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1. Introduction (Van Aubel’s theorem)

Consider an arbitrary Quadrilateral ABCD, the quadrilateral S;S»S3S, formed by joining the four corresponding
centers S1, S2, S3, S4 of the squares thus constructed on each side of ABCD is an iso-ortho diagonal quadrilateral [6].
That is S;S3 = S2S4 and S1S3.L.S»S4. From Fig. 1 it is clear S;S3 = S2S4 and S;S3.L.52S,.

Fig. 1.
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The theorem we just stated above is attributed to Van Aubel (Von Aubel in [Gardner, p. 176-178]) could also be
found in their work de Villiers, Yaglom, Finney among others.

In this article, we study the properties of the lines S;Szand S»Sswhen the squares are replaced with equilateral
triangles and isosceles triangles, our present study about the special case of Van Aubel’s theorem when the squares
are replaced with equilateral triangles and further generalization is not actually new, since some of the authors studied
about this earlier in 90’s ( can be found in [4, 5, 7-10]). Even though it is not a new study and the results presented
in this article seems to be very elementary but are quite new and interesting. In this short note we also study about a
point named as Van Aubel’s point, its geometrical(ruler and compass) construction, its location in general case, and
few more generalizations of van Aubel’s theorem associated with Kiepert hyperbola.

2. Preliminaries

We use the following lemmas in proving the results.

Lemma 2.1.

If A(x1, y1), B(x2, y2) are the two vertices of an arbitrary triangle ABC whose base angles are A and B then the coordinates
of third vertex C(x3, y3) is given by

((x1 tan A+ x, tan B) + tan Atan B (y1 — y2) (y1tan A+ y, tan B) ¥ tan Atan B (x; — x2)
tan A+tanB tan A+tanB

or

’

((x1 cotB+x2cotA) = (y1—-y2)  (y1cotB+ y2cotA) F (x1 — X2)
cotA+cotB cotA+cotB

Proof. Consider

X1 yl 1
A(cot A+ cotB) =det X V2 1
(x1cotB+x2c0tA) £ (y1—y2) (y1cotB+ yocotA)F (x; —x2) (cotA+ cotB)

By doing row operation on R3 using R; and R», we get

X1 n 1
A(cotA+cotB) = X2 V2 1
+(y1-y2) Flai-x2) 0

Which implies
{Alcot A+ cotB)} = £ [ (x1 - 1) + (y1 - 2)°| = £AB? £0

We have area of triangle ABC = A

1 X1 N 1

= — |det X2 ) 1

2 (x1 cotB+xpcot A)+(y1—-y2) (31 cotB+ys cot A)F(x1 —x2) 1
cot A+cotB cot A+cotB

1 X1 n 1
X2 V2 1

1
2 |cotA+cots 0
cotA+co (x1 cot B+ xpcotA) £ (y1—y2) (y1cotB+ yacotA) F (x; —x2) cotA+cotB

1

1
— | ———  {A(cot A+ cotB)}
2 |cotA+cotB

(+AB?)

D=

cotA+cotB

AB?

=——— #(0 (since cotA+cotB#0
2|cot A+ cotB| # ( #0)

It proves that area of triangle ABC is not equal to zero, which means that there is a triangle with A, B and C as vertices.
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Now let us prove that base angles of triangle ABC are A and B, if the third vertex either C or C!, where

C= ((xl cotB + xpcotA) + (y1 —y2) (y1cotB+ y»cotA)—(x1— xz))
- cotA+cotB ’ cotA+cotB

and

Cl = ((xl cotB+ xpcotA) —(y1—y2) (y1cotB+ yacotA)+(x — xz))
B cot A+ cotB ’ cot A+ cotB

Clearly the midpoint D of C, C! lies on the line AB (since C! is the image of C with respect to the base AB of triangle
ABC) its coordinate is given by,

B ( (x1cotB+xpcotA) (yicotB+ y,cotA)
- (cotA+cotB) ’ (cotA+cotB)

And also D divides AB in the ratio given by

AD  cotA
DB cotB
Hence
_ ABcotA _ ABcotB
" cotA+cotB’  cotA+cotB’
Now
’ 2A AB . 1 . . . 1
CD=CD'=—=————(Since CD,CD" are the heights of the triangle ABC, triangle ABC")
AB |cotA+cotB]|
hence
CD CD' CD cCD
- = =tan A, — = —— =tanB
AD AD DB DB
This proves that the base angles are A and B. O

Note: 2.1 is true even if one of the angles either A or Bis right angle.

