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Introduction

The Pythagorean theorem is without question the most famous, and
probably the most important, theorem in all of mathematics. This

simple equation, 4% + b? = 2, would probably be recognized by everyone
who ever took a high school math class, whether they remembered what
it meant or not.

Thelegs of aright|  As you may know, that equation is an
triangle are the two . . . .
shorter sides. The | abstraction of a special relationship among
h t i h . . .

VPO et | the three sides of any right triangle, a
relationship that would probably be
surprising if it weren’t so familiar. In
geometric terms, the theorem states that the c
sum of the areas of squares constructed on
the legs of a right triangle is equal to the area b

of the square constructed on the hypotenuse.

Applications of the theorem are
endless—there are countless problems in
which an engineer, a carpenter, a scientist, an
architect, or a craftsperson might need to find an unknown or
unmeasurable length, distance, height, altitude, etc. If you can set up the
problem so that the unknown length is any side of a right triangle whose
other two sides you do know or can measure, then you can find the length
you're looking for. Beyond practical applications of the theorem itself, the
right triangle relationship pervades many branches of mathematics (most
notably trigonometry), mathematics that has made the technological age
in which we live possible.

A Little History

I've made some pretty lofty claims about the importance of the
Pythagorean theorem. So who was this Pythagoras person whose name
we associate with the theorem, and should he get all the credit? Actually,
a number of different cultures around the world discovered the right
triangle relationship—or at least specific cases to which it
applies—independently of one another, long before Pythagoras lived.

I had a history of mathematics professor who even refused to call it the
Pythagorean theorem—he called it “the Babylonian theorem” in honor of
the ancient civilization from which comes a stone tablet, at least 3500 years
old, that lists several sets of three numbers that satisfy the Pythagorean
theorem. Specific cases of the relationship have been recorded by
numerous cultures—Arabic, Chinese, Indian, European, and probably
others—both before and after Pythagoras’ time.
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No one knows
whether Pythagoras
came upon the
theorem in his
studies or
discovered it himself
independently.

One reason for the
influence of
Pythagoras’ school
was its longevity.
Pythagoras, in
violation of the laws
of the time, allowed
and encouraged
women scholars in
his society. He
married one of his
students, and his
wife and daughters
kept the school
active long after
Pythagoras’ death.

As you read this book, you'll see that the simplicity of the Pythagorean
theorem is one thing that makes it so fascinating. The theorem is such a
basic means of describing the physical world that it’s even been presumed
that any advanced culture would know it. In the early part of this century,
when many thought there might be intelligent life on Mars or on the
Moon, it was proposed that some huge illustration of the Pythagorean
theorem be sculpted into Earth’s landscape. When noted mathematician
Carl Friedrich Gauss was a teenager, he proposed cutting rows of trees in
Siberia in the shape of a right triangle with squares on the sides. Others
have suggested digging canals in the Sahara desert and burning kerosene
in them to illuminate a bright sign to our Martian neighbors that we
Earthlings are here and that we are reasonably smart.

By now you're probably really wondering how such a universal theorem
got its name. Pythagoras was a Greek philosopher who lived around

500 B.C.E. His claim to fame is that he proved the theorem. A proof usually
offers explanation for why a theorem is true and establishes its truth for
some general class of figure, rather than just specific cases. Again, just as
other cultures knew specific instances of the theorem, they may also have
understood how the theorem applies to any right triangle. Pythagoras
himself lived and traveled throughout the Mediterranean and Asia Minor,
studying and teaching in Egypt, Babylonia, and what are now Italy and
Greece. Babylonia was an important center of world commerce, and
during his time there Pythagoras had the opportunity to study with
Babylonian, Egyptian, Chinese, and Indian scholars who may have known
the theorem.

On his return to Greece, Pythagoras established a school that has had
lasting influence on the study of mathematics. Pythagoras’ teacher, Thales,
had begun a tradition of systematically showing how a theorem derives
logically from basic principles and other theorems. Thales proved
theorems about angles, including the angle sum theorem for triangles,
upon which any proof of the Pythagorean theorem depends. This
tradition, advanced considerably by Pythagoras” school, is considered one
of the most influential contributions to modern intellectual thought.
Ironically, nobody is sure what Pythagoras” proof of the theorem was. It
may be the proof found in Euclid’s Elements (300 B.C.E.), or one of the
simpler proofs you'll study in this book. Whatever his proof, and whether
or not it was original, Pythagoras’ contribution to mathematics was
indisputably great, and few would begrudge him the honor of having his
name attached to the theorem.

Proving the Pythagorean theorem has probably interested people for as
long as the relationship has been known. As you’ll see, many proofs of the
theorem have a puzzle-like quality that makes them a pleasure to discover
and rediscover. Renaissance artist and engineer Leonardo da Vinci came
up with an original proof of the theorem, as did past United States
President James Garfield. Many of the proofs in this book come from a
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book by Elisha Scott Loomis called The Pythagorean Proposition, first
published in 1927, that contains more than 300 proofs! Loomis was a high
school and college math teacher who made his life’s work collecting and
deriving his own interesting proofs of the theorem.

What'’s in This Book

In this book, you'll explore the Pythagorean theorem from a number of
different perspectives and strengthen your understanding of what it
means and why it is true. You'll also apply the theorem to solve problems.
Along the way, you'll learn more about the theorem’s interesting past and
how it has fascinated men and women of many different cultures since the
beginning of recorded history.

First, you'll be introduced to constructing right triangles and squares—the
basic elements of the theorem—with The Geometer’s Sketchpad. Then
you’ll do constructions that illustrate a variety of different types of proofs.
In some activities, you'll be asked to follow and supply some of the
reasoning to complete the proofs. You'll explore a variety of different
types of proofs, but you may also notice common threads that run
through many of them. If you experiment with enough proofs, you'll see
that there can be no limit to their number. You may even come up with an
original one of your own.

Once you've experienced some proofs of the theorem, you'll look at
special triangles, including the isosceles right triangle that may have led to
another very important discovery by Pythagoras. You'll also generalize
the theorem for shapes other than squares. And you'll explore Pappus’
theorem and the law of cosines—generalizations of the Pythagorean
theorem that work even for nonright triangles.

w N g r=

In Chapter 4: Problems, you'll solve problems using the Pythagorean
theorem, and you’ll model some of these problems with Sketchpad.

Finally, there’s an optional appendix in which you can learn some of the
basics of creating presentation sketches. Presentation sketches let you
demonstrate your construction and explain your reasoning to a user
without having to be there.

Chances are you won't do everything in this book. But I hope these
activities inspire you to explore the Pythagorean theorem in depth. It's
certainly been fertile ground for many budding mathematicians, amateur
and professional.
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To the Teacher: Using the Activities and the CD-ROM

The preceding introduction is written for you and your students.

I encourage you to share some of the history of the Pythagorean theorem
with your students, either in discussion preceding the activities or by
photocopying the introduction for them. That the theorem has fascinated
so many people for so many centuries may motivate your students to try
to learn more about what all the fuss is about.

The Activities

Some of the figures students are asked to construct in this book get
complicated, and all the activities assume this is not a student’s first
experience with Sketchpad. Students should be introduced to the program
more slowly than these activities do. The Guided Tours in the Learning
Guide that comes with Sketchpad are a good place to start.

Most of the activities in this book start with a short introduction followed
by a section titled Sketch and Investigate. In this section, students are
given the steps for constructing a figure that demonstrates the theorem.
For the most part, these steps are given in geometric terms, without
detailed instructions about the program’s user interface. Some of the
comments in the sidebars help students find where commands are in
Sketchpad’s menus. If students get stuck, make sure they look to the
sidebars for hints. Interspersed with these construction steps are some
questions to answer about the construction that preview ideas used in the
proof. The questions are indicated with the letter “Q” preceding the
question number. In some activities, the questions continue into the next
section, titled Prove. Here students get down to explaining the main ideas
of the proof.

The place to start in this book is with the activities in the section titled The
Theorem. Depending on students” Sketchpad experience, this could take
one or two class periods. It's very important in all the activities that
students be able to construct right triangles and squares. And you’'ll want
students to be able to use a custom tool to construct squares, too.

Most of the activities in Chapter 2: Proofs and Demonstrations could
probably be done in one class period each, assuming written proofs were
left for homework. But unless you plan to spend a whole term on the
theorem, you're obviously not going to have students do them all. A more
realistic option would be to assign groups or pairs of students different
activities. Give them a class period to get started on an activity, then if
possible, a longer period of time during which they can work on it outside
of class. Then save a few minutes of several class periods for student
demonstrations. It's worthwhile for students to see several different
proofs of the theorem, even if it’s impractical to ask them to do many.

X ¢ Introduction
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The constructions are of varying difficulty and each activity is rated in the
activity notes as beginner, intermediate, or advanced. Not coincidentally,
how difficult it is to understand the proof tends to be proportional to the
difficulty of the construction.

It's up to you to decide how much emphasis to give the formal proofs. The
constructions and investigation questions themselves are meant to guide
students to most of the insights behind the proofs, but typically there’s
more explanation required for a rigorous proof. The proofs also provide
opportunities to apply congruence and transformation axioms as well as,
in many cases, algebra. Nevertheless, some of the harder proofs may be
too much for many students. You should make sure you try the proofs
yourself to determine their appropriateness for your students. In my
proofs in the activity notes, I tried to err on the side of too much detail,
thinking that might be safer than taking too much for granted. In general,
I'd expect less detail from my students.

One option to consider is to be selfish and keep the book to yourself for a
year. | think you, as a math teacher, are going to get a kick out of this
book. And it may serve your students better if you take time to familiarize
yourself with it and try out some of the activities on your students as
teacher-led demonstrations. That should give you ideas about which
activities would go over best with students, as well as ideas for how best
to let students use the activities.

The CD-ROM

The CD-ROM contains sketches for Chapters 1 and 4 and folders for
Chapters 2 and 3. There’s also a sketch showing various stages of the
Appendix activity. Assuming your students do the constructions
themselves, these sketches are only for reference. Use them to check if you
or your students’ constructions came out the way they were supposed to.
There’s also a custom tool for constructing a square in the Chapter 1
sketch. Again, if students make their own tool, they won’t need this one.
The one exception is the activity A Four-Piece Dissection. This activity
requires students to start with a pre-made sketch.

An additional folder titled Presentations contains presentation
sketches—sketches with action buttons that enable users to step through
dynamic, visually based demonstrations of the theorem without doing
any constructions. The presentation sketches also correspond to some of
the activities. They’re a bit more razzle-dazzle than what students
construct in the activities, and they’re a means for quickly demonstrating
proofs students don’t get a chance to do themselves. But they’re no
substitute for the insight gained by struggling through a construction.

The Chapter 4 sketch contains sketches of scale drawings and models of
the problems in that chapter. Like the sketches for Chapters 1-3, these are
meant to serve primarily as examples. Students should try to construct
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their own models and scale drawings. There are, of course, any number of
ways to model a given problem, so you needn’t be reluctant to share these
examples with students to help them learn how to do their own. Be sure to
read the “read me” file on the CD for an up-to-date description of the
CD’s contents.
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The Theorem

The Pythagorean theorem, stated geometrically, says the sum of the
areas of the squares on the two legs of a right triangle is equal to the
area of the square on the hypotenuse.
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Select the segment
and the point,

then choose
Perpendicular
Line from the
Construct menu.

This is just one of
many ways to
construct a right
triangle. Can you
come up with
others?

A

The Text tool

Show or hide an
object’s label by
clicking on the
object with the Text
tool. Double-click on
the label to edit it.
The hand turns dark
when positioned
over an object. The
letter “A” appears
when it's positioned
over a label.

A Right Triangle

with Squares Name(s):

The basics for exploring the Pythagorean theorem are that you need to be
able to construct a right triangle and squares. There are many ways to
construct both these shapes. Here you’ll learn one way for each.

1. Construct segment AB. A

2. Construct a line

perpendicular to AB
through B.

3. Construct A_C, where
point C is on the
perpendicular line.

4. Construct BC and hide the line.

Experiment with dragging each of the three vertices of the triangle. You'll
tind that they behave differently because they’re constructed with
different constraints.

Q1 Does your triangle always stay a right triangle? What step in your
construction guarantees this? Can your right triangle be every
possible size or shape?

Q@2 Which two points behave the same? When you drag either of them,
how does the triangle change? Which point or points change the
shape of the triangle when dragged?

. Relabel the sides as g, b, and c, with a the shortest leg, b the longer leg,
and c the hypotenuse. Relabel the vertices opposite these sides as A, B,
and C, respectively.

The diagrams in this book show the right triangle positioned and labeled
in the two ways shown at the top of the next page. Practice manipulating
and labeling your triangle so it matches the two diagrams.

Pythagoras Plugged In: Proofs and Problems for The Geometer’'s Sketchpad
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A Right Triangle with Squares (continued)

The hypotenuse in a B C
right triangle is
opposite the right
angle. In this book,
the hypotenuse will a
usually be labeled c,
and the right angle
vertex opposite it will

be labeled C. C b A B C A

Can you come up with other ways to construct a right triangle?

The Square
6. Construct segment AB. B A
AR Por 23> 7. Mark point A as center, then rotate the T
choose Mark segment and point B by 90°.
Center from the
Trangiorm ment | 8. Mark point B” as center and rotate segment
command is also in AB” and point A by 90°.
the Transform menu.
9. Connect points A" and B to complete A B

your square.

10. Select the four vertices in consecutive order
and choose Quadrilateral Interior from the Construct menu.

—>11. Select the entire figure, then press and hold the Custom tools icon.
Choose Create New Tool from the Custom Tools menu. Name the
new tool Square.

]

The Custom tool

Making a tool of your
construction will | - @3 How do different vertices behave when you drag them? Which
save you the work of X . . )
going through the vertices are most constrained and which are least constrained?
whole construction
next time you

want a square.

Q4 Does your square always stay a square? What is it about your
construction that guarantees your square will stay a square?

4 « Chapter 1: The Theorem Pythagoras Plugged In: Proofs and Problems for The Geometer’s Sketchpad
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A Right Triangle with Squares (continued)

12. Experiment with using your new Square
tool. Choose it from the Custom Tools
menu. Click, move the mouse from left to
right, and click again. Try to construct a
second square below the first, using the
same two points your tool started with, but
go from right to left.

It will be important for you to be able to
construct a square on either side of a segment
when you explore the Pythagorean theorem.

A Right Triangle with Squares on the Sides

You're now ready to construct squares on the B A
N sides of a right triangle.
13. Construct a right triangle ABC, either from
If one of your scratch or by using a tool.
squares overlaps the

triangle, dontworry: . >74 - Use your Square tool on the endpoints of each side of the triangle.
Just undo and try

applying your tool to .
the two triangle Once you have a I‘lgh’t
verticesinthe | triangle with squares on the
opposite order. . A
sides, you have a geometric
illustration of the

Pythagorean theorem.

15. Measure the areas of each
of the interiors and the B
lengths of each side.

16. Do a calculation on each a
side length that gives you
a value equal to the area c b A
of the corresponding
square.
To calculate with | > :
measares. ohoose |~ 17- Pgrform a calculation
Calculate from the with areas of two squares
Measure menu. Click .
on the measures in that gives you a value
the sketeh 1o enter equal to the area of the
calculation. third square.

Q5 Drag different vertices of the triangle and observe the calculations.
Write an equation in terms of side lengths 4, b, and c that describes the
relationship you observe.

Q6 Does what you've done in this activity qualify as a proof of the
Pythagorean theorem? Discuss this question with your classmates.
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A Right Triangle with Squares (continued)

The Converse

The converse of the Pythagorean theorem states that if the sum of the
squares of two sides of a triangle is equal to the square of the third side,
then the triangle is a right triangle. Follow the steps below to investigate
the converse.

