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Intersecting Circles 
Investigation

5IF SFBEFS JT ëSTU JOWJUFE UP FYQMPSF B EZOBNJD
HFPNFUSZ TLFUDI PG UIF JOWFTUJHBUJPO BU�
IUUQ���EZOBNJDNBUIFNBUJDTMFBSOJOH�DPN�

JOUFSTFDUJOH�DJSDMFT�IUNM XIFSF UIF TUBHF JT TFU GPS
DPOKFDUVSJOH BOE QSPWJOH JOUFSFTUJOH QSPQFSUJFT PG
JOUFSTFDUJOH DJSDMFT�

'PS UIPTF SFBEFST XIP XPVME MJLF UP DSFBUF UIFJS PXO TLFUDIFT
JO (FP(FCSB UIF GPMMPXJOH JOTUSVDUJPOT NBZ CF IFMQGVM�

$POTUSVDUJPO 4UFQT GPS (FP(FCSB

4UFQ �� $POTUSVDU B VOJU DJSDMF XJUI JUT DFOUSF BU UIF
PSJHJO BOE XJUI B SBEJVT PG ��

4UFQ �� $POTUSVDU BOPUIFS DJSDMF XJUI JUT DFOUSF 0# PO
UIF Y�BYJT BOE XJUI SBEJVT � VOJU�

4UFQ �� $POTUSVDU 	BOE OBNF
 QPJOUT # BOE #� XIFSF
UIF DJSDMF XJUI DFOUSF 0# JOUFSTFDUT UIF Y�BYJT
BOE NFBTVSF UIF Y�DPPSEJOBUFT PG UIFTF QPJOUT�

4UFQ �� $POTUSVDU B QFSQFOEJDVMBS UP UIF Y�BYJT BU 0#
BOE UIFO MBCFM JUT JOUFSTFDUJPO XJUI UIF DJSDMF JO
UIF �TU RVBESBOU BT )�

4UFQ �� .FBTVSF UIF Z�DPPSEJOBUF PG UIF QPJOU )�
4UFQ �� 5SBDF UIF QBUI PG QPJOU ) XIFO 0# JT ESBHHFE�

'JHVSF � TIPXT GPVS JOUFSTFDUJOH DJSDMFT UIBU TIBSF B DPNNPO
WFSUJDBM DIPSE UIBU JT UIF EJBNFUFS PG B VOJU DJSDMF XIPTF
DFOUFS JT BU UIF PSJHJO� ɨFJS JOUFSTFDUJPOT PO UIF OFHBUJWF
Y�BYJT BSF TFQBSBUFE CZ FRVBM JOUFSWBMT PG �

�
� ɨF GPVS BSDT UP

UIF MFGU PG � NBZ SFNJOE ZPV PG MPOHJUVEF MJOFT PO B
UXP�EJNFOTJPOBM SFOEFSJOH PG B HMPCF XIJDI XBT UIF
JOTQJSBUJPO GPS UIJT JOWFTUJHBUJPO� ɨFTF GFX FYBNQMFT TBUJTGZ
UIF DPOKFDUVSF UIBU UIF Y�DPPSEJOBUFT PG UIF FOEQPJOUT PG UIF
EJBNFUFST MZJOH PO UIF Y�BYJT PG FBDI DJSDMF BSF OFHBUJWF
SFDJQSPDBMT PG FBDI PUIFS� " QSPPG GPS UIF HFOFSBM TJUVBUJPO
GPMMPXT�

�
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and intersecting the other circle at (0, 1).
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'JHVSF �� 'PVS JOUFSTFDUJOH DJSDMFT XJUI Y�DPPSEJOBUFT PO UIF Y�BYJT OPUFE

