The Role and Function of Proof with Sketchpad

That students have difficulty perceiving a real need for
proof is well known to all high school teachers and is
identified without exception in all educational research as
a major problem in the teaching of proof. Who has not yet
experienced frustration when confronted by students
asking “Why do we have to prove this?” The following
conclusion by Gonobolin (1954, 61) exemplifies the
problem:

... the pupils . .. do not . . . recognize the necessity of
the logical proof of geometric theorems, especially
when these proofs are of a visually obvious character
or can easily be established empirically.

According to Afanasjewa in Freudenthal (1958, 29) students’
problems with proof should not simply be attributed to
their slow cognitive development (for example, an inability
to reason logically), but also to the fact that they may not see
the function (meaning, purpose, and usefulness) of proof. In
fact, several recent studies in opposition to Piaget have
shown that very young children are quite capable of logical
reasoning in situations that are real and meaningful to them
(Wason and Johnson-Laird 1972; Wallington 1974; Hewson
1977; Donaldson 1979). Furthermore, attempts

by researchers to teach logic to students have frequently
provided no statistically significant differences in students’
performance and appreciation of proof (Deer 1969;

Walter 1972; Mueller 1975). More than anything else, it
seems the fundamental issue at hand is that the appropriate
motivation for learning the various functions of proof is not
perceived by students.

The question is, however, “What functions does proof have
within mathematics itself that can potentially be utilized in
the mathematics classroom to make proof a more
meaningful activity?” The purpose of this section is to
describe some important functions of proof, and briefly
discuss some implications for the teaching of proof.

THE FUNCTIONS OF PROOF IN MATHEMATICS

Traditionally the function of proof has been seen almost
exclusively as being to verify the correctness of
mathematical statements. The idea is that proof is used
mainly to remove either personal doubt or the doubt of

skeptics, an idea that has one-sidedly dominated teaching
practice and most discussions and research on the teaching
of proof. For instance, according to Kline and Alibert:

A proof is only meaningful when it answers the
student’s doubts, when it proves what is not
obvious. (Kline 1973, 151; emphasis added)

The necessity, the functionality, of proof can only
surface in situations in which the students meet
uncertainty about the truth of mathematical
propositions. (Alibert 1988, 31; emphasis added)

Hanna and Volmink also appear to define proof only in
terms of its verification function:

A proof is an argument needed to validate a
statement, an argument that may assume several
different forms as long as it is convincing.
(Hanna 1989, 20; emphasis added)

Why do we bother to prove theorems? I make the

claim here that the answer is: so that we may convince
people (including ourselves) . . . we may regard a proof
as an argument sufficient to convince a reasonable
skeptic. (Volmink 1990, 8, 10; emphasis added)

Although many authors (for example, van Dormolen 1977,
van Hiele 1973, and Freudenthal 1973, and others) have
argued that one’s need for deductive rigor may undergo
change and become more sophisticated with time, their
viewpoint remains that the function of proof is mainly that
of verification. For example:

... to progress in rigor; the first step is to doubt the
rigor one believes in at this moment. Without this
doubt there is no letting other people prescribe oneself
new criteria of rigor. (Freudenthal 1973, 151;
emphasis added)

Many authors have also proposed specific stages in

the development of rigor, for example, Tall (1989, 30)
proposes three stages in putting forth a convincing
argument, namely the convincing of oneself, the
convincing of a friend, and the convincing of an enemy.
Although these are extremely useful distinctions, the
proposal considers only the verification function of proof.

Note: This section is a revised version of an earlier article by the author titled “The role and function of proof in mathematics,” Pythagoras 24 (Nov 1990):

17-24. Tt is reproduced here with permission of the Association for Mathematics Education of South Africa.
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However, as pointed out by Bell (1976, 24) this view of
verification/conviction as the the main function of proof
“avoids consideration of the real nature of proof,” since
conviction in mathematics is often obtained “by quite
other means than that of following a logical proof.”
Therefore the actual practice of modern mathematical
research calls for a more complete analysis of the various
functions and roles of proof. Although I lay claim to
neither completeness nor uniqueness, I have found the
following model for the functions of proof useful in my
research over the past few years. It is a slight expansion of
Bell’s (1976) original distinction between the functions of
verification, illumination, and systematization. The model
is presented here (in no specific order of importance) and
discussed further on:

« verification (concerned with the truth of a statement)

+ explanation (providing insight into why it is true)

discovery (the discovery or invention of new results)

systematization (the organization of various results
into a deductive system of axioms, major concepts,
and theorems)

» communication (the transmission of mathematical
knowledge)

intellectual challenge (the self-realization/fulfillment
derived from constructing a proof)

PROOF AS A MEANS OF VERIFICATION/CONVICTION

With very few exceptions, mathematics teachers seem

to believe that only proof provides certainty for the
mathematician and that it is therefore the only authority
for establishing the validity of a conjecture. However, proof
is not necessarily a prerequisite for conviction—to the
contrary, conviction is probably far more frequently a
prerequisite for the finding of a proof. (For what other
weird and obscure reasons would we then sometimes
spend months or years trying to prove certain conjectures,
if we weren’t already convinced of their truth?)