18. Use the Segment tool to draw an
arbitrary (nonright) triangle.

19. Construct squares on the sides of this
triangle.

20. Measure the areas of the three squares
and calculate the sum of two of them.

21. Drag a vertex until the sum equals the
area of the third square.

Q7 What kind of triangle do you have
when the sum of the areas of the two
smaller squares is equal to the area of
the larger square? Measure an angle to
confirm your conjecture.

6 ¢ Chapter 1: The Theorem Pythagoras Plugged In: Proofs and Problems for The Geometer’s Sketchpad
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Proofs and Demonstrations
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Tabit ibn Qorra (826-901) translated Euclid’s Elements into Arabic. This is
his translation of Euclid’s proof of the Pythagorean theorem. If you have
trouble following this proof, remember, read from right to left.
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Square Areas on a Grid Name(s):

In this activity, you'll find areas of squares on a square grid, including
“tilted” squares. The strategy you develop for finding these tilted square
areas can be applied to one proof of the Pythagorean theorem.

Sketch and Investigate
1. Open the sketch Squarefinder.gsp.

2. Drag point A or B to get a feel for
how the corners of the square snap
to the grid.

Note that when the yellow square is
tilted on the grid, a larger square

with dashed sides surrounds it. Pay
attention to when the measure of AB is
a whole number and when it is not.

Q1 A perfect square is a number
whose square root is a whole
number. In this sketch, the yellow
square has whole-number side lengths when its sides are horizontal or
vertical (that is, when the square is not tilted). In these nontilted
squares, the area is a perfect square. Sketch six different perfect
squares on a piece of graph paper and label each square with its side
length and area.

3. Now drag point A or point B to make a tilted square whose area you
think is 5 square units. When you're pretty sure you have the right
square (and not before!), press the Show Area Yellow Square button to
check yourself. If you were wrong, press the Hide Area Yellow Square
button and try again.

The square with area 5 has a side length of the square root of 5. The
measure in the sketch is a decimal approximation.

Q2 Sketch the square with area 5 on your graph paper. Label it with its
area and its side length expressed as a square root and a decimal
approximation, that is, \'5 ~ 2.24.

Q3 Make five more tilted squares. For each, figure out the area, check

yourself with the Show button, then sketch the square on your graph
paper. Label each with the area and the side length.

Q4 Explain your strategy for finding the areas of tilted squares.

Pythagoras Plugged In: Proofs and Problems for The Geometer’s Sketchpad Chapter 2: Proofs and Demonstrations « 9
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Square Areas on a Grid (continued)

Explore More

1. Write an expression for the tilted square
shown at right in terms of a and b. Call the
side length of the tilted square ¢, and write
an equation relating 4, b, and c. Simplify the
equation as much as you can. Does this
equation apply even if the square is not on
a grid?

2. Some tilted squares on the grid have whole
number side lengths. Find as many of these
as you can.

3. Is it possible to make a tilted square on the grid with area 3? Explain.

4. Is it possible to make a square on the grid whose area is not a whole
number? Explain.
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Pythagorean Puzzies Name(s):

Some demonstrations of the Pythagorean theorem are like puzzles. In
these puzzles, called dissections, you start with a picture that has several
pieces, which usually fit together to form one part of the Pythagorean
theorem (like a? + b?). You cut out those pieces and rearrange them to form
the other part of the theorem (like c?). While simply rearranging pieces
doesn’t qualify as a proof of the theorem, these puzzles can lead to proofs
if you can explain why they work.

Sketch and Investigate

Open the sketch Pythagorean Puzzles.gsp. There are four puzzles, each
on its own page. Follow the directions in the sketch. Try all four puzzles.

Explore More

1. Write two expressions for the area of the square below left, one
in terms of 4 and b and the other in terms of 4, b, and c. Set the
expressions equal and simplify to prove the Pythagorean theorem.

2. One expression for the area of the square above right is c2. Write
another expression in terms of a and b. Set the expressions equal and
simplify to prove the Pythagorean theorem.
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The Translator Tool Name(s):

One common way of demonstrating the Pythagorean theorem is to cut out
pieces of the squares on the legs and rearrange them to fit in the square on
the hypotenuse. In this activity, you'll create a custom tool that lets you do
the same kind of thing with Sketchpad—the tool will give you pieces that
you can move around freely. The tool uses a translation, which, in
geometry, means a transformation that creates an identical image by
sliding without turning or flipping. You’'ll find this tool useful in a
number of activities in this book.

Sketch

1. Construct an arbitrary
quadrilateral ABCD and its
interior.

2. Construct a point E in a blank
area. This point is where you'll
locate a copy of the quadrilateral
interior in the following steps.

3. Select, in order, point B and
point E and choose
Transform | Mark Vector.

4. Select only the quadrilateral
interior and choose
Transform | Translate and
translate by the marked vector.

5. Drag point E to observe that this image is free to move independently
of the original quadrilateral.

6. Drag any vertex of the original quadrilateral to observe that it and the
translated image are dynamically linked.

In the following steps, you'll create a tool for this construction.

7. Select, in order, the original quadrilateral interior, point B, point E,
and the translated interior. Press and hold the Custom tools icon and
choose Create New Tool from the Custom Tools menu. Name the
tool Translator.

8. Practice using the Translator tool. Here’s how it should work: Click
on an interior that you wish to translate; click on one vertex of the
interior; click a third time anywhere in the sketch to create a translated
image with one vertex in that location.

9. Save your sketch so that you can use this tool in later activities.
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A Dissection Name(s):

One way to demonstrate the Pythagorean theorem is to cut the squares
into pieces so that the pieces of the squares on the legs can be arranged to
fit into the square on the hypotenuse (or vice versa). In this activity, you'll
learn one such dissection.

Sketch and Investigate

1. Construct a right
triangle and squares on
the sides.

How can you find the
center of a square? ’% 2. Construct the center of
the square on side b,

the larger of the two B
legs.
Toconstructa 3 - Construct a line a

parallel, select a

point to go through through this center, A
and a straight . C b
object to be parallel to side c,
parallel to. and another line
perpendicular to side c.

4. Construct points of
intersection of the lines \
with the sides of the
square on side b.

Select the four 5

vertices and choose . Construct the four

Quadrilateral quadrilateral interiors of the
Interior from the . . .
Construct menu. regions into which the square on

side b is divided. Give them
different shades or colors.

Select the lines, then T 6. Hide the lines

choose Hide Lines
from the Display

menu. 7. Construct the interior of the

square on 4, the smallest leg.

The four pieces of the square on
side b, combined with the square on
side a, make five pieces that can be
rearranged to fit into the square on
side c. In the following steps, you'll
make translated images of these
pieces that you can drag around
freely.
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A Dissection (continued)

8. To create a translated
image of the square on
side a, choose the
Translator tool from the
Custom Tools menu, and
click on the following, in
order: the interior of the
square, a vertex of the
square, a blank area (to
construct the translated
copy). Repeat on the four
pieces in the square on
side b.

9. Now drag each piece into
the square on side c and see
if you can arrange them to
perfectly fill this square.

Q1 How does this demonstrate the Pythagorean theorem?

10. To confirm that this dissection works for other right triangles, change
the shape of your triangle and refit the pieces.
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Wrong-Way Squares Name(s):

Typically, the Pythagorean theorem is illustrated with squares that lie
outside of a right triangle. But what if you construct squares the “wrong
way”? That is, what happens if one or more squares overlap the triangle?
In this investigation, you'll see how constructing overlapping squares
divides your figure into pieces that can be rearranged to give a dissection
demonstration of the Pythagorean theorem.

Sketch and Investigate

1.

If you're using a tool, 2

you should be able :
to control which way
the square goes by
the order in which
you drag from vertex
to vertex.

Q1

Q2

Construct a right triangle.

Construct a “wrong-way”
square on side a so that it
overlaps the triangle, and
construct a square on side b
that falls outside the triangle.

Construct a wrong-way
square on the hypotenuse,
overlapping the triangle.

The squares on sides a and b
are now divided into five
regions. Construct the points
where the squares intersect,
then construct the polygon
interiors of these regions.

Drag vertices of your triangle. Does this construction always divide
the square on side c into five pieces? Make note of special cases if you
encounter any.

One of the pieces in the square on side a also lies within the square on
side c, as does one of the pieces on side b. Identify the three regions
that don’t already lie in the square on side c. Use the Translator tool to
create translated images of these three pieces that you can drag
around. Hide the original pieces and fit the translated images in the
square on side c.

Explain how this demonstrates that the area of the square on side c is
equal to the sum of the areas of the squares on sides a and b.

Drag a vertex to change your triangle and refit the pieces to confirm
that this works for different-shape triangles.
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Wrong-Way Squares (continued)

Prove

Dissection demonstrations convincingly illustrate the truth of the
Pythagorean theorem, but they don’t provide any of the logic. You show
that you can rearrange the pieces, but you don’t explain why this works.
Why is it that you can move these pieces and they happen to fit within
other places? To explain this requires a logical argument proving that
each moved region is moved to a region congruent to it.

Q3 In the labeled diagram,
which three regions moved?
Into which three regions did
each move?

Can you find three
right triangles in the

figure that are .
congruent o one > Q4 The three regions that

another? moved (and the three
regions they moved into) are
all right triangles. Prove that
each region that moved is
congruent to the region it
was moved into. Remember,
to prove right triangles E
congruent, you need
only show two pairs of
corresponding sides congruent (HL, LL) or one pair of sides and one
corresponding pair of nonright angles (HA, LA).

Explore More

In this activity, you constructed two wrong-way squares. Can you create a
different construction that yields a dissection by constructing just one
wrong-way square? How about by constructing two wrong-way squares
different from the ones in the activity? Hint: You may need to rotate one or
more pieces to fit them into the proper places when you move them.
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The Tilted Square Proof Name(s):

In this activity, you'll construct a simple figure that you can use to prove
the Pythagorean theorem, either by moving figures or by using a little
algebra. The figure appears in very old texts and you may have even seen
it in decorative tile designs. Nobody knows, but it may have been the
proof known to Pythagoras, as it seems to have been known in China and
India and Pythagoras studied with Chinese and Indian scholars in
Babylonia.

Sketch and Investigate

1.
2.

Construct a square and the center of the square.

Construct a point on one side of the square.

Steps 1 and 2 Step 3 Steps 4 and 5

3.

Q1

Q2

Mark the center of the square a center of rotation and rotate the point
on the side by 90°. Repeat on this rotated image until you have points
on all four sides.

Use the points to construct a tilted square inside the larger square.

Construct the interiors of the triangles in the corners of the larger
square.

Drag the point on the bottom side of the large square. Do the four
triangles appear to remain congruent? How do you know they’re
congruent? Answer in a paragraph.

What kind of shape is the empty region in the center of the figure? As
you change the figure, what changes about that shape? What doesn’t
change? Can you make it fill the original square? How small can you
make it?
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The Tilted Square Proof (continued)

6. Label the sides of at least one of the right triangles a, b, and ¢, where ¢
is the hypotenuse.

Q3 What's the area of the tilted square inside the figure?

7. Now you're going to move the triangles around. Use the Translator
tool to construct translated images of three of the four triangle
interiors. Hide the original three.

8. Arrange the triangles so that you have two
rectangles as shown.

Q4 What kinds of shapes are the two empty
regions now? What is the sum of their
areas?

9. Drag the bottom point to change the
figure and reposition the triangles to
demonstrate that this works for different-
shape triangles.

Q5 Explain how this experiment demonstrates the Pythagorean theorem.

Prove

You can write an algebraic proof based on the demonstration you just did.
Here are some hints for planning the proof.

Q6 Show that the tilted square inside the figure really is a square, and
express its area in terms of c.

Q7 What's the length of one side of the larger square (the whole figure)?
Write an expression for the area of this square in terms of a and b.

* Q@8 What's the area of one triangle? What's the sum of these four areas?

Q9 Write another expression for the area of the entire figure, this time in
terms of the areas of the triangles and the area of the tilted square.
This expression should be in terms of 4, b, and c.

Q10 You now have two expressions representing the same thing. Write an
equation. You're on your own from here.
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The Tilted Square Proof (continued)

Explore More

Without too much work,
you can build onto your
already constructed
figure to make a nice
illustration of the proof.
In the figure at right, the
original figure was
reflected over its right
side. The Translator tool
was used to translate
triangles to existing
points so that they would be attached in place, forming white squares
with sides a and b, respectively. See if you can construct a figure like this
that can be manipulated dynamically so that all the triangles stay
congruent and the squares stay squares. By manipulating this figure, you
can study many interesting special cases, such as isosceles right triangles
or what happens when the triangles are made infinitely small.
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Behold! Name(s):

The title of this activity comes from the text of the twelfth-century Hindu
scholar, Bhaskara. In fact, “Behold!” was the only text that accompanied a
figure demonstrating the Pythagorean theorem. Bhaskara must have felt
the figure spoke for itself! In this activity, you'll construct this figure.
Perhaps it does speak for itself, but you can gain deeper understanding by
The figure in the | - constructing the figure and working out a proof similar to the proof
a%hfgsﬂeg;etxttrgr‘%f outlined in the activity The Tilted Square Proof. Incidentally, this figure is
but the figure works | also found in an ancient Chinese text, making it another candidate for
for any right triangle. .
being a proof known to Pythagoras.

Sketch and Investigate

1. Construct a square ABCD.

2. From point D, construct a D \ /
segment DE to side AB. Q

3. Construct a line parallel to DE
through point B and lines
perpendicular to DE through /
points A and C.

4. You should have a small, tilted /

square inside your original
square. Construct its vertices at

the points of intersection of the
5. Construct the sides of the tilted square, then

E K
lines, then hide the lines and DE.
construct interiors of the right triangles
surrounding it, as shown.
6. Drag point E and observe what happens to the
E

right triangles and the tilted square.

Q1 Write a paragraph about what you observe: Do
the right triangles stay right triangles? Does the
square stay a square? Can you make the interior
square fill the figure? If so, what kind of triangles do you get in this
case? Can you make the interior square disappear? What kind of
triangles will do this?
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Behold! (continued)

7. Using this figure for a dissection demonstration can be tricky. First, tilt
the original square so that the legs of the right triangles are horizontal
and vertical. The illustration below shows an outline into which the
pieces can be fit to demonstrate that c? = a? + b2. Note: Use the
Translator tool to get movable pieces, and try to form the shape
below right. Your pieces may overlap the dashed line.

Prove

This figure can be used to create an algebraic proof similar to the one you
might have done in the activity The Tilted Square Proof. A possible plan
follows. Read it if you want, or try it on your own.

Q2 Write an expression for the area of the whole square in terms of c.

Q3 Write an expression for the sum of the areas of the four right triangles
in terms of a and b.

Q4 The tricky part is writing an expression for the area of the tilted
square. (And if you want to be very thorough, you should prove it
really is a square.) The length of a side of this square can be written in
terms of a and b. Write an expression for the area of the tilted square
in terms of a and b.

Q5 You should now be able to write an equation involving 4, b, and c.
You're on your own from here.
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E. A. Coolidge’s Proof Name(s):

This proof appears in Elisha Scott Loomis’s classic, The Pythagorean
Proposition, first published by the National Council of Teachers of
Mathematics in 1927. That book, now unfortunately out of print, contains
over 300 proofs of the Pythagorean theorem. Many are similar to one
another, and all the well-known proofs are found in Loomis’s book. The
following proof is similar to Bhaskara’s proof from the activity Behold!
Loomis’s credit reads, “credited to Miss E. A. Coolidge, a blind girl. See
Journal of Education, V. XXVIII, 1888, p. 17, 26th proof.”

Sketch and Investigate

to construct these
squares and the

Jsea custom 1ol 1 - Construct a right triangle and squares on the sides.
square in step 4.

2. Extend HA to point A” by translating HA and point A by vector HA.

3. Construct a line through point B, perpendicular to AA’, and construct
point of intersection K.

Construct square A’KLM.
Construct B_K, (ﬁ/f, and FL.
Hide line BK.

N S e

Construct the interiors of the four pieces in the square on the
hypotenuse.

Your figure so far
may look familiar.
It's Bhaskara’s
dissection from the
activity Behold!

