time, drag tiles over the numbers representing the recorded quiz 

scores. (When two or more tiles are dragged to the same number, the 

tiles should be stacked above each other, not directly onto each other.) 

Students will note that the model keeps track of the mean, updating it 

automatically.

Model pressing Hide Current Mean and Show Current Mean. Then 

model pressing Reset to remove the tiles.

2. Now you know how the game board works. Let’s talk about the game. 
It may seem a little backward to you: You will start with a mean and 
then look for a set of numbers that has that mean.

Let’s start with a mean of 5. 

Press Hide Current Mean. Can you think of two data points that would 
have a mean of 5? Take responses. For the sake of example, we’ll use the 

data points 2 and 8. Let’s drag two tiles to those data points, one at 2 
and the other at 8. Drag the tiles onto the line plot. Explain how you 
know the mean is 5. Here are sample responses.

Project the sketch for 
viewing by the class. 
Expect to spend about 
15 minutes.

There are 30 tiles. Creating 
about 10 to 15 quiz scores 
for data will be suffi cient.
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Target Mean Game: Data Distribution and the Mean ACTIVITY NOTES
continued

The mean is 5 because 2 and 8 are the same distance from 5. Both tiles are 

three away from 5.

The mean is 5 because the 2 and 8 balance each other out. One number is 

three above 5; the other number is three below 5.

If I take 3 away from 8 and give it to the 2, then the numbers become 5 and 

5. The mean of 5 and 5 is 5.

The mean is 5 because 2 � 8 � 10, and 10 � 2 � 5.

 3. Distribute the worksheet. Let’s learn how to play the Target Mean 
Game. Invite two volunteers to the computer to play a round of the 

game. Follow the rules in worksheet step 2. At the end of player A’s turn, 

the line plot might look like the one shown here. Player B has placed a 

tile at 9, and player A has followed, placing a tile at 1.

109876543210

Player A scores two points because there are two tiles on the line plot.

Explain how the players would complete the scorecard.

Scorecard

Target Mean First Tile Solution Tile(s) A’s Score B’s Score

5 9 1 2 —

Emphasize that because students score one point for each tile placed in a 

successful solution, they should look for ways to use more than two tiles. 

Also be sure students understand that more than one tile may be placed 

on a number.

Look at the scorecard on the worksheet. Explain that a game consists of 

three rounds, with each player having a turn in a round. The player with 

the most points at the end of the game wins.

DEVELOP
 4. Assign students to computers and let them know where to locate 

Target Mean Game.gsp. Make sure each pair has a copy of the 

worksheet. Tell students to work through step 2 and do the Explore 

More if they have time. 

If students suggest only 
the standard “add-and-
divide” algorithm for 
fi nding the mean, pose 
questions to draw out 
the thinking expressed 
in the three responses 
here. These methods use 
a “balance” strategy for 
understanding the mean.

Expect students at 
computers to spend 
about 30 minutes.
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Target Mean Game: Data Distribution and the Mean ACTIVITY NOTES
continued

5. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• What strategies do students use to restore the target mean? Here are 

student explanations that show the use of a balancing strategy.

 I need a number that is the same distance from the target mean, but 

bigger by the same amount.

 I need a number that is four less than the mean, because this tile is four 

more than the target mean.

 The target mean is 5. And there’s a tile on 1. I’m going to put two tiles on 

7—two away from the mean—because that makes four more than the 

mean, and 1 is four less than the mean. 

• To fi nd solutions, some students may rely on the standard “add-and-

divide” algorithm. In the game, this strategy is not a very effi cient one. 

As students play more rounds, look to see whether they experiment 

with a balancing strategy. 

• If the target mean is 6 and a tile is placed at 8, the mean can be 

restored by placing a tile at 4. But this scores only two points, for the 

two tiles on the line plot. In such a situation, ask, Is there a way you 
can score more points? 

 109876543210

 One solution is shown in the following illustration. The 8 is two more 

than the mean of 6. The two 5’s are each one less than the mean of 6. 

The two 1’s “balance out” the two. 

 

2
1

1

109876543210

 Another way to think about why 5, 5, 6, and 8 have a mean of 6 is to 

ask, What happens to the sum of 5, 5, 6, and 8 when I drag the tile 
at 8 to 6? [The sum decreases by 2.] How can we get the sum back to 
what it was? [Drag each of the tiles at 5 to 6.] Now all four tiles are 
at 6. The average of four 6’s is 6.
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Target Mean Game: Data Distribution and the Mean ACTIVITY NOTES
continued

• Here are two other strategies that allow a player to score lots of points. 

 If the target mean is 6 and a tile is placed at 8, the mean can be 

restored by placing a tile at 4. Now that the mean is 6 again, a player 

can place the remainder of the tiles at 6 to keep the mean at 6. 

This is a worthwhile discovery for students to make, but you might 

want to prohibit it as an option once it is discovered.

 Another way to keep the mean at 6 is to place many tiles at 4 and the 

same number of tiles at 8. Again, you and your class should decide 

whether this is an allowable option.

• The Explore More (worksheet step 3), offers several variations of the 

game. In version 3a, students must place at least one tile at 0. This 

addresses a common misconception that adding 0 to a set of data 

points has no effect on the mean. 

 In version 3c, students get to choose the target mean. It’s possible that 

students will create a challenge that is impossible to solve. If the target 

mean is 0 or 10, for example, and a tile is placed at 1, there is no way 

to restore the mean.

SUMMARIZE
 6. Gather the class. Students should have their worksheets. Pick one of the 

target means in worksheet step 2 and ask students to share how they 

achieved the mean.

Students will likely be proud of solutions in which they used many tiles. 

If, for example, the target mean was 2 and a fi rst tile was placed at 7, 

a student might say: Seven is fi ve away from 2. That means I needed to 

balance out the fi ve in the other direction. I placed fi ve tiles at 1. There was 

no way to solve the problem by adding only one tile.

  109876543210

Project the sketch. Expect 
to spend about 15 minutes.
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Target Mean Game: Data Distribution and the Mean ACTIVITY NOTES
continued

7. When a student has demonstrated a solution that uses fi ve or more 

tiles, ask, How can you fi nd the sum of all the tiles without adding 
them all up? Take responses. In the example from step 6 above, there are 

seven tiles and their mean is 2. The sum of the tiles is 7 � 2 � 14.

8. If students had time to try any of the game variations in Explore More, 

have them share some of their experiences.

EXTEND
1. What other questions about means can you ask? Encourage curiosity. 

Here are sample student queries.

What if you could only add two tiles to the line plot each time? Could you 

always get to the target mean?

How many ways are there of placing tiles to get a certain mean?

What if we were interested in the median instead of the mean? How would 

the game work?

2. Encourage students to play versions of the game at a later time.

3. Have students make up their own rules for the game, including scoring 

systems. They should record the rules, play the game several times, and 

refl ect on whether their rules improve the original game.

ANSWERS
Many correct answers are possible, including, at times, that it is impossible 

to achieve the mean. Answers will vary depending on the tiles students 

choose to play. 
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Target Mean Game Name:

Use what you know about the mean to play a game.

EXPLORE
 1. Open Target Mean Game.gsp. Go to page “Game.”

 2. Play the game. A game consists of three rounds. 
a. Make sure Hide Current Mean is pressed to start. 
b. Player B looks at the scorecard to see the target mean for the turn and 

then drags one tile onto the line plot.
c. Player A drags one or more tiles onto the line plot to create a data set 

that has the target mean. 
d. Player A presses Show Current Mean to check.
e. If the current mean matches the target mean, player A gets a point for 

each tile on the line plot. The solution tiles and score are recorded.
f. If the current mean does not match the target mean, player A presses 

Hide Current Mean and moves the tiles to try again.
g. Player A presses Reset and Hide Current Mean to prepare the board for 

player B’s turn.
h.  The players switch roles. Player A looks at the next target mean on the 

scorecard and drags one tile onto the line plot. Player B drags one or 
more tiles to create a data set with that target mean.

i. When all three rounds have been played, each player’s points are 
totaled. The player with the most points wins.

Scorecard

Round Target 
Mean

First 
Tile Solution Tile(s) A’s 

Score
B’s 

Score

1 5 ⎯

1 6 ⎯

2 7 ⎯

2 4 ⎯

3 2 ⎯

3 3 ⎯

TOTAL POINTS:
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Target Mean Game
continued

EXPLORE MORE
 3. Play the game with variations on the original rules.

a. One of the data points must be 0 (zero).

Target 
Mean

First 
Tile Solution Tile(s) A’s 

Score
B’s 

Score
5 ⎯
6 ⎯
7 ⎯
4 ⎯
2 ⎯
3 ⎯

TOTAL POINTS:

b. The target mean is not a whole number.

Target 
Mean

First 
Tile Solution Tile(s) A’s 

Score
B’s 

Score
5.5 ⎯
6.5 ⎯
7.5 ⎯
4.5 ⎯
2.5 ⎯
3.5 ⎯

TOTAL POINTS:

c. Players take turns choosing the target mean.

Target 
Mean

First 
Tile Solution Tile(s) A’s 

Score
B’s 

Score
⎯

⎯
⎯

⎯
⎯

⎯
TOTAL POINTS:
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Mean Meets the Median: 
Measures of Central Tendency ACTIVITY NOTES

INTRODUCE
 1. Open Mean Meets the Median.gsp and go to page “Median 5.”

 2. Explain, Today you’re going to use Sketchpad to compare the behavior 
of the mean and the median. We’ll start with a given data set and 
explore how changes to the values of that data set affect both the 
mean and the median. This will help us understand the difference 
between the two measures of central tendency and when it might be 
more appropriate to use one or the other. We’ll look at questions such 
as “When is the mean greater than the median?” and “Can the mean 
and the median ever have the same value?” Before you begin, I’ll 
demonstrate how to change a data set represented in the sketch.

 3. Point out that the vertical orange line represents the median value of 

the fi ve data points. The line currently goes right through the data 

point at 4.0. Drag one of the data points along the axis until the median 

changes value. Drag a different point along the axis until the median 

changes again.

• Ask students what they notice about the median value. They might 

describe it as always being in the middle of the data values, and 

they might also notice that the vertical line always passes through 

one of the data points. Make sure such intuitive ideas about the 

median are shared with the whole class in this introduction portion 

of the activity.

• Draw attention to the fact that there are fi ve data points. Later, 

students will investigate how to calculate the median of a data set that 

has an even number of data points. 

DEVELOP
 4. Assign students to computers and tell them where to fi nd Mean Meets 

the Median.gsp. Distribute the worksheet. Tell students to work 

through step 5, which wraps up the exploration of the median of fi ve 

data points.

5. After most students have completed worksheet step 5, ask for examples 

of data sets with a median of 4.0. Illustrate them in Sketchpad. Ask 

students for different data sets (these might include data sets where 

there are two or more values on 4.0, as well as data sets that are either 

Project the sketch for 
viewing by the class. 
Expect to spend about 
5 minutes.

Expect students at 
computers to spend 
about 25 minutes.
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Mean Meets the Median: Measures of Central Tendency ACTIVITY NOTES
continued

clustered or spread out). The variety of data sets should show that even 

though the median value is always the middle value, it does not always 

look visually centered.

6. Ask students to work through step 13 and do the Explore More question 

if they have time. Let pairs work at their own pace. As you circulate, here 

are some things to notice.

• Make sure students can articulate the difference between the way the 

median is calculated with fi ve or six data points.

• Encourage students to drag the different data points to different 

locations and not just focus on one data point.

• For steps where students are asked to provide more than one example, 

encourage them to construct examples that are different. For example, 

the data sets {1, 2, 3, 4.1, 5}, {1, 2.1, 3, 4, 5}, and {1, 2, 3, 4, 5} are 

similar examples with medians of 3. However, {0, 0, 3, 3, 10} is quite 

different because it contains both repeated and extreme data points.

• Encouraging students to see what their data sets have in common 

might help them construct different data sets. (Sometimes it’s hard 

for them to think outside a particular strategy they have developed to 

generate new data sets.)

• In worksheet step 13, you might ask students to try some sample 

data values so that they see that the waiting times for the patients 

who stayed all morning are much longer than for the other patients. 

Therefore the corresponding data points might be considered outliers.

SUMMARIZE
7. Gather the class. Students should have their worksheets with them. 

Begin the discussion by opening Mean Meets the Median.gsp and use it 

to support the class discussion.

8. Ask students to offer explanations for worksheet step 8. If students 

do not explicitly mention the words odd and even, probe their 

understanding by asking them what might happen in the case of data 

sets with 11 or 12 data points. They should be able to generalize that 

to fi nd the median of an odd data set one simply locates the middle 

number, and to fi nd the median of an even data set one must fi nd the 

mean of the two middle numbers.

Project the sketch. Expect 
to spend about 15 minutes.
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Mean Meets the Median: Measures of Central Tendency ACTIVITY NOTES
continued

 9. Now discuss the question in step 10, and ask students to give examples 

of three different ways to make the mean and median equal to each 

other. One might be to change the data point representing the median 

value, whereas another might be to increase or decrease one of the other 

values to push the mean closer to the median. Help students notice 

that there are many different data sets that will have the same mean 

and median, so that these two measures of central tendency do not 

completely describe a data set.

 10. Students have now worked quite a bit on constructing different sets of 

data. Now we’ll try to characterize the major differences between the 
mean and the median. Which measure of central tendency is more 
sensitive? Which might be more useful in different circumstances? 
Using the sketch, on page “Mean and Median” set the data values to 
5.1, 5.4, 5.9, 5.9, and 6.2. Imagine these are the heights of fi ve people 
lined up to go through security at the airport. The mean is lower 
than the median. Now suppose that one of the people lined up was a 
toddler, who measured 2.3. This new data value can be thought of as 
an outlier. How would the mean and median change? Drag one of the 

fi rst values to 2.3. Now the mean will be much smaller than the median. 

This illustrates the way in which outliers can affect the mean without 

affecting the median at all.

 11. Continue on to worksheet step 13. Ask for volunteers to describe their 

answers. Students should be able to recognize that the waiting times 

that are outliers infl uence the decision about hiring a new doctor, so 

the median might be a better measure. Are there other situations you 
can think of where you would want to consider the outliers? Encourage 

students to propose a variety of situations.

EXTEND
Suppose a teacher has just marked a mathematics test she gave to her 
students. Can you fi nd a reason why she might prefer to know the mean 
of the test scores? Can you fi nd a reason why she might want to know 
the median? Can you fi nd a reason why she might want to know both? 
What other pieces of information might be useful to her? Encourage 

students to play with specifi c examples if they need to. If we want to know 

whether a test was too hard for most students, then the mean is helpful 

because it is sensitive to extreme values (in this case, to very low test scores). 
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Mean Meets the Median: Measures of Central Tendency ACTIVITY NOTES
continued

However, the median might be a good measure if we don’t care about 

extreme values (maybe some students were away, so we don’t want their 

marks of 0 to affect the measure). It might also be helpful to know the 

range of the values. If the range is relatively wide, we might conclude that 

the test was not a very good one, because some students found it much too 

easy and others, much too hard.