Proof. We start with A = 909, So, By considering the point C given in the 2.1, we have to prove that CAand AB are

perpendicular to each other and tanB = T

As we have angle A = 90°, so cot A =0 and cot B # 0. Hence

C= ( (x1cotB) + (y1 —y2) (y1cotB)—(x1— Xz))
cotB ’ cotB

Slope of the line CA = - (%), Slope of the line AB = (gi:g ) It is clear that (slope of CA) (slope of AB)= —1,
Hence CALAB

CA 1
AB  AB

—¥2)\2 (X1 —X2)2 1 AB \?
VL) (o) (A2 s
cotB cotB AB cotB
This Proves that the point C so defined as in the statement of the lemma is, in fact, the third vertex of the triangle ABC,
when A = 90°. A nalogously, it is shown for C!, the same occurs when B = 90°. O
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Corollary 2.1.
IfangleA = angleB =0 that is triangle ABC is an isosceles triangle, then the coordinates of C are given by

((x1+x2)itan9(y1—y2) (n +y2)$tan0(x1—xg))
2 ’ 2

Corollary 2.2.
If A= B =60° that is triangleABC is an equilateral triangle, then the coordinates of C are given by

((x1+xz)i\/§(y1—yz) (y1+yz)¢\/§(x1—xz))
2 ’ 2

Lemma 2.2.
If A(x1, 1), B(x2, ¥2), C(x3, y3) are the three vertices of an arbitrary triangle ABC then the coordinates of its circum center
are given by

(x1 sin2A+ x,sin2B + x3sin2C y;sin2A+ y»sin2B + y3 sin2C)
sin2A+sin2B+sin2C ' sin2A+sin2B +sin2C

where A, B, C are the angles of the triangle.

Corollary 2.3.
The coordinates of the circum center of an isosceles triangle whose vertices are A(x1,y1),B(x2,¥2)

+ xp) £ tanf (y; — + ¥o) Ftanb (x; —
and C((x1 *2) zn b yz),(y1 2k Zn a1 xZ)) Where 6 is the base angle are given by
((xl +x2) F cot26 (y1 — y2) (31 +y2) £cot26 (x; - Xg))

2 ’ 2 '
Lemma 2.3.

If (x1, 1), (x2, ¥2), (x3, y3) are the three vertices of an equilateral triangle then the coordinates of its center are given by
(xl +tX2t X3 1 +y2+J’3)
3 ’ 3 '

Corollary 2.4.
The coordinates of the center of an equilateral triangle whose vertices are (x1,)1),(X2,)2) and
((x1+xz)ir\/§(y1—yz) (y1+yz)7r\/§(x1—xz)) Y1=Y2+V3(x1 +x2) xz—x1+\/§(y1+yz))

2 ) 2 23 ’ 2v3

are given by (

3. Main results

Theorem 3.1.

If 81, S2,S3S4 are the centers of the equilateral triangles AABP,ABCQ,ACDR,ADAT are constructed which lie entirely
out wards on the sides AB = a, BC = b,CD = ¢ and AD = d of an arbitrary quadrilateral ABCD respectively then the
lines PR, QS are respectively perpendicular to the lines S2 Sy, S1S3 . Thatis S1S3LQT, S2S4LPR. [3]

Proof. With out loss of generality let us consider the coordinates of vertices of the quadrilateral ABCD as A =
(x1, 1), B = (%2, ¥2), C = (x3, y3) and D = (x4, y4). Then using 2.2, we have

P (1 +22) +V3(y1—y2) (11 +y2)— V31— x2)

’

2 2
and

(r2 +x3) +V3(y2—y3) (y2+y3)— V32— x3)

Q= 2 ’ 2
R= (3 +X4) + V3 (y3—ya) (y3+ya) = V3 (x3 - x4)

a 2 ' 2
T= Cat+x)+V3(a-3) (a+y)-vV3Ga-x1)

2 ’ 2
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el

Fig. 2.