O

J H

In the following steps, you'll construct identical pieces on one of the other
squares of the triangle.
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E. A. Coolidge’s Proof (continued)

8.

To mark a vector, |7
select two points, in
order from tail to tip,

and choose Mark

Vector from the
Transform menu. Be 9

sure to choose By

Marked Vector
when you translate.

Q1

Mark vector EJ and translate
the four sides and vertices of
BCDE by this marked vector.

. The region on side b is now

a? + b2. Use your Translator
tool to place copies of the
pieces of the square on the
hypotenuse in the a2 + b?
region on side b. If you choose
points carefully, you should
be able to attach all the pieces
to points on this region.

Change your triangle. Do the
corresponding pieces remain
congruent? Note that leg b
needs to be kept the longer leg
or the construction falls apart.
Describe the special case you
get just before your
construction falls apart.

Q2 Explain why the pieces can fit in the region on side b the way they do.
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Be sure to use

point A as the
second control point
of your circle, rather
than constructing a
circle that's “just
passing through”
point A.

This is a different
right triangle
construction than
you've done before.
What guarantees the
triangle is a right
triangle?

These three
segments divide the
squares on the three

sides in half. Can
you see why?

~ 3

> 4,

Ann Condit’s Proof

The proof in this activity also appears in Elisha Scott Loomis’s classic, The
Pythagorean Proposition. Ann Condit devised it in 1938 while a student at
Central Junior-Senior High School, South Bend, Indiana. Says Loomis,
“This 16-year-old girl has done what no great mathematician, Indian,
Greek, or modern, is ever reported to have done. It should be known as
the Ann Condit Proof.”

Name(s):

Sketch and Investigate
1. Construct a segment AB.

2. Construct the midpoint
D of this segment.

. Construct circle DA.

Construct BC and AC,
where C is a point on the
circle, making right
triangle ABC.

5. Construct squares on the
sides of right triangle
ABC.

6. Construct midpoints L,
M, and N of the outside
sides of the squares.

7. Construct segments DL,
DM, and DN.

— —> — —>

8. Construct FG, DC, and point P where DC intersects FG, then hide DC
and replace it with DP.

9. Construct the interiors of triangles DCF, DCG, and DBK.

This proof relates the areas of these shaded triangles to one another and to
the areas of the squares on the sides. Before you attempt the proof, you
might want to investigate what these relationships are.

10. Measure the areas of the triangles and drag point C around the top
half of the circle, back and forth between points B and A.

Q1 How are the areas related to one another? How are they related to the
areas of the squares?
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Ann Condit’s Proof (continued)

Prove

You may have discovered in the investigation that the sum of the areas of
the smaller triangles is equal to the area of triangle DBK. If you can prove
this is true, and if you can relate these areas to the areas of the squares,
then you will have proved the Pythagorean theorem. Here are some steps
for the proof.

Q2 Triangles DCG, DCF, and DBK share a side length. What sides in these
triangles are equal? Why?

Q3 Segments PF and PG are altitudes of triangles DCF and DCG
respectively. (In Loomis’s book, this is assumed. You can try to prove
it. Hint: Start by showing AFGC = ABAC. Then show that m£FPC = 90°
by showing that ZCBA = ZGFC and ZFCP = ZCAB.) The sum of these
altitudes, FG, is equal to BK. Why?

Q4 Show that area DCG + area DCF = area DBK.

Q5 How does area DCF compare to area CFEB? Why? How do areas DCG
and DBK compare to the areas of the other two squares?

Q6 Now you're on your own. Combine your answers to the questions
above to write a proof of the Pythagorean theorem.

Pythagoras Plugged In: Proofs and Problems for The Geometer’s Sketchpad Chapter 2: Proofs and Demonstrations « 25
© 2003 Key Curriculum Press



Leonardo da Vinci’s Proof  Name(s):

Leonardo da Vinci (1452-1519) was a great Italian painter, engineer, and
inventor during the Renaissance. He is famous for, among other things,
painting the Mona Lisa. He is also credited with the following proof of the
Pythagorean theorem.

Sketch and Investigate

In this figure, you T 1. Construct a right triangle and

don’t have to
construct the square squares on the legs.

on the hypotenuse.
2. Connect corners of the squares to
construct a second right triangle
congruent to the original.

3. Construct a segment through the
center of this figure, connecting
far corners of the squares and
passing through C.

4. Construct the midpoint, D, of this
segment.

The Action Button ’% 5. This segment divides the figure
Edit menu. into mirror image halves. Select
all the segments and points on one side of the center line and create a
Hide/Show action button. Change its label to read Hide Reflection.

I Hide Reflection |

6. Press Hide Reflection. You should now see half the figure.

I Show Reflection |
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Leonardo da Vinci’s Proof (continued)

7. Mark D as center and rotate the entire figure (not the action button)

180° around D.

8. Select all the objects making up the rotated half of this figure and
create a Hide/Show action button. Relabel the button to read Hide
Rotation, but don’t hide the rotated half yet.

I Show Reflection |

Hide Rotation

9. Construct A'B and B’A. Do you
see ¢ squared?

10. Construct the polygon interior of
BA’B’A and of the two triangles
adjacent to it.

11. Select A'B, B“A, and the three
polygon interiors and create a
Hide/Show action button. Name
this Hide c squared.

Going through this construction
may give you a good idea of how
da Vinci’s proof goes.

12. Press each of the Hide buttons,
then play through the buttons in
this sequence: Show Reflection,
Show Rotation, Hide Reflection,
Show ¢ squared.

l Show Reflection |

Hide Rotation

] Hide c squared |

You should see the transformation from two right triangles with squares
on the legs into two identical right triangles with a square on their

hypotenuses.
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Leonardo da Vinci’s Proof (continued)

Q1 Explain to a classmate or make a presentation to the class to explain
da Vinci’s proof of the Pythagorean theorem.

Q@2 Da Vinci's is another of those elegant proofs where the figure tells
pretty much the whole story. Write a paragraph that explains why the
two hexagons have equal areas and how these equal hexagons prove
the Pythagorean theorem.
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Presidential Pythagoras Name(s):

James A. Garfield discovered a proof of the Pythagorean theorem in 1876,
a few years before he became president of the United States. An interest in
mathematics may not have been a prerequisite for the presidency, but it
must have been common at the time. One of Garfield’s predecessors,
Abraham Lincoln, credited Euclid’s Elements as being one of the books
most influential to his career as a lawyer and politician, saying he learned
from it how to think logically. Garfield's Pythagorean theorem proof is
illustrated with a relatively simple figure: a trapezoid.

Sketch and Investigate

1.

Q1

Q2

The point here is to | ~, 7
use only side lengths
and Calculate
from the Measure
menu to calculate 8
areas. Don't actually
measure areas until
you'’re ready to
confirm your
calculations.

Construct a right triangle ABC and label
it as shown.

Mark point B as center and rotate side ¢
and point A by 90°.

Connect points A and A” and construct a
line through point A”, parallel to side b.

Use the Ray tool to extend side CB and
construct the point of intersection, D, of
this ray and the line through A”".

Hide the ray and the line and replace
them with segments BD and DA".

Construct polygon interiors for the three
right triangles.

What kind of figure is quadrilateral ACDA"? How do you know?
Drag points A, B, and C. Does the figure remain this type of special
quadrilateral?

What can you say about the triangles into which ACDA" is divided?
Do they maintain these properties when you drag different parts of
your sketch?

. Measure sides a, b, and c. Now use just these measures to calculate the

areas of the three triangles and their sum.

. Now use the area formula for a trapezoid to calculate the area of

ACDA" using just the side lengths. (What's the height of trapezoid
ACDA™?) Construct the polygon interior of the entire figure and
confirm your calculations were done correctly.
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Presidential Pythagoras (continued)

Prove

In steps 7 and 8, you calculated the area of the trapezoid in two different
ways. Garfield used these two different ways of finding the area to prove
the Pythagorean theorem. Can you do it too? Write two different
expressions for the same area in terms of 4, b, and c. Set these expressions
equal and do the necessary algebra to arrive at the Pythagorean theorem.

Explore More

Look at the figure in the activity The Tilted Square Proof. How is
Garfield’s figure related to this one? See if you can transform (that’s a
hint) Garfield’s figure into the Tilted Square figure. Compare the algebra
involved in the two proofs and write a paragraph about how the proofs
are related.
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Perigal’s Proof Name(s):

Many proofs of the Pythagorean theorem have ancient origins, but were
rediscovered later by people unfamiliar with the older sources. This proof
was “discovered” by mathematician Henry Perigal in 1873, but was
probably known to the Arabian mathematician Tabit ibn Qorra a
thousand years before.

Sketch and Investigate

1.
2.

Select points Aand | > 3
B in that order and
choose Mark
Vector from the
Transform menu.
Then choose 4,
Translate from the
Transform menu. 5

Q1

Q2

. Mark AB as a vector and

Construct a square CADE.

Construct a smaller square
adjacent to the original square
so that the two squares share a
vertex and a second vertex is
attached to side AD (square
AGFB in the figure). Label the
sides of these squares b and a.

translate point C by this vector.

Construct EC” and C'F.

. Construct polygon interiors of the triangles.

You started with two adjacent squares, and within this figure you
constructed two right triangles. How are these triangles related to one
another? What are the lengths of their legs? Call the length of one of
the hypotenuses c. What's the length of the other triangle’s
hypotenuse? Drag point G to confirm these relationships hold for
other squares.

Use your Translator tool to
translate AECC” from point C to
point G and to translate AC’'BF
from point B to point D.

Mark point E as center and
rotate point C” about it 90° to
make square EC'FC™".

Explain how this investigation
demonstrates the Pythagorean
theorem.
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Perigal’s Proof (continued)

Your answer to question Q2 might serve as a good proof of the
Pythagorean theorem. But it still may seem a surprise that this simple
transformation from a squared and b squared into c squared always
works. Here are some questions meant to guide you toward more insights
into why this proof works.

Q@3 When you translate AECC” into AC”'GF, how do you know ZECC” will
tit into ZC“GF? How do you know side CC" fits into side GF?

Q4 Side CE, with length b, was translated to side GD. This new side
extended above the figure by a length DC”". How do you know this
length is a? Hint: What's the length GD?

a5 How do you know quadrilateral EC’FC™" is a square?

Q@6 Combine your answers to these questions into a more complete
paragraph proof of the Pythagorean theorem.
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Russian students
less reverent than
Arab scholars have
called the figure in
Euclid’s proof
Pythagoras’ pants.

Euclid’s Proof, a.k.a.
Pythagoras’ Pants Name(s):

The Pythagorean theorem is one of the important milestones in Euclid’s
Elements. This work, written around 300 B.C.E., has had a tremendous
influence on mathematics because of the systematic way in which it
presents geometry propositions logically derived from one another. Euclid
arrives at the Pythagorean theorem and its converse as the 47th and 48th
(and final) propositions of Book 1 (out of 13). It’s thanks to Arab scholars
and Moorish scholars of northern Africa and southern Spain that much of
ancient Greek mathematics survived. The figure on page 7 is from a
manuscript of Tabit ibn Qorra’s translation of Euclid. Arab scholars
referred to the figure as “the figure of the bride.”

Sketch and Investigate
1. Construct a right triangle and squares on the sides, as shown.

2. Construct a line through the right angle vertex, perpendicular to the
hypotenuse.

3. Construct CF and BE.

Euclid’s proof is pretty quick, if you can establish the relationships
between the triangles and the squares. But those relationships can be
subtle in the complex diagram. A little further construction can add a
dynamic element to your sketch that will give you more insight into how
the proof works.
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Euclid’s Proof (continued)

4. Construct a point K on side D
BC. Construct the polygon
interior EAK. You should be
able to drag point K back and

forth along BC.

Q@1 When point K coincides with
point C, what can you say
about the relationship
between the shaded triangle
and square ACDE?

Q@2 Drag point K toward point B. G° a °F
Does the area of the triangle
change? Explain why this is
so. Hint: If you consider AE
as the length of the base,
what’s the height of AEAK? Does that change?

5. Drag point K until it coincides with point B. Now mark A as center,
select the triangle interior, and rotate it by 90°.

Q3 What new triangle interior do you get? How are triangles EAB and
CAF related?

Q4 In questions Q1 and Q2, you established a relationship between AEAB
and square EACD. How are ACAF and rectangle JAFH related?

Prove

The investigation gives you a start on Euclid’s proof. First, show
AEAB = ACAF. Then supply the necessary steps to show the area

of square ACDE is equal to the area of rectangle AJHF. A similar
argument will prove the area of the small square is equal to the area
of rectangle BGH]J.
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A Four-Piece Dissection Name(s):

Until now, all the dissection demonstrations in this book involved at least
five pieces. In this activity, you'll manipulate a pre-made sketch in which
the squares on the legs are divided into four pieces that can be arranged to
tit into the square on the hypotenuse.

Investigate

1. Open the sketch 4-Piece
Pythagoras.gsp.

In the sketch, the square on side b
is divided into three pieces which,
combined with the square on side
a, correspond to four pieces in the
square on side c. Here’s how the
dissection is done:

* The square on side b is
divided in half. Region 1 is
placed in one corner of the
square on side c.

* There will be some area left
over on the side of the square on side c. This region, labeled region 2,
is marked off in the other half of the square on side b.

* The remaining region in the square on side b, region 3, will fit with the
square on side a to fill the square on side c.

Q1 To confirm this dissection works, we need to manipulate the triangle
into different sizes and shapes. Start by dragging point C. Does the
dissection hold up? Now drag A or B. What happened?

You may have been fooled for a minute into thinking this dissection
works for any right triangle. But, in fact, there is no dissection proof of the
Pythagorean theorem with fewer than five pieces. Still, it seemed to hold
up when you dragged C.

Q@2 What can you say about the triangles you formed dragging point C?

Q3 You should have observed that the dissection pieces don’t stay
identical when you drag point A or point B. Undo until the pieces
are identical again. What's special about this triangle? Make some
measurements and calculations to see what you can discover. Can
you explain why this works for this type of triangle and no other?
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Select the entire
figure by dragging a
selection marquee
around it or by
choosing Select
All from the

Edit menu.

Make sure to drag
the points you
started with to

manipulate your
tessellation. This
dynamic tessellation
can be quite
dazzling. Once
you've tessellated
with ¢ squared,
shade or color every
other ¢ squared

to get a checker-
board effect.

Tessellating Pythagoras

Name(s):

To tessellate or tile the plane means to cover it with closed shapes that fit
together without overlap or gaps. Both simple and highly decorative
tessellations are common in floor and wall designs, especially in Islamic

art. In this activity, you’

Pythagorean theorem.

Il create a decorative pattern that demonstrates the

Sketch and Investigate

1. Construct a square.

2. Construct a smaller square adjacent to it, using a
point on one side of the original square and one B

of its vertices.

3. Mark AB as vector and translate the entire
figure by this vector. Repeat this translation two

or three times.

4. Mark CD as
vector and
translate the
entire figure by
this vector two or
three times.

You've begun to
tessellate with two
squares of different
sizes. Note that you
could continue this
tessellation forever to
fill an infinite plane.
To demonstrate the
Pythagorean theorem
with the tessellation,
think of these squares
as a squared and b
squared. It's possible
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Tessellating Pythagoras (continued)

to also tessellate with ¢ squared, where 4, b, and c are legs of a right
triangle. It’s left to you to find points you can use for a square with

side c—you actually have a number of choices. Find four points you can
use to construct the interior of one square with side c and tessellate with it.

Prove

Write a paragraph explaining how this tessellation proves the
Pythagorean theorem. Here are some questions to help guide your proof.

Q1 Why is it possible to tessellate with two squares of different sizes?

Q@2 How do you know that the squares you constructed with side c are
really squares? (Assume, as obvious, that it's possible to tessellate by
translating a single square.)

Q3 For every a squared and b squared pair in the two-square tessellation,
how many c squareds are there?