You might also ask what data sets with equal means and medians have 

in common, and whether there are other measures of central tendency 

that have the advantages of each (for instance, dropping the highest and 

lowest values and fi nding the mean of the remaining values, as they do in 

the Olympics).

ANSWERS
1. Answers will vary. All data sets should include the value 4.0.

2. The median won’t change as long as the data value remains greater 

than 4.0.

3. Once the data value becomes smaller than 4.0, the median will change 

because 4.0 is no longer the middle value.

4. Answers will vary. The data set should include two points with the same 

value as the median.

5. The median is the middle value when the data points are placed in 

order, but sometimes the middle value will not be visually centered 

among the data points.

6. Answers will vary.

7. Answers will vary. Some students might start by placing two data points 

on 7.5 and then two data points on each side of 7.5. Others might start 

with two data points whose average is 7.5 and then place two data 

points on each side of 7.5.

8. In step 1, with fi ve data points the median is the middle value, but now 

the median is the average of the two middle values.

10. Answers will vary.

11. Answers will vary. Increasing the largest data value will not affect the 

median, but it will increase the mean.
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Mean Meets the Median: Measures of Central Tendency ACTIVITY NOTES
continued

 12. Only the mean. Increasing the value of one data point does not change 

the middle value, but it does change the sum, and therefore the mean, of 

the values.

 13. It’s probably better to use the median because we don’t want to include 

the extra waiting time of the patients who arrive early.

 14. Answers will vary. The sum of the values of the two data points remains 

constant, so the mean is unaffected.
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Mean Meets the Median Name:

In this activity you’ll investigate some properties of the median and compare its 
behavior to that of the mean.

EXPLORE

 1. Open Mean Meets the Median.gsp. Go to page “Median 5.” You should 
see data points at 1.0, 2.0, 4.0, 7.0 and 8.0, and a thick vertical orange line 
through 4.0 that represents the median value. Drag the data points. Write 
down different data sets that have a median of 4.0. What do all these data sets 
have in common besides having the same median?

2. Press Reset. Drag the data point at 8.0 to different locations. Describe all the 
values that data point can have without affecting the median value.

3. Press Reset. Drag the data point at 8.0 so that the median value changes. Why 
did it change?

4. Create a data set that has two data points on one side of the orange line and 
only one data point on the other side. Describe what’s special about your 
data set.

5. Some people say that the median value is always in the middle. Why might 
this be a misleading way to characterize the median?

6. Go to page “Median 6.” Drag the data points. Write down three data sets that 
all have a median of 4.0.

7. Describe a strategy for creating a data set that has a median of 7.5.
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Mean Meets the Median
continued

8. In step 1, you found that all your data sets had to contain the value 4.0. Is this 
still true? Explain.

9. Go to page “Mean and Median.” Try to predict the value of the mean for the 
given data set. Then press Show Mean.

10. Find three different ways of changing the data points so that the mean and the 
median are equal to each other.

11. Find a data set in which the mean and median values are the same. Predict 
what will happen to each value if you increase your largest data value. Verify 
your prediction.

12. In many cases extremely small or large data values are called outliers. Will the 
mean or the median be more affected by outliers? Explain.

13. A doctor’s offi ce wanted to fi nd out how long patients had to wait in order to 
see whether they needed to hire another doctor. After gathering their “waiting 
time” data, they learned that some patients had been dropped off fi rst thing 
in the morning, even though their appointments weren’t until late morning 
or early afternoon. Which measure of central tendency do you think would be 
more useful to the doctor’s offi ce?

EXPLORE MORE

14. Go to page “Median 6.” Press Show Mean. Every time you move one of the 
data points, the mean changes. However, if you could move two data points at 
once, you could probably keep both the mean and the median the same. 
Press Reset. Select the data points 1.0 and 8.0 and choose Edit⏐Action 
Buttons⏐Animation. Set point C to animate in a forward direction and point E 
to animate in a backward direction. Press the button you just created to verify 
that your mean value stays the same. Explain why this works.
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Quartile Craze: Box-and-Whisker Plots ACTIVITY NOTES

INTRODUCE 
1. Open Quartile Craze.gsp and go to page “9 Data Points.” Enlarge the 

document window so it fi lls most of the screen.

 2. Explain, Today you’re going to use Sketchpad to explore a visual 
representation of data called the box-and-whisker plot, which provides 
an immediate visual sense of the center, the spread, and the overall 
range of distribution. We’ll begin by looking at how the box and the 
whiskers are constructed. Then we’ll vary our data set in order to gain 
a better understanding of questions such as “What do long whiskers 
tell us about our data?” and “Can the whiskers be uneven?” Before you 
begin, I’ll demonstrate how to change a data set using the sketch. 

3. Go to page “Labeled Plot.” Describe how the box-and-whisker plot is 

labeled for the given data set. It may be easiest to begin with the median, 

which divides the data into two sections and is a measure of central 

tendency that should be familiar to students. Press Show Median. Each 

segment is further divided into quartiles, with the lower quartile being 

the median of the data points to the left of the median, and the upper 

quartile being the median of the data points to the right of the median. 

Press Show Quartiles. These quartiles, along with the median, defi ne 

the “box” part of the box-and-whisker plot. The length of the box is 

the interquartile range. Press Show Box and IQR. Finally, the whiskers 

extend from the quartiles toward the minimum data point (for the left 

whisker) and the maximum data point (for the right whisker). Press 

Show Whiskers. Tell the students, Refer back to this page as needed as 
you work on the worksheet.

4. Now let’s see how we can change the box-and-whisker plot by moving 
the data points. Show students how to drag individual data points.

• Ask students what they notice about the values of the lower quartile, 

the median, and the upper quartile. Because there are only nine data 

points in this sketch, only the median will correspond to an actual 

data point.

• Draw attention to the fact that the plot spans the entire data set, so 

extending a data point to be the largest or the smallest will change the 

length of the whiskers.

Project the sketch for 
viewing by the class. 
Expect to spend about 
5 minutes.
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Quartile Craze: Box-and-Whisker Plots ACTIVITY NOTES
continued

DEVELOP
 5. Assign students to computers and tell them where to locate Quartile 

Craze.gsp. Distribute the worksheet. Ask students to work through 

step 9 and do the Explore More if they have time. Here are some things 

to consider as you circulate.

• Make sure students are dragging the data points and creating a variety 

of different box-and-whisker plots.

• Make sure students understand how the two quartiles are calculated.

• Help students describe their box-and-whisker plots qualitatively 

(comparing the size of the whiskers or the two sides of the box). 

• For worksheet step 9, encourage students to make good drawings of 

the box-and-whisker plots they create in Sketchpad. 

SUMMARIZE
 6. Gather the class. Students should have their worksheets with them. 

Begin the discussion by opening Quartile Craze.gsp and use it to 

support the class discussion.

7. Go to page “Sample Plots.” Ask students to describe the important 

characteristics of each box-and-whisker plot and to provide an 

interpretation using an imagined set of data, such as test scores, heights, 

or another set of values. Make sure students compare the size of the 

whiskers as well as the shape of the box (including the position of the 

median in the box).

8. Ask a few students to re-create on the blackboard the box-and-whisker 

plots they obtained for worksheet step 9a. Compare these different plots 

and invite students to justify their solutions. There may be differences in 

interpretation, but the students should agree on the general shape of the 

plot. Do the same for worksheet steps 9b and 9c. 

9. Tell students, This set of data had only 9 data points. How would 
increasing the data set to 10 or 11 points affect the construction of 
the box-and-whisker plot? It may be helpful to provide a sample set 

of data. For 11 data points (or any other odd number), the median 

will correspond to the middle value. With 10 data points (or any even 

number of data points), the median will correspond to the mean of 

the two middle values. You can extend this to analyze whether the 

Expect students at 
computers to spend 
about 20 minutes.

Project the sketch. Expect 
to spend about 5 minutes.
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Quartile Craze: Box-and-Whisker Plots ACTIVITY NOTES
continued

quartiles will correspond to data points. For both 10 and 11 data points 

they do, because in both cases the quartiles will correspond to the 

middle value of fi ve data points. In general, the quartiles will correspond 

to data points for 4n � 2 or for 4n � 3 data points, but not for 4n or for 

4n � 1 data points.

EXTEND
The box-and-whisker plot describes the center and spread of a 
distribution. Another measure of spread uses the mean and standard 
deviation. It works better with distributions that are symmetric with no 
outliers, which is often the case with data describing natural phenomena. 
As you were working, you created many distributions that were not 
symmetric and that contained either one or two outliers. Create two 
different distributions in Sketchpad that are symmetric and that do not 
contain outliers. What can you say about the shape of the corresponding 
box-and-whisker plot? As students are working on this question, it may 

be helpful for them to refer back to the context of the test scores they 

explored in worksheet step 9. Encourage students once again to describe 

the box-and-whisker plots they create in terms of the relative size of the 

whiskers and the shape of the box. As a follow up, you might also discuss 

whether it’s better to use the mean or the median to measure the center 

of a set of data.

ANSWERS
1. The median is the middle value of the data points.

2. The lower quartile is the median of the data points to the left of the 

median. The upper quartile is the median of the data points to the right 

of the median. Because there is an even number of data points on each 

side of the median, the quartiles are the mean of the two middle values.

4. The fi fth largest data point directly affects the median. The data point 

with the minimum and maximum values directly affects the whiskers. 

The second and third largest data points contribute to the lower 

quartile’s position, and the seventh and eighth largest data points 

contribute to the position of the upper quartile, which in turn also 

affect the lengths of the whiskers.
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Quartile Craze: Box-and-Whisker Plots ACTIVITY NOTES
continued

 5. Yes, whiskers can be the same size. This will happen when the distance 

between the lower quartile and the minimum is the same as the distance 

between the upper quartile and the maximum.

 6. The two sections of the box are unequal when the median is closer to 

one quartile than another.

 7. The right whisker will be very long compared to the left one. The box 

will be small.

 8. The whiskers will be about equal, as will the two sections of the box. 

The IQR will be greater than the whiskers.

 9. Answers will vary.

a. The plot should have long whiskers and the box should be small.

b. The right whisker should be shorter than the left, and the right box 
should be smaller than the left.

c. The two whiskers should be short. Either the right or the left box 
section should be much larger than the other.

 10. Answers will vary. An outlier corresponds to a very long whisker.
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Quartile Craze Name:

In this activity you’ll investigate some properties of box-and-whisker plots.

EXPLORE

 1. Open Quartile Craze.gsp and go to page “Labeled Plot.” Press Show Median, 
and then drag the data point at 13.2 past the data points on its left and right. 
How is the median determined?

2. Press Show Quartiles, and then drag the data points. How are the lower and 
upper quartiles determined? Explain why each quartile does not directly 
correspond to a data point.

3. Press the remaining two buttons and observe how the box and whiskers 
are formed.

4. Go to page “9 Data Points.” Drag data points, one at a time. Which data 
points seem to affect the value of the median? Which data points seem to 
affect the lengths of the whiskers? Which data points seem to affect the 
position of the lower and upper quartiles?

5. Drag the data points again and focus on the whiskers. Can the whiskers ever 
be the same size? If so, fi nd three different examples of when this happens. 
Explain what having equal whiskers means in terms of the quartiles and the 
maximum and minimum values.

6. Drag the data points again and focus on the box. You will notice that the two 
sections of the box aren’t always the same size. What do you notice about your 
data set when those two sections of the box are not equal?
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Quartile Craze
continued

7. Predict what will happen if all the values except the maximum are clustered 
together. Describe what the resulting box-and-whisker plot would look like 
and verify your prediction.

8. Predict what would happen if all the values were more or less evenly spaced 
out. Describe what the resulting box-and-whisker plot would look like and 
verify your prediction.

9. Suppose the data set represents some test scores. For each situation presented 
here, create a corresponding box-and-whisker plot in Sketchpad and draw its 
basic shape.

a. One student received a perfect score, another didn’t answer any questions, 
and the rest received more or less the same mediocre score.

b. Almost all the students received very high scores except for two, who only 
got half the questions right.

c. About half the students did very well on the test and the rest did quite 
poorly.

EXPLORE MORE

10. You may have noticed that sometimes an orange dot appears above either the 
minimum or maximum value, or both. This occurs when those data points are 
outliers, data points that lie more than 1.5 times the IQR (interquartile range) 
from the edge of the box. Find examples of data sets having only one outlier 
and data sets having two. Describe what the box-and-whisker plot for each 
type of data set looks like.
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Circle Graphs: Representing Data
Students use their knowledge of angle measurement and 

percents to represent data in a circle graph. U.S. Census 

data for population by age group is provided. The activity 

can also be done with data supplied by the teacher or 

collected by students.

Point Graphs: Representing Data
Students learn to use Sketchpad to make point graphs and 

interpolate and extrapolate. The activity prepares students 

to use Sketchpad in data investigations the class undertakes.

Old Shoe: Fitting a Line to a Scatter Plot
Students construct a scatter plot of eight data points. They 

approximate a line of best fi t visually, construct residuals 

to improve their line of best fi t, and fi nally fi nd the sum of 

the magnitudes of the residuals and minimize this value. 

Then students use the line of best fi t to estimate values.
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Cell Phone Plans: Comparing Graphs 
Students examine a table of monthly cell phone bills and 

see how a graph can represent the cell phone plan. They 

explore how the features of the cell phone plan, such as the 

fi xed cost, number of anytime minutes, and rate for extra 

minutes are represented in the graph, and how to calculate 

the average cost per minute. This activity is led by the 

teacher.
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Circle Graphs: Representing Data  ACTIVITY NOTES

INTRODUCE
To increase student interest, you might fi nd or collect data about your 

school or students. Or use the data supplied on the worksheet.

Becoming Familiar with Circle Graphs
 1. Open page “2000 Census Data” of Circle Graphs Present.gsp. Ask the 

class to look at the categories and the data in the table. Ask, What do 
these data tell you? Is there anything about them that is interesting 
to you? Do you think they are realistic?

Students may notice that in the year 2000, a little over one-quarter of 

the population was less than 18 years old. A little more than one-fi fth 

of the population was between 45 and 64 years old, whereas a little more 

than one-tenth of the population was 65 years old or older. Nearly twice 

as many people were between 18 and 44 years old as were between 

45 and 64 years old. 

In this question and in others, you’ll likely notice that students describe 

their data both in terms of fractions and in terms of percentages. Either 

description is fi ne. To tie the two together, you might ask, Some have 
said that 22 percent of the population is between 45 and 64 years old, 
others that a little more than one-fi fth of the population is. Which do 
you agree with?

If students don’t note that the percentages of all categories sum to 100, 

ask, What is the total of the percentages?

2. How can we represent these data in a way that makes it easier to see 
quickly how the sizes of the age groups compare to the total? What 
would work better than a list of numbers? Take responses. Students may 

have experience with graphs and propose the idea of creating one. If 

students propose both bar and circle graphs as possible representations, 

ask whether one seems like a better idea than the other. The class doesn’t 

need to resolve this question now; you may wish to return to it in the 

summarizing discussion.

3. Explain that the class will learn to use Sketchpad to represent the data as a 

circle graph (also known as a pie chart). Introduce or review the key aspects 

of circle graphs, showing a circle graph from your textbook as an example.