From Fig. 2, itis clear S;S3 LQT
and S,S4 1 PR, and it is clear that

_A+B+P (y1—y+ V31 +x2) Xo—x1+V3(y1+ )
1 3 2\/§ ’ 2\/§
B+C+Q yg—y3+\/§(x2+x3) x3—x2+\/§(y2+y3)
So = = ,
3 2V3 2V3
C+D+R y3—y4+\/§(X3+X4) X4—X3+\/§(y3+y4)
83: = ,
3 2v3 2V3
D+A+T y4—y1+\/§(x4+x1) xl—x4+\/§(y4+y1)
S4: = ’
3 2V3 2V3
So,
+y2—y3—ya)+ V32 +x3—Xx4— X
Slope of the line PR = (yl Y27 ¥s y4) VBlxo + x5~ x4 1))
(X1 +X2—Xx3—X1) — V32 +y3 - ya— 1)

+y3—Ya—y1)+V3(X3 + x4 — X —
SlopeofthelineQT:((y2 Y3 = Ya = 3) + V3 xs - xZ))

(X2 +x3—X4—x1) —V3(y3+ya—y1—2)

+Xo— X3 X4) = V32 + Y3 —Ya—
SlopeofthelineSZS4=—((x1 X2 =5 = x4) = V30 + 3 - s yl))

(1 +y2—y3—ya) + V32 +x3— X4 — x1)

— — —v3 — —
Slopeoftheline8183:—((x2+x3 X4 =) ~V3Ws +ya = yz))

(y2+y3—ya—y)+V3(x3+ x4 — X1 — X2)

Now it is clear that (slope of PR) (slope of S»S4) =—1 = (slope of QT) (slope of S; S3).
Hence S1531QT, S2S4 L PR

Theorem 3.2.

IfS}, S,, Sy and S} are the centers of the equilateral triangles AABP', ABCQ', ACDR', AD AT' are constructed which lie
entirely inwards on the sides AB = a, BC=b, CD = c and AD = d of an arbitrary quadrilateral ABCD respectively then the
lines P'R', Q'T' are respectively perpendicular to the linesS, S, and S} S;. That is ${S, 1L.Q'T', S,S, LP'R’.
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Proof. Without loss of generality let us consider the coordinates of vertices of the quadrilateral ABCD as A =
(x1,¥1), B =(x2,¥2),C = (x3,y3) and D = (x4, y4). Then using 2.2, we have

(x1+ x2) — \/§(y1 -y2) (n+y2)+ V3 (X1 — x2)

P =
2 ’ 2
o= (x2+x3) = V3(y2—y3) (v2+y3)+V3(x2—x3)
- 2 ’ 2
R = (X3 +x2) = V3(y3—y1) (¥3+ya)+ V33— x4
- 2 ' 2
o [Gata) - V3(ya—y) (ya+y)+vV3xa—x1)
- 2 ' 2
And it is clear that
, B+C+Q  [y2—-yn+V3+x2) x1—x2+V3(n+y2)
S 1= = ’ ’
3 2V3 2V3
, _C+D+R [y3=y2+V3(a+x3) x2-x3+V3(y2+y3)
SZ = = ) ’
3 2V3 23
, C+D+R Va—y3+V3(x3+X5) X3—Xg+V3(y3+ys)
S3= = , ,
3 2V3 23
, D+A+T V1= Ya+V3(xa+x1) X4—x1+V3(ya+y1)
Sa= = )
3 2V3 2V/3

So,

(J’l+J’2—J/3—J/4)—\/§(xz+x3—x4—x1))

Slope of the line P'R’ = (
(X1 + X2 — x3— X4) + V32 + y3— ya— y1)

Slope of the line QT' = ((J’”yg_y4_y1)_‘/§(x3+x4_x1_xZ))