Explore More

Experiment with different polygon interior shades,
colors, and arrangements to make your tessellation
look nice. Make an Animation action button that

. .. B
moves point B on your original square
bidirectionally along the side it’s on. R
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A Dynamic Proof Name(s):

Unlike dissection proofs, in which you move pieces to different locations
in your figure without changing them, in this construction you’ll
transform your squares, without changing their areas, to create congruent
shapes. To do this, you'll actually construct parallelograms on the sides of
your right triangle.

Sketch and Investigate

1. Construct a right triangle and
squares on the sides.

2. Hide the far side of the square on
side a and replace it with a line.

In steps 3

ihrough 5, you'll > 3. Construct CF, where F is a point on
construct a the line
parallelogram :
on side a.

4. Construct a line through B, parallel #~ i
to CF.

5. Construct the interior of
parallelogram BCFG and hide
the lines.

_This ransformation > Drag point F to experiment with the parallelogram’s behavior. The key to
is called a shear. A

shear translates | this demonstration is that the parallelogram’s area is always the same as
every pointin a . : o)
figure i a direction | the square whose side it shares. Can you see why?
parallel to a given X .
line by adistance| 6. Construct a parallelogram on side b by the same method you used in

0 propartional 1o the steps 2 through 5 above, starting with segment CH so that H is a point

the line. Shearing a that can be dragged‘
figure preserves
its area.
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A Dynamic Proof (continued)

You should now have parallelograms on sides a and b that can be dragged
back and forth by one vertex without changing their areas.

7. Construct a line through
point C, perpendicular to
side c.

8. Construct BK and /ﬁ(,
where K is a point on
this line.

9. Mark BL as a vector and
translate BK, point K, and

AK by this marked vector.
Note that thi
Concaseehefago'ﬁ 10. Construct the polygon
consists of two interior BLK 'MAK.

parallelograms,
Bricikand AKKM- 111, Drag point K to make sure
polygon BLK’"MAK behaves
correctly: Point K” should
move when you drag K so
that BLK’K and AKK'M

remain parallelograms.

If everything is working properly, you're ready to manipulate your sketch
to give a dynamic proof of the Pythagorean theorem.

In your sketch, you

e 12. Drag point F to shear the parallelogram back and forth. Note that the
y need to drag a . |
different point, parallelogram can fill the square. Note too that the parallelogram’s
depending on how ’ . . ..
you constructed the area doesn’t change. (You can measure to confirm this.) Finish the

parallelogram. shear by dragging F to lie on the line through C and K.

Q1 Explain why the area of the parallelogram doesn’t change.

13. Shear the parallelogram on the other leg of the triangle. Note that it
too fills its square and that its area doesn’t change. Drag until point H
is on the line.

14. Drag point K to shear the parallelograms in the square on c. Note that
these parallelograms can fill the square and that the area of the
polygon (the sum of the areas of the parallelograms) doesn’t change.
Drag until point K coincides with point C.

Q2 The figures on the next page show the sequence you might have
performed. How does this demonstrate the Pythagorean theorem?
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A Dynamic Proof (continued)

The dynamic “proof” you perform by manipulating your sketch to
transform the squares into two congruent figures may seem proof enough
of the Pythagorean theorem. People might consider the details of the proof
superfluous compared to the convincing power of the dynamic
demonstration. Yet if you were showing this proof to someone, you'd
probably want to explain what’s going on and why your sketch proves the
theorem. And to make it a complete, or rigorous, proof, you'd want to
supply the details. Start with a figure like that in stage 4 above. Add labels
and write a complete proof. That is, show that each parallelogram is equal
in area to a square (or part of a square) and show that the two pairs of
parallelograms are congruent.

Prove
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A Dynamic Proof (continued)

Explore More

Write a paragraph about any similarities you see between this proof and
Euclid’s proof.

A Presentation Sketch

This sketch lends itself nicely to being made into a presentation sketch—a
sketch whose actions can be driven by double-clicking action buttons. In
the figure below, point C” is the translated image of point C by vector LB.
Make the action buttons indicated. The Shear button is a Presentation
button that sequences the first three Move buttons. The Return to Squares
button presents the second set of three Move buttons simultaneously.
Once the Presentation buttons are made, hide the separate Move buttons.

Move F -> C'
Move H -> C'

Move H -> K

Move K -> N

Shear Return to Squares
| |
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A Coordinate Proof Name(s):

This unique proof involves putting a right triangle in the coordinate plane
and using a property of slopes of perpendicular lines.

Sketch and Investigate

1. Choose Define
Coordinate System
from the Graph menu
and turn off the grid.
Show the label of the
origin point. Hide the /
unit point (1, 0), takin
care not to move it. | DI !

Q9

2. Construct a point B \
anywhere in the first
quadrant. P

3. Construct a line
through B perpen-
dicular to the x-axis.

4. Construct point C where this line intersects the axis.

5. Hide the line and construct segments to make AABC. Label the
horizontal leg b, the vertical leg a, and the hypotenuse c.

6. Measure g, b, and c. Also measure the coordinates of point B.

Q1 Describe how the coordinates of point B are related to the side lengths
of the triangle.

7. Construct circle AB.

8. Construct points D and E, the two points of intersection of this circle
with the x-axis.

9. Measure ZDBE.

@2 What do you notice about this angle measure? Does it change when
you drag point B? Why or why not?

10. Measure the coordinates of both D and E.

Q3 Describe how these coordinates are related to a side length in the
triangle and why.
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A Coordinate Proof (continued)

11. Construct segments BD and BE.
12. Measure these segments’ slopes.

13. Perform a calculation on one of the slopes that gives a value equal to
the other slope.

Q4 Use the definition of slope to write the slopes of DB and EB in terms of
a,b,and c.

Q5 Use what you know about the slopes of perpendicular lines to write
an equation from these slopes. Simplify the equation to get the
Pythagorean theorem!
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Negative numbers
give clockwise
rotations.

Mark Ratio and
Dilate are both
commands found in
the Transform menu.
Select two segments
and choose Mark
Ratio. Then select
the figure you want
to dilate and choose
Dilate. Make sure
By Marked Ratio
is chosen in the
Dilate dialog box.

The Similar Triangle Proof  Name(s):

The Pythagorean theorem proof most commonly found in geometry books
is based on similar triangles. In this activity, though, you’ll do more than
simply prove the theorem. You'll puzzle out how similar triangles can

be transformed into one another, and in the process you'll discover a
surprising generalization of the Pythagorean theorem.

Sketch and Investigate
1.
2.

Construct a right triangle.

Construct a line through the right
angle vertex C perpendicular to the
hypotenuse.

Construct a segment CD, where D is
the intersection of the perpendicular
line and the hypotenuse. Then hide
the line.

Construct the polygon interior of CBD.

’% 5. Mark point D as center, select the interior of triangle BDC, and rotate
it by —90°.
You should have a copy of ABDC positioned in the right angle corner of

ACDA. This rotated copy may make it easier to see a relationship between
ABDC and ACDA.

— 6. Now you want to expand the rotated triangle to fill triangle CDA. To
do this, select two segments whose ratio defines a scale factor that will
enlarge the small triangle to fill ACDA. Mark this ratio, and mark
point D as a center for dilation. Dilate the rotated triangle by this
marked ratio.

Q1 How are ABDC and ACDA related? Explain.
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The Similar Triangle Proof (continued)

Q@2 Compare these two triangles to the whole triangle, BCA. Complete the
following similarity statements:

A A A

7. Measure sides a and b and areas

BDC and CDA. Calculate a? and b?, c
and compare these calculations to
the areas. a b
Q3 Write an equation relating a2, b?, and
the two area measurements. B D ¢ A

Q4 Consider the following statements:
area ABDC = ka? and area ACDA = kb>.

Explain what these statements mean and why they are true based on
your observations in step 6 and question Q3.

Q5 Can a similar statement be made relating the area of ABCA to side c?
Measure and do calculations to confirm.

The investigation above highlights a very important feature of similar
tigures. By definition, corresponding lengths in similar figures are
proportional. But the ratio of corresponding areas in similar figures is
equal to the square of the ratio of corresponding lengths. So the areas of the
similar triangles in your construction are proportional to the squares of
their corresponding hypotenuses. The hypotenuses of the three triangles
are a, b, and c. The area of the triangle with hypotenuse a can be written
ka2, where k is some constant of proportionality.

Q6 Clearly, area ABDC + area ACDA = area BCA. Write an equation
relating a, b, ¢, and a proportionality constant, k. You've written a
one-line proof of the Pythagorean theorem!

Explore More

The proof commonly found in geometry uses a proportion of
corresponding sides in the similar triangles. Let BD in the figure above
equal x. Write a proportion involving 4, b, ¢, and x and simplify it to get
the Pythagorean theorem.
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Special Cases and Variations

Renaissance artist Leonardo da Vinci proved the Pythagorean theorem and
may have also known of this corollary: “The sum of the Mona Lisas on the
legs of a right triangle is equal to the Mona Lisa on the hypotenuse.”
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The Isosceles
Right Triangle Name(s):

The isosceles right triangle played an important role in another great
achievement of the Pythagoreans: the discovery of irrational numbers. An
irrational number is a number that cannot be written as a simple ratio, p/g,
where p and g are integers. This discovery was something of a blow to
Pythagorean philosophy, which was based on the belief that whole
numbers and ratios of whole numbers described the essence of the
universe.

In this activity, you'll discover what was probably the first-discovered
irrational number—the length of the diagonal of a unit square.

Sketch and Investigate

1. Choose Preferences from the Edit menu. Set
the Distance Unit to inches and the Distance
Precision to hundred-thousandths.

2. Construct a point A.

By default, Polar 3

should be chosen . Use the Translate command from the

the Translate dialog Transform menu to translate it by 1 inch A A'
box. Point A" is the ith ° 1
translated image. with a0 angle.

4. Use these two points to construct a square.
5. Construct a diagonal of the square.

Q1 Explain why the diagonal divides your square into two isosceles
right triangles.

Q2 Use the Pythagorean theorem to show why the length of this diagonal
is v2 inches. Now measure the diagonal in your sketch to get an

approximation of \2 to the nearest hundred-thousandth. If you have
a calculator handy, use the square root key to confirm the precision of
Sketchpad’s measurement. Copy and complete this statement on your

paper.
2 -

6. Use Sketchpad’s calculator to multiply the length of the diagonal by
100,000. This allows you to see more decimal places in V2.

Q3 Rational numbers have the characteristic that their decimal parts (if

they have one) always either end or repeat. At least at the precision

you see, does it appear that the decimal part of \2 ends or repeats?
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The Isosceles Right Triangle (continued)

A geometric consequence of irrational numbers is that they give lengths
that are incommensurable. A simplified definition of incommensurable
lengths is that they are lengths that cannot be measured exactly with the
same ruler. This may have been what troubled the Pythagoreans the most.

To understand what N3
this means, suppose
you started with a
square whose side
measured 1 meter.
You could measure
its diagonal with a
ruler divided into
tenths, hundredths,
thousandths, and so
on, but because the

decimal part of V2
never ends, you'd
never get a mark
that lined up perfectly with the diagonal length.

(oro S;Q?f jr:?rrl:ees) Can you see why that might have bugged the Pythagoreans, who believed

have it that the | numbers described everything? What's perhaps most mind-boggling is

Pythfogl‘j;iaert‘sbyfgg that a number that can’t be measured as a fraction of a whole number

i Jiscovery of unit can be so easily constructed! It’s just the diagonal of a unit square.
irrational numbers

that they banished or In fact, you can construct the mark for V2 on your ruler if you want. You
Te e ARETEIEL T just can’t get to it by dividing the units on your ruler into fractions.

Prove

The Pythagoreans probably proved that \2 was irrational using an
indirect proof like the one outlined below. See if you can follow the
outline and write a proof on your own paper, filling in where the outline
leaves question marks.

Assume \E is rational and can be written as the ratio of two whole
numbers, reduced to its lowest terms:

-t
q

(Any fraction can be reduced to its lowest terms, and the assumption that
p/q is reduced means that p and g have no common divisors.)

Square both sides of the equation, then multiply by g2 to get

2

L)
2
q
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The Isosceles Right Triangle (continued)

How do you know

that if a square
number is even its
square root is also

Multiply by g2 to get

P> =)

even? Think about | S p? is an even number, and thus so is p. Substitute 2r for p. That gives

the prime factor- |7
ization of an even,
square number.

(2r)? = 242, or
@ = 27"
7 =)

So g is also an even number, leading to a contradiction to our assumption
that (?).

Explore More

1.

Hide half the square you made in the first part of this activity so

you have an isosceles right triangle with 1-inch legs. Construct
squares on the sides of this triangle. What do you know about the area
of the square on the hypotenuse? Does this give you an idea of where
the term square root comes from?

The figure you constructed in the first part of this activity isn’t very
dynamic. You can’t change its size or position it any way but
horizontally. Start in a new sketch by constructing any line segment,
making it a leg of a more general isosceles right triangle. Measure the
hypotenuse and a leg and calculate the ratio of these lengths. How are
the lengths of the hypotenuse and a leg of any isosceles right triangle
related? Describe a shortcut for finding the length of the hypotenuse
of an isosceles right triangle if you know the length of a leg.
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The 30°-60°-90° Triangle Name(s):

The 30°-60°-90° triangle, half an equilateral triangle, has properties that
make it easy to find the other side lengths if you know one side length.

This construction

takes advantage of | Oketch and Investigate

the fact that an
equilateral riangle is | ], Construct segment AB.
also equiangular. B'

Can you find other .
methods for | 2. Mark point A as center and rotate the

constructing an 1 o
equilateral triangle? Segment and p01nt B by 60°.

3. Connect points B” and B.

4. Construct point C, the midpoint of A_B,
and construct B C.

Q1 You constructed segment B°C to be a
median, but what else can you say
about that segment? What are the
measures of angles ACB and AB"C?

5. Hide the right half of your triangle and supply the
new segments necessary to make 30°-60°-90°
triangle ACB".

6. Measure lengths and ratios, if necessary, to look
for relationships between AC and AB” and
between AC and B"C.

Q2 Let AC =g and write an expression for AB” in
terms of a. Use the Pythagorean theorem to write
an expression for CB " in terms of a.

>
O

Q3 Use Sketchpad to calculate V3 to the nearest
hundred-thousandth:

Explore More

1. Prove that v/3 is irrational by indirect proof. First, suppose it is
rational and can be written as p/g, where p and g are integers with no

common divisors. Then show that if p/g = 3 , then p and g must have
a common divisor of 3.

2. Construct all three medians in your equilateral triangle. What kinds of
triangles are formed? Call the shortest segment in your figure x, then
express as many lengths as you can in terms of x.
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The Square Root Spiral Name(s):

Irrational numbers like v2 and 3 correspond to points on a ruler, but
you could never find those points precisely by dividing your ruler into
fractional parts. Interestingly, you can construct square roots with
compass and straightedge (or with Sketchpad). In this activity, you'll
construct a square root spiral and a table of approximate square roots.

Sketch and Investigate

The first part of 1

the spiral is a right
triangle with one . .
1-inch leg. Make > 2. Translate point B by 1 inch
sure to choose d 0° ¢ t t int B’
inches for your an O construct poin .
Distance Unit under

Preferences 3. Construct circle BB".
in the Edit menu.

. Construct a segment AB.

4. Construct a line perpendicular

to AB. Drag, if necessary, so
that the line does not appear to
go through point B”". -

5. Construct point C at the
intersection of the circle and
the perpendicular line.

6. Hide the circle, point B”, and
the line.

7. Construct BC and AC.
8. Measure AC.

So far you have a right triangle in which one leg can be any length and the
other is always 1 inch long. Next, you'll iterate this construction to create a
spiral of right triangles with 1-inch legs.
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The Square Root Spiral (continued)

9. Select points A and B and choose
Iterate from the Transform menu.

10. Map point A to itself and point B
to point C, then click Iterate.

11. With the iterated image selected,
use the + and - keys on the
keyboard to increase or decrease
the number of iterations (and thus
the number of triangles and
entries in the table).