Project the sketch on 
a large-screen display. 
Expect to spend about 
20 minutes. If students 
already have some 
experience drawing 
circle graphs, you 
can skip step 3.

Time spent understanding 
the data will help students 
engage in the activity.
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Circle Graphs: Representing Data ACTIVITY NOTES
continued

• A circle is divided into parts by drawing segments (radii) from its 

center to its circumference. 

• Each part represents a category. In the circle graph you will make, 
there will be one part corresponding to each of the four age 
categories. 

• The size of each part corresponds to the size of the category.

• Text, color, or both appear in the parts to indicate what they represent.

• A circle graph often has a key that gives more information about the 

parts of the graph.

4. Ask students to each draw a rough sketch on paper, showing the circle 

graph for the age data. Give them time to think about this carefully. 

When students are done, have them share their pictures with each other 

in small groups.

Even though the drawings are not precise, students should be able to 

make some general assessments of them. The space representing the 

category “under 18 years old,” for example, should represent about   1 _ 4   

of the circle. Check that students have drawn the space as one-quarter 

of the circle. An estimate of the category “18–44 years old” should be 

roughly halfway between a quarter and a half of the entire circle.  

Demonstrating the Circle Graph Construction
 5. Go to page “Circle Graph.”

 6. Now that you’ve made a rough sketch of the circle graph, you’re going 
to construct an accurate circle graph using Sketchpad. Let’s learn how.

 7. Use the Compass tool to construct a circle. Make sure it is fairly large.

8. Use the Segment tool to draw a segment from the center of the circle 

to the circumference. Make sure the segment is connected to the center 
of the circle and to the circumference. Draw another segment from 

the center of the circle to the circumference. You might hide the point 

that controls the size of the circle. (Select it and choose Display⏐Hide 
Point.)

Students will clarify this 
correspondence further as 
the activity progresses.
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Circle Graphs: Representing Data ACTIVITY NOTES
continued

9. Let’s decide to make the space between these two segments represent the 
category “Under 18 years old.” Does it look like it’s the right size? Who 
would like to adjust the segments so that this space is more accurate?

Have a volunteer drag the endpoint of one of the segments you just 

drew until the class agrees that the space looks about right (just about 

one-quarter of the entire circle).

10. Sketchpad allows us to take measurements of anything in the sketch. 
Is there something we could measure that would help us know whether 
this space really is 26 percent of the circle? Talk with a neighbor.

Give student pairs time to grapple with this key question, and then 

discuss the question as a class. Students might note that the arc is   1 _ 4   of 

the circumference, or the area of the sector is   1 _ 4   of the total area. Or they 

might note that one quarter (25 percent) of the circle is 90°. This is a 

good opportunity to bring angle measure into the discussion. How 
many degrees are in the entire circle? What is the size of the angle 
formed in   1 _ 4   of the circle? [90°] The angle defi ned by the two radii 
should be a little larger than 90°. 

11. Then develop the idea that the part of the circle occupied by a category 

can be determined by fi nding what part of 360° the angle measurement 

is. Dividing the angle measure by 360° and multiplying the result by 100 

converts the decimal into a percentage.

12. Measure the angle formed by the two radii. 

 Using the Marker tool, drag from one radius to the 

other to create an angle marker. Using the Arrow 

tool, select the marker and choose Measure⏐Angle. 
The angle measurement will appear, and the three 

points that form the angle will be labeled. Select 

the angle marker and choose Display⏐Hide Angle 
Marker to hide it.

13. Now model calculating the percentage of the circle occupied by the 

space. Follow these steps.

• Choose Number⏐Calculate to view the Calculator.

• Click on the labeled angle measurement in the sketch to enter it into 

the Calculator. 

When you constructed the 
circle, it came with a point 
on the circumference. 
Dragging this point 
changes the size of the 
circle. Avoid that point as 
you draw segments.

This question is the 
mathematical focus 
of the lesson.

Before continuing, you 
might review the steps 
you used to enter the 
calculation.



126 
 

 Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Circle Graphs: Representing Data ACTIVITY NOTES
continued

• Press � on the Calculator keypad, and then click on the 360° value on 

the sketch. 

• Press ∗ and then 100 to multiply the fraction by 100, and click OK. 

14. Ask the class to check the percentage just computed. If it’s not 26 

percent, ask a volunteer to drag the endpoint of a radius. As the angle 

changes, the percentage calculation displayed will update, too.

 15. Use the Text tool to create a text box and type 

the label “Under 18 years” for the space on the 

circle graph. Drag the label into place.

16. Explain that students will now construct a 

circle graph representing all the data in the 

U.S. Census table. 

DEVELOP
Constructing a Circle Graph to Represent the Data 
 17. Distribute the worksheet. Assign students to computers and tell them 

where to locate Circle Graphs.gsp.

 18. Instruct students to construct a circle graph of the data you’ve chosen to 

use. Steps 1–11 of the worksheet summarize the construction. Students 

should also work through the Explore More questions if they have time. 

Many students will enjoy Explore More step 12, which explains how to 

add color to a circle graph.

Because there are multiple steps to the construction, students undoubtedly 

will have questions. Encourage them to ask a neighbor for help if they have 

questions about using Sketchpad.

19. Although the Calculator allows students to compute their percentages 

exactly, encourage students to estimate each part on the circle graph 

before they perform a calculation. In this way, students will develop an 

intuitive sense of how the size of a part, relative to the circle, relates to 

its corresponding percentage.

20. For a circle graph with four categories (like the U.S. age data), students 

will discover that they need compute only the percentages for the fi rst 

three categories. With three of the categories correctly in place, the fourth 

category should automatically be correct. You might ask why this is the 

case. To view the percentages rounded to the nearest whole number, 

select a measurement or calculation, choose Edit⏐Properties⏐Value, 

This is a key benefi t of 
building circle graphs 
with Sketchpad—the 
percentage data are 
dynamic and respond 
to changes made to 
the graph.

Expect students at 
computers to spend 
about 30 minutes.

Under
18 years

B

A

C
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Circle Graphs: Representing Data ACTIVITY NOTES
continued

and set the Precision to units. Be aware that because of rounding, the 

calculation of the fourth angle may not result in a sum of 100.

21. If you have chosen alternative data in which one of the categories 

occupies more than 50 percent of the circle, students will need to take 

extra care with their angle measurements. Angle markers normally show  

angle measurements as values between 0� and 180�. How might you get 
the measurements for corresponding angles larger than 180 degrees? 
For angles larger than 180�, students can change the properties of the 

angle marker. Choose Display⏐Show All Hidden to show the hidden 

objects. Select the angle marker, choose Edit⏐Properties⏐Marker, and 

change Angle Defi nition to Counterclockwise. Then hide the angle 

markers again.

22. For students who want to improve the appearance of their graphs, you 

might suggest these options. 

• Replace the label for the calculation, such as  (   m�CBF
 ____________  

(Degrees in circle)
   )  � 100, 

with a phrase such as “18–44 years old.” To change the label, select the 

calculation and choose Display⏐Label Measurement. Type the new 

label and click OK. 

• Create boxes for a key that are the color of the corresponding sector of 

the circle. You might suggest that students try using the Polygon tool.

• Change the color of the background using Edit⏐Preferences⏐Color.  

Explore More
23. Worksheet step 12 explains how students can add color to their circle 

graphs. This is a fun option for students, especially if they can print 

their graphs in color.

24. Worksheet step 13 asks students to predict how the U.S. population 

data will change in ten years. This question showcases a strength of 

Sketchpad: Compared to a circle graph constructed on paper, a circle 

graph constructed with Sketchpad can be altered easily after it is 

complete. With the percentage calculations showing, students drag 

the radii until the percentages match their predictions.

The present sketch 
(in bold) contains samples 
of students’ work.
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Circle Graphs: Representing Data ACTIVITY NOTES
continued

SUMMARIZE
 25. If a printer is available, students can print and display their circle 

graphs. You might post the circle graphs and ask students to walk 

around and view the graphs constructed by their classmates.

 26. If each student or pair of students used different data when constructing 

their circle graphs, have them present their circle graphs and explain 

what they learned from their data. Encourage students to explain 

how they estimated the size of different parts of the graph. Look for 

explanations that make comparisons such as, The largest group spans 

more years—26 compared to 19 or 20.

27. Ask students to explain whether they feel that the circle graph was 

a helpful way to represent their data. In what ways did it make their 

data easier to interpret? If students are familiar with bar graphs, you 

might ask them to compare the merits of each form of graphical 

representation. [A circle graph shows how groups compare to each 

other and how each group compares to the whole. A bar graph shows 

how groups compare to each other, but does not show as clearly how 

each category compares to the whole.]

 28. Ask students what other questions they might ask, even if there’s no 

time to pursue them. Questions that might arise include these.

If there were 20 categories, how many radii would we have to draw?

Are there other kinds of graphs?

Could we construct circle graphs using measurements other than angles?

What if all the parts are the same size? 

Is there an easier way to construct the circle graph?

Expect to spend about 
10 minutes.
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Circle Graphs Name:

In this activity you will make a circle graph using Sketchpad.

CONSTRUCT
These data from the U.S. Census Bureau show the age of the 
U.S. population in 2000.

Category Percentage

Under 18 years old 26

18–44 years old 40

45–64 years old 22

65 years old and older 12

1. Open Circle Graphs.gsp. Go to page “Circle Graph.”

 2. Construct a large circle. 

 3. Draw two radii to mark part of the circle. Make 
sure each radius is connected to the center and 
to the circumference.

4. The space between the radii will represent 
“Under 18 years old.”

 Drag the endpoints of a radius so the space looks 
about the right size.

5. Now you will measure the angle formed by the radii.
Drag from one radius to the other.

 Select the angle marker and choose Measure⏐
Angle. To hide the angle marker, select it and 
choose Display⏐Hide Angle Marker.
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Circle Graphs
continued

6. Use the Calculator to compute the percentage 
of the circle occupied by the space between the 
radii. 
Choose Number⏐Calculate.
Don’t type measurements into the Calculator.
Do click on the sketch to enter an angle 
measurement and to enter 360° into your 
calculation. Use the calculator keyboard 
for �, ∗ (multiply), and 100.

 (   m∠ABC  ______________  
Degrees in circle

   )  � 100 � 26

7. Drag a point on the circumference until the percentage calculation 
matches the percentage for “Under 18 years old.”

8. Now you will label this part of the graph. 
  Type the text. 
  Drag the textbox to place it on the graph.

9. Make the other parts of your circle graph. Follow steps 3–8 for 
each part of the graph.

10. Clean up your graph. Some things are not needed now. Keep the 
measurements.

  To hide the labels of points, click on the points with the Text tool.
  To hide measurements, select them and choose Display⏐Hide.

11. The calculations verify you have the correct percentages. Add a key 
with labels to show the category each measurement represents. 
Add a title.
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Circle Graphs
continued

EXPLORE MORE
 12. Add color to your circle graph. Follow these steps 

for each part of the graph.
   Press and hold the Custom tool icon. 

Choose the Color the Part tool from the menu. 
Move your pointer over the sketch and click, in order, the center of 
the circle and then the endpoint of a radius. Move counterclockwise 
to the next endpoint and click again.
This will color one part of the circle graph yellow. To change the 
color, choose Display⏐Color.

 13. Make a prediction: How will the percentage of the U.S. population 
in each category be different ten years from now? Why do you 
think so?
Show your prediction by dragging the radii of the circle. 
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Point Graphs: Representing Data ACTIVITY NOTES

INTRODUCE

Project the sketch for 
viewing by the class. 
Expect to spend about 
30 minutes.

 1. Present the following situation. A class is planning to make popcorn 
balls for sports day at their school. The class that made the popcorn 
balls last year says that one cup of raw (uncooked) popcorn will make 
four popcorn balls. 

Use a Data Table
 2. The students in the club started this table. Let’s complete it. Show the 

recording of this partially fi lled table, which you have prepared on chart 

paper or a transparency. Have students explain their reasoning as the 

class completes the table.

 Raw Popcorn (in cups) Popcorn Balls

1 4

2

4

8

3. What patterns do you see in the table? The columns in the data table 

show that the number of popcorn balls doubles as the number of 

cups of raw popcorn doubles. The rows in the data table show that the 

number of popcorn balls is always four times the number of cups of 

raw popcorn. 

Choose a Type of Graph
4. Tell students that some of the club members wonder whether making 

a graph might help them answer questions that will come up. For 

example, they know that last year 102 popcorn balls were sold. How 

many cups of raw popcorn, they wonder, would be needed to make that 

many popcorn balls? What would be the best kind of graph for the club 
to use? The discussion should bring out the ideas that a point graph 

is often used when both variables are numbers and when you want to 

know about values between the data points.

5. Open Point Graphs.gsp and go to page “Popcorn.” Explain that the class 

will learn to use Sketchpad to create a point graph. 
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Point Graphs: Representing Data ACTIVITY NOTES
continued

Label the Axes
If the class can justify 
the use of the scales 
on a different page 
of the sketch, use 
that page rather than 
page “Popcorn.”

 6. Discuss which variable should be graphed on each axis. We’ll assume 

here that the class graphs the values from the fi rst column of the data 

table on the horizontal axis, and the second column on the vertical axis. 

Refrain from labeling the axes until step 8 below. 

7. Discuss the scales of the axes. Students should note that the horizontal 

and vertical axes are scaled differently. Will the numbers on the axes 
work well for what we want to graph? Go to several other pages and 

discuss the numbers on the axes. Would these be more appropriate? 

Elicit students’ thinking about the range of the data, the appropriateness 

of the intervals shown on the axes, and room for extrapolation 

(if students are familiar with making predictions for values that go 

beyond the existing data). 

Students may suggest that they will be able to scroll to see more of the 

graph if necessary. Confi rm that when they have created their point 

graphs and a line through the data, they will be able to scroll in their 

sketches. Note that you can adjust the scale of an axis by dragging the 

tick labels. This is another way to see more of the graph on screen.

It is not possible to rotate 
text 90° to label the y-axis.

 8. When the class has decided on the scales to use, use the Text tool to 

label the axes by creating a caption with the name of the variable for 

each axis. (You may want to add a letter to stand for the variable.) Ask 

the class to suggest a title for the graph. Create a caption containing the 

title near the top of the screen.

Plot Points
9. Model graphing the data in the data table. Choose Graph⏐Plot Points. 

In the Plot Points dialog box that appears, enter the coordinates for the 

fi rst point you want to plot, (1, 4), and click Plot. Repeat to plot the 

remaining data in the table. Discuss including (0, 0) as a data point and 

have students observe that there is already a point at the origin of the 

Sketchpad grid. When all points are plotted, click Done. 
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Point Graphs: Representing Data ACTIVITY NOTES
continued

 10. Using the Arrow tool, select all of the data points. Choose 

Display⏐Color and choose a color other than red. (This will help 

students distinguish the data points from other points in the graph.) 

Make sure students can see the points in the new color.

Look for Patterns
 11. What do you notice about these points? Students should observe that 

each point is “over and up” the same amount from the previous point, 

that the points go up and to the right, and that the points lie along a line. 

