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NOTES 283

In the same manner, but using point P and sides AB and CD, we obtain

CY AW _ (sin ZPDY\?
YD'WB  \sin £PCY) "

Since LQCX = ZLPCY, then ZQBX and £PDY are supplements so that
sin ZQBX = sin ZPDY. In the same manner, sin ZQCX = sin LPCY,
By multiplication and simplification, we obtain the desired result.

This result can also be proved using Menelaus' theorem. An
anonymous referee points out that the result can be proved for a non-cyclic
quadrilateral ABCD by using cross-ratios. Both proofs are left for the
interested reader.
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89.50 On Viviani's theorem in three dimensions

Viviani's theorem states that, if O is a point inside the equilateral
triangle ABC, and if OE, OF and OG are the lengths of the perpendiculars
from O to the sides of the equilateral triangle, then OE + OF + OG = h,
the perpendicular height of the triangle (cf. [1]). Here we prove the three-
dimensional analogue of Viviani's theorem (Theorems 1 and 2), using a
method that does not involve volumes.

Theorem 1: Let O be a point inside, or on the boundary of, the regular
tetrahedron ABCD, and let the lines through O perpendicular to the faces
BCD, ACD, ABD and ABC meet these faces at the points E, F, G and H
respectively. Then the sum of the lengths OF, OF, OG and OH is equal to
the perpendicular height 4 of ABCD, that is

h = OE + OF + OG + OH.

This result is well known, and is easily proved by adding the volumes of
the tetrahedra OBCD, OACD, OABD and OABC (cf. [2]). Our reason for
giving a somewhat longer proof is that the notion of volume comes quite
late in the scheme of formal Euclidean geomerty. The development of the
notion and its properties, and in particular the volume of a tetrahedron, are
far from trivial, and hence a proof of the theorem that does not depend on
volume is of some interest.
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In the proof we tacitly use the fact that the height of a regular
tetrahedron is the perpendicular distance from any of the vertices to the
opposite face. We shall denote the height of any regular tetrahedron PQRS
by k (PQRS). Itis also helpful to have the following obvious lemma.

FIGURE 1

Lemma (Figure 1): Let BC'D’ be a plane parallel to the face BCD of the
regular tetrahedron ABCD, meeting the edges AB, AC and AD at B’, C’ and
D', so that AB'C’D is also regular, and let the distance between the parallel
planes be k. Then

h(ABC'D’) + k = h(ABCD).

Note: An edge of a tetrahedron is the line segment lying between two of its
vertices.

Proof of Theorem 1I:
Case 0. If O coincides with a vertex of ABCD, say O = A, then OB = OC =
OD = Oand OA = h, and there is nothing to prove.

Case 1 (Figure 1). Suppose O lies on an edge of ABCD, say O = B on AB.
Let the plane through B parallel to BCD meet AB, AC and AD at B, C’ and
D’. Then, using the notation of the lemma, OF = k, OF = h(AB'C'D)),
OG = OH = 0. Hence

OE + OF + OG + OH = h(ABCD)
by the lemma.

Case 2 (Figure 2). Suppose O lies on a face of ABCD, say O = H on ABC.
Let the plane through H parallel to BCD meet AB, AC and AD at B, C’ and
D’. Then, applying Case 1 to the point H on the edge B'C’" of ABC'D/, we
have

OF + OG + OH = HF + HG + 0 = h(ABC'D));
also OF = k. Hence OE + OF + OG + OH = h(ABCD) by the lemma.
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FIGURE 3

Case 3 (Figure 3). Suppose O lies properly within ABCD. Let the plane
through O parallel to BCD meet AB, AC and AD at B, C’ and D'. Then,
applying Case 2 to the point O on the face BC’'D’ of AB'C’D’, we have

OF + OG + OH = h(ABC'D);

also OF = k. Hence OF + OF + OG + OH = h(ABCD) by the lemma.
This completes the proof of Theorem 1.

Suppose O lies outside the tetrahedron ABCD, and let E, F, G and H
denote the feet of the perpendiculars from O to the face-planes of ABCD.
Let us denote the absolute length of the line segment OE by | OE|, and
define the directed length OE to be | OE| if O and A lie on the same side of
the plane BCD or if O lies in the plane BCD, but OE = —| OE|if O and A
lie on opposite sides of BCD; define OF, OG and OH similarly.

Theorem 2: In all cases,
h(ABCD) = OE + OF + OG + OH.

Proof: Again there are various cases to be considered.
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FIGURE 4
Case 4 (Figure 4). Suppose OE is negative, while OF, OG and OH are
positive (or zero). Let the plane through O parallel to BCD meet the edge-
lines AB, AC and AD at B’, C’ and D’; then O lies inside (or on an edge of)
the triangle B'C’'D’. Applying Case 2 to the point O in the face B'C'D’ of
AB'C’D’, we have
h(ABC'D’) = OF + OG + OH;

the result follows directly because clearly h(AB'C’D’) = h(ABCD) + | OE|.
Note that E may lie outside the triangle BCD in Figure 4.

CI

FIGURE 5

Case 5 (Figure 5). Suppose OF and OF are negative, while OG and OH are
positive or zero. Let the plane through O parallel to BCD meet the edge-
lines AB, AC and AD at B’, C” and D’; then O lies outside the triangle B'C'D’
as shown in Figure 5. Applying Case 4 to the point O in the face-plane
B'C'D of ABC’'DY (OF is negative, OG and OH are positive or zero, and the
perpendicular distance from O to B'C'D is 0), we have

h(ABC'D'Yy = 0 + OF + OG + OH,;
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the result follows immediately because & (AB'C’D’) = h(ABCD) + | OE|.
Case 6. Suppose OE, OF and OG are negative, while OH is positive or
zero. The figure and the proof for this case are left to the reader.

Case 7. Suppose OE, OF, OG and OH are all negative. The proof that this
can never happen is left to the reader.

Acknowledgement: The authors would like to express their hearty thanks to
John Rigby who refined the earlier version of their article.
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89.51 Extended polygons

Consider an old problem. Take a triangle and extend the sides by
doubling them clockwise or anti-clockwise (as in Figure 1) and show that
the new shape has an area seven times the original triangle. This follows
from Figure 1 and the property of Figure 2. We shall generalise this
observation to arbitrary convex polygons.

FIGURE 1: The anticlockwise and clockwise ‘doubling’ of a triangle

Obviously the extension can be made clockwise or anticlockwise.
However, the following argument is valid in both directions, so that both
extended polygons have the same area. But in general the two extended
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