12. Drag point A or point B and
observe the effect on the spiral.

This changeable spiral is fun to P

manipulate, but we want to look at a

specific spiral—one in which the first

spiral arm has a length of 1 inch.

13. Construct a point D anywhere D' C

in the sketch and translate it by
1 inch and -90° to make a point D"
directly below it.

14. Merge point A to point D, then merge point B to point D".

Q1 Study the table generated by the iteration. The second entry in the
table (n = 1), corresponds to the second spiral arm—the hypotenuse in
the original construction. What is this length in radical form?

Q@2 What does the third entry in the table (n = 2) represent? Use the
Pythagorean theorem to find this number in radical form.

Q3 Make a table on your paper of square roots and their decimal
approximations for the numbers 1-16.

Q4 Explain why this construction generates square roots of consecutive
whole numbers.
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A Pythagorean Tree Name(s):

With Sketchpad'’s iteration capabilities, you can construct part of the
Pythagorean theorem figure (a square with a right triangle on one side),
and then iterate the construction as many times as you like to create a
fractal-like Pythagorean tree. The tree isn’t likely to provide any new

insight into the theorem, but it’s fun to look at and play with!

Sketch and Investigate

1.

2.

3.

4.

5.

Steps 6 and 7 will 6

add some color :
“special effects” to

your sketch when 7.
you're done.

8.

Construct a square ABCD that’s controlled by
the two bottom points A and B.

Construct the midpoint E of the top side CD and

construct circle EC. C
Select, in order, point C, point D, and the circle.

Choose Construct | Arc on Circle.

Hide the circle and construct point F on the arc. A B

Construct sides CF and DF.
Measure one side of the square.

Select this measurement and the square interior and choose
Display | Color | Parametric. Enter a range from 0 to about what the
current side length is.

Select points A

and B and choose
Transform | Iterate.
Map points A and B
to points A and F. In
the Structure pop-up
menu, choose Add
New Map and map
points A and B to
points F and B. Also in
the Structure pop-
up menu, uncheck
Tabulate Iterated
Values. Click Iterate.

You can add L5 You should now have

branches by

selecting any partof | squares and right triangles growing off the legs of your original right

the iterated image
and pressing + or —

triangle. The colors of the squares are determined by their side lengths.

onyour keyboard. | Drag point F to wave the tree’s branches and watch these colors change.

Q1

What's the relationship between any triangle in the figure and the two
triangles in the next iteration?
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Unsquare Pythagoras Name(s):

In the activity The Similar Triangle Proof, you arrived at the Pythagorean
theorem by way of an even more general statement, stated algebraically as
ka? + kb* = kc?, where k is a constant. Whereas the algebraic terms a2, b2,
and c? can represent the areas of squares with side lengths 4, b, and ¢, the
terms ka?, kb?, and kc? can represent the areas of any three similar figures
whose areas are proportional to 42, b?, and c2. In this activity, you'll use
transformations to construct similar figures on the sides of your right
triangle.

Sketch and Investigate

1. Construct an arbitrary
triangle ABC (not
constrained to be a right
triangle) with longest side c
and shortest side a.

2. Construct an arbitrary
pentagon (or any polygon)
and its interior on side BC.

3. Translate the interior and
point C by vector BC.

4. Mark angle C'CA as an
angle for rotation and mark
point C as center. Rotate
the translated interior.

You now have a pentagon on side b identical to the pentagon on side a.
Now you just need to stretch it to the right size.

5. Select side b and side a and
choose Mark Segment Ratio
from the Transform menu.

6. Select the polygon interior on
side b and choose Dilate from the
Transform menu.

7. Hide the two intermediate
interiors: the translated one and
the smaller interior on side b.

Rather than going through that whole
process again to get a polygon on
side ¢, you can make a tool to do it
quickly.
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Unsquare Pythagoras (continued)

8.

10.

11.

Q1

Q2

Q3

Q4

Q5

Q6

Select, in order, the polygon on side 4, the polygon on side b, point B,
point C, and point A. Choose Create Tool from the Custom Tools
menu. Name the tool, if you wish.

Choose the tool and use it by clicking on, in order, the polygon on
side b, point C, point A, and point B. If your tool works correctly, it
should construct a similar polygon on side c as you drag from point A
to point B.

Now to make the triangle a right triangle, construct the midpoint D of
side ¢ and construct circle DA. Merge point C to the circle.

Measure the areas of the polygons, and calculate the sum of the areas
of the polygons on sides a2 and b.

What do you observe about the sum of the areas? If you can, explain
why this is so. If you're unsure, continue to question Q2.

Calculate the ratio of each area to its corresponding side length 4, b, or
c. You'll notice that these ratios are not equal. Experiment with editing
the calculations until you get equal ratios.

The ratio you found in question Q2 is the proportionality constant k in
the generalized Pythagorean equation ka? + kb? = kc?. Explain what this
equation means in relation to the polygons on the sides of the right
triangle.

The proportionality constant k will be the same for any three similar
shapes on the sides of a right triangle. But a different set of three
shapes would have a different k value. What would the value of k be
for semicircles on the sides of a right triangle?

What would the value of k be for equilateral triangles on the sides of a
right triangle?

What is the value of k for squares on the sides of a right triangle?
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Pappus’ Theorem Name(s):

Pappus was a Greek geometer who lived in the third century C.E.,
contributing original geometry propositions at a time when the golden age
of the Greek mathematicians Pythagoras, Euclid, Archimedes, and
Appolonius was beginning to fade. His theorem describes a relationship
that holds for areas on the sides of any triangle, not just right triangles. The
Pythagorean theorem, in fact, is just a special case of Pappus’ theorem.

Sketch and Investigate
1. Construct any triangle ABC.

2. Construct parallelograms of
any size on two sides.

3. Construct rays to extend the
sides of the parallelograms
and construct their point of
intersection, D, as shown.

4. Construct ray DB and point E

where the ray intersects AC.

To translate by a | 5 .
vector you first need 5. Translate pOIHt E by

to select the vector vector DB.

endpoints and

choose Mark . -
Vector fom the | 0- Construct a line through E’,

Transform menu parallel to AC.

Translate.

7. Construct parallelogram

ACFG, where FG is on the line
through point E”. Also construct the interior.

this figure should

seem familiar.

If you did the activity . .
A Dynamic Proof, 8. Measure the areas of the parallelograms and look for a relationship
among these areas.

Q1 How are the parallelograms related? Drag different points to change
your triangle and the first two parallelograms you constructed. Does
the relationship hold for any triangle? For any parallelograms
constructed on two sides?

Q2 Drag point F (or point G, if point F doesn’t cooperate) so that CF and

AG are parallel to EE’". Each of the parallelograms on sides AB and BC
are equal to part of parallelogram ACFG when it’s aligned this way.
Which parts are equal and why?
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Pappus’ Theorem (continued)

Q3 Manipulate the first two parallelograms so that they approximate
squares. Is the third parallelogram ever a square? Under what
conditions?

Prove

In the Sketch and Investigate
section, you discovered
Pappus’ theorem that the

sum of the areas of two
parallelograms on two sides of
any triangle is equal to the area
of a specially constructed
parallelogram on the third side.
If you were able to answer
question Q2, you discovered
that the third parallelogram
could be manipulated and
then divided into two
parallelograms, each equal in
area to one of the first two
parallelograms. To prove a pair
of parallelograms have equal
area, show that each has area
equal to a third parallelogram.
Points K and L in the diagram
at right should give you a hint.
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The Law of Cosines Name(s):

The Pythagorean theorem gives you a way to find the length of one side
of a right triangle if you know the lengths of the other two sides.
Trigonometry builds on the Pythagorean theorem with theorems that
enable you to find the measures of all the parts of a triangle given
measures of parts that determine the triangle. With the law of cosines,
you can find the measure of an unknown side of any triangle given the
measures of the other two sides and the angle between them (SAS). In this
activity, your construction will demonstrate the law of cosines for obtuse
triangles. To understand how the figure demonstrates it, you'll need to
know a little trigonometry.

Sketch and Investigate

1. Construct a square and label the
bottom side c.

Any reference to Z.C% 2. Construct AABC where C is any
in this activity will . L
refer to ZACB. point inside the square that makes
ZC obtuse. Give segments AC and
BC the labels b and a.

3. Construct a square on side b.

Make sure to use

Parallol Line fom > 4 On side a of the triangle, construct

the Constru[;:t rr)te.nui parallelogram CBEF as shown.
on't jus
evebal" ] 5. On the side of this parallelogram

opposite side a, construct another
square.

6. Construct segments GH and HK to complete a second parallelogram,
as shown. Construct the interiors of the parallelograms and squares.

Q1 Drag point C. What do you notice about the two parallelograms (as
long as ZC is obtuse)? What happens when ZC becomes a right angle?

Q2 The area of your original square is c2. How does that compare to the
sum of the four areas you constructed (the two squares and two
parallelograms)?

Q3 If you know some trigonometry, write an expression for the area of
one of the parallelograms in terms of a, b, and ZC.

Q4 Use this expression and what you discovered about the sum of the
areas of the squares and parallelograms to complete the law of
cosines: c2= (?)
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Problems
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Chapter 4: Problems « 61

about. This problem is from a work by Yang Hui (1261 C.E.) of China.

Even without reading this problem, you can probably guess what it’s
See problem 6 on page 64 for a translation.
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Problems Name(s):

Right triangles can be used to model all kinds of real-world problems.
That’s why the Pythagorean theorem shows up early in the history of so
many cultures” mathematics.

Use the Pythagorean theorem to solve the following problems. Once
you’ve solved them, model selected problems from the first 12 or make
scale drawings with Sketchpad and take measurements to confirm your
answers.

1. A rope from the top of a sailboat mast is
fastened to the deck 4 meters from the base of
the mast. If the rope is 10 meters long, how
tall is the mast?
mast 1om
4m

2. Idrive at 40 mph from my home to
work. I have to drive 8 blocks south,

then 6 blocks west. (The blocks are all

the same length.) My faithful pet

pigeon decides to follow me to work.

He can fly straight there at 30 mph. 8 bl
Who will arrive at the office first, me

or my bird?

office 6 bl

3. A baseball diamond is a square with 90-ft
sides. The pitcher’s mound lies on the
diagonal between home plate and second
base, 60 ft 6 in. from home plate. Is the
mound in the center of the diamond? If
not, how far off is it?
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Problems (continued)

4. How long a board should you cut to make a

o———0
diagonal brace for a door 2 m high and 1 m wide?
2m
o——————=
im
5. This problem is from the Chinese reed top
manuscript Arithmetic in Nine Sections Q pond edge
(1115 C.E.): “There grows in the
middle of a circular pond 10 feet in
diameter a reed which projects 1 foot reed
out of the water. When it is drawn
down it just reaches the edge of the
pond. How deep is the water?”
6. This problem is from a manuscript by Yang break

7. A surveyor is unable to directly measure the
distance across a lake, so instead she stakes out a
right angle at point B and walks to point C, 128 m
away. From there she can measure the distance to
point A, which is 200 m. How long is the lake?

Hui (1261 C.E.): “There is a bamboo 10 feet
high, the upper end of which being broken
reaches the ground 3 feet from the stem. Find
the height of the break.” See page 61 for a
better illustration.
3ft top
C
ﬁ |
A
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Problems (continued)

8. A mile (5280 ft) of railroad track
was laid during cold weather.
When it heated up, it expanded by
2 ft and buckled at the midpoint to
form an isosceles triangle. How far
off the ground is this midpoint? Make
a guess before you calculate the answer.

2640 ft

9. This problem is from a manuscript
by Hindu mathematician Bhaskara
(ca. 1150 C.E.): “A snake’s hole is at
the foot of a pillar which is 15 cubits 15 cubits
high, and a peacock is perched on

peacock

O

its summit. Seeing a snake, at a snake  snake snake
distance (from the pillar’s foot) of hole  becomes  sighted

three times the pillar’s height,

gliding toward his hole, he pounces

obliquely upon him. Say quickly how

many cubits from the snake’s hole do

they meet, both proceeding an equal distance.”

10. A helicopter leaves its landing
pad to travel to a forest fire.
On the way to the fire it must
stop at a river to pick up a fire
tankload of water. The
helicopter pad is 50 miles from
the fire and 10 miles from the
river. The fire is 40 miles from
the river. What's the shortest
distance the helicopter could
fly to the fire, stopping first at
the river?

river

heli pad 10 mi

11. The wall of an A-frame house is in the shape of
an equilateral triangle 20 ft on a side. The wall
needs repainting with one coat of a paint that
covers 60 sq. ft per gallon. How much paint
should the owner buy? Can she buy quarts
instead of gallons?

20 ft
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Problems (continued)

12. A ladder leaning on a wall reaches a
point 10 ft up the wall. When its base
is pulled 2 ft farther from the wall,
the top of the ladder slides down 1 ft.
How long is the ladder?

13. What's the volume of a square pyramid
whose base edges are 100 m and whose
faces are equilateral triangles? (Recall that

for a pyramid, V = %Bh, where B is the area
of the base and & is the height.)

100 m

14. What is the longest pair of ski
poles that will fit in a box
with dimensions 100 cm by
20 cm by 20 cm? (Ignore the
thickness of the poles.)
20 cm
100 cm

20cm
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Activity Notes

A Right Triangle with Squares

Another way to construct a right triangle is to
construct a circle and its diameter and inscribe a
triangle in a semicircle. That construction is used
in the activity The Ann Condit Proof.

Students will need to construct a right triangle in
most activities in this book, so it’s important that
they be able to do it correctly. Students new to
Sketchpad often construct figures that are either
under-constrained or over-constrained. An under-
constrained right triangle would fail to remain a
right triangle when dragged. A right triangle
whose shape you couldn’t change would be over-
constrained. In the activity, dragging either A or B
changes the size of the triangle, and dragging C
changes the shape. Step 2, in which students
construct a perpendicular line, guarantees the
triangle will stay a right triangle.

The Text tool can be tricky for students. You
might need to demonstrate its use. Students
shouldn’t get too hung up on labels, though.
Students’ labels might not correspond to the
labels in the diagrams, but rather than spending
time changing labels, students might be better
off not displaying labels in their sketches at all.
They should still be able to follow directions and
tell which points in their sketch to use.

The Square

Like right triangles, squares appear in virtually
every activity, and students will need to construct
even more of them. For that reason, students are
instructed to make a tool of a square construction.
If you haven’t used custom tools before, this
would be a good place to start. Make sure you
allow students time to become comfortable
creating and using tools.

Check that students’ square constructions are
properly constrained. Students simply looking at
the diagrams may draw, as opposed to construct,
a figure that just looks like a square.

The rotations preserve side length, which,
combined with the 90° angles formed, guarantees
the construction will stay a square.

Encourage students to come up with other ways
for constructing a square. Tools for different
constructions may have as givens points other

than consecutive vertices. (They may involve the
center of the square, for example.) It's important in
the activities that students have a tool that can
construct a square given the endpoints of a side.

A Right Triangle with Squares on the Sides

Whether or not students construct a square that
goes the wrong way in this activity, make sure
they understand the Undo command. Being able
to back up an unlimited number of steps is
extremely useful in complicated sketches. It’s
worth pointing out the keyboard shortcuts: 3+Z
(Mac) or Ctrl+Z (Windows). Redo is 3+R (Mac) or
Ctrl+R (Windows). Suggest students undo one or
two steps too many until they know for sure
where they are, then redo to the point where they
want to continue sketching.

Many activities in the book begin with a right
triangle with squares on the sides. Students will
have a tool for constructing squares, but it may
save even more time if they save a sketch of a right
triangle with squares on the sides.

It's important for students to recognize that
Sketchpad’s measurements do not constitute a
proof. Emphasize that there are reasons for doing
proofs besides verifying the truth of a theorem.
Otherwise, people would have stopped bothering
with the Pythagorean theorem long ago. A proof
should show a chain of reasoning that explains
why a theorem is true. A good proof can lead to
new insights into a theorem, and completing a
proof can give the satisfaction that comes from
accomplishing something challenging.