Let’s fi t a line to the points. Using the Line tool, click in empty space on 

the grid to locate a fi rst point through which the line passes. Click again 

in empty space to locate a second point through which the line travels.

Invite a volunteer to adjust the line by dragging the red points. Let 

students confi rm that the line goes through all the data points; the points 

lie exactly on a straight line. Point out that the point at (0, 0) also lies 

on the line. Does that make sense? Why or why not? A sample student 

explanation is this: If no popcorn is used, then no popcorn balls are made.

Predict
 12. Pose this question: One of the club members said, “I want to know how 

much popcorn to use to make 10 popcorn balls.” Have students suggest 

how to use the graph to answer the question.

 13. Demonstrate how to interpolate using the dashed red lines at the left 

and bottom edges of the screen.

• Drag the horizontal red line up until you reach 10 on the vertical axis 

(number of popcorn balls). Observe that the red line extends through 

the line through the data points.

• Drag the vertical red line to the right until it meets the line at the 

point where the red horizontal line also meets it. Observe that the 

vertical red line extends through the horizontal axis (number of cups 

of popcorn). 

• With the class, estimate the value of the location where the red line 

meets the horizontal axis. [The location is exactly 2 1/2.] 
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Point Graphs: Representing Data ACTIVITY NOTES
continued

Go back to the data table and ask students whether using 2 1/2 cups of 

popcorn for 10 popcorn balls makes sense. Here are samples of student 

reasoning.

It makes sense because 2 1/2 is halfway between 2 and 3, and 10 is halfway 

between 8 and 12. 

From 8 popcorn balls, it takes a cup to make 4 more, so it only takes half a 

cup to make 2 more.

14. Can we fi gure out how many cups of popcorn would be needed to make 
20 popcorn balls? Have students talk in pairs or small groups, and then 

as a class. Discussion should bring out that because 20 balls is twice 10 

balls, twice 2 1/2 cups, or 5 cups, would be needed.

Let’s see whether we get the same answer using the graph. How can 
we use the red lines to check? Invite a volunteer to help you at the 

computer. The lines may be dragged in either order. For the sake of 

example, let’s assume here that the vertical red line is dragged to 5 on the 

horizontal axis (number of cups of popcorn); now the horizontal red 

line can be dragged up to meet the vertical red line at the line through 

the data points. Where does the horizontal line cross the vertical axis 
(number of popcorn balls)? [At 20]

15. Invite the class to propose questions that can be answered using 

extrapolation. Choose a question and invite a volunteer to the computer 

to drag the red lines in order to use the graph to answer the question. 

The class should suggest scrolling to the right and/or up, if needed.

16. Model using Edit⏐Save As to rename the fi le and save it. This is a 

convenient stopping place if you want to do this activity over two days.

DEVELOP
Continue to project the 
sketch. Expect to spend 
about 20 minutes.

 17. Go to page “Cookie Sales.” This graph shows the money a class made 
when they sold cookies over eight days for a fundraiser. Ask students 

to describe the graph. What do you notice about these data points? 

Students should observe that the points are “around a line” and go in 

an uphill direction.
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Point Graphs: Representing Data ACTIVITY NOTES
continued

Create a Line that Approximates the Data
 18. Construct a line in the grid as you did in the previous graph. Model 

dragging the two points on the line to move the line. 

 19. Have a volunteer come to the computer to position the line so that it 

appears to fi t the data points as closely as possible. If students have other 

ideas about where the line should be positioned, invite them to the 

computer to position the line. 

Predict
 20. Have the class pose questions that can be solved by extrapolating. Invite 

volunteers to drag the red lines to make predictions in response to 

several of the class’s questions. 

SUMMARIZE
Project the sketch. Expect 
to spend about 10 minutes.

 21. Distribute the worksheet so students can preview it for use at another 

time. Tell them that they will have a copy of the worksheet when they 

use Sketchpad in a graphing activity in the future. Give students time 

to read through the steps while today’s demonstration is fresh 

in their minds.

 22. Facilitate an exchange of ideas about the use of technology to create and 

analyze data. If students have used other software for data investigations, 

include discussion of those technologies as well.

EXTEND
 1. Open Point Graphs Present.gsp. Go to page “Extend” to explore 

another way to interpolate and extrapolate. Drag point A and notice 

that its coordinates update. Use the displayed coordinates to fi nd data 

points between and beyond the initial data points. You will want to 

discuss rounding with students when they see that Sketchpad, because 

of the way it’s built, will sometimes display the same coordinates for two 

points that are near each other.
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Point Graphs: Representing Data ACTIVITY NOTES
continued

If students will use this method in another graph, give these directions.

• Using the Point tool, construct a point A on the line you have drawn 

through the data points (or, as appropriate, the line that fi ts the data 

points as closely as possible). 

• With the point selected, choose Measure⏐Coordinates. 

• Drag the point along the line. Use the displayed coordinates to fi nd 

data points between and beyond the initial data points.

2. When using Sketchpad to create point graphs for data investigations, 

here are some additional options available to students.

• If students will plot data points with values other than whole numbers, 

have them choose Edit⏐Preferences and, in the Units panel, set the 

precision for Others to tenths or hundredths, as appropriate.

• Have students scale the axes themselves by dragging the unit point or 

tick labels on each axis.

• Have students graph additional data sets on a graph following the 

directions in worksheet step 9.

• When graphs are complete, have students prepare them for display. 

If students will print their graphs, make sure they choose File⏐Print 
Preview and, in the dialog box that appears, set the image to fi t on 

one page and then click Print.



138 
 

 Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Point Graphs Name:

Use Sketchpad to make a point graph.

LABEL THE AXES
 1. You should have a table of data. Decide which variable goes on 

each axis of the graph you will create.

  2. Open Point Graphs.gsp.
Look through the pages to see the ways the axes are numbered. 
Choose a page for graphing your data.

  3. Create captions to label each axis and title your graph.

PLOT POINTS
  4. Now you will plot your data.

Choose Graph⏐Plot Points. 
In the dialog box that appears, enter the coordinates for the fi rst 
point you want to plot, and click Plot. 
Repeat to plot the rest of the data. 
When all points are plotted, click Done.

LOOK FOR PATTERNS
  5. Do the data points lie on a line? If they do, draw a line going 

through all the points. 
Does the point at (0, 0) lie on the line? Decide whether it makes 
sense to include that point as a data point.
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Point Graphs
continued

 6. If the data points do not lie on a line, do they lie close to a line? If 
so, draw a line and then, using the Arrow tool, drag the points on 
the line so that the line fi ts the data points as closely as possible.

PREDICT
 7. Use the dashed red lines to fi nd the locations of data points other 

than those you plotted.

 8. Scroll up and/or to the right if you need to see more of the graph.

OTHER DATA SETS
 9. Do you have another set of data to plot on the same graph? If so, 

follow steps 3–6.
For each set of data you plot, use a new color for the data points 
and for the graphed line or line of best fi t.

  Create a caption to label each set of data.
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Old Shoe: Fitting a Line to a Scatter Plot ACTIVITY NOTES

INTRODUCE
Project the sketch for 
viewing by the class. 
Expect to spend about 
10 minutes.

 1. Open Old Shoe Present.gsp. Enlarge the document window so it 

fi lls most of the screen. Explain, In science you often have to gather 
data from observations and use them to make a reasonable guess 
about something you cannot see. If you have a lot of data and they 
show a consistent pattern, then you can have more confi dence in 
your estimate. Today you are going to use Sketchpad to explore the 
relationship between foot length and height. You will make a scatter 
plot of the data and then determine whether you see any patterns. 

 2. Introduce the problem situation and then demonstrate how to graph a 

data point in worksheet steps 2 and 3. Here are some tips.

• Go to page “Situation” and review the problem situation with 

students. Today you are going to be an archaeologist. What is an 
archaeologist? Be sure students understand that an archaeologist 

is a scientist who studies past human life and culture by examining 

artifacts, or material remains. You have uncovered a shoe and are 
hoping to use its size to help you estimate how tall its owner was. 

• Tell students that they will make a scatter plot of the given data. What 
is a scatter plot? Review the defi nition with the class. Here is a sample 

defi nition: A scatter plot is a graph of two-variable data that can help 

you see the relationship between the variables. What are the two 
variables that you will be graphing? [Foot length and height] 

After entering the 
x-coordinate, students can 
press the Tab key to move 
to the y-coordinate box.

 • Go to page “Coordinate Grid.” What does the x-axis represent on this 
graph? [Foot length in centimeters] What does the y-axis represent? 

[Height in centimeters] Model how to graph the fi rst ordered 

pair from the table, (25, 189), using Graph⏐Plot Points. As you 

demonstrate how to plot points, make labels large for visibility.

3. If you want students to save their work, demonstrate choosing File⏐Save 
As, and let them know how to name and where to save their fi les. 

DEVELOP
Expect students at 
computers to spend 
about 25 minutes.

 4. Assign students to computers and tell them where to locate Old Shoe.gsp. 
Distribute the worksheet. Tell students to work through step 15 and do the 

Explore More if they have time. Encourage students to ask their neighbors 

for help if they are having diffi culty using Sketchpad.
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Old Shoe: Fitting a Line to a Scatter Plot ACTIVITY NOTES
continued

5. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 3, Sketchpad should automatically label the points. 

Students can use the Text tool and double-click on a label to change it, 

if needed. The points should be labeled consecutively A through H; it 

is important for later discussions that all students label their points 

the same.

• In worksheet step 4, listen to students as they discuss the answer to 

this question. Students should realize that they cannot draw a line 

through all the points because the points are not collinear.

• In worksheet steps 6–8, students will estimate a line of fi t. How can 
you fi nd a line that almost fi ts the data? Does your “line of fi t” 
provide a good description of the trend in the scatter plot? Do you 
think there might be a better line? Is your line the same as your 
neighbor’s line? Explain that different people will estimate different 

lines of fi t.

• In worksheet steps 9 and 10, a “residual” is the vertical distance between 

the data point and the line of fi t, or the difference in the y-values. 

Students should note that the points above the line of fi t are blue and 

those below are red. How does the position of the point in relation 
to your line determine the color of the line segments? What does the 
length of the line segment mean? 

• For your understanding, the regression line constructed in this 

activity is not a least-squares regression. Students need only to 

understand that their objective is to minimize the difference between 

estimated height and actual measured height.

• In worksheet steps 11 and 12, students will attempt to reposition their 

line to create a better line of fi t for the data. Have students select and 

drag the points that defi ne their line to reposition it. How do your 
two lines compare? Students will probably reply that the two lines are 

similar. Listen for statements about any differences.

• If students have time for the Explore More, have them take 

measurements to fi nd correlations between hand span and height 

or arm span and height or any other relationship they would like to 

explore. With students at different stages of physical development, this 

experiment can generate an interesting range of data. You could also 
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Old Shoe: Fitting a Line to a Scatter Plot ACTIVITY NOTES
continued

use this data to take a closer look at the question in worksheet step 1. 

Create separate lines of fi t for girls and boys, and see whether there 

is a signifi cant difference. (Keep in mind that some students may be 

sensitive about having their body measurements taken. Modify the 

directions as needed.)

 6. If students will save their work, remind them where to save it now.

SUMMARIZE
Project the sketch. Expect 
to spend about 10 minutes.

 7. Gather the class. Students should have their worksheets with them. 

Begin the discussion by reviewing students’ answers to worksheet step 1. 

Do you think it was okay to exclude the women’s measurements? 

Explain your reasoning. Students will have differing opinions. Accept 

all answers that are well supported. Here are some possible responses.

What if it was a tall woman’s shoe? We wanted to include the women’s data.

The relationship between foot length and height for women might be different 

than for men. Using the data for women might mess up our analysis.

We felt that all the data should be used to see an overall pattern. If the 

relationship between women’s foot length and height is different, the graph 

should show this.

 8. Go to page “Coordinate Grid” and plot the points. Use the Arrow tool 

to select the table and choose Graph⏐Plot Table Data. Click OK. 
Check that students understand what a point represents. What does 
point C represent? [A man who has a foot length of 16 cm and a height 

of 149 cm] Where would a tall man with small feet be represented 
on this graph? [On the right and toward the bottom of the cluster of 

points]

 9. Is there a correlation between foot length and height? Explain. 
You may need to explain that a correlation is a linear relationship. 

Students should state that there is a correlation because the points 

appear to be clustered around a line. Is it a strong correlation or a 
weak one? Students should note that there appears to be a relatively 

strong correlation because the data points are closely clustered. Is the 
correlation positive or negative? How do you know?  You may need to 
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Old Shoe: Fitting a Line to a Scatter Plot ACTIVITY NOTES
continued

explain that in a positive correlation, as one variable increases, the other 

does too. In a negative correlation, as one variable increases, the other 

decreases. It is a positive correlation because as foot length increases so 

does height. 

10. Go to page “Residuals” and point out the equation of the line of fi t. 

Which was a better indicator of the relationship between foot length 
and height, the equation of your line in step 8 or the equation of your 
line in step 12? Explain. Students should say their second equation 

was a better indicator because they were able to minimize the sum of 

the magnitudes of the residuals, or they were able to fi t the line to the 

data better. 

11. Discuss the meaning of the equation. What does the y-intercept 
represent? [The height when the foot length is zero] Is this a realistic data 
point? [No, because the foot length would never be zero for a person] 

What does the slope represent? [The ratio of height to foot length]

12. Adjust the line on the sketch to fi nd the least possible error. Then use 

the Point tool to construct a point on the line. Choose Measure⏐
Coordinates to measure its coordinates. Based on your line of fi t, what 
was your estimation of the height of the person who owned the shoe? 
If I drag this point so its x-coordinate is 19, why will this give me a 
good estimate of the height? Students should explain that because there 

is a good correlation between foot length and height, you can use the 

line of fi t to make an estimate. The x-coordinate is the person’s foot 

length and the y-coordinate is the estimated height.

13. Discuss with the class whether the mystery person is exactly that height. 

Can we say that the person is exactly this height? Students should 

understand that the line of fi t gives only an estimate. The person’s height 

should be near, but not necessarily on, the line.

14. If time permits, discuss the Explore More. What type of correlation did 
you fi nd in your data? Can you use a line of fi t to make an estimate?

15. A man is 155 cm tall. What is a good estimate of his foot length? 
Explain how you know. [About 19.7 cm] You may wish to have students 

respond individually in writing to this prompt. They should be able to 

use their line of fi t to estimate the foot length.
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Old Shoe: Fitting a Line to a Scatter Plot ACTIVITY NOTES
continued

EXTEND
What questions occurred to you about scatter plots and lines of fi t? 

Encourage curiosity. Here are some sample student queries.

How does a really tall person with small feet or a really short person with big 

feet affect the line of fi t?

Are there other body part lengths that have positive correlations?

What types of relationships have negative correlations?

If we added data points for 100 more men, would our line of fi t be the same?

If we added data about women, how should we change our graph?

Would our line of fi t be similar if we included data for boys?

ANSWERS
 1. Answers will vary. Students should support their answers with 

arguments. 