(X2 + X3 — X4 —x1) + V33 +ya—y1—¥2)

— — 3 — —
SlopeofthelineSéS[l:—((lerx2 X3 =) + V302 +ys - s yl))

(n+y2—ys—ya)— V3(x2+ x3— x4 — 1)

— _ 3 _ _
Slope of the line S} S} = — ( (2 + %3 = X4 = X1) + V3(y3 + Ya = y1 = y2) )

(r2+y3—ya—y1)— V3(x3+x4— X1 — X2)

Now it is clear that (slope of P'R’) (slope of S, S};) =—1 = (slope of Q'T") (slope of S} S;). Hence S} S5 1LQ'T",S,S, LP'R’.
O

Theorem 3.3.
Let V1, Vs, V3 and Vy are the points of intersection of the lines PR, QT, S)S3 and S»S4 then the four points V1, Vs, V3 and
V4 are concyclic (see Fig. 3).

Proof. From Theorem 3.1, it is clear that V1V, LV, V3 and V3V, LV, V). Hence the four points V;,V,, V3 and V, are
concyclic which completes the proof of the Theorem 3.3. O

Theorem 3.4.
Let V], V,,Vy and V, are the points of intersection of the lines PR, Q'T, S S} and S, S, then the four points V|, V,,V; and
V, are concyclic (see Fig. 4).

Proof. From Theorem 3.2, it is clear that V| V}, LV, V} and V,V} LV, V. Hence the four points V|, V;, V; and V; are
concyclic which completes the proof of the Theorem 3.4. O
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Fig. 4.

Theorem 3.5.

The quadrilaterals PQ'RT, PQR'T, $1S5,S3S, and S| S, S} S, are parallelograms.

Proof. To prove the quadrilateral PQ'RT’, P'QR'T, 15,535, S} S2S4 S4 are parallelograms, It is enough to prove that
diagonals bisect each other. It is clear that

The mid point of PR = The mid point of Q' T’ =

M = (x1+x2+x3+x)+V3(y1—y2+ys—ys) (M+y2+ys+ya)—V3(x1—x2+x3—x4)
1= y
4 4
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The mid point of QT = The mid point of P'R’ =

)

M _((x1+Xz+X3+x4)—\/§(y1—yz+ys—y4) (y1+yz+ys+y4)+\/§(x1—xz+X3—X4))
=
4 4

The mid point of $; S3 = The mid point of §,S) =

M ((J’1—J/2+J/3—J’4)+\/§(x1+x2+x3+x4) —(x1—Xz+X3—x4)+\/§(y1+yz+y3+y4))
3:

43 ' 43

The mid point of S,S4 = The mid point of § S} =

Mo = —(yi—y2+y3—ya) +VBx1 + Xo+ X3+ xa) (X1 —Xo+ X3 —Xa) +V3(y1+ Y2 + y3 + y4)
4 23 , e

Hence, Theorem 3.5 is proved. O

Theorem 3.6.

Let My, M, M3, My are the point of intersections of the diagonals of the parallelograms PQRT, P'QR'T, $,S,S3S) and
S’1 Sy Sg Sy respectively then My, My, M3, My are collinear, and they lies on the line (for recognisation sake let us call this
line as van aubel’s line ) given by

4(x1 = X2 + X3 — X)X+ A1 — Y2+ Y3 — ya)y = (X1 + x3)° — (x2 + X4)° + (n+ y3)2 — (32 + y4)2

Proof. Consider A =x1+Xo+ X3+ X4, B=y1+Y2+ Y3+ Vs, Y=X1—X2+X3—Xgand 0 =y, — Y2+ ¥3— ys4. SO

’ 4 4

M _((X1+XZ+X3+X4)+\/g(yl—y2+_y3—y4) (yl+y2+y3+y4)—\/§(X1-X2+X3—X4))_(/1+\/§5 ,B—\/g}’
1= - ’
4 4

M _((x1+xz+xs+x4)—\/§(y1—yz+y3—y4) (y1+yz+y3+y4)+\/§(x1—xz+xs—x4))_(/1—\/56 B+V3y
2= ’ - »
4 4 4 4