The well-known George Polya (1954, 83—84) writes:

... having verified the theorem in several
particular cases, we gathered strong inductive
evidence for it. The inductive phase overcame our
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initial suspicion and gave us a strong confidence in
the theorem. Without such confidence we would
have scarcely found the courage to undertake the
proof which did not look at all a routine job. When
you have satisfied yourself that the theorem is true,
you start proving it. (emphasis added)

In situations like the above where conviction prior to proof
provides the motivation for a proof, the function of the
proof clearly must be something other than verification/
conviction.

In real mathematical research, personal conviction usually
depends on a combination of intuition, quasi-empirical
verification, and the existence of a logical (but not
necessarily rigorous) proof. In fact, a very high level of
conviction may sometimes be reached even in the absence of
a proof. For instance, in their discussion of the “heuristic
evidence” in support of the still unproved twin prime pair
theorem and the famous Riemann Hypothesis, Davis and
Hersh (1983, 369) conclude that this evidence is “so strong
that it carries conviction even without rigorous proof.”

That conviction for mathematicians is not reached by
proof alone is also strikingly borne out by the remark

of a previous editor of Mathematical Reviews that
approximately one half of the proofs published in it

were incomplete and/or contained errors, although the
theorems they were purported to prove were essentially
true (Hanna 1983, 71). Research mathematicians, for
instance, seldom scrutinize the published proofs of results
in detail, but are led, rather, by the established authority
of the author, the testing of special cases, and an informal
evaluation whether “the methods and result fit in, seem
reasonable. . .” (Davis and Hersh 1986, 67). Also according
to Hanna (1989) the reasonableness of results often enjoy
priority over the existence of a completely rigorous proof.

When investigating the validity of a new, unknown
conjecture, mathematicians usually do not only look for
proofs, but also try to construct counterexamples at the
same time by means of quasi-empirical testing, since such
testing may expose hidden contradictions, errors, or
unsaid assumptions. In this way, counterexamples are
sometimes produced, requiring mathematicians to
reconstruct old proofs and construct new ones. In
attaining conviction, the failure to disprove conjectures
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empirically plays just as important a role as the process of
deductive justification. It appears that there is a logical, as
well as a psychological, dimension to attaining certainty.
Logically, we require some form of deductive proof, but
psychologically it seems we need some experimental
exploration or intuitive understanding as well.

Of course, in view of the well-known limitations of
intuition and quasi-empirical methods themselves, the
preceding arguments are definitely not meant to disregard
the importance of proof as an indispensable means of
verification, especially in the case of surprising non-
intuitive or doubtful results. Rather it is intended to place
a more proper perspective on proof as opposed to a
distorted idolization of proof as the only (and absolute)
means of verification/conviction.

PROOF AS A MEANS OF EXPLANATION

Although it is possible to achieve quite a high level of
confidence in the validity of a conjecture by means of
quasi-empirical verification (for example, accurate
constructions and measurement, numerical substitution,
and so on), this generally provides no satisfactory
explanation why the conjecture may be true. It merely
confirms that it is true, and even though considering
more and more examples may increase one’s confidence
even more, it gives no psychologically satisfactory sense of
illumination—no insight or understanding into how the
conjecture is the consequence of other familiar results.
For instance, despite the convincing heuristic evidence in
support of the earlier mentioned Riemann Hypothesis,
one may still have a burning need for explanation as stated
by Davis and Hersh (1983, 368):

It is interesting to ask, in a context such as this, why
we still feel the need for a proof . .. It seems clear that
we want a proof because . . . if something is true and
we can’t deduce it in this way, this is a sign of a lack
of understanding on our part. We believe, in other
words, that a proof would be a way of understanding
why the Riemann conjecture is true, which is
something more than just knowing from convincing
heuristic reasoning that it is true.

Gale (1990, 4) also clearly emphasizes as follows, with
reference to Feigenbaum’s experimental discoveries in

fractal geometry, that the function of their eventual proofs
was that of explanation and not that of verification at all:

Lanford and other mathematicians were not trying
to validate Feigenbaum’s results any more than, say,
Newton was trying to validate the discoveries of
Kepler on the planetary orbits. In both cases the
validity of the results was never in question. What
was missing was the explanation. Why were the
orbits ellipses? Why did they satisfy these particular
relations? . . . there’s a world of difference between
validating and explaining. (emphasis added)

Thus, in most cases when the results concerned are
intuitively self-evident and/or they are supported by
convincing quasi-empirical evidence, the function of
proof for mathematicians is not that of verification,
but rather that of explanation (or the other functions
of proof described further on).