 4. No. The points are not collinear. (In fact, no function could fi t the 

points because two of them have the same x-value.) However, it’s 

possible to draw a line that comes close to all the points.

 8. Answers will vary. Sample answer: y � 3.23x � 94.51

10. The length of a segment represents the amount by which a data point 

misses the line vertically. It is blue if the point is above the line and red 

if it is below. The measurements are the lengths of the line segments in 

coordinate units.

12. This should be about the same as the answer to worksheet step 8, but 

this second method is more reliable.

 15. About 156 cm

16. Answers will vary. 
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Old Shoe: Name:
Fitting a Line to a Scatter Plot

Is there a relationship between foot length and height? In this activity you’ll 
explore some data to determine whether you can predict a man’s height based on 
his foot length.

CONSTRUCT

Suppose you are an archaeologist and your team has uncovered the remains of a 
shoe. The foot that fi t the shoe would be 19 cm long, and by the type of footwear, 
you feel certain that it was a man’s shoe. In order to form a more complete picture 
of the shoe’s owner, you would like to estimate his height. There are eight men 
working at the dig site. You decide to use them as your sample. You measure the 
foot length and height of each man. Here are your data.

1. There are also fi ve women working at the site. You do not measure them. 
Should you have included them in the sample? Explain.

2. Open Old Shoe.gsp and go to page “Coordinate Grid.” Notice that the 
horizontal and vertical scales of the coordinate axes are different.

3. First you’ll plot the foot length and height data on the coordinate graph.

Choose Graph⏐Plot Points. 

Enter 25 in the fi rst box and 189 in the second box, then click Plot. 

Repeat this for each of the ordered pairs. When you have plotted the last point, 
click Done. 

4. One way to model the relationship between two variables is with a line. 
Is it possible to draw a line through the eight points on your screen?

Foot length (cm) 25 31 16 21 21 27 28 24

Height (cm) 189 195 149 174 158 169 180 172
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Old Shoe: Fitting a Line to a Scatter Plot
continued

   5. Now you’ll construct a line on the graph.

Select the Line tool. Click in two places on the 
sketch, but don’t click on any existing points 
or axes.

EXPLORE

 6. Drag the two points that defi ne the line and move it to a position where you 
think it best fi ts the data points.

This line represents your best guess. If you were to plot the foot length and height 
of another man, you would expect it to fall somewhere near the line.

7. Select the line and choose Measure⏐Equation.

8. What is the equation of your line?

9. Next, you’ll measure the distance between each data point and your line.

  Press and hold the Custom tool icon, and choose

⏐Residual⏐ from the menu that appears. Click on 
one of the data points and then click on the line. 
The custom tool plots a line segment and a 
measurement. Repeat this at 
each data point.

10. What is the meaning of the length and color of the line segments that are 
now attached to the data points? How are the measurements related to the 
line segments?

Perhaps you can adjust your line to fi t the data better. The residual measurements 
tell you by how much each point misses the line vertically. In order to fi t the data 
well, you need to make these as small as you can; but when you move the line to 
make one smaller, you might make another one bigger.
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Old Shoe: Fitting a Line to a Scatter Plot
continued

     11. Now you’ll add together all the residuals—the total amount by which the line 
misses the data.

Choose Number⏐Calculate.

Click on each measurement to enter it into the Calculator and use the � key 
on the Calculator keypad. When you are fi nished entering the calculation, 
click OK. 

 12. Adjust the line to minimize the result of your calculation. What is the new 
equation for the line? Compare this with your answer to step 8.

  13. Construct a point on the line. 

  14. Select the point and choose Measure⏐Coordinates. 

 15. Drag the new point along the line until the x-coordinate is about 19. What was 
the approximate height of the person who owned the shoe?

EXPLORE MORE

 16. Using classmates as a data sample, do some measurements and fi nd a line 
of fi t. There are many measurements that you could use—for example, hand 
span, arm span, and shoulder width. Explain your fi ndings.



148 
 

 Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Cell-Phone Plans: Comparing Graphs  ACTIVITY NOTES

INTRODUCE
Expect to spend about 
5 minutes.

 1. Tie the situation to students’ lives. If most of your students have cell 

phones, ask, Do you have a cell phone? Otherwise, Do you know people 
with cell phones? In either case, Do you know how cell-phone plans 
work? What do they cost?

 2. Open Cell Phone.gsp and go to page “Problem.” Ask for a volunteer to 

read the problem aloud.

3. Probe to see whether students understand the problem. What might the 
data look like? Do you think the payments will all be the same?

DEVELOP
Expect this part of the 
activity to take about 
20 minutes.

 4. Go to page “Plan” and press Next Month a few times. What do you 
notice? [Table values change.] Double-click the table to add the data for 

that month. Press Next Month and double-click the table again. Can we 
make a prediction yet? Keep clicking the button and double-clicking the 

table until the table has at least eight rows.

5. What might we do to make more sense of these data points? Elicit 

the idea of graphing them. Select the table and choose Graph⏐Plot 
Table Data.

6. How does this phone plan work? Add lines to the graph if students 

suggest doing so. Bring out the idea that the plan costs $30 for up to 

300 minutes per month, with a charge for each minute over 300. Can 
we tell what the additional charge per minute is? Students might note 

from the graph or the table that each additional minute costs $0.40, or

40 cents. Mention that this amount is the amount the line increases 

vertically for each horizontal change of 1 minute. It indicates the 

steepness, or slope, of the line. Also show how this amount can be found 

from the table by dividing a difference of two costs by the difference of 

the corresponding times.

7. What alternatives other than this cell-phone plan might be considered? 

Encourage creative thinking beyond other cell-phone plans. A phone 

card that charges a fi xed rate, though less convenient, might be more 

affordable.

8. How can we compare the cost of this phone plan to that of using a 
phone card? Suggest that we look at the average cost per minute. 
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Cell-Phone Plans: Comparing Graphs ACTIVITY NOTES
continued

9. Press Plot Function to show a graph that passes through the data points. 

Construct a point on the function plot and measure its coordinates. 

Choose Measure⏐Abscissa (x) and Measure⏐Ordinate (y). 

10. How can we calculate the average cost? [Divide the cost, y-coordinate, 

by the time, x-coordinate.] Use Sketchpad’s Calculator and the 

coordinates to enter   
y
 _ x  , the average cost. Students can see the average cost 

change as you drag the constructed point along the function plot.

11. How does that average cost per minute change? When is it highest? 
[Close to 0 minutes] When is it lowest? [300 minutes] Does this make 
sense? Help students relate the cost per minute to fractions; as the time 

increases over the fi rst 300 minutes, the numerator of the fraction (cost) 

stays the same, but the denominator (time) increases. After 300 minutes, 

both the numerator and denominator increase.

12.  Go to page “Other Plans” and press New Plan. Demonstrate the process 

of generating a table by double-clicking the table, each time Next Month 

is pressed, plotting the table data, and plotting the function. When you 

press Reset or New Plan, the function plot disappears, but you will need 

to show students how to delete the table data and the points. To get rid 

of the points, drag the Arrow tool to form a rectangle that selects them 

all at once and press Delete on your keyboard. To get rid of the table 

data, select the table and choose Number⏐Remove Table Data, select 

Remove all entries, and click OK. 

13. Let students investigate other cell-phone plans on page “Explore More.” 

They can adjust sliders for the number of minutes, the fi xed cost, and 

the cost for each additional minute.

SUMMARIZE
14. How does the cost of the original phone plan compare to the cost of a 

phone card with a fi xed rate? A phone card costing 10 cents per minute 

has the same average cost per minute as this plan if exactly 300 minutes 

are used; otherwise, the card has a lower average cost per minute. 

Explore some other fi xed rates as well.

15. What have we learned through this investigation? Help students 

articulate whatever they have learned. Include the objectives of the lesson.

• Graphs can help us make meaning of data in disorganized tables.

• The slope (steepness) of a line is the amount of vertical increase for 

every unit of horizontal increase.

Expect to spend about 
5 minutes. 
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Cell-Phone Plans: Comparing Graphs ACTIVITY NOTES
continued

• The slope can be found from a data table by dividing the difference 

of a pair of second coordinates by the difference of the corresponding 

fi rst coordinates.

• To compare two situations, we often want to fi nd averages.

• Different graphs can represent the same situation.

16. What other questions might we ask? Here are some ideas students may 

raise.

Why does a fraction decrease in value if the denominator increases and the 

numerator remains fi xed?

How do prepay cell plans compare?

Would a cell-phone plan in which you paid more for more minutes really 

be cheaper?

Is it always true that increasing both the numerator and denominator of a 

fraction gives a fraction of higher value?

EXTEND
 1. Students may suggest graphing the cost per minute. You can plot a 

single point whose x-coordinate is time and whose y-coordinate is the 

cost per minute, but the point will appear to lie on the horizontal axis, 

because of the scale. Suggest calculating a new value of 100 times the 

cost per minute and plotting this value as the y-coordinate. 

 2. This point moves more dramatically, and tracing it gives a graph that 

clearly shows the minimum value. With the point selected, choose 

Display⏐Trace Plotted Point. Then drag the point on the function plot.

So, we have two different graphs that represent the same situation.

 3. You might pursue the question of why the average cost per minute in 

the original plan is increasing with minutes more than 300. The fact 

that the numerator and denominator are increasing could mean that 

the fraction is either increasing or decreasing. Students might say that 

the numerator is increasing faster than the denominator because 40 is 

more than 1. Others might argue that 0.40 is less than 1. If possible, 

elicit the idea that what matters is the relative amount of change. For the 

numerator to change from 30 to 30.4, for example, is a 13% increase. 

The denominator’s corresponding change from 300 to 301 is an increase 

of only 0.3%. 

If you choose to do the 
extension, expect to spend 
15 minutes. 
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Red Light, Blue Light: Exploring Fairness
A computer-generated game of chance stimulates students’ 

thinking about arrangements, probability, and fairness. 

Students play the game, systematically list all possible 

outcomes, and consider the fairness of the game’s system 

for scoring points.

Hide the Spinner: Variation in Experimental Results
Students perform repeated spinner experiments and 

investigate the amount of variation in experimental results 

as they explore what the data can tell them about the 

appearance of a hidden spinner’s dial.

How Many Ways: Developing a Counting Technique
Students use dynamic models to make different ice cream 

cones and different pictures, then generate lists and develop 

a counting technique. They test this technique on new 

problems.
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Dartboards: Geometric Probability
Students throw virtual darts at targets they create. They 

measure the area of the dartboard and the area of the target 

and investigate how probability is related to a ratio of areas. 

Students also construct an animation button to create their 

own virtual dart that randomly hits the rectangle.

Aerial View: Finding Areas of Irregular Shapes
Students estimate the area of an irregularly-shaped lake 

by comparing it to the known area of a soccer fi eld. Their 

images are surrounded by rectangles of equal size and 

random “darts” are thrown inside each rectangle. By using 

the ratios of hits to misses, students are able to calculate 

the area. This activity is led by the teacher.
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Red Light, Blue Light: Exploring Fairness ACTIVITY NOTES

INTRODUCE
1. Explain how the game is played. Open Red Light Blue Light 

Present.gsp and go to page “Rules.” Read the rules aloud.

Go to page “Play.” Press GO several times. Explain that each time you 

press GO is considered one round, and each circle has an equal chance 

of lighting up red or blue. Can you predict what the next round will 
show? Understanding that the outcome in a round is not dependent on 

the outcome in previous rounds is a big idea some students will need 

time and repeated experiences to grasp.

2. Create the teams. Divide the class into fi ve groups. The fi rst group will 

be player A, and the remaining groups, players B, C, D and E. Using the 

chart on page “Play,” go over the combination of blue and red circles for 

which each player will get one point. 

Distribute a copy of the Keep Score worksheet to each student. Explain 

that students will use the provided table to record the results of each 

round. They should use R for red circles and B for blue circles, and score 

a point for themselves when their color combination appears. The table 

here shows a sample recording for the fi rst round of a game.

Round Circle Color Player Point
1 2 3 4 A B C D E

1 B B B R 1
2

3. Conduct 25 rounds. Acknowledge observations students make such as, I 

think all red and all blue won’t happen much. Keep thinking about these 
ideas as we play. Tally points at the end of the game, and determine 

which player won.

 4. Discuss students’ observations about the game. If students do not raise 

the following questions, look for opportunities to introduce them.

How many ways are there for blue and red to show up? 

Are some combinations of colors harder to get than others?

Is the game fair? Do all players have the same chance of winning? 

If we play the game again, which player would you want to be?

Project the sketch for 
viewing by the class. 
Expect to spend about 
20 minutes.

Students may have little 
or no awareness that 
knowing how many 
arrangements are possible 
will help them determine 
whether any player has an 
advantage and whether 
the game is fair. Don’t 
suggest these possibilities 
now. Leave them open for 
discovery.
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DEVELOP
 5. Begin an investigation of the fairness of the game. One way for us to tell 

whether the circle game is fair is to list all the ways that red and blue 
circles can appear. Maybe by listing all the outcomes, we’ll discover 
whether some players have an advantage. 

Propose that the class fi rst work on a smaller problem. Suppose that, 
instead of there being four circles, the game had only two. How many 
different outcomes would there be for the game? Distribute the Two-

Circle Game worksheet. Have students use the grid to list all outcomes 

that could occur when playing this game.

Let’s hear some of your ideas. Go to page “Two” of the sketch and move 

chips onto the grid in the ways students suggest. How do we know 
whether we’ve found all the possible ways? Elicit any systematic ways 

students used to complete the worksheet. Some may have begun, for 

instance, with all the ways of showing two same-colored circles and then 

moved on to the ways of showing two different-colored circles.

Considering a Three-Circle Game
 6. Distribute the Three-Circle Game worksheet. Do you think you can use 

the grid you made for two circles to help you fi nd all the ways for three 
circles? Have students list the outcomes for a three-circle game on their 

worksheet, referring back to the Two-Circle Game worksheet. 

Go to page “Three.” Let’s hear some of your ideas. Move chips onto the 

grid in the ways students suggest. Let students’ thinking lead the search 

for an orderly method. If you need to prompt, here are some questions 

to ask.

You took the fi rst way, red-red, and you added a red. Have you done 
everything you can with the red-red arrangement?

Can you keep going this way? What arrangements can you make 
starting with the next row, red-blue?

Note when students begin to see that, using each arrangement on the 

two-circle grid, there are two three-circle arrangements that can be 

generated—by adding a red, and by adding a blue. (The arrangement 

red-red can become both red-red-red and red-red-blue.) When 

students feel fairly sure that this procedure will work for fi nding 

Continue to project the 
sketch. Expect to spend 
about 40 minutes.

The total number of ways 
to show the circles is the 
product of the number of 
choices for each circle 
(two: red or blue). This 
counting technique is 
not a goal of this part of 
the activity. However, by 
grappling with the question 
How might the grid for 
two circles help us?, some 
students may head the 
class in the direction of 
this discovery.

For your information, page 
“Example 3” shows one 
way the arrangements
look when they are created 
using this strategy. In each 
column, the arrangements 
from page “Two” have 
been duplicated. In the 
left column, a red circle 
has been added to each 
arrangement; in the right 
column, a blue circle has 
been added.