The Converse

Students aren’t asked to prove the converse of the
Pythagorean theorem, but they should discover
that in every case in which the theorem works, the
triangle is a right triangle. If they construct an
arbitrary triangle with squares on the sides, the
sum of two areas won’t equal the third until an
angle becomes a right angle.

The proof of the converse uses the theorem itself.
Given a triangle ABC in which a2+p2=c2
construct another triangle FED, this one a right
triangle, with sides a, b, and d. By the Pythag-
orean theorem, a2 + b2 = 42, But it was given that
a2 + b2 =2, so d must equal c. By SSS, the triangles
are congruent, so mZC = m£D = 90°.
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Square Areas on a Grid
Sketchpad Proficiency: Beginner
Required Sketch: Squarefinder.gsp

This activity helps students develop an
understanding of the relationships between
squares and square roots. The strategies students
come up with for finding the areas might give
them insight into the algebraic proof developed in
the activity The Tilted Square Proof. Here it’s
offered as an Explore More suggestion for
students who are ready to try a proof.

Sketch and Investigate
Q2 The square with area 5 looks like this:

Q4 The strategy most students are likely to
describe is to find the area of the larger square
and subtract the areas of the triangles
surrounding the smaller square. In the

example above, that would lead to calculation:

32—4%(1)(2)=9—4=5.

Explore More

1. Using the strategy described above, the
equation would be ({1 + b)2 -4 %ab =c?.

Expanding and simplifying leads to the

Pythagorean theorem: a’+b>=c?.

2. Any such squares would be Pythagorean
triples, such as 3-4-5 and 5-12-13.

3. No. The smallest tilted square has area 2, and
the next smallest has area 5.

4. All tilted squares on the grid have whole
number areas because the surrounding
triangles have whole number bases and
heights. So their areas have to be multiples of
halves, which, when multiplied by 4, always
yield whole numbers.

Pythagorean Puzzles
Sketchpad Proficiency: Beginner
Required Sketch: Pythagorean Puzzles.gsp

In this activity, students do a number of dissection
demonstrations of the Pythagorean theorem
working with a pre-made sketch. Each of these
demonstrations is the subject of an activity later in
the book, where students do the construction
themselves and, in most cases, do a complete
proof.

Here students are not asked for proofs except in
the Explore More suggestions. You can use this
activity as a preview to one or more of the later
activities or you could use the Pythagorean
Puzzles sketch along with those activities to save
sketching time and effort. The sketch pages
correspond to the activities as follows:

Page 1: A Dissection

Page 2: The Tilted Square Proof
Page 3: Behold!

Page 4: Wrong-Way Squares
Explore More

These proofs are detailed in the activities The
Tilted Square Proof and Behold! Note that the
Tilted Square Proof is the subject of this Explore
More and an Explore More from the activity
Square Areas on a Grid. The assumption is that
different students will be ready to try the proof at
different times, but if you're planning to do all
three activities, take care not to assign the proof
three times!
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The Translator Tool A Dissection
Example Sketch: Translator.gsp Sketchpad Proficiency: Intermediate

This activity has little to do itself with the Example Sketch: Dissection.gsp
Pythagorean theorem. It gives step-by-step
instructions for creating a tool that constructs
translated images with three clicks of the mouse. Sketch and Investigate
The tool is required for a number of activities in
the book. You can simply provide the tool for
those activities if you wish. But if you want
students to make the tool themselves, have them
do this activity and save the tool.

Required Custom Tool: Translator

Students should arrange the pieces as shown
below.

This is one of the few activities in which students
aren’t asked to prove the theorem. You might
discuss whether this dissection by itself constitutes
a proof. Students are likely to find it perfectly
convincing, but it’s worth asking rhetorically,
“How do you know the pieces are going to fit
together that way?” In this dissection, that’s a
pretty difficult question, which is why students
aren’t expected to do the proof. In other
dissections it’s easier to show that corresponding
pieces are congruent.
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Wrong-Way Squares
Sketchpad Proficiency: Intermediate
Example Sketch: Wrongway.gsp
Required Custom Tool: Translator
Sketch and Investigate

The square on side b is a “right-way” square.
Remind students that if they don’t get squares
going the way they want on the first try, they
should undo until the square is gone, then use the
tool again choosing the endpoints in the opposite
order.

It may come as a surprise that a vertex of the
wrong-way square on side ¢ happened to land
right on a side of the square on b. Why that should
be so will be explained implicitly in the proof.

Q1 The figure reduces to four pieces in the case
when b becomes equal to a. The polygons
cease to exist when b is less than a, but
specifying that b must be equal to or greater
than a doesn’t cost us any generality; we can
still make our right triangle any size or shape.

Q2 The figure below shows how the five pieces fit
into the square on side c. This demonstrates
(but does not prove) that the area of the
square on c¢ is equal to the sum of the areas of
the squares on a and b. Stated algebraically:
a2+ b2 =2,

Prove

Proving or explaining why a dissection actually
works typically means proving that corresponding
pieces in the dissection are congruent to one
another. In the figure shown next, AADF moved to
ABHL, ABK] moved to AHLG, and AGED moved to
AJIA. These are all right triangles by construction.

Segments HB, BA, AD, and DH are congruent
because they're sides of a square.

m<£HBL =90° - m£ZCBA = m/BAC =
90° - m£CAD = m£DAF. So by HA,
AHLB = ABAC = ADAF.

That means HL = BC = DF. ZGHL and ZJBK both
measure 90° - mZCBA, so AGHL = A]JBK by LA.

ED=EF-DFandIA=CA-CIL DF=CI,

so EH = FA. ZEGD = ZLGH (vertical angles) =
ZKJB (CPCTC) = ZIJA (vertical angles).

So AGED = AJIA by HA.
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The Tilted Square Proof
Sketchpad Proficiency: Intermediate
Example Sketch: Tilted Square.gsp
Required Custom Tool: Translator

Note: Have students save this sketch if they plan
to do the appendix Making a Presentation Sketch.
They will start with this sketch in that activity.

Sketch and Investigate

Q1 The four triangles stay congruent. By
construction, the inner quadrilateral is a
square. So AC = CE.
m£ACB =180° - (mn£ECD + 90°) = m£CED. So
AACB = ACED by HA.

Q2 The inside square can be made to fill the
original square by moving the point on the
bottom to either end of the segment. The
smallest the inside square gets is when the
point on the bottom is at the midpoint. In this
case, the inside square has half the area.

Q3 The area of the square inside the figure is c2.
The area of the whole square is (a + b)2. When
students recognize this, they may be ready to
jump to an algebraic proof.

Q4 The empty region inside, which started
out as a single square with area c?, is now
composed of two squares with areas a2
and b2.

Prove

The inside figure is a square with area c2. The area
of the whole figure is (a + b)2. Each triangle has
area (1/2)ab. The sum of the four areas is 2ab. So
another expression for the area of the whole figure
is c2 + 2ab. Setting the expressions equal and
simplifying, we get

(a+b)? = 2+ 2ab
a2 +2ab+b* = 2+ 2ab
a2 +b? = 2

Behold!

Sketchpad Proficiency: Intermediate
Example Sketch: Behold.gsp
Required Custom Tool: Translator
Sketch and Investigate

Q1 When point E is dragged, the triangles and
square change shape, but remain right
triangles and a square. As one of the triangle
side lengths is reduced to 0, the interior square
fills the outer square. The interior square
disappears as the triangles approach isosceles.
These special cases might help students see
that the side length of the interior square is the
difference of the leg lengths of the right
triang]les.

Prove
Q2 The hypotenuses of the right triangles are the

sides of the original square. If we call that
length ¢, the area of the square is c?.

Q3 The outline figure shown in the activity is for
illustrative purposes only. Students are not
expected to construct the adjacent squares.
They’re shown only to give students some
idea of how the pieces are arranged. The
tricky part is getting over the resistance to
crossing the dashed line.

If students have already done the activity The
Tilted Square Proof, suggest they try the proof
without the hints given by the questions.

The area of the whole square is ¢2. Each triangle
has area (1/2)ab, so the sum of their areas is 2ab.
Each side length of the interior square is b - a (and
each angle is a right angle, so it really is a square).
So its area is (b - a)?.

Setting the expressions equal and simplifying,
we get

2ab+ (b-a)? = 2
2ab + b2 - 2ab +a? = (2
a2 +b? = 2
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E. A. Coolidge’s Proof

Sketchpad Proficiency: Advanced. The
construction has many steps and is likely to
be difficult for novice Sketchpad users. It has
the payoff that the resulting figure is dynamic.
You can manipulate the triangle and see both
arrangements of the pieces change at the
same time.

Example Sketch: Coolidge.gsp
Required Custom Tool: Translator

This proof is essentially the same as Bhaskara’s
proof in the activity Behold! But the construction
puts it in a slightly different perspective than the
dissection does. It's worth pointing out to students
that not only are there a great variety of different
ways of proving any given theorem, it’s possible,
even common, for people to arrive independently
at the same proof. What's more incredible is that,
while Bhaskara felt the picture told the whole
story (his only text accompanying the figure was
the word “Behold!”), E. A. Coolidge was blind.
You and your students might have an interesting
discussion about how our minds can comprehend
geometry without dependence on vision—that it’s
possible to visualize without being able to see.

Students may also be motivated knowing that
both E. A. Coolidge and Ann Condit, the
discoverer of the proof in the next activity, were of
high school age when they came up with their
proofs.

Sketch and Investigate

The five corresponding congruent pieces stay
congruent when the triangle is manipulated. The
pieces disappear, however, if side b is made
shorter than side a. We lose no generality,
however, by specifying that b must be greater than
or equal to a. At the point where a = b, square
A’MLK and its translated image disappear, and
we have four pairs of congruent, isosceles right
triangles. Changing the triangle and observing this
special case should help students see that the side
length of these squares is the difference between b
and a.

Decide how detailed you want students to be in
this proof. Suggest students go back through the
construction steps to create a list of “givens” to
start the proof with. The construction guarantees
that the four right triangles in the square on side c
are congruent to AABC. So their leg lengths are a
and b, and the side length of square A’MLK is

b - a. These pieces fit on the two squares on side b
because CD"=b+a,D’'C ' =a, BH=b-a, and
AH=b=(b-a)+a.
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Ann Condit’s Proof

Sketchpad Proficiency: Intermediate
Example Sketch: Condit.gsp

Sketch and Investigate

In this construction, students construct a right
triangle using a different method than in the
activity The Theorem. Here they inscribe a triangle
in a semicircle.

The three segments from point D to the midpoints
on the squares divide the squares in half.

K N J

The sum of the areas of triangles DCF and DCG is
equal to the area of ADBK. Each triangle’s area is
1/4 the area of the square it shares a side with.

Prove

Q2 Sides DC and DB are both radii of the circle, so
they’re equal in length. Triangles DCF and
DCG share side DC, and segment DB is a side
of ADBK.

Q3 AFCG=ABCA by LL. So LGFC = £ABC.
Angles CAD and ACD are base angles in an
isosceles triangle (and thus congruent) and
angles DCA and PCF are vertical angles (and
thus congruent), so ZPCF = ZCAD. Hence,
mZCAB + mZCBA = mZPFC + mZPCF = 90°,
and mZFPC must equal 90°, making PF and
PG altitudes of triangles PCF and PCG,
respectively. The fact that AFCG = ABCA, of
course, guarantees FG = BA = BK.

Q4 Area DCG = (1/2)(CD)(PF). Area DCF =
(1/2)(CD)(PG). So area DCG + area DCF =
(1/2)(CD)(PF + PG). But CD = BD and
PF + PG = BK, so area DGC + area DCF =
(1/2)(BD)(BK) = area DBK.

Q5 The area of ADCF is (1/2)(CF)(FL), which is
half the area of the rectangle whose area is half
the area of square CFEB. So the area of ADCF
is 1/4 the area of the square. Likewise
triangles GCF and DBK have areas 1/4 the
areas of their respective squares.

Q6 (1/4) area CFEB + (1/4) area ACGH =
(1/4) area ABJK. Therefore, the sum of the
areas of the squares on the two legs of the
right triangle is equal to the area of the square
on the hypotenuse.
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Leonardo da Vinci’s Proof

Sketchpad Proficiency: Intermediate. The
construction itself isn’t difficult, but careful
selection is required to make the action buttons
work properly.

Example Sketch: Leonardo.gsp
Sketch and Investigate

Look at the example sketch in advance of
assigning this activity so that you can see how the
sketch is supposed to work and be prepared to
troubleshoot student sketches.

The initial figure shows two identical right
triangles with sides 4, b, and ¢, and two squares
with side lengths a and b. None of the transform-
ations performed change the area of the figure. In
the final figure, we have two triangles identical to
the two triangles in the initial figure, and between
them we have a square with side length c.
Therefore, the sum of the areas of the two squares
in the initial figure (a2 + b%) must equal the area of
the square in the final figure (c2).

Presidential Pythagoras
Sketchpad Proficiency: Beginner
Example Sketch: Presidential.gsp
Sketch and Investigate

Q1 ACDA’ is a trapezoid because line DA” was
constructed parallel to side CA.

Q2 Triangles BDA” and ABC are congruent.
Triangle ABA” is an isosceles right
triangle—half the square on side c.

Prove

(Z)%ab+%c2 :a—;b(a+b)

2ab+c? =a® + 2ab+ b?
c?=a’ +1?
Explore More

Rotating Garfield’s trapezoid 180° about the
midpoint of the hypotenuse of the isosceles right
triangle with side c yields the figure in the activity
The Tilted Square Proof. The algebra is exactly the
same, but you don’t start out with the factor of 1/2
in the first equation.

Here’s a chance to discuss how proofs can seem
unrelated but actually be equivalent. After you've
seen enough Pythagorean theorem proofs, you
start to see basic principles that seem common to
all of them. The triangle angle sum, for example,
seems essential in virtually any proof, even
though it’s so obvious that references to it are
usually skipped over.
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Perigal’s Proof

Sketchpad Proficiency: Beginner
Example Sketch: Perigal.gsp
Required Tool: Translator
Sketch and Investigate

Q1 Triangles FBC and C’AE are congruent right
triangles with leg lengths a and b, regardless
of how point G is dragged.

Q2 We started with two squares whose combined
area was a2 + b2, We divided that area into two
identical triangles and a third region. Those
three regions could be rearranged into a
square with area 2, thus demonstrating the
Pythagorean theorem.

c"
E
D
G F
|
|
a
|
|
C CI A B

Q3 By construction, CC” = a = GF and angles ECC”
and DGF are right angles.

Q4 Length DG is DA - AG, or b - a. Length C”G is
b,soDG=b-(b-a)=ua.

Q5 All the sides of EC'FC™” are equal (their length
is ¢) and m£C""is 90° because it’s the sum of

the measures of the acute angles in a right
triangle. So EC’FC" must be a square.

Euclid’s Proof

Sketchpad Proficiency: Intermediate. The
construction is simple, but the overlapping
triangles and their relationship to the squares can
get confusing. The investigation is intended to
make these relationships clearer.

Example Sketch: Euclid.gsp

Because the Pythagorean theorem is the last
proposition of Book 1 of Euclid’s Elements, he must
have considered it of great significance, if not the
whole purpose for developing the propositions
that precede it.

Sketch and Investigate

G H F

Q1 When point K coincides with point C, the
triangle comprises half the square.

Q2 The area of AEAK doesn’t change because its
base, AE, and its height, AC, remain constant.

Q@3 When K coincides with B and AEAK is rotated
90°, the interior lands in ACAF. Triangles EAB
and CAF are congruent.

Q4 The area of ACAF is half the area of
rectangle JAFH.