(1=y2+ys—ya)+ V3 +x2+x3+x) —(x1—X2+x3— X)) +V3(y1+y2+y3+ya) 5+vV3L —y+V3pB
M3: ’ = »
43 43 4v/3 43

and

(-2 tys—ya)+ V3t xo+x3+x) (x1—x2+x3—X)+V3(y1+y2+ys+ya) —5+V31 y+3p
My = , = ,
43 43 43 43

Consider aline
4yx + 46y = Ay + poé )]

Clearly the four points M;, M», M3 and M, lies on this line (1). Hence the four points M;, M», M3 and M, are collinear.
The line through these pointsis 4yx + 46y = Ay + 6. Thatis

4(x1 — X2 + X3 — X)X+ 41 — Y2+ ¥z — ya)y = (X1 + x3)% — (x2 + X4)° + (n+ y3)2 — (2 + y4)2

Remark 3.1.

1. Itis clear that the Mid Point of M) M = the Mid Point of M3 My = M = (%, g) = (Atrnri NTNRYIA

2. The point M is also the point of intersection of diagonals of the parallelograms formed by joining the midpoints
of the quadrilaterals PQRS and P'Q'R’S’.

3. For recognization sake, let us call the point M as Van Aubel’s point of the quadrilateral ABCD. (The point M
acts as midpoint of the diagonals for any arbitrary parallelogram, rectangle, rhombus, square)
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Fig. 5.

4. Using Theorem 3.5 and Theorem 3.6, it can also be stated as
The midpoints of PR (M;) ,S1S53(M3),QT (M>),S2S4 (M,) are collinear and M is the midpoint of M; M, and
M3 Mjy.

In the similar manner, the midpoints of P'R'(M>) , S| S, (My),Q'T' (M), S, S) (M3) are collinear and M is the
midpoint of My M, and M3 M,

5. Using Theorem 3.5 and Theorem 3.6, we can see how to locate the point M using only ruler and compass,

If some arbitrary quadrilateral ABCD is given, construct the equilateral triangles on the sides either inside or
outside, Let P,Q, R, T be its affix vertices, locate the midpoints of the sides of quadrilateral PQRT, then the point
of intersection of the diagonals of quadrilateral formed by the midpoints of sides of PQRT is required M. (see
Fig. 5)

6. If I, I, I3, 1, and O;,0,,03,0,4 and Gy, Gy, Gs3, G4 are incentres, circumcenters and centroids of the triangles
ABM,BCM,CDM and D AM respectively then the sets {1}, I5, I3, I} and {O;, O, O3, Os}and {G, G2, G3, G4} are
con cyclic when ABCD is kite or square. The orthocenters H;, H», H3, Hy of the triangles ABM, BCM,CDM and
DAM are collinear when ABCD is kite and coincides with M when ABCD is square (see Fig. 6).

3.1. Generalizations

Theorem 3.7.
If 81,82, S3, S4 are the circumcenters of the isosceles triangles AABP, ABCQ, ACDR, ADAT whose base angle is 0 con-
structed entirely out wards on the sides of quadrilateral ABCD Then

(a) The midpoints of PR (M;) , S1S3 (M3), QT (M), S2S4(My)are collinear and lie on the van Aubel’s line given by
40 — X2 + X3 — X)X +4(y1 — Y2 + ¥3 = Ya)y = (X1 + x3)% — (x2 + x4)? + (n + J’3)2 -+ J/4)2

(b) Van Aubel’s point (M) is the midpoint of M1 M, and M3 M, (see figure-7)

Proof. We have by 2.1, the coordinates of P, Q, R, S are given by

pe (x1 +x2) +tanf (y1 — y2) (y1+y2) —tan6 (x; — xz)
B 2 ’ 2
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cumcentres ()

Fig. 6.