Red Light, Blue Light: Exploring Fairness  ACTIVITY NOTES
continued
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all the three-circle arrangements, ask, How many ways are there for 
three circles? [Eight]

Considering the Four-Circle Game
7. Now that you’ve found the number of ways for a two-circle game and a 

three-circle game, can you fi gure out how many ways there will be for 
four circles? Provide ample time for the class to discuss this question. 

Elicit the idea that for every three-circle way, there will be two ways to 

create a four-circle arrangement. [There are 8 possible three-circle 

arrangements, so there are 16 possible four-circle arrangements.]

If students need convincing that they have found the correct number of 

ways, use the Four-Circle Game worksheet and page “Four” of the sketch 

in the same way the class used them for the other games. As before, you 

can copy and paste the chips from page “Three” onto page “Four.” By 

pasting twice, you’ll get two copies of each three-chip arrangement.

Determining Probabilities
8. When all the possible ways to show four circles have been found, ask, 

Which player would you want to be the next time you play? Review the 

scoring chart on page “Play.” Copy the chart onto chart paper and add a 

column titled “Ways.” Referring to page “Four” of the sketch, fi ll in the 

chart with the number of ways each player’s combination can be made.

Check that all students understand the difference between a 

combination and an arrangement (or “way”). Two red circles and two 

blue circles are one combination; there are several possible arrangements 

of this combination.

Player A 6 ways

Player B 4 ways

Player C 1 way

Player D 4 ways

Player E 1 way

As students discuss which player they would want to be, introduce 

everyday and mathematical language for talking about the probability 

of combinations.

For your information, page 
“Example Four” shows 
one way the arrangements 
look in the grids when they 
are generated using this 
strategy.

In another context, 
one possible family 
combination is two adults 
and two children; these 
family members can be 
arranged around a dining 
table in many different 
ways.

Students are likely to 
have experience with 
probability. Invite them to 
explain why saying “4 out 
of 16” and “  4 __ 16  ” to express 
probabilities makes sense. 

Red Light, Blue Light: Exploring Fairness ACTIVITY NOTES
continued
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How many possible ways are there to show four circles? [16]

Out of 16 ways, how many ways are there to show all blue? [1] We can 
say that all blue has a 1-out-of-16 chance of showing up.

What combination has the best chance of showing up? What is the 
probability that it will show up? [Two red, two blue has a 6-out-of-16 

chance of showing up, so it has the best chance.]

We also use fractions to talk about probability. Explain that the 

combination “four red, zero blue” has a 1-out-of-16 chance, or a    1 __ 16    

chance. Guide the class in determining the fractions that tell the 

probability for the other two combinations �both are 4 out of 16, or   4 __ 16  �.

Determining a Fair Point System
 9. Now that you know that some combinations have a better chance of 

showing up than others, what can you say about this game? Students 

may already have concluded that all players should not get the same 

number of points because some players have better chances than others. 

Are you saying that the chance of winning should be the same for all 
players? Explain that another way to say this is that all the players 

should have an equal probability of winning.

 10.  Invite the class to think about what would make the game’s point system 

fair. There are three ideas the discussion may bring out. 

• To be fair, the number of points should be related to the number 

of ways a player’s combination can be shown—the probability of 

the outcome.

• The relationship of points to the probability of the outcomes should 

be an inverse one: The greater the probability of an outcome, the 

fewer points it should be assigned in the game “because it’s easier 

to get.”

• The points should be in the same proportion as the outcomes. If an 

outcome is twice as likely, it should get half the number of points, not 

a third the number of points.

 11. Now invite students to talk about what a fair, or fairer, point system for 

the circle game might be. The three probabilities in the circle game—

   1 __ 16  ,   4 __ 16  , and   6 __ 16   —are not as easy to work with as   1 __ 16  ,   4 __ 16  , and   8 __ 16   would be, 

for example. After facilitating as the class tackles this question, you may 

want to guide students along the following lines.

Because students have 
had many experiences 
playing games on their 
own, they are likely to have 
made many observations 
about the game, including 
ones about its fairness. In 
the discussion, draw out 
students’ own ideas.

Alternatively, you may 
simply let the class 
know that a possible fair 
point system is the one 
described here. Some 
students may be interested 
in fi guring out why this 
point system is fair. 

Red Light, Blue Light: Exploring Fairness ACTIVITY NOTES
continued
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• Have students begin by giving the player with the best chances two 

points. [Player A, with 6 out of 16]

• Ask what a fair number of points would be for players C and E, whose 

chances are 1 out of 16. [six times the points A gets, or 12 points] 

• Players B and D’s chances are four times better than players C and E’s 

(4 out of 16, compared to 1 out of 16), so these players should get   1 _ 4   

the points C and E get, or 3 points.

Player A 2

Players B, D 3

Players C, E 12

SUMMARIZE
12. Facilitate a discussion in which the counting technique the class has 

discovered is explicitly described. You saw a pattern in how the number 
of ways grew as the number of circles in the game grew. You might help 

students recall their work by asking, How did you use the number of 
two-circle ways to fi nd the number of three-circle ways? And how did 
you use the number of three-circle ways to fi gure out the number of 
ways for the four-circle game? The discussion should bring out the 

following pattern in the number of possible ways.

• If the game had just one circle, the number of ways the circle could 

show up is 2.

• When the game has two circles, the number of ways the circles can 

show up is 4. 

• For a three-circle game, the number of ways is 8.

• For a four-circle game, the number of ways is 16.

• There are two outcomes for each circle. Multiplying the outcomes for 

each circle in the game gives the total possible outcomes. 

2 � 2 ways

2 � 2 � 4 ways

2 � 2 � 2 � 8 ways

2 � 2 � 2 � 2 � 16 ways

Working away from the 
computer, expect to spend 
about 25 minutes.

Red Light, Blue Light: Exploring Fairness ACTIVITY NOTES
continued
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Do you think this will work for red/blue circle games with any number 
of circles? Can we always fi nd the number of outcomes by multiplying 
the number of outcomes for each circle? Take responses. Not all students 

may be convinced at this point; as they have additional experiences with 

probability experiments, they will have opportunities to develop this 

understanding. 

13. What would be another fair point system for the four-circle game? You 

may wish to have students respond in writing to this question. 

EXTEND
1. Have the class or small groups explore the idea of sample size. On chart 

paper, create the chart, entering the number of rounds that each player 

won out of 25 when playing the four-circle game.

Player Combination Probability Rounds Won
A 2 blue, 2 red   6 __ 16    __

25   

B 1 blue, 3 red   4 __ 16    __
25   

C 4 blue, 0 red   1 __ 16    __
25   

D 3 blue, 1 red   4 __ 16    __
25   

E 0 blue, 4 red   1 __ 16    __
25   

How do the totals compare to the probability for each combination? 

Provide time for students to tackle the comparisons involved here. 

Because there were 25 rounds, students will be relating a probability 

such as   4 __ 16   to rounds won expressed as, for example,   10
 __ 25   (10 out 

of 25). Why do you think our game results are not what we would 
expect, knowing the probabilities? 

Students’ prior experiences performing spinner or number-cube 

experiments may lead them to propose that the game results might 

“match” the expected probabilities better if the game were played for 

more rounds. Have the class play 50, 75, and 100 rounds and record the 

results. The class can also combine results of games played by individual 

students in order to create larger samples.

As students’ data accumulate, continue to compare the actual results 

with the expected probabilities. The idea that larger samples give more 

reliable results can be developed.

If, by chance, the game 
results do “match” the 
probabilities of each player 
winning, have the class 
play a game that doesn’t 
give this result, and work 
with the new game’s data.

To make recording results 
go faster, students can 
simply note who earns a 
point in each round without 
listing the actual colors.

Red Light, Blue Light: Exploring Fairness ACTIVITY NOTES
continued
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2. For students who would benefi t from more individualized work with 

the game simulation, provide an opportunity to use it in pairs at a later 

time. Students can use pages “Two-Circle Game,” “Three-Circle Game,” 

or “Play,” and record their results. Students may want to change the 

number of rounds of play and/or the point system. Some students may 

benefi t from listing arrangements using the grids.

Red Light, Blue Light: Exploring Fairness ACTIVITY NOTES
continued
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Keep Score Name:

To record circle colors, use R for red and B for blue, or use colored 
pencils.

Round Circle Color Player Point

1 2 3 4 A B C D E

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25
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List all the ways red and blue can appear for a two-circle game. 

Use R for red and B for blue, or use colored pencils.

Two-Circle Game Name:
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List all the ways red and blue can appear for a three-circle game.

Use R for red and B for blue, or use colored pencils.

Three-Circle Game Name:
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List all the ways red and blue can show up in a four-circle game.

Use R for red and B for blue, or use colored pencils.

Four-Circle Game Name:
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Hide the Spinner: 
Variation in Experimental Results ACTIVITY NOTES

INTRODUCE
Project the sketch for 
viewing by the class. 
Expect to spend about 
20 minutes.

 1. Before gathering the class, open Hide the Spinner Present.gsp. Go to 

page “Example 2” and press Hide Parts if the parts are showing.

 2. Gather students and go to page “Example 1.” Introduce the model. 

With this model, I can make a two-color circular spinner and carry 
out spinner experiments. Drag point B to show yellow and blue areas of 

different sizes. Then show one colored region larger than the other and 

ask questions to elicit students’ prior knowledge of probability concepts. 

What are all the possible outcomes of a spin? Is one outcome more 
likely to occur than the other? What is the probability of landing on 
blue? What is the probability of landing on yellow? 

Always wait for the spins 
to stop before pressing a 
spin button again.

  •   With point B at “11 o’clock,” press Spin 1 Time. Point out that the 

sketch has displayed the results—one blue or one yellow—and 

reported the total number of spins. Press Spin 1 Time nine more times, 

for a total of ten times. Check that students understand that the results 

show the number of times the spinner landed on yellow (7 out of 10, 

for example) and landed on blue (3 out of 10, for example), not the 

part of the spinner that is yellow and that is blue. 

• Students may observe that the circumference of the spinner is divided 

into 12 equal parts by tick marks. These divisions simply help students 

determine what part of the spinner is yellow and what part is blue. 

• Press Reset and have students observe that all of the displayed results 

return to 0. 

• Press Spin 10 Times and watch the results on the spinner and as displayed. 

Explain that the computer randomly generates ten results in the same 

way that it randomly generated one result when the Spin 1 Time  button 

was pressed. Students should understand that pressing Spin 10 Times 

once is the same as pressing Spin 1 Time  ten times. The different spin 

buttons simply make it possible to do large numbers of trials faster. 

(This is a good time to tell students that they must always wait for all the 

spins to stop before pressing the same or another spin button.) 

• Press Spin 10 Times again and have students observe that the 

computer has continued to count the results, generating the 

cumulative total. There are now results for 20 spins.

• Press Reset and then press Hide Parts. The spinner’s dial is still there,
but we can’t see it. Now press Spin 100 Times. Students should 
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Hide the Spinner: Variation in Experimental Results ACTIVITY NOTES
continued

observe that results are being displayed, even though the spinner’s dial 

cannot be seen. Press Show Parts to confi rm that the dial’s appearance 

has stayed the same. Now that you know how the model works, let’s 
look at another spinner.

Recall, but keep it a secret, 
that this spinner is   3 _ 4   blue 
and   1 _ 4   yellow.

 3. Go to page “Example 2.” Tell students that you used the same model to 

make another two-color (blue and yellow) circular spinner, and you hid 

the parts. How do you think you could get ideas about what the spinner 
looks like? Students may suggest gathering data by pressing the action 

buttons to spin. How many times should we spin? Elicit the idea that a 

large number of trials provides more confi dence that the experimental 

results (the relative frequency of the outcomes) is close to the actual 

probability. 

 Students may suggest 60, 120, or another multiple of 12 that they think 

will be easy to work with. (If they are familiar with fi nding percentages, 

they may be especially interested in spinning 100, or a multiple of 100, 

times.) Choose from responses and press the appropriate spin button(s) 

one or more times. Read aloud the displayed results. 

4. What can you say about what the spinner looks like? What ideas do 
you have? Elicit thinking from many students and accept all ideas at 

this point.

Sample Class Discussion

 Jason: I think the blue area must be larger than the yellow area because the 

spinner landed on blue a lot more than it landed on yellow—82 out of 120 

spins were blue and only 38 were yellow. 

 Margo: The tick marks divide the spinner into 12 parts. So each part is 10 

spins out of 120. Blue came up 82 times; that’s close to 80, or 8 parts in all. 

I think that 8 out of the 12 parts of the spinner are blue.

 Anna: I don’t think we can predict what the spinner looks like as exactly

as that.

 Sonny: Right. If we started over and spun another 120 times, we might not 

get a number that close to 82 for blue.

 John: I wouldn’t be surprised if the spinner was   3 _ 4   blue because 82 is pretty 

close to 90 and 90 is   3 _ 4   of 120.

 Tejaun: I wonder if we could be way off—if the spinner is not even close to 

what we think it’s likely to look like.
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Hide the Spinner: Variation in Experimental Results ACTIVITY NOTES
continued

  Ramona: I don’t think that’s very likely because 120 spins is a lot.  

We shouldn’t be too far off.

  Vicki: I don’t think it could be half blue and half yellow, for example.  

It landed on blue too many times.

  Tomio: It really couldn’t be    3 _ 4   yellow and    1 _ 4   blue.

 Demetrius: Or    1 __ 12   blue and    11
 __ 12   yellow!

Are 

You Surprised?

for this first experiment. Repeat the experiment three times. Let students 

know that repeating an experiment means spinning the same number of 

the worksheet and then share their thinking. Note whether students 

think they can know the spinner’s exact appearance or, instead, offer 

estimates. Here is a sample student response: Three times the results were 

very close to 90 blue and 30 yellow. That makes me think the spinner is 

likely to be 9/12, or 3/4, blue. But one time the results were only 85 blue,  

so I wouldn’t be completely surprised if the spinner is 8/12, or 2/3, blue. 

 Show Parts. Are you surprised?
question on the worksheet and record what the actual spinner looks 

is yellow, or use Y and B to label the parts. Pose questions to stimulate 

Can you be certain what the spinner looks like? How confident are you 
about what it looks like? How confident can you be?

7. Let students know that they will carry out experiments with other 

hidden spinners and come back together as a class for discussion. See 
what you can learn about the results of probability experiments and 
how certain you can be about a hidden spinner’s parts. For example, 
suppose you do the same experiment twice with this spinner: You spin 
120 times. Then you reset and spin 120 times again. Will the results be 
exactly the same? Will they be close to the same? How different might 
you expect the results to be? How can you use the data to think about 
the spinner’s parts?
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Hide the Spinner: Variation in Experimental Results ACTIVITY NOTES
continued

DEVELOP
Expect students at 
computers to spend  
about 50 minutes.

 8. Distribute both pages of the worksheet Are You Surprised? and make 

sure students know they will need an additional copy of the recording 

page for each spinner they work with. 

 Assign students to computers. Consider partnering students whose 

computational skills are not strong with stronger students. Then tell 

students where to locate Hide the Spinner.gsp. Encourage students to 

9. Let pairs work at their own pace. As you circulate, listen to students’ 

things to notice.