In fact, for many mathematicians the clarification/
explanation aspect of a proof is of greater importance than
the aspect of verification. For instance, the well-known Paul
Halmos stated some time ago that although the computer-
assisted proof of the four color theorem by Appel and
Haken convinced him that it was true, he would still
personally prefer a proof that also gives an “understanding”
(Albers 1982, 239-240). Manin (1981, 107) and Bell (1976,
24) also believed that explanation is a criterion for a “good”
proof when stating respectively that it is “one which makes
us wiser” and that it is expected “to convey an insight into
why the proposition is true.”

PROOF AS A MEANS OF DISCOVERY

It is often said that theorems are most often first discovered
by means of intuition and/or quasi-empirical methods,
before they are verified by the production of proofs.
However, there are numerous examples in the history of
mathematics where new results were discovered or invented
in a purely deductive manner; in fact, it is completely
unlikely that some results (for example, the non-Euclidean
geometries) could ever have been chanced upon merely by
intuition and/or only using quasi-empirical methods. Even
within the context of such formal deductive processes as
axiomatization and defining, proof can frequently lead to
new results. To the working mathematician, proof is
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therefore not merely a means of verifying an already-
discovered result, but often also a means of exploring,
analyzing, discovering, and inventing new results (compare
Schoenfeld 1986 and de Jager 1990).

For instance, consider the following example. Suppose
we have constructed a dynamic kite with Sketchpad and
connected the midpoints of the sides to form a
quadrilateral EFGH as shown below. Visually, EFGH
clearly appears to be a rectangle, which can easily be
confirmed by measuring the angles. By grabbing any
vertex of the kite ABCD, we could now drag it to a new
position to verify that EFGH remains a rectangle. We
could also drag vertex A downward until ABCD becomes
concave to check whether it remains true. Although such

continuous variation can easily convince us, it provides no

satisfactory explanation why the midpoint quadrilateral
of a kite is a rectangle. However, if we produce a deductive
proof for this conjecture, we immediately notice that

the perpendicularity of the diagonals is the essential
characteristic upon which it depends, and that the
property of equal adjacent sides is therefore not required.
(The proof is left to the reader.)
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In other words, we can immediately generalize the result
to any quadrilateral with perpendicular diagonals

(a perpendicular quadrilateral) as shown by the figure
above. In contrast, the general result is not at all suggested
by the purely empirical verification of the original
hypothesis. Even a systematic empirical investigation of
various types of quadrilaterals would probably not have
helped to discover the general case, since we would
probably have restricted our investigation to the familiar

quadrilaterals such as parallelograms, rectangles,
rhombuses, squares, and isosceles trapezoids.

The Theorem of Ceva (1678) was probably discovered in
a similar deductive fashion by generalizing from a proof
for the concurrency of the medians of a triangle, and not
by actual construction and measurement (see de Villiers,
1988). However, new results can also be discovered

a priori by simply deductively analyzing the properties
of given objects. For example, without resorting to
actual construction and measurement it is possible

to quickly deduce that AB + CD = BC + DA for the
quadrilateral ABCD circumscribed around a circle, as
shown below by using the theorem that the tangents
from a point outside a circle to the circle are equal.
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PROOF AS A MEANS OF SYSTEMATIZATION

Proof exposes the underlying logical relationships between
statements in ways no amount of quasi-empirical testing
nor pure intuition can. Proof is therefore an indispensable
tool for systematizing various known results into a
deductive system of axioms, definitions, and theorems.
Some of the most important functions of a deductive
systematization of known results are given as follows by
de Villiers (1986 ):

« It helps identify inconsistencies, circular arguments,
and hidden, or not explicitly stated, assumptions.

It unifies and simplifies mathematical theories by
integrating unrelated statements, theorems, and
concepts with one another, thus leading to an
economical presentation of results.

It provides a useful global perspective or bird’s-eye
view of a topic by exposing the underlying axiomatic
structure of that topic from which all the other
properties may be derived.

It is helpful for applications both within and outside
mathematics, since it makes it possible to check the
applicability of a whole complex structure or theory
by simply evaluating the suitability of its axioms and
definitions.

It often leads to alternative deductive systems that
provide new perspectives and/or are more economical,

elegant, and powerful than existing ones.