Prove

EA =AC,AG=AF, and ZEAB= ZFAC, so

AEAB = ACAF by SAS. The area of AEAB is
(1/2)(EA)(AC), or half the area of square ACDE.
The area of ACAF is (1/2)(AF)(AB), or half the area
of rectangle AJHF. So the area of square ACDE is
equal to the area of rectangle AJHF. By a similar
argument, the area of the square on side CB is
equal to the area of rectangle BGHJ. The two
rectangles comprise the square on the hypotenuse.
Thus, the sum of the areas of the squares on the
legs of right triangle ABC is equal to the area of the
square on the hypotenuse.
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A Four-Piece Dissection
Sketchpad Proficiency: Beginner
Required Sketch: 4-Piece Pythagoras.gsp
Investigate

Be forewarned that this is a trick activity.

The sketch appears to be a perfectly good, simple
and elegant four-piece dissection demonstration of
the Pythagorean theorem. The steps explaining the
construction even seem justifiable on first glance.
And when students drag point C or point A, the
dissection holds up. But these points change only
the size of the triangle. They don’t change its
shape. Dragging point B changes the shape of the
triangle and ruins the dissection.

This dissection works only for triangles whose
side lengths are in the ratio 3 to 4 to 5. Students
may not discover this exactly, but may notice that
the side lengths are in arithmetic progression; that
is, there’s a common difference between pairs of
sides. Why this must be true can be explained as
follows:

The width of region 1 is (1/2)b. In order for the
square on side a to fit next to it, the length of side ¢
must be a + (1/2)b. This works only for 3-4-5
triangles or triangles proportional to 3-4-5
triang]les.

Tessellating Pythagoras
Sketchpad Proficiency: Beginner
Example Sketch: Tessellating.gsp
Sketch and Investigate

Vertices of the ¢ squared can be located at corres-
ponding vertices of a squareds or b squareds or at
the centers of these squares. Note that different
choices for the vertices of c squared will yield
figures related to those found in other activities,
such as Wrong-Way Squares and A Dissection.

Prove

This is another one of those proofs that’s so nice
visually, you wonder if it's worth trying to put
it into words. The figure does leave some
unanswered questions, though, that can lead to
deeper insights. Here’s one possible explanation:

H

L

A F C

Q1 A straight angle and two right angles are
arranged at each vertex of the tessellation.
Arranged at point B, for example, are straight
angle DBF and right angles DBE and FBE.
These angles sum to 360°, so there is no
overlap or gap at any vertex. The length DB is
b - a. So when a square with side length b is
translated there by vector AB, we're left with
a length HD extending above. That length is
HB - DB =b - (b - a) = a, so a square with side
length a will fit at vertex D by translating by
vector CD. This can be continued forever.

Q2 The sides of quadrilateral FGLK (shown on the
next page) are hypotenuses of right triangles,
all of which have leg lengths of a and b and are
therefore congruent by LL. So the four sides of
FGLK are congruent.

m£GFK = m£GFD + m«ZBFK = 90°, so FGLK is
a square.
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A F C

Q3 Each a squared and b squared pair in the
first tessellation corresponds to one ¢ squared
in the second tessellation. Any number of
a squared and b squared pairs will cover the
same area as the same number of ¢ squareds,
soa? +b% = 2.

The subtle difficulty with this proof is that the
two-square tessellation never fills exactly the
same finite region as the one-square tessellation,
even though they cover the same area. Students
will especially have difficulty if they construct,
for example, six pairs of a and b squareds but
only four c squareds. They need to think of the
tessellation extended to infinity to realize that
the differing edges of the two tessellations don’t
matter.

A Dynamic Proof

Sketchpad Proficiency: Advanced
Example Sketch: Dynamic.gsp
Sketch and Investigate

Consider not giving students the third page of
the activity at first to see if they can discover for
themselves how to demonstrate the Pythagorean
theorem with this figure.

Q1 The area of the parallelogram doesn’t change
because neither its base nor its height changes.

Prove

Parallelogram BCFG has base a and height 4, so its
area is a2. Parallelogram ACF] has base and height
b, so its area is b?. Parallelograms BCK L and
ACK’M have bases and heights (and thus areas)
equal to the bases and heights of rectangles BDIL
and ADIM, respectively. So the sum of the
parallelograms’ areas is the sum of the areas of the
rectangles. The rectangles comprise the square on
¢, so the sum of the areas of BCK'L and ACK'M

is c2.

AAJN is congruent to AABC, so A] = c = AM. The
four angles of parallelogram ACF]J are congruent
to the angles of parallelogram ACK'M, and

they share side AC, so the parallelograms are
congruent. Likewise FC and CK" in parallelograms
GFCB and BCK'L equal ¢, the parallelograms share
side BC, and their corresponding angles are
congruent, so GFCB and BCK'L * are congruent.

Hence, area GFCB + area ACF] = area BCK'L +
area ACK'M, and a? + b = ¢2.
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A Coordinate Proof
Sketchpad Proficiency: Beginner
Example Sketch: Coordinate Proof.gsp

This very simple proof should be accessible to
students who know two basic theorems: a triangle
inscribed in a semicircle is a right triangle, and the
slopes of perpendicular lines are negative
reciprocals of one another. The latter theorem is
sometimes proven using the Pythagorean
theorem, which would make this proof of the
Pythagorean theorem circular. But the
perpendicular lines theorem need not depend

on the Pythagorean theorem.

Sketch and Investigate
Q1 The coordinates of point B are (g, b).
Q2 m«DBE = 90°

Q3 The coordinates of point D are (-c, 0) and the
coordinates of point E are (c, 0) because c is the
radius of the circle through points D, B, and E.

b-0 b
Q4 Slope of DB = =—
a--c a+c
b-0 b
Slopeof EB= ——=——
a-c a-c
b a-c
Q5 —=-———
a+c b

b? = —(a+c)(a—c) = —(a2 —c2) =c?—4°

a’ +b? =c?

The Similar Triangle Proof
Sketchpad Proficiency: Advanced
Example Sketch: Similar Triangles.gsp

This version of the similar triangle proof is
different from the one most commonly seen
(which is addressed in the Explore More
suggestion). Instead of using a proportion of
corresponding sides, here we use the fact that
areas of similar figures are proportional to the
squares of corresponding lengths. That powerful
concept makes the Pythagorean theorem almost
obvious, once you realize that any right triangle
can be divided into two similar right triangles.
And it leads to a powerful generalization—the
sum of the areas of any similar figures on the legs
of a right triangle equals the area of a similar
figure on the hypotenuse. For more about this
generalization, see the activity Unsquare
Pythagoras.

If students are unfamiliar with the concept of area
being proportional to the square of a length, then
you should lay some groundwork on that concept
before doing this activity. Or have them do the
activity through question Q2 and skip straight to
the Explore More suggestion to do the more
traditional proof.

Sketch and Investigate

Q1-Q2 The construction steps are meant to guide
students to discover in questions Q1 and Q2
that ABDC ~ ACDA ~ ABCA. What they should
observe from the construction is that ACDA is
a scaled up version of ABDC. They may need
additional guidance to explain why the
triangles are similar by AA.

Q3 Many answers are possible, but answers
should involve a proportion like

area BDC area CDA
= or

a? b2
area BDC _ ﬁ
area CDA 2

Q4-Q6 Because the figures are similar, the ratios
of their areas to the squares of corresponding
side lengths is a constant, k. So the areas can
be expressed in terms of this constant and the
corresponding side lengths:

area BDC = ka2, area CDA = kb2, and
area BCA = kc2.

Since area BDC + area CDA = area BCA,
ka2 + kb2 = kc2.
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This is a more general statement of the
Pythagorean theorem that applies to any
similar figures on the sides of a right triangle.
Divide by k to get the specific case of squares
on the sides: a2 + b2 = 2,

Explore More

This proof is the standard one found in many
geometry books. It’s short and simple, but it’s also
short on visual power. Students can do this proof

now or come back to it later after the similarity
relationships have been explored further.

C

B X D CcC—X

ABDC~ACDA ~ ABCA by AA. In triangles BDC
and CDA:

QR
= Ol

2

A5

c
In triangles CDA and BCA:

b c

c—x b
b? =c? —cx

Adding equations, we get

a2+ =cx+c%—cx

a?+b*=c?

The Isosceles Right Triangle
Sketchpad Proficiency: Beginner
Example Sketch: Isosceles Right.gsp
Sketch and Investigate

Q1 The four sides of the square are equal and the
angles are right angles, so the diagonal divides
the square into two right triangles, each with a
pair of equal sides.

Q2 By the Pythagorean theorem:
(lin)2+(1in)2=c% 2 =2in2c= \/Ein.
Sketchpad will give an approximation

rounded to the nearest hundred thousandth:
1.41421.

Note that this diagonal length can be found
without using the Pythagorean theorem.

Two of these triangles put together at the
hypotenuses make a square with area 1 square
inch. Putting four of these triangles together at
their right angle vertices makes a square with
twice the area, or 2 square inches. So ¢ must be

\/E . That’s where the term “square root”
comes from.

Q3 Multiplying the length by 10,000 gives
14142.13562 inches, or an approximation of
1.414213562 for the square root of 2. A 10-digit
calculator should give this value.

There is no repeating pattern in the decimal

part of \/E that a calculator will display. Of
course, rational numbers can go out more
places than that without repeating, so this is

no proof that \/E is irrational.
Prove

This is a good example of how you can prove an
interesting result using an indirect proof:

Assume \/E is rational and can be written as the
ratio of two whole numbers, reduced to its lowest
terms:

(The assumption that p/gq is reduced means that p
and g have no common divisors.)

Square both sides of the equation, then multiply
by 42 to get

p2=2¢2
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So p? is an even number, and thus so is p.
Substitute 2r for p. That gives:

4r2 = 242
P = 2r

So g is also even, meaning p and g have a common
divisor of 2. This contradicts our assumption.

Therefore, \/E cannot be written as a ratio reduced
to its lowest terms. Hence, it is irrational.

The 30°-60°-90° Triangle
Sketchpad Proficiency: Beginner
Example Sketch: 30-60-90.gsp
Sketch and Investigate

The construction in this activity is probably the
simplest for students. Another possible
construction that uses only the freehand tools is
shown below. This is Proposition 1 from Book 1 of
Euclid’s Elements.

Q1 In an equilateral triangle, a median is also
an angle bisector, an altitude, and a
perpendicular bisector. The measures of
angles ACB” and AB’C are 90° and 30°,
respectively.

Q2 The length of ACis (1/2)(AB") because Cis a
midpoint of segment AB, and AB = AB". So if
AC =g, then AB” = 2a. If students calculate
B’C/AC, they’ll get 1.732, which they might
recognize as an approximation for the square
root of 3.
Using the Pythagorean theorem to find B"C:
a2+ B'C? = (2a)?
a2+ B'C? = 442
B'C? = 3a2

B'C = axg

Q3 Students should measure B'C and AC and
calculate the ratio of these lengths to get 1.732.

Explore More

1. This proof is almost identical to the one in the
Isosceles Right Triangle activity. The same
reasoning applies to the square root of any
integer.

Assume \/g is rational and can be written as
the ratio of two whole numbers p/ g, reduced
to its lowest terms. Go through steps like those
in the Isosceles Right Triangle activity to show
that p and g have a common divisor of 3, a
contradiction of the original assumption.
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2. The medians divide an equilateral triangle The Square Root Spiral
into six small, identical 30°-60°-90° triangles
and six larger, identical 30°-60°-90° triangles.
The larger ones overlap, and each is half the Example Sketch: Square Root Spiral.gsp
equilateral triangle.

Sketchpad Proficiency: Advanced

Sketch and Investigate
G a1 2
Q2 1%+ (\/5)2 =1+2=3, so the length is \/5
@3 +1=1.00
M V2 =141
V3=173
G Va4 =200

V5~224

In the figure, LM = HM = KM = x.
V6 = 2.45

F H

FH=HG=GK=KG =GL=LF=x43.

G'M=FM=GM = 2x. V7 = 265

G'H=FK=GL = 3x. V8 = 2.83

FG=GG = GF=2x43. V9 = 3.00
V10 = 3.16
V11 = 332
V12 = 3.46
V13 = 3.61
V14 = 3.74
V15 = 3.87
V16 = 4.00

Q4 Student explanations will vary. Every spiral
arm is the hypotenuse of a right triangle with
the legs being the previous spiral arm and a
segment with length 1. If the nth spiral arm

has length \/; , where 7 is a whole number,
then by the Pythagoran theorem the next

2
spiral arm has length (\/;) +1% =vn+1,

which is the square root of the next whole
number.
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A Pythagorean Tree

Sketchpad Proficiency: Advanced
Example Sketch: Pythagorean Tree.gsp
Sketch and Investigate

This dazzling construction doesn’t take many
steps, particularly if you start with a tool to
construct a square. But there are a number of
places where things could go wrong for the
inexperienced Sketchpad user. Don’t be afraid to
try it, though! You may just need to try a few
times. Here are some things to look out for.

*  You can only iterate on free points, so to make
the tree grow up from the bottom, the points
at the bottom must be free. If the tool you use
constructs a square going downward when
you drag (so that the top points are the free
ones), simply drag those points to turn the
square around.

*  Theright angle vertex of the triangle must
be a point on an arc, not on the circle. This is
the only way to ensure that the points on
subsequent triangles appear in the same
relative position (to give you similar
triangles).

*  The default in the Structure pop-up menu
in the Iterate dialog box should be “Move
points on object to same relative position.”
You can experiment with changing that to
“new random positions” in the Properties
dialog box.

Q1 Each triangle is similar to the one that came
before it. In fact, it’s congruent to one of
the triangles you’'d get by dropping a
perpendicular to the hypotenuse through the
right angle vertex of the previous triangle.

Unsquare Pythagoras
Sketchpad Proficiency: Advanced
Example Sketch: Unsquare.gsp
Sketch and Investigate

If students haven’t done The Similar Triangle
Proof activity, you can demonstrate the concepts
using the presentation sketch Similar Tri
Action.gsp. To understand why the unsquare
Pythagoras works, students need to understand
the similar triangle proof, including the idea of
areas of similar figures being proportional to the
squares of corresponding side lengths.

Q1-Q3 As discovered in The Similar Triangle
Proof activity, the ratios of the areas of similar
figures to the squares of their corresponding
side lengths will be constant. For instance, for
three areas—areal, area2, and area3—with
corresponding side lengths 4, b, and ¢,
areal/a? = area2/b? = area3/ c2. Call that
constant k. So areal = ka2, area2 = kb2, and
area3 = kc2. In the case of the two smaller
similar triangles that comprise the whole
triangle, ka2 + kb2 = kc2. But different values for
k don’t change the truth of this equation, so
ka2, kb2, and kc? can represent areas of any
three similar figures that correspond with the
sides a, b, and c of a right triangle. The sum of
the two smaller areas is always equal to the
third area.

L2

area Zm* _T 039

(2r)2 4r? 8

Q4 For a semicircle, k =

Q5 For an equilateral triangle,

b? % and

area = %bh, and h = bTB. So area =
V3

4B g

v 4

b2
k=

Q6 For a square, k =1.
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Pappus’ Theorem

Sketchpad Proficiency: Intermediate
Example Sketch: Pappus.gsp
Sketch and Investigate

Q1 The sum of the areas of the first two
parallelograms is equal to the area of the third
parallelogram for any triangle.

Q2 If students seem lost here, suggest they
construct and measure interiors of AEE'G and
CEEF. They should discover that the
parallelogram on side AB has the same area as
AEE G when it’s a parallelogram. If students
don’t see why, a hint comes later in the Prove
section.

Q3 If the parallelograms on the first two sides are
manipulated until they approximate squares,
the third parallelogram will not be a square
unless the triangle is a right triangle (with
the right angle between the first two
parallelograms). When the triangle is a right
triangle, you have a special case of Pappus’
theorem, namely, the Pythagorean theorem.