We are using 100 because it makes it easy to think about 

fractions, like 25 is   1 _ 4   of 100, and 48 is close to   1 _ 2  . 

rearrange some student pairings to address this.

changing this belief.

 

How much have the results varied among your repeated experiments 
with this spinner? Does this make sense to you? Does anything  
surprise you? 

students think in terms of a range of likely sizes for the blue and 

How much do you think you know about this spinner? 
What are you ready to say about its appearance, its parts? How sure 
do you feel about that? Why? What can’t you know for sure? 
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continued

• How do students interpret the actual appearance of a spinner when 

its parts are shown? Are you surprised that the spinner looks like this? 
Why or why not? If students are surprised, do they re-examine their 

data? Do they call into question their own thinking about likelihood 

and uncertainty? Do they think about doing trials with larger 

numbers to see what they might learn? Note their approaches.

10. Let students know when about 10 minutes are left so they can plan 

to bring their work to an end. Students who have time can do the 

Explore More.

SUMMARIZE
Project the sketch. Expect 
to spend about 20 minutes.

 11. Gather the class. Facilitate discussion about students’ experiences and 

thinking. Here are some questions to introduce into the discussion.

  What did you learn about experimental results? When you repeated 
an experiment several times, what did the results look like? Were the 
results exactly the same each time? Were the results in a range that you 
might expect? A range that makes sense to you? Invite students to share 

data from their experiments as a basis for the discussion. Note students’ 

thinking about how the variation they observe relates to the sample 

space—the likelihood of the different outcomes.

  What did you learn about making predictions based upon probability 
experiments? Can you use experimental results to tell about a 
spinner’s appearance? If so, what can you tell? Can you be certain of 
the spinner’s appearance? Why or why not? How confi dent can you be 
about your estimate?

  The discussion should elicit these ideas, coming from students in their 

own words.

• When a probability experiment is repeated, experimental results are 

not exactly the same: They vary. 

• The variation occurs within a likely range. That range is governed by 

the sample space for the experiment.

• It is not possible to be certain of a hidden spinner’s appearance. It is 

possible to estimate what the spinner looks like. 

 12. If time permits and students had time to do the Explore More, ask 

volunteers to share their results.
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Hide the Spinner: Variation in Experimental Results ACTIVITY NOTES
continued

EXTEND
What questions occur to you about experimental results and making 
predictions based upon probability experiments? Encourage curiosity. 

Here are sample student queries.

What if the hidden spinner had more than three colors? Would it be easier or 

harder to estimate what it looked like?

What if you spun 20,000 times? How confi dent could you be about what the 

spinner looked like?

If you spun only 100 times, and you reset and did that about twenty times, 

I wonder how much variation you’d see.

Is there more variation in the experimental results when you do repeated 

experiments with 1000 spins or when you do experiments with 100 spins? 

Are there supercomputers that can get really close to predicting exactly how 

a spinner or some other probability experiment (like a dice or coin toss 

experiment) will turn out?

ANSWERS
 2. Answers will vary.
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Are You Surprised? Name:

Use data to predict what hidden spinners might look like. 

EXPLORE
 1. Open Hide the Spinner.gsp. Carry out experiments with 

Spinners 1−6. For each spinner:
Use a new copy of the recording sheet, Spinner Experiments.

  Decide how many times to spin. Spin and record the results. 
Press Reset. Repeat the experiment at least three times. 
Think and write about what the spinner’s yellow and blue parts 
might look like. 

Press Show Parts. Use the diagram to draw the actual parts.
Think and write about how the experimental results match the 
actual parts, and how your prediction for the hidden spinner 
matched the actual parts.

EXPLORE MORE
 2. Go to page “Make Your Own.” Take turns. 

One partner makes the spinner and hides the parts while the other 
partner looks away. The other partner then spins and uses the data 
to estimate what the spinner may look like. 
To make a spinner, drag point B to a tick mark. Then press 
Hide Parts.
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Are You Surprised?
continued

SPINNER EXPERIMENTS
Spinner Number 

1 2 3 4

Number of Spins

Blue

Yellow

Green

What is your thinking about what the spinner’s parts might look like?

 _________________________________________________________________

 _________________________________________________________________

 _________________________________________________________________

 _________________________________________________________________

Press Show Parts. Are you surprised? How do the experimental results
match the actual spinner? How does the thinking you did about 
the spinner match the actual spinner? 

 _________________________________________________________________

 _________________________________________________________________

 _________________________________________________________________

 _________________________________________________________________

Draw the actual spinner.
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How Many Ways: 
Developing a Counting Technique ACTIVITY NOTES

INTRODUCE
Project the sketch for 
viewing by the class. 
Expect to spend about 
15 minutes.

 1. Open How Many Ways.gsp. Go to page “Ice Cream.”

 2. Explain, Today you are going to use Sketchpad to fi nd out how many 
different ice cream cones you can make using two types of cones and 
three choices of ice cream fl avors. Model how to drag the gray pointers 

to select each type of cone and each ice cream fl avor. Point out that for 

each selection you make, a complete ice cream cone appears, displaying 

your choice of cone and ice cream fl avor.

Agree on a common way to describe the cones and the ice cream fl avors. 

What are the choices for a cone? Students may call them sugar (pointed 

bottom) and plain (fl at bottom). What are the choices for ice cream 
fl avors? Students may call them mint (green), strawberry (pink), and 

chocolate (brown).

 3. Imagine that you’re in an ice cream store with stacks of sugar cones 
and plain cones, and tubs of mint, strawberry, and chocolate ice cream. 
Your job is to fi gure out how many different kinds of single-scoop ice 
cream cones you can make. No double or triple scoops are allowed. 

Confi rm that students understand what they are making. Drag the 

left gray pointer to the plain cone and the right gray pointer to the 

strawberry scoop. Is this a possible outcome? [Yes] What type of ice 
cream cone is it? [A strawberry scoop on a plain cone] A common 

misunderstanding will be that the plain cone and the strawberry scoop 

are now no longer available as choices. Clarify this point. What are my 
choices for a cone now? [Still sugar and plain] What are my choices for 
ice cream fl avors now? [Still mint, strawberry, and chocolate] 

 4. Ask students to predict how many outcomes they think are possible. 

Can you guess how many different single-scoop ice cream cones are 
possible? Write down students’ responses to revisit later.

DEVELOP
Expect students at 
computers to spend 
about 30 minutes.

 5. Assign students to computers and tell them where to locate How Many 
Ways.gsp. Distribute the worksheet. Tell students to work through 

step 12 and do the Explore More if they have time. Encourage 

students to ask their neighbors for help if they are having diffi culty 

with the sketch.
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How Many Ways: Developing a Counting Technique ACTIVITY NOTES
continued

6. Let pairs work at their own pace. As you circulate, here are some things 

to notice.

• In worksheet step 3, observe students as they list possible outcomes. 

Some students will be very systematic in their approaches; others will 

be more informal. Let students work for a while and then question 

them about their strategies. What method are you using to fi nd all 
the different ice cream cones? Students may suggest the following 

approaches.

 We’re just making ice cream cones. We keep trying to fi nd new ones that 

we haven’t made before.

 First we listed each fl avor with a sugar cone. Now we’re listing all the 

fl avors with a plain cone.

 We started by fi nding all the mint ice cream cones. Then we found all 

the strawberry ice cream cones. Now we’re fi nding all the chocolate ice 

cream cones.

• Ask questions to help students determine whether their approaches 

are systematic enough. How do you know when you’ve made all 
possible ice cream cones? If you’re missing an ice cream cone, how 
can you fi gure out which one you still need to make? Students who 

have a systematic approach will be able to answer these questions 

easily. Students with a more informal approach may need additional 

guidance. Is there a different way you can organize your work so it’s 
clear when you’ve found all possible ice cream cones?

• In worksheet step 6, some students may not see the relationship 

between the number of choices and the total number of outcomes 

yet. Don’t press students to answer the question. They may need 

additional work before making a conjecture. Allow students to go on, 

and encourage them to come back to this step after completing the 

page “Picture.” 

• In worksheet step 7, confi rm that students understand the new 

problem-solving context. What question are you trying to answer? 
[How many different pictures are possible using one type of weather 

condition, one type of building, and one type of ground covering?] 

What is one possible picture using the sun and the house? [Either 

sun-house-grass or sun-house-road] Can you still use the sun in 
another picture? [Yes]
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How Many Ways: Developing a Counting Technique ACTIVITY NOTES
continued

• If students did not answer worksheet step 6, let them answer 

worksheet step 11 later. They will need to work through worksheet 

step 12 fi rst.

• In worksheet step 12, again watch students as they work, observing 

their strategies for recording all possible ways. Question students 

about their methods if they are still using informal approaches. 

7. If students have time for the Explore More, they will fi nd out how many 

different times appear on a digital clock in 12 hours. Watch for students 

who think the strip 0–5 represents 5 choices and the strip 0–9 represents 

9 choices. Have students verify the total number of choices for each strip 

by counting. If students haven’t solved multiplication problems with 

larger numbers yet, ask them to just write the multiplication expression 

they could use to solve the problem.

SUMMARIZE
Project the sketch. Expect 
to spend about 15 minutes.

 8. Gather the class. Students should have their worksheets with them. Ask 

students to describe how they made a list of all the different ice cream 

cones and all the different pictures. How did you know you found 
all possible ice cream cones and pictures? Let volunteers share their 

different approaches. Here are several responses to the picture problem.

We just listed all of the different pictures we could think of. It was easy with 

the ice cream problem to know that we found all the different cones. It was 

harder with the picture because there were more choices.

We started with the sun. We found all possible pictures with the sun, then 

all possible pictures with clouds, and then all possible pictures with rain. 

We knew we found them all because we always chose from left to right. We 

never skipped any. We could go back and check because we used the letters 

to list the possible pictures. For example, “SHG” was sun-house-grass.

We started by ignoring the weather. There were two choices for the building 

and two choices for the ground. That’s four choices all together. For each of 

those four choices, you can have three different weather conditions. That’s 

4 times 3, or 12.

 9. Did you discover a way to fi nd the total number of possible ice cream 
cones without making each one? A student may reply: I realized I could 

multiply the number of choices for cones by the number of choices for 

fl avors to get the total number of ice cream cones. Two times 3 is 6.
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How Many Ways: Developing a Counting Technique ACTIVITY NOTES
continued

10. How did you use what you learned to solve the picture problem 
without listing all possible outcomes? Expect comments such as the 

following response: I tried multiplying the number of choices for each 

group like I did in the ice cream problem. Because there are 3 choices for 

weather, 2 choices for a building, and 2 choices for the ground, I found 

3 � 2 � 2 � 12. 

(For your understanding, this quick way of counting is known as the 

Fundamental Counting Principle. If an event can occur in m ways and is 

followed by another event that can occur in n ways, then the fi rst event 

followed by the second event can occur in m � n ways.)

11. If time permits, discuss the Explore More. How many different times 
appear on a digital clock in 12 hours? The clock problem is a good 

example of a case where it’s too diffi cult and bothersome to list every 

possible clock time. It’s much easier and effi cient to use the counting 

technique to calculate 12 � 6 � 10. Some students may also reason that 

there are 60 minutes in each hour, and because there are 12 hours, there 

are 60 � 12 � 720 distinct clock times in all.

12. For homework, have students create other counting problems for the 

class to solve. Here are two examples.

Suppose you have a choice of three different toppings for the ice cream—

sprinkles, nuts, or hot fudge. How many different ice cream cones can you 

make now?

Suppose that you have three pairs of shirts and fi ve pairs of pants. How 

many different outfi ts can you wear?

EXTEND
Show students how to represent the ice cream problem as a tree diagram. 

Then let students try representing the picture problem using a tree diagram.

chocolatestrawberrymint chocolatestrawberrymint

plainsugar
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How Many Ways: Developing a Counting Technique ACTIVITY NOTES
continued

ANSWERS
 3. There are 6 possible ice cream cones: mint (green) on plain cone 

(fl at bottom), mint on sugar cone (pointed bottom), strawberry (pink) 

on plain cone, strawberry on sugar cone, chocolate (brown) on plain 

cone, and chocolate on sugar cone.

 4. There are 2 choices for a cone.

 5. There are 3 choices for an ice cream fl avor.

 6. Answers will vary. Some students may not be ready to make a conjecture 

at this point. Other students may make the connection that if you 

multiply the number of choices for a cone by the number of choices for 

an ice cream fl avor, you will get the total number of different ice cream 

cones possible.

 8. There are 3 choices for weather.

 9. There are 2 choices for a building.

 10. There are 2 choices for the ground.

 11. Answers will vary. Students may say that 3 (number of choices for 

weather) � 2 (number of choices for a building) � 2 (number of 

choices for the ground) � 12 (total number of different pictures 

possible).

 12. There are 12 possible pictures.

Picture 1: sun-house-grass   Picture 7: clouds-tower-grass

Picture 2: sun-house-road   Picture 8: clouds-tower-road

Picture 3: sun-tower-grass   Picture 9: rain-house-grass

Picture 4: sun-tower-road   Picture 10: rain-house-road

Picture 5: clouds-house-grass   Picture 11: rain-tower-grass

Picture 6: clouds-house-road   Picture 12: rain-tower-road

 14. There are 12 � 6 � 10 � 720 different times possible.
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How Many Ways Name:

Make different ice cream cones and different pictures. Is there an easy 
way to know how many cones and pictures are possible?

EXPLORE
 1. Open How Many Ways.gsp.

Go to page “Ice Cream.”

  2. Drag the gray pointers to choose a cone and a fl avor of ice cream. 

 3. How many different ice cream cones with one scoop can you 
make? Make a list. 

 4. How many choices for a cone are there?             

 5. How many choices for an ice cream fl avor are there?             

 6. Look at your answers to steps 4 and 5. Now look at your answer 
to step 3. Think about how the answers are related. How can you 
fi nd the total number of possible ice cream cones without making 
each one?

 _________________________________________________________________

 _________________________________________________________________

 7. Go to page “Picture.” Drag the gray pointers. Watch how the 
picture changes.

 8. How many choices for weather are there?             
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How Many Ways
continued

 9. How many choices for a building are there?             

 10. How many choices for the ground are there?             

 11. Use your thinking from step 6 to predict how many different 
pictures you can make. Show your work.

 12. Now drag the gray pointers and record all possible pictures. How 
many pictures can you make?

EXPLORE MORE
 13. Go to page “Explore More.” Drag any of the numbers up or down 

to change the time. 

 14. How many different times appear on a digital clock in 12 hours? 
Show your work.
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Dartboards: Geometric Probability ACTIVITY NOTES

INTRODUCE
1. Explain, Today we’re going to throw darts—imaginary darts—in 

Sketchpad. Open the document Dartboards.gsp and go to page “First 

Throws.” Press Throw Dart Slowly several times to demonstrate how the 

dart hits the rectangle randomly. 

2. Let’s make a target within the rectangle. Use the Segment tool to draw 

a polygon inside the rectangle. Show how to construct the polygon’s 

interior and color it, say, red. 