(X2 +x3) +tanf (y2 — y3) (y2+y3) —tan6 (x2 — X3))

Q:( 2 ’ 2

R ((x3 +x4) +tan0 (y3 —ya) (y3+ya)—tan6 (x3 - x4))
a 2 ' 2

- ((x4 +x1)+tanb (ya—y1) (ya+y1)—tanf (xg — xl))
2 ' 2

And using 2.2, the circumcenters S, S2, S3 and S, are given by

S _((xl +x2)—cot26(y1—y2) (y1+y2)+cot29(x1 X2)
1=
2

’

2

G o ((xg +x4) —cot20 (y3— ya) (3 + ya) +cot26 (x3 — x4)
3= y
2

’

G - ((x2+x3)—cot26 (y2—y3) (y2+y3)+cot29(x2—x3))
y =

g - ((x4+x1) —cot20 (ya—y1) (ya+y1)+cot26 (xs—x1)
.=

2
The mid point of PR
Ml:((xl + X2 + X3+ x4) +tanf (y1 — y2 + y3 — ya) , (n +y2+y3+y4)—tan9(x1—x2+x3—x4))
4 4
The mid point of QT
MZ:((xl +x2+x3+x4)—tin9(y1—y2+y3—y4)’ (n +y2+y3+y4)+tzn9(x1—x2+x3—x4))

The mid point of S; S3

o _((xl+x2+x3+x4)—cot29(y1—y2+y3—y4) (y1+y2+y3+y4)+cot20(x1+x2+x3+x4))
3= y
4 4
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Fig. 7.

The mid point of S»S4

(X1 + X2+ X3+ X4) +cot20 (y1 — Y2+ y3— ya) (¥1+ Y2+ Y3+ ya)—cot20 (x; +x2+x3+x4))

47 4 ' 4

Hence

X1+ X2+ X3+ X4 J’1+J’2+J/3+J/4)

M = The Midpoint of M} M/, = The Mid point of M{ M), = ( 1 , 1

Hence (b) is proved.
Now to prove (a), consider A =x1 +xp+ X3+ Xa, B=y1+ o+ Y3+ Ya, Y =X1— X2+ X3—Xxgand 6 = y; — y2 + y3 — Ja, then

M =

A+tan@6 ,B—taney)
4 7 4

M,

_(A—tan06 ,B+tan9y)
B 4 7 4

M3

B ()L—cot295 ﬁ+cot20)/)
B 4 4

and

A+cot206 - cotzey)
4 ' 4
Consider a line
4yx+40y =LAy +Bo 2)

Clearly, the four points M1, M2, M3 and M, lies on this line (2).
Hence, the four points M1, M», M3 and M, are collinear.
From Theorem 3.7, Clearly the line (2) is Van Aubel’s line (L). Its equation is given by

4(X1 — Xo+ X3 — X)X +4(Y1 — Yo + Y3 — ya)y = (1 + x3)2 — (2 + x)> + (1 + 13)° = (y2 + )’
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Theorem 3.8.

If S}, S5, 84S, are the circumcenters of an isosceles triangles AABP', ABCQ',ACDR', AD AT’ whose base angle is ', con-
structed entirely inwards on the sides of quadrilateral ABCD. Then

(@) The midpoints of P'R' (M), S} S5 (M}),Q'T' (M}), S, S} (M) are collinear and lies on the Van Aubel’s Line (L)

(b) Van Aubel’s point (M) is the midpoint of M| M, and M}, M,
Proof. 'We have by 2.1, the coordinates of P/, Q’, R, T are given by

P/

(x1+x2)—tan9 (y1-y2) (y1+y2)+tan6’(x1—x2))
' 2

’

Rl

o ((x2+x3)—tan9 (y2-y3) (y2+y3)+tan0’ (%2 — x3)
(xa+x1)—tanb' (ya—y1) (ya+y1)+tanb’ (x4 —xp)
2 )

T/

3+x4)—tan9 (y3—ya) (y3+y4)+tan9 (X3—X4))