(FOFSBM 4JUVBUJPO
'JHVSF � TIPXT VOJU DJSDMF " XJUI DFOUFS BU 	��
� $JSDMF # XJUI DFOUFS %	Y�
 JT ESBXO UP QBTT UISPVHI
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 XJUI Q B OPO�[FSP SFBM OVNCFS� 1SPWF UIBU UIF
Y�DPPSEJOBUFT PG UIF FOEQPJOUT PG UIF EJBNFUFS PO UIF Y�BYJT PG DJSDMF # BSF OFHBUJWF SFDJQSPDBMT PG FBDI
PUIFS�
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$POOFDUJPO XJUI *OWFSTJWF (FPNFUSZ
" DMPTFMZ SFMBUFE HFPNFUSJD JEFB UP ëOEJOH UIF SFDJQSPDBM PG B OVNCFS JT UIBU PG iJOWFSUJOHw B QPJOU� *O UIF
QMBOF UIF JOWFSTF PG B QPJOU 1 	MZJOH JOTJEF PO PS PVUTJEF B SFGFSFODF DJSDMF XJUI DFOUFS 0 BOE SBEJVT S
 JT
EFëOFE BT B QPJOU 1′ MZJOH PO UIF SBZ GSPN 0 UISPVHI 1 TVDI UIBU 01 · 01′ = S� 	TFF 'JHVSF �
�

'JHVSF �� %FëOJUJPO PG *OWFSTJPO JO (FPNFUSZ

/PX XJUI SFGFSFODF UP 'JHVSF � JG XF SFìFDU QPJOU # JO UIF Z�BYJT BOE MBCFM UIF JNBHF #′′ UIFO JU GPMMPXT
GSPN UIF BMSFBEZ QSPWFO SFTVMU BU UIF CFHJOOJOH UIBU 0#′ · 0#′′ = � = S� XIFSF S = � JT UIF SBEJVT PG UIF
VOJU DJSDMF� )FODF CZ EFëOJUJPO #′′ JT TJNQMZ UIF JOWFSTJPO PG #′ JO UIF VOJU DJSDMF BOE WJDF WFSTB�

ɨF JOUFSFTUFE SFBEFS DBO SFBE NPSF BCPVU *OWFSTJWF (FPNFUSZ BU�
IUUQT���FO�XJLJQFEJB�PSH�XJLJ�*OWFSTJWF@HFPNFUSZ

Radius ⊙OD = 4.10 cm
OP = 1.87 cm
OP' = 8.97 cm
OP⋅OP' = 16.82 cm2

(Radius ⊙OD)2 = 16.82 cm2
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)JHI 1PJOUT
$POTJEFS 'JHVSF � XIJDI JT B TDSFFO DBQUVSF PG UIF EZOBNJD TLFUDI BU UIF 63- HJWFO BU UIF TUBSU� *G UIF
DFOUFS PG UIF DJSDMF 0# JT 	Y�
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QSPWJOH UIF 1ZUIBHPSFBO UIFPSFN TJODF UIF BSHVNFOU IPMET GPS BMM QPTJUJWF SFBM WBMVFT PG B C BOE D�
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1ZUIBHPSFBO USJQMF�

'JHVSF �� 4UVNCMJOH VQPO B QSPPG PG 1ZUIBHPSBT UIFPSFN

*G XF DPOTJEFS POMZ QPTJUJWF JOUFHFS WBMVFT PG O BOE N UIFO GPS FBDI PG PVS DJSDMFT XF DBO VTF UIF LOPXO
WBMVFT PG O BOE N UP EFUFSNJOF UIF DPPSEJOBUFT PG UIF IJHIFTU QPJOU PO UIF DJSDMF XIJDI JO UVSO DBO UFMM VT
B DPSSFTQPOEJOH 1ZUIBHPSFBO USJQMF�
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'JHVSF � TIPXT UIF DJSDMFT GSPN 'JHVSF � BOE UIF DPPSEJOBUFT PG UIFJS IJHIFTU QPJOUT�

0VS JOWFTUJHBUJPO PG MJOFT PG MPOHJUVEF IBT UBLFO VT GSPN OFHBUJWF SFDJQSPDBMT UP JOWFSTJWF HFPNFUSZ UP B
IZQFSCPMB XIPTF CSBODIFT DPOUBJO UIF IJHIFTU BOE MPXFTU QPJOUT PG B TFSJFT PG DJSDMFT UP B QSPPG PG UIF
1ZUIBHPSFBO UIFPSFN BOE ëOBMMZ B DPOOFDUJPO UP 1ZUIBHPSFBO USJQMFT�
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'JHVSF �� (SBQI PG Z =
√
Y� + � XJUI � DJSDMFT