3. Now let’s throw the dart. Count how many times it hits the target. 
Make a class decision before you begin about whether darts landing 

on an edge of a target will count as hitting the target. Have a volunteer 

press Throw Dart Slowly 20 times. Resist student pleas to throw the dart 

fast, saying that they can throw the dart at whatever speed they wish 

when working on their own. (This will make it hard to keep an accurate 

count of hits.)

4. If you want students to save their work, demonstrate choosing File⏐
Save As, and let them know how to name and where to save their fi les.

DEVELOP
5. Distribute the worksheet. Assign students to computers and tell them 

where to locate Dartboards.gsp. Tell students to work through step 16 

of the worksheet and do the Explore More if they have time. Encourage 

students to ask a neighbor for any help needed using Sketchpad.

6. Let students work at their own pace. As you circulate, here are some 

things to notice.

• In worksheet step 3, some students may make their targets bigger than 

the board to guarantee that all darts will hit. 

• Students might have trouble with worksheet steps 10–14. If you see 

many students become frustrated you might want to bring the class 

together and model this process. Make sure you have practiced this 

process beforehand.

• Although most students will see a connection between the relative 

areas and the portion of throws that hit the target, they may not be 

able to articulate the relationship very clearly yet. 

Project the sketch on 
a large-screen display. 
Expect to spend about 
10 minutes.

Expect students at 
computers to spend 
about 25 minutes.



180 
 

 Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Dartboards: Geometric Probability ACTIVITY NOTES
continued

 7. If students will save their work, remind them where to save it now.

SUMMARIZE
 8. Gather the class and ask selected students to share their ideas. Are the 

areas related to the number of hits? Try to elicit a clear statement of 

the relationship. This statement might refer to ratios, fractions, or 

percentages. Here are some possibilities.

The percentage of hits is the same as the percentage of target area to total 

area of rectangle.

The ratio of the smaller area to the larger one is the same as the ratio of hits 

to throws.

The target’s area is a certain fraction of the rectangle’s area; that fraction 

is the same as the fraction of throws that will hit the target over the total 

throws, or   
target area

 _______ 
total area

   �   hits
 _____ 

throws
  .

9. Review or introduce the term probability as a synonym for this ratio. 

Another word for the ratio of hits to throws is probability. If    1 _ 3   of 
the throws are hits, we say that the probability is   1 _ 3   that a throw 
will be a hit. 

10. Discuss the two kinds of probability. The ratio of areas is the theoretical 

probability that a throw will be a hit. The ratio of actual results is the 

experimental probability. How do these two kinds of probability relate? 
How are they different? Bring out the idea that the experimental 

probability gets closer to the theoretical probability as the number of 

throws increases. Students might notice that in just a few throws, they 

sometimes hit the theoretical ratio. For large numbers, the experimental 

ratio is likely to be closer to the theoretical, but it is less likely to be 

exactly equal to the experimental ratio. 

11. What other questions can you ask about the dart throwing? Encourage 

all student inquiry. You might list these questions of mathematical 

interest.

What if the target consists of more than one shape?

Why is ratio of areas about the same as the ratio of hits?

Expect to spend about 
10 minutes.
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Dartboards: Geometric Probability ACTIVITY NOTES
continued

Why aren’t those two ratios always exactly the same?

Why does experimental probability get closer to the theoretical probability 

with more and more throws?

How do you calculate probabilities for throws of a coin? For a pair of dice?

How do you calculate other probabilities, such as the chance of rain? 

ANSWERS
3.–6. Answers will vary.

7. The ratio of the target area to the rectangle area.

8. Answers will vary.

9. Answers will vary, but should be about 10 times; you might fi nd the 

mean for the class—total hits divided by total throws. 
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Dartboards Name:

You’ll see what you can learn about shapes from throwing Sketchpad darts at them.

EXPLORE

  1. Open Dartboards.gsp and go to page “First Throws.” Use segments to create 
a target polygon inside the rectangle. 

  2. Select the vertices in order and choose Construct⏐Polygon Interior.

 3. Throw the dart 20 times. How many times did the dart hit the 
target’s interior? 

 4. Adjust the shape of the target so the dart will always hit it. Check by 
throwing the dart repeatedly. Describe how you adjusted your target.

 5. Adjust the shape of the target so the dart will hit it about half the time. Test 
your target. Describe your target and how you tested it. Include how many 
darts you threw and the results.

 6. Make the target another shape that the dart will hit about half the time. Test 
your target. Describe your target and how you tested it. Include how many 
darts you threw and the results.

 7. What determines how often the dart hits the target?

 8. Select the interior of the rectangle and choose Measure⏐Area. Also measure 
the area of the target. What are the areas?

 9. Adjust the target so that the target area is   1 __ 3   of the area of the rectangle. Throw 
the dart 30 times. How many times did the dart hit the target?
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Dartboards
continued

CONSTRUCT

Go to page “More Dartboards.” You’ll see two rectangles, one on the left with a 
dart and an action button, and one on the right without a dart or action button. 
In steps 10–15, you’ll construct your own virtual dart that randomly hits the 
rectangle on the right. In steps 16–19, you’ll set up a challenge for other students.

  10. On the rectangle on the right, construct points on two adjacent sides.

  11. Select the two points and choose Edit⏐Action Buttons⏐Animation.

In the dialog box, select one of the lines of text in the list. For Direction, 
choose random, and check the box labeled Once only. Now select the 
other line of text in the list and again choose random and check Once only. 
Click OK. Press Animate Points to see how the points move randomly on their 
segments.

 12. You’ll use the two random points along the sides to determine a point inside 
the rectangle. Select one of the points and its segment. (Make sure the 
Animate Points button is not selected.) Choose Construct⏐Perpendicular Line. 
Do the same with the other random point and its segment.

 13. Select the two perpendicular lines you just constructed, and choose 
Construct⏐ Intersection. Now watch the intersection point jump around as 
you press Animate Points.

 14. Select the points moving randomly along the rectangle’s sides, as well as the 
perpendicular lines, and choose Display⏐Hide Objects. Now when you press 
Animate Points, you only see the point in the rectangle’s interior jump around—
the tip of the dart.

 15. If you want the picture of the dart on your new dartboard, copy the image in 
the bottom-right corner of the page. Then select the point that’s to be at its 
tip, and choose Edit⏐Paste Picture.
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Dartboards
continued

 16. Inside each rectangle make a target shape and its interior. Make your target a 
polygon or a circle. 

 17. Measure the areas of the interiors of the targets. 

 18. Select the area measurements and choose Edit⏐Action Buttons⏐Hide/Show.
Press Hide Area Measurements. 

 19. Challenge other students to guess which target the dart is more likely to hit. 
(You might make it so that the chances are the same.) Allow your classmates 
up to 100 throws of the darts before they make their guess. Then show the 
area measurements so they can see if they were right.

EXPLORE MORE

 20. Go to page “Last Throws.” You again see two rectangles, but this time one 
is larger than the other. Construct points representing randomly thrown darts. 
Then make a target in each rectangle so the chances of hitting them are the 
same but don’t look the same.
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Aerial View: Finding Areas
of Irregular Shapes ACTIVITY NOTES

INTRODUCE
1. Open Aerial View.gsp and go to page “Map.” Enlarge the window to fi ll 

your screen. Explain, You want to fi nd the area of a lake in the park. 
You go to a website and you fi nd this map. How might you fi nd the 
area of the lake? Encourage all suggestions. Students may or may not 

think to compare the lake to regions whose size they know. One such 

object is the soccer fi eld.

  

2. Notice there is a soccer fi eld next to the lake. Do you think the lake is 
larger or smaller than the fi eld? Take a vote to encourage engagement 

and build a stake in the outcome.

DEVELOP
3. Using the scale on the map, it appears that the soccer fi eld is 110 yards 

long and 60 yards wide. What is the area of the soccer fi eld? Have the 

class determine that the area of the soccer fi eld is 6600 square yards. 

Does that help us fi gure out the area of the lake? Some students might 

be satisfi ed that this estimate is close enough, but encourage the idea 

that we could get a more accurate estimate if we could compare the 

areas of the lake and fi eld on the map.

4. Go to page “Rectangle.” The red vertices allow you to change the size 

and orientation of the rectangle. Notice the rectangle on this page. How 
might this help us? Solicit ideas. Eventually have a student superimpose 

the rectangle on the soccer fi eld, create its interior, and measure its area. 

Then, without changing its size, have the student drag the rectangle 

Project the sketch for 
viewing by the class. 
Expect to spend 5 minutes.

Continue projecting the 
sketch. Expect to spend 
20 minutes.
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Aerial View: Finding Areas of Irregular Shapes ACTIVITY NOTES
continued

to cover the lake. You might take a new vote on which of the two has a 

greater area, but note that this is still only an approximation.

5. How can we compare the sizes of the lake and the soccer fi eld on the 
map more accurately? Students might suggest that you measure the 

two on the map, especially if they have prior experience measuring 

the areas of polygons and circles in Sketchpad. Click on them to show 

that they can’t be selected. If students suggest creating a polygon that 

approximates the area of the lake, you might have a student draw such 

a polygon, create its interior, and measure its area. Otherwise, mention 

this idea without implementing it.

6. So what would we do next once we found the areas of both the lake and 
the soccer fi eld on the map? Encourage discussion until students suggest 

comparing the ratio of the two areas on the map to the ratio of the two 

areas in the real world.

  
area of lake on map

  _________________  
area of fi eld on map

   �   area of real lake  _____________  
area of real fi eld

  

Then we could use the area of the soccer fi eld that we calculated earlier 

to fi nd the area of the lake. It’s not essential for students to derive the 

proportion above. A student might say, If we knew the area of the lake on 

the map was 90% of the area of the soccer fi eld on the map, then the area of 

the real lake would be 90% of the area of the real fi eld.

7. Go to page “Two Rectangles.” The second rectangle is a translation 

of the fi rst one. The green vertex allows you to drag it independently 

of the fi rst. One way to compare the areas of the lake and the fi eld on 
the map is to surround them with identical rectangles and randomly 
throw darts at them. If we throw an equal number of darts, then we 
can compare the number of times we hit each of them. Have a student 

position the two rectangles so that one contains the lake and the other 

contains the soccer fi eld.

8. Now I’m going to construct virtual darts. Proceed to show how to 

construct points randomly within the two rectangles.

• In each rectangle, select two adjacent sides, so that four sides are 

selected altogether. Choose Construct⏐Points on Segments.

• While the points are selected, choose Edit⏐Action Buttons⏐
Animation.
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Aerial View: Finding Areas of Irregular Shapes ACTIVITY NOTES
continued

In the Animate tab of the dialog box, select each of the four lines in turn, 

choose random, and check Once only. After all four lines have been 

treated, press OK. An Animate Points button will appear. Show how 

pressing it moves the points along the edges of the rectangles.

• In turn, select each of the four randomly moving points and the 

segment on which it lies and choose Construct⏐Perpendicular Line.

• For each rectangle in turn, select the two related perpendicular lines 

and choose Construct⏐Intersection.

• Select the points you constructed on the edges, and the perpendicular 

lines. Choose Display⏐Hide Objects. 

 Now when you press Animate Points, the intersection points will move 

randomly within the rectangles. Imagine that the points are the points 
of darts thrown randomly into the rectangles.

9. Draw a table like this on the board.

Hit Only Lake
Hit Only Soccer Field
Hit Both
Hit Neither

Ask one volunteer to press Animate Points repeatedly while another 

student puts hash marks in the appropriate boxes. Encourage discussion 

about whether points on a target’s edge are to be considered a hit. 

10. Can we tell from these numbers whether the lake or the soccer fi eld 
is larger?  Whichever region is hit most by darts in many presses of 



188 
 

 Exploring Ratio, Proportion, and Probability in Grades 6–8 with The Geometer’s Sketchpad
© 2012 Key Curriculum Press

Aerial View: Finding Areas of Irregular Shapes ACTIVITY NOTES
continued

Animate Points is the larger object. But if the numbers are very close 

together, students may argue that the regions have the same area.

11. The goal was to fi nd the area of the lake. Do we have enough 
information to solve the problem? Elicit the idea of using ratios. Here 

are samples of student comments.

You could compare the area of the lake to the area of the soccer fi eld.

The ratio of the target hits is the same as the ratio of the real areas.

And the ratio of hits is the same as the ratio of areas on the map.

 12. Guide the class through the calculations. First, agree to add the number 

for “Hit Both” in the table to the number of hits for each region, and to 

use the sum of all four categories in the table for the number of throws.  

Let’s assume that the ratio of hits to throws is a good approximation 
for the ratio of the area of the target to the area of the rectangle. The 

ratios will look something like this.

  
area of lake on map

  ____________________  
area of rectangle on map

   �   number of darts hit lake  ____________________  
number of darts thrown

   �   56 ___ 85  

  
area of fi eld on map

  ____________________  
area of rectangle on map

   �   number of darts that hit fi eld   ________________________  
number of darts thrown

   �   59 ___ 85  

Because both the area of the lake and the area of the fi eld are being 

compared to the area of the same rectangle, we can look at the ratio of 

the numerators, and then use this to fi nd the area of the real lake.

  area of real lake  _____________  
area of real fi eld

   �   
area of lake on map

  _________________  
area of fi eld on map

   �   56 ___ 59  

area of real fi eld � (110 yards)(60 yards) � 6600 square yards

area of real lake �  �   56 ___ 59   � (6600) � 6300 square yards

There are two signifi cant digits in this problem, so answers should be 

reported to the nearest hundred square feet. This is an estimate.

SUMMARIZE
Expect to spend 5 minutes.  13. What have we learned from this investigation? As needed, help the 

class bring out the following ideas. For clarity, try to avoid using the 

word area as synonymous with region.

We can estimate the area of the lake if we know the area of another region 

and the ratio of the two areas.
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Aerial View: Finding Areas of Irregular Shapes ACTIVITY NOTES
continued

The ratio of the two real areas is the same as the ratio of the areas on 

the map.

We can estimate the ratio of the areas on the map by using the regions as 

targets for random darts.

EXTEND
1. You might say that this ratio is called the probability that a random 

point will fall within the region. If your students are already familiar  

with probability, you might point out that the ratio   
number of hits

 _________ 
number of tries

   is the 

experimental probability that a random point will fall in the region, 

and the ratio   
area of region

 __________ 
area of rectangle

   is the theoretical probability that a random 

point will fall in the region. With increasing numbers of tries, the 

experimental probability gets closer and closer to the theoretical 

probability.

What probabilities did we explore today? [Each area (lake or fi eld) was 

compared to the area of the rectangle around it.] 

2. What other questions might you ask about approximating areas this 
way? Encourage all student inquiry. Here are some sample student 

questions of mathematical interest.

How many times do we need to throw the darts before the ratio of hits is 

exactly the ratio of areas?

Would it be different if we did it with real darts?

Was the dart throwing in Sketchpad really random?

Does this procedure always work for fi nding areas?

What if the target had more than one piece?

Is there a similar way to estimate the volume of a three-dimensional shape?

Our estimate using a polygon was different from our estimate using 

random darts. Why did that happen? Which estimate might be better?
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