And using 2.3, the circumcenters S}, S, S; and Sfl are given by

g - ((xl +x2) +cot20 (y1 - y2) (y1+y2) —cot26’ (x1 — x2)
1= > )

g - ((xg +x3) +cot20’ (y2—y3) (y2+y3)—cot26’ (xz — x3)
=

|
e |
|
|

g - ((X3 +x4) +cot20' (y3— ya) (y3+ ya) —cot26’ (x5 — x4)
3= 5 )

g - ((x4+x1) +cot26’ (ya—y1) (ya+y1)—cot26’ (x4 —x1)
4 — 2 )

The mid point of P'R’ =

o = ((x1 +x+x3+x4)—tan® (y1—y2+ys—ya) (V1 +y2+ys+ya)+tanb’ (X1 — x2 + X3 — Xx4) )
a 4 ' 4
The mid point of Q'T’" =

= ((x1 + X2+ X3+ x4) +tand’ (y1 — y2 + y3 — ya) (y1+y2+y3+y4)—tan0’(x1—x2+x3—x4))
2= 4 ’ 4
The mid point of $ S5 =
M= ((x1 +xp+x3+x1) +c0t20" (y1—y2+y3—ya) (y1+Yy2+y3+ys)—cot26’ (x1+x2+x3 +x4))
3= )
4 4

The mid point of S, S, =

M =

’

((x1 + X2+ X3+ x4) —cot20' (y1 = y2+ y3—ya) (1+y2+y3+ys)+cot20 (x; + X2+ X3 +x4))
4 4

Hence M = The Midpoint of M| M}, = The Mid point of Mj M}

_(x1+x2+x3+x4 J/1+}’2+J’3+J/4)
- )

4 4

Hence (b) is proved.
Now to prove (a), Consider A =x; + X2+ X3+ X4, B=y1+ o+ Y3+ Vs, Y =X1—X2+X3—x4and 8 = y; — o + ¥3 — ya. Then

A—tan®’'6 B+tanf'y
r_
Ml_( 4 4 )

’

A+tanf’'6 B-tanf'y
Mé:( 1 1 )
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, _[A+cot20'6 p-cot20'y
Ms = 4 4

, (A—cot20'6 B+cot20'y
Ms= a7 a

Consider aline
dyx+40y=Ay+ o 3)

Clearly, the four points M}, M}, Miyand M) lies on this line (3). Hence, The four points M}, M), Myand M) are
collinear.

The line through these pointsis 4yx+46y = Ay + 6.

From Theorem 3.7, Clearly the line (3) is Van Aubel’s line (L). O

Remark 3.2.

1. The Van Aubel’s point (M) of the quadrilateral ABCD and the points M, M, M3, My, M}, M}, My and M), all lie
on the Van Aubel’s Line of the quadrilateral ABCD.

2. If6 and 8’ of Theorem 3.7 and Theorem 3.8 are equal, Then the points M;, M, M3, My respectively coincide with
the points M, M’,, M’, and M.

Theorem 3.9.

The quadrilaterals PQ'RT, P'QR'T; $,5,S3S) and S S>S,S4 are parallelograms where B Q, R, T, P, Q, R, T’ are the af-
fixes of the isosceles triangles with base angles 0 constructed on the sides of the quadrilateral ABCD out and inwards
respectively.

Proof. To prove the quadrilateral PQ'RT’, P'QR'T, $,5,53S), S} S2S4;S4 are parallelograms, it is enough to prove that
diagonals bisect each other.
By Theorem 3.7 and Theorem 3.8, it is clear that

The mid point of PR = The mid pointof Q'T' =

_((x1+x2+X3+x4)+tan9(y1—y2+y3—y4) (y1+y2+y3+y4)—tan9(x1—x2+x3—x4))

- )

4 4

The mid point of QT = The mid point of P'R’' =

_((xl+x2+x3+x4)—tan9(y1—y2+y3—y4) (y1+y2+y3+y4)+tan0(x1—x2+x3—x4))

- )

4 4

The mid point of $;S3 = The mid point of S, S =

’

(X1 + X2+ X3+ Xg) —cot20 (y1 — y2 + y3—ya) (y1+Y2+y3+ya)+cot26 (x; +x2+x3+x4))
4 4

The mid point of $,S4 = The mid point of S} S5 =

’

_((x1+x2+x3+x4)+cot20(y1—y2+y3—y4) (y1+y2+y3+y4)—cot29(x1+x2+x3+x4))
4 4

Hence theorem is proved. O

Theorem 3.10.