ɨF QFEBHPHJD CFOFëUT PG TVDI BO FYQMPSBUJPO BSF NBOJGPME� ɨF ESBHHJOH GBDJMJUZ PG EZOBNJD HFPNFUSZ
TPGUXBSF JT WBMVBCMF CFDBVTF JU RVJDLMZ HFOFSBUFT OVNFSPVT FYBNQMFT UIBU DPNQMZ XJUI UIF DPOTUSBJOUT PG B
QBSUJDVMBS DPOTUSVDUJPO� /PU POMZ DBO ESBHHJOH QSPEVDF OVNFSJDBM EBUB CVU JU BMTP QSPWJEFT WJTVBM TUJNVMJ
GPS DPOKFDUVSJOH�

8IJMF EZOBNJD HFPNFUSZ QSPWJEFT WBMVBCMF FYQFSJNFOUBM DPOëSNBUJPO B EFEVDUJWF QSPPG JT OFFEFE UP
FYQMBJO BOE VOEFSTUBOE XIZ POF�T PCTFSWBUJPOT BSF USVF XIJDI SFGFST UP UIF FYQMBOBUPSZ GVODUJPO PG QSPPG
	%F 7JMMJFST ����
� .PSF�PWFS TJODF UIF TPGUXBSF DBOOPU DIFDL BMM QPTTJCMF DBTFT POF VMUJNBUFMZ OFFET B
EFEVDUJWF QSPPG UP WFSJGZ UIBU UIF DPOKFDUVSF JT HFOFSBMMZ USVF�

*O UIJT DBTF BGUFS PCTFSWJOH UIF SFTVMU BCPVU UIF QSPEVDU PG UIF Y�DPPSEJOBUFT BT XFMM BT UIF QBUI USBDFE PVU
CZ ) XF OFFEFE B QSPPG UP HFOFSBMMZ WFSJGZ BT XFMM BT UP FYQMBJO PVS PCTFSWBUJPOT� 'VSUIFS SFìFDUJPO PO
UIF QSPPG PG UIF SFTVMUT MFE VT UP 1ZUIBHPSFBO USJQMFT BOE B QSPPG PG UIF UIFPSFN PG 1ZUIBHPSBT XIJDI BMTP
OJDFMZ JMMVTUSBUFT UIF EJTDPWFSZ GVODUJPO PG QSPPG 	%F 7JMMJFST ����
�
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Breaking down numbers to your advantage for problem solving is called 
number flexibility, which is a prerequisite for doing good math. Let’s look 

at this with an example. In how many ways can you compute 18 × 5?
a. Repeated addition: 18 + 18 + 18 + 18 + 18 =90

b. Doubling to shorten the above: 18 × 2 × 2 + 18 → 36 → 72 → 90 
(Double 18 twice and then add 18)

c.  Using distributive property: 
i. (20 – 2) × 5 = 100 – 10 = 90
ii. (12 + 6) × 5 = 60 + 30 = 90
iii. (9 + 9) × 5 = 45 + 45 = 90

d. The last method is just halving and doubling: 
(18 ÷ 2) × 5 × 2 = 45 × 2 = 90

e. Or it can be doubling and halving: 18 × (5 × 2) ÷ 2 = 180 ÷ 2 = 90

Why are d. and e. equivalent? 
Halving is the same as multiplication by ½ and multiplication is both commutative and 
associative.

Let’s look at some more examples of doubling and halving. Which number is doubled 
and which is halved? How does this make the calculation simpler? 

a. 12 × 50 = (12 ÷ 2) × (50 × 2) = 6 × 100 
b. 16 × 25 = 8 × 50 = 4 × 100

When do we use the distributive property: 24 × 11 = 24 × (10 + 1) = 240 + 24
Now, in how many ways can you compute 12 × 15? Which do you find the 

easiest?

Contributed by Vikas Sharma