Prove

In the figure above, parallelograms AIJB and
ABDK share a base (AB) and a height, so they have
the same area. DB = EE’, so parallelograms ABDK
and AEE ‘G have equal bases and heights, and thus
equal areas. So area AIJB must equal area AEEG.
By a similar argument, area BCNM = area BCLD =
area CEEF. Area AEE'G + area CEE F = area
ACFG. Therefore, area AIJB + area BCNM = area
ACFG. Even if parallelogram ACFG is moved so
that side AG is not parallel to line EE’, its area will
remain unchanged; its height won’t change, as EE”
is fixed to equal DB.

The Law of Cosines

Sketchpad Proficiency: Intermediate. It's not a
hard construction, but a lot of detail is left out of
the steps.

Example Sketch: Law of Cosines.gsp

This activity might be of some interest to students
who don’t know trigonometry, but they won’t be
able to reach its conclusion and derive the law of
cosines. The figure is based on Euclid’s proof and
is a nice geometric demonstration of the law of
cosines, particularly of its relationship to the
Pythagorean theorem.

Sketch and Investigate

Q1 The two parallelograms are congruent. When
ZC becomes a right angle, the parallelograms
shrink to nothing, leaving only a2 and b2. This
special case demonstrates the Pythagorean
theorem.

Q2 If students sum the areas of the four polygons,
they’ll find this sum doesn’t change as long as
ZCis obtuse. The two triangular regions that
fall outside the square are congruent to the
two empty regions inside the square, so the
sum of the four areas is equal to the area of the
square.

c B

Q3 Here’s the hard part. Even trigonometry
students will find this tricky. To find the area
of the parallelogram, they’ll need to use
trigonometry. The measure of the acute angle
HCB in the parallelogram shown is 180° - C
(where C is the measure of ZC). So the height,
HC, of the parallelogram is a cos (180° - C),
making the area ab cos (180° - C).

Q4 Since the area of the square is equal to the sum
of the areas of the smaller squares and
the two parallelograms, 2 =a? + b2 + 2ab cos
(180° - C). Using the identity cos (180° - C) =
-cos C, we get c2=qa?+ b2 - 2ab cos C.
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Problems

The first thing you probably noticed about these
problems is that diagrams are provided for all of
them. You probably don’t want to give students all
of these diagrams. Puzzling out how to translate a
problem into a diagram is an important problem-
solving skill that students need to practice. For this
reason, the diagrams are laid out on the page in
such a way that you can make a copy of the page
and easily cut out or cover diagrams you want
students to come up with themselves. Do be sure
to supply a diagram if you assign problem 10. The
wording doesn’t fully describe the situation.

It's probably not practical to ask students to make
Sketchpad sketches for every problem (and it
doesn’t make sense to ask them to make scale
drawings for the last two three-dimensional
problems). But it’s possible to make interesting
models or scale drawings of the problems with
Sketchpad. Example sketches are found on the CD
in the sketch Chapter 4.gsp.

Below find notes, the solution setup, and an
answer for each problem, along with suggestions
for ways to model selected problems with
Sketchpad.

1. Leth = the height of
mast.

42 + h? =102

h=917
mast 10m

The mast is about
9.17 m high.

4m

2. Letb=the
distance the
bird flies. home

b? =62 + 82
b=10 8 bl

So the bird flies
10 blocks
compared to my
14 blocks driving.
Because the ratio
of our speeds is 40/30 = 4/3, in the time it
takes the bird to fly 10 blocks, I can drive
(4/3)(10) = 13 1/3 blocks. So the bird will just
beat me to the office.

office 6 bl

The distance
from the plate
to second base

is 902 ft =
127.3 ft. At

60.5 ft from
home plate, the
mound is about
66.8 ft from
second base, or about (1/2)(66.8 - 60.5) =
3.15 ft toward home plate from the center of
the diamond.

Let d = the diagonal

length.
12402= 42
d=+5~224 2m
The diagonal should be
about 2.24 m long.
1m

Let d = the depth
of the water. So

the length of the reedotop pond edge
reedisd + 1. O—
d? +52 = (d +1)?
reed
d2+25=d2+24+1
d=12
The pond is 12 feet
deep.

One way to model the problem: Use Translate
to construct a horizontal segment 10 cm long to
represent the pond. Construct the midpoint
and translate it up (90°) by 1 cm to construct a
point representing the reed top. Construct a ray
from the reed top through the midpoint.
Construct a circle centered on the ray and
connected to the point at the reed top. Drag the
center until the circle intersects the pond edges.
This point represents the bottom of the pond.
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Let i = the height of

break. So 10 - h = the break
length of the broken

upper end.

K2 +32 = (10 - )2

=41
20

1 3t top
The break is 4 — ft
20

above the ground.

A model: Construct a horizontal segment

3 in. long and a perpendicular through one
endpoint. Construct a point “break” on the
perpendicular to complete a right triangle.
Measure the distance from the bottom of the
bamboo to the break and from the break to the
top of the bamboo. Add these distances and
drag “break” until the sum is 10 in.

Let w = the width
of the lake. C

w2 + 1282 = 2002

w = V23616 =154 m

The lake is about 154 m
wide.

Let i = the height of
midpoint.

26402 + h? = 26412

h=5281=~727

2640 ft
The midpoint would be almost 73 feet off
the ground! Students are likely to guess that
a 2-foot expansion over a mile length of track
would be insignificant, but the difference
between 2641 squared and 2640 squared is
significant indeed. Obviously, expansion
would be a big problem if track were laid in
mile-long pieces. For this reason, track is laid
with small periodic gaps to allow for ex-
pansion. That’s what causes the characteristic
clacking sound you hear on a train.

Believe it or not, it’s possible, and kind of
interesting, to model this problem with
Sketchpad. Unfortunately, it’s not possible to
illustrate what to do with a picture, so you'll
just have to read carefully. Choose pixels for
the Distance Unit in Preferences. Construct a

10.

point, then translate it at an angle of 0° by
2640 pixels. Now translate the original point
again, this time by 2641 pixels. Scroll over to
find the two points. They're practically
coincident, but that 1 pixel is enough to enable
you to actually distinguish between them. If
you click repeatedly on the points, you should
be able to tell which is selected. Construct a
segment between any two points and
construct a perpendicular through the 2640
point. Scroll back to your original, select it,
scroll to the 2641 point, select it, and choose
Circle By Center + Point from the Construct
menu. Select the circle and line, and construct
the points of intersection. They’ll appear a
surprising distance above and below the 2640
point, very close to the 72.67 pixels you'd
expect from the solution.

Let x = the distance from “snake hole” to
“snake becomes snack.”

peacock
15 cubits
O
snake shake snake
hole becomes sighted

snack

152 + x2 = (45 - x)2
x=20

The snake and the peacock meet 20 cubits
from the snake’s hole.

Students will be unable to solve this problem
unless they know something about reflections
(or calculus). If the idea is new to students, set
it up for them with the diagram below. Point
H is the reflection of the heli pad across the
river. It is also 10 miles from the river, and the
straight-line distance from H" to the fire is also
the shortest distance from the heli pad to the
fire via the river.
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11.

12.

Fire to heli pad = 50, fire to G = 40, so fire to
E =30. By the Pythagorean theorem, E to
heli pad =40 = FH". Fire to F = 50.

(fire to H")? = 402 + 502
4100 ~ 64

The shortest distance to the fire via the river is
about 64 miles.

fireto H =

This is another good problem to model with
Sketchpad. Rather than making a scale
drawing, students can construct arbitrary
points for the heli pad and fire, reflect the heli
pad across a line segment representing the
river, and construct a line from the reflected
heli pad to the fire to find the point at the river
to which the helicopter should fly. Then
students can drag the heli pad (or the fire) to
different locations to see how that affects
where to stop at the river.

Let i1 = the height of
house and A = area of
wall.

h=1043 ~17.32

- %(20)(17.32) =173

She’ll need 3 gallons of
paint.

Two different triangles represent the two
locations for the ladder, so not surprisingly,
the problem involves solving two equations
for two unknowns. In one triangle, the ladder
reaches 10 ft up the wall. After it slips, it
reaches 9 ft up the wall.

Let | = length of ladder, and let x = original
distance of base from wall.

102+ x2 = 12, and 9% + (x + 2)2 = I2. So,
102 +y2 =92+ (y + 2)2

_ 15
4
2
102 + [E] =12
4
[=10.68

The ladder is about 10.68 ft long.

Because there are two unknowns, rather than
making a static scale drawing, this is a good
problem to model in such a way that the
solution can be found dynamically. There are
many ways you could do it. Here’s one way:

13.

14.

Start with
horizontal and
vertical
segments to
represent the
wall and the
floor. Let your
scale be 1 cm =
2 ft. Translate
point A by an
angle of 90°,

5 cm (representing 10 ft). Translate point A" by
an angle of -90°, 0.5 cm (the 1-ft slip down).
Make D any point on the floor (AD was one of
the unknowns in the problem). Translate it by
0° 1 cm (representing the 2-ft slide over).
Segments A’D and A”D” represent the ladder
before and after the slip, but unless you were
incredibly lucky when you located point D,
these lengths won’t be equal. Measure the
lengths. The object now is to drag D to find its
location—the place where the two ladder
lengths become equal. The two lengths should
both be about 5.34 cm (representing the
10.68-ft ladder).

Let s = the slant height
of one face of the
pyramid and & = the
height of the pyramid.

s=50\/g
502 + 12 = (503 )2

h = ~5000~70.71

Volume ~ %(100)2 (70.71) = 235700

100 m

The volume of the pyramid is about
235700 m3.

Note: Students can solve the problem more
directly if they notice that the distance from

the center to a corner is 50 \/E .

Let d = diagonal
of box bottom
and let

I = length of
poles.

202 + 1002 = d2
d = 10400

2
V10400 +20%2 =2
I'=+10800 =~103.9
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Appendix: Making a Presentation Sketch

Presentation sketches are sketches that demonstrate ideas visually
through various animations, usually set up with action buttons. By
creating and sequencing action buttons that hide, show, move, and
animate objects in your sketch, you can create a sketch that explains itself
without you even being there.

Several presentation sketches can be found on the CD that came with

this book. And if you did the activity Leonardo da Vinci’s Proof or the last
part of the activity A Dynamic Proof, you've already made a presentation
sketch.

In this section, you'll learn more tips for creating presentation sketches
using Animation, Hide/Show, and Movement action buttons.
Presentation sketches can get tricky —sometimes they require a lot of trial
and error and perseverance to get them to work. You'll learn techniques
for creating a presentation sketch with increasing stages of complexity.
You'll start with the figure from the activity The Tilted Square Proof. If
you did that activity, open the sketch you made. If you didn’t do that
activity, do it now before you go on.

Animation

_hnimate s 2;?613 Animation buttons are the simplest way to

menu, but ifyou | turn a sketch into a presentation sketch. In
want to be able to S :

anmato agan and | the activity The Tilted Square Proof, you

again, you should made the sketch shown at right. Point B in
Action Buttonl | the figure is a point that can be dragged back
Animation. | and forth along the bottom of the square. To

animate point B, select it and choose
Animation from the Action Button submenu
of the Edit menu. You'll see a dialog box that
gives you menus with different animation
options. The default (bidirectional) is fine, so
click the Animate button in this dialog box to
create the Animate Point action button. Press

the button to animate the point.

You now have what might qualify, in the loosest terms, as a presentation
sketch. Somebody who didn’t know anything about the sketch could open
it sometime, press the button, and see what the sketch was supposed

to do.

You can continue sketching in order to make a more compelling
demonstration. Choose File | Document Options and in this dialog box
use the Add Page pop-up menu to duplicate this page.
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Like Animation,
Hide/Show is a
command in the
Action Button
submenu of the
Edit menu.

Appendix: Making a Presentation Sketch (continued)

To better present how this figure illustrates the Pythagorean theorem,
keep sketching to create the figure below. The details for how to do this
are left to you.

Animate Point

Hide/Show Presentations

Presentation sketches using Hide/Show buttons represent the next level
of complexity. Duplicate page 1 of your sketch again so you have the
figure shown on the previous page. This figure shows a single unshaded
square in the middle with area c2.

Choose three of the four

polygon interiors and make a i T J Animate Point |
Hide/Show action button. A
Choose the Text tool (the
hand) and double-click the

Hide button. The Text tool b

won’t actually do the action;

instead it will allow you to c” a B b

change the label of the button.
Name it Hide Originals. Choose the Selection arrow and press Hide
Originals, which you'll see toggles to Show Originals.

For your demonstration, you

want to show the figure in its F
other state—the state that |
shows the unshaded squares A

- |0
with areas 4% and b2 Translate ‘ 9
points A and F by vector CB to Fide New
make points A" and F” and b 7 MHdeNew
translate point D by vector CA

to make point D”. Construct C a B D
polygon interiors and a
segment as shown in the
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Appendix: Making a Presentation Sketch (continued)

figure. Now select these three new polygon interiors and the segment you
just constructed and make a Hide/Show action button. Relabel this button
Hide New.

Toselect (butnot | Puplicate page 3 to make
activate) an action
button, clickonthe | page 4. To make the sketch
tab at the left of
B e buton, | €ven more self-explanatory,
you can sequence the buttons
you’ve created with a
Presentation button with a
descriptive name. To make the
cN2 = a2 + b2 button, select
the Hide New and Show Original buttons and choose Presentation from the
Action Button submenu. Edit the label.

Animate Point
cN2 = a2 + b2

Experiment with pressing the button to make sure your sketch behaves
the way you expect it to.

Movement Presentations

Presentation sketches involving movement buttons can require a lot of
objects and a lot of buttons sequenced in complex ways. What makes them
more rewarding than hide/show presentations is that they’re dynamic. It
can be fascinating to watch objects in a sketch move as if by an unseen
hand.

Duplicate page 3 again to

make page 5. Press the Hide Il Fide Originals |
New and Show Originals ] Show Originals |
buttons so that your figure is

in the original “c-squared” [ Fide New |
state. Change the properties

of the button that now says [l Show New |

Hide Originals so that it

always hides objects. Select the three polygons and make another
Hide/Show button. Change this button’s properties to always show
objects, and change its label to Show Originals. Likewise make another
Hide/Show button for the objects controlled by the Show New button.
Change one button to always show objects and the other to always hide
them, and label the two buttons accordingly.

If you remember the activity The Tilted Square Proof, you'll recall that
you used the Translator tool to create triangles that were free to be
dragged to new positions. In this presentation, you'll create buttons that
perform these movements.

First, you'll need free polygons to move. Use the Translator tool to make
the triangles at points G, H, and I from the triangles at points F, E, and D,
respectively. Select these free triangles and their vertices, and make a
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Appendix: Making a Presentation Sketch (continued)

Hide/Show action button. Label it Hide Movers, and change its properties
to always hide objects. Make another button that will always show these
objects and label it Show Movers.

Hide Originals
Show Originals

Move G -> F'

oD
C a B

D°§§JT&ZS‘VS%2{ The first Movement button you'll create puts these free triangles in their
butons yet! | - starting places. To make a Movement action button, you need to select
points to move and points to move them to. Selection order is important.
In the labeled diagram above, select points in order, G-F-H-E-I-D, and
choose Movement from the Action Button submenu. Choose Instant in

the dialog box. Label this button Move to Start.

Press the Hide Originals button and the Show New button. Now make
three separate Movement buttons that will move the free triangles (the
“movers”) to the new positions, but this time choose Slow in the
Movement Speed dialog box.

The Animate button | Stj]] hanging in there? You're almost done!
should work with the

iriangles in either the | Hide all points except C, B, and D. Next you
c-squared position :
orthe aequared | Want to streamline some of these buttons.

plus b-squared | Select Hide New, Hide Movers, Move to Start,

posttion- 1 and Show Originals, and sequence these

buttons with a Presentation button. Label the b
new button Reset. Press it, then select Show D
Mowvers, Hide Originals, the three other move ¢ a B O
buttons, Show New, and Hide Movers, and
sequence these buttons. Label the Presentation
button Slide ‘em. Hide all the buttons except
Animate Point, Slide 'em, and Reset. Press the
Reset button. Your final sketch should look like
the figure shown at right. Play all your buttons to make sure the sketch
works correctly.
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