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Ten Concurrent Euler Lines
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Abstract. Let F1 andF2 denote the Fermat-Toricelli points of a given triangle
ABC. We prove that the Euler lines of the10 triangles with vertices chosen
from A, B, C, F1, F2 (three at a time) are concurrent at the centroid of triangle
ABC.

Given a (positively oriented) triangleABC, construct externally on its sides
three equilateral trianglesBCTa, CATb, andABTc with centersNa, Nb andNc

respectively (see Figure 1). As is well known, triangleNaNbNc is equilateral. We
call this the first Napoleon triangle ofABC.
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Figure 1.

The same construction performed internally gives equilateral trianglesBCT ′

a,
CAT ′

b
andABT ′

c with centersN ′

a, N ′

b
, andN ′

c respectively, leading to the second
Napoleon triangleN ′

aN
′

b
N ′

c. The centers of both Napoleon triangles coincide with
the centroidM of triangleABC.
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The linesATa, BTb andCTc make equal pairwise angles, and meet together
with the circumcircles of trianglesBCTa, CATb, andABTc at the first Fermat-
Toricelli point F1. Denoting by∠XY Z the oriented angle∠(Y X, Y Z), we have
∠AF1B = ∠BF1C = ∠CF1A = 120◦. Analogously, the second Fermat-
Toricelli point satisfies∠AF2B = ∠BF2C = ∠CF2A = 60◦.

Clearly, the sides of the Napoleon triangles are the perpendicular bisectors of
the segments joining their respective Fermat-Toricelli points with the vertices of
triangleABC (as these segments are the common chords of the circumcircles of
the the equilateral trianglesABTc, BCTa, etc).

We prove the following interesting theorem.

Theorem The Euler lines of the ten triangles with vertices from the set {A, B, C,

F1, F2} are concurrent at the centroid M of triangle ABC.

Proof. We divide the ten triangles in three types:
(I): TriangleABC by itself, for which the claim is trivial.
(II): The six triangles each with two vertices from the set{A,B,C} and the re-
maining vertex one of the pointsF1, F2.
(III) The three triangles each with verticesF1, F2, and one from{A,B,C}.

For type (II), it is enough to consider triangleABF1. LetMc be its centroid and
MC be the midpoint of the segmentAB. Notice also thatNc is the circumcenter
of triangleABF1 (see Figure 2).
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Now, the pointsC,F1 andTc are collinear, and the pointsM , Mc andNc divide
the segmentsMCC,MCF1 andMCTc in the same ratio1 : 2. Therefore, they are
collinear, and the Euler line of triangleABF containsM .
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For type (III), it is enough to consider triangleCF1F2. Let Mc andOc be its
centroid and circumcenter. Let alsoMC and MF be the midpoints ofAB and
F1F2. Notice thatOc is the intersection ofNaNb and N ′

aN
′

b
as perpendicular

bisectors ofF1C andF2C. Let alsoP be the intersection ofNbNc andN ′

cN
′

a, and
F ′ be the reflection ofF1 in MC (see Figure 3).
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Figure 3.

The rotation of centerM and angle120◦ maps the linesNaNb andN ′

aN
′

b
into

NbNc andN ′

cN
′

a respectively. Therefore, it mapsOc to P , and∠OcMP = 120◦.
Since∠OcN

′

aP = 120◦, the four pointsOc, M , N ′

a, P are concyclic. The circle
containing them also containsNb since∠PNbOc = 60◦. Therefore,∠OcMNb =
∠OcN

′

aNb.
The same rotation maps angleOcN

′

aNb onto anglePN ′

cNc, yielding∠OcN
′

aNb =
∠PN ′

cNc. SincePN ′

c ⊥ BF2 andNcN
′

c ⊥ BA, ∠PN ′

cNc = ∠F2BA.
Since∠BF ′A = ∠AF1B = 120◦ = 180◦−∠AF2B, the quadrilateralAF2BF ′

is also cyclic and∠F2BA = ∠F2F
′A. Thus,∠F2F

′A = ∠OcMNb.
Now, AF ′‖F1B ⊥ NaNc andNbM ⊥ NaNc yield AF ′‖NbM . This, together

with ∠F2F
′A = ∠OcMNb, yieldsF ′F2‖MOc.

Notice now that the pointsMc andM divide the segmentsCMF andCMC in
ratio 1 : 2, thereforeMcM‖MCMF . The same argument, applied to the segments
F1F2 andF1F

′ with ratio 1 : 1, yieldsMCMF ‖F
′F2.

In conclusion, we obtainMcM‖F ′F2‖MOc. The collinearity of the points
Mc,M andOc follows. �
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