Although some elements of verification are obviously also
present here, the main objective clearly is not “to check
whether certain statements are really true,” but to organize
logically unrelated individual statements that are already
known to be true into a coherent unified whole. Due to

the global perspective provided by such simplification and
unification, there is of course also a distinct element of
illumination present when proof is used as a means of
systematization. In this case, however, the focus falls on

global rather than local illumination. Thus, it is in reality
false to say, when proving self-evident statements such as
that the opposite angles of two intersecting lines are equal,
that we are “making sure.” Mathematicians are actually far
less concerned about the truth of such theorems than with
their systematization into a deductive system.

PROOF AS A MEANS OF COMMUNICATION

Several authors have stressed the importance of the
communicative function of proof, for example:

... it appears that proof is a form of discourse,
a means of communication among people doing
mathematics. (Volmink 1990, 8; emphasis added)

... we recognize that mathematical argument is
addressed to a human audience, which possesses a
background knowledge enabling it to understand the
intentions of the speaker or author. In stating that
mathematical argument is not mechanical or formal,
we have also stated implicitly what it is . . . namely, a
human interchange based on shared meanings, not
all of which are verbal or formulaic. (Davis and
Hersh 1986, 73; emphasis added)

Similarly, Davis (1976) has also mentioned that one of the
real values of proof is that it creates a forum for critical
debate. According to this view, proof is a unique way of
communicating mathematical results between professional
mathematicians, between teachers and students, and
among students themselves. The emphasis thus falls on

the social process of reporting and disseminating
mathematical knowledge in society. Proof as a form of
social interaction therefore also involves subjectively
negotiating not only of concepts concerned, but implicitly
also the criteria for an acceptable argument. In turn, such a
social filtration of a proof in various communications
contributes to its refinement and the identification of
errors, as well as sometimes to its rejection by the discovery
of a counterexample.

Rethinking Proof 9
© 2012 Key Curriculum Press



The Role and Function of Proof with Sketchpad

PROOF AS A MEANS OF INTELLECTUAL CHALLENGE

To mathematicians, proof is an intellectual challenge that
they find as appealing as other people find puzzles or
creative hobbies or endeavors. Most people have sufficient
experience, if only in attempting to solve a crossword or
jigzaw puzzle, to enable them to understand the exuberance
with which Pythagoras and Archimedes are said to have
celebrated the discovery of their proofs. Doing proofs could
also be compared to the physical challenge of completing
an arduous marathon or triathlon, and the satisfaction that
comes afterward. In this sense, the intellectual challenge
function of proof results in self-realization and fulfillment.
Proof is therefore a testing ground for the intellectual
stamina and ingenuity of the mathematician (compare
Davis and Hersh 1983, 369). To paraphrase George
Mallory’s famous comment on his reason for climbing
Mount Everest: We prove our results because they’re there.
Pushing this analogy even further: It is often not the
existence of the mountain that is in doubt (the truth of the
result), but whether (and how) one can conquer (prove) it!

Finally, although the six functions of proof can be
distinguished from one another, they are often all
interwoven in specific cases. In some cases certain
functions may dominate others, while in other cases
certain functions may not feature at all. Furthermore,
this list of functions is by no means complete. For
instance, we could easily add an aesthetic function

or that of memorization and algorithm development
(Renz 1981 and van Asch 1993).

TEACHING PROOF WITH SKETCHPAD

When students have thoroughly investigated a geometric
conjecture through continuous variation with dynamic
software like Sketchpad, they have little need for further
conviction or verification. So verification serves as little or
no motivation for doing a proof. However, I have found it
relatively easy to solicit further curiosity by asking students
why they think a particular result is true; that is, to
challenge them to try and explain it. Students quickly admit
that inductive verification merely confirms; it gives no
satisfactory sense of illumination, insight, or understanding
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into how the conjecture is a consequence of other familiar
results. Students therefore find it quite satisfactory to then
view a deductive argument as an attempt at explanation,
rather than verification.

Explanation

l

Discovery

l

Verification

l

Intellectual
challenge

l

Systematization

It is also advisable to introduce students early on to the
discovery function of proof and to give attention to the
communicative aspects throughout by negotiating and
clarifying with your students the criteria for acceptable
evidence, the underlying heuristics and logic of proof.

The verification function of proof should be reserved for
results where students genuinely exhibit doubts. Although
some students may not experience proof as an intellectual
challenge for themselves, they are able to appreciate that
others can experience it in this way. Furthermore, in real
mathematics, as anyone with a bit of experience will testify,
the purely systematization function of proof comes to the
fore only at an advanced stage and should therefore be
withheld in an introductory course to proof. It seems
meaningful to initially introduce students to the various
functions of proof more or less in the sequence given
above, although not in purely linear fashion as shown, but
in a kind of spiral approach where other earlier introduced
functions are revisited and expanded. The chapters of this
book are organized according to this sequence, and a few
approaches to spiraling through the sequence are suggested
in the Introduction.