Suppose ABCD is a given arbitrary quadrilateral , let P1P;...Pygi1,01Q2...Q2k+1, Ri1R2...Roks1, T1 To... Tog41,
P\P,..Py. 1, Q1Q%..Q,  RIR,..R,, , and T T),..T,, ., be the regular polygons of 2k + 1 sides constructed on the
sides of ABCD out and inwards respectively, where k > 1 such that P, Pyj.; = AB = P’lP’zkH, Q1Q2x+1 = BC =
Q1Q,t.» RiRok+1 =CD = RIR,, |, T1 Topr1 = DA = T\ Ty, ., and Sy, Sz, S3, S, S}, S, S, S, are the centers of
the regular polygons constructed on the sides, then

(@) The  midpoints  of  PraQuu (M1),$153(M3), Rt Tizt (Ma),  S2S4 (My), Py, Qs (M), S S5 (M]),
R T i
k+1 & k+1

2

2 2

(M), S, S}, (M},) are collinear and lie on the van Aubel’s line(L) given by

4(x1 = X + X3 — X)X +4(y1 — Yo+ ¥z — ya)y = (X1 + x3)% — (x2 + X4)° + (n+ yg)z — (32 + J’4)2
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(b) The quadrilaterals P% Q’IL1 R% T’kj , P’,i1 Q% R’kil T% ,818,83S), and S| S, S4 S, are parallelograms.
2 2 2

2

Proof. Tt is clear that in the regular polygons PiP;...Pari1,Q1Q2...Q2k+1, R1R2... Rogr1, T1 T2... Togy1, PiPY.. Py,
Q) Q5..Q,,,» RIR,..R,,  and T T)...T,, |, the triangles AP B, BQis1 C,CRica D, DTk Aare isosceles triangles
with base angle 6 constructed outwards on the sides AB,BC,CD, DA of quadrilateral ABCD, here as the triangles
AP, B,BQ,,C,CR,,, D,DT",,, A are also isosceles triangles with base angle 8, constructed inwards on the sides
7 7 7 7

AB,BC,CD, DA of quadrilateral ABCD.

Hence, By Theorem 3.7 and 3.8, (a) is true.

In the similar manner, we can prove (b) using Theorem 3.9. O

Remark 3.3.

Clearly, by Theorem 3.10, it is true that we can also plot Van Aubel’s Point (M) for an arbitrary quadrilateral ABCD by
constructing the regular polygons of n number of sides on the sides of quadrilateral lie inwards or outwards, and by
applying the procedure discussed in 3.1.

Theorem 3.11.

Let ABCD is a quadrilateral, Suppose the triangles AABP,ACDR, are isosceles with angle a at their top vertices, and
ABCQ,ADAT are isosceles with angle m — a. at their top vertices (all of them have same orientation) constructed on the
sides of the quadrilateral which lie outwards and if S1, S», S3, S4 the circumcenters of the triangles AABP,ABCQ,ACDR
and AD AT then

(a) PR is perpendicular to QT.
(b) The ratio of these two segements, PR and QT doesn'’t depend from the quadrilateral.
(¢) Quadrilateral Sy, S», Ss, S4 is parallelogram.

(d) The three points, Van Aubel’s Point (Ms, s,s;s,) of quadrilateral S1S>S3S4 and the mid points of PR(Mpr) and
QT (Mgqr) are collinear and lie on the line Van Aubel’s Line given by

A(x) — Xp + X3 — X)X+ 4(V1 — Y2 + y3— )y = (X1 + X3)2 = (%o + x0)° + (11 + y3)° = (2 + ya)?

And in particular the midpoint of PR(MPg) and QT (Mqr) is the Van Aubel’s point of S1S2S3S4 . (see Fig. 8)

Proof. Given at the top vertices P, R makes an angle 1§, so the two isosceles triangles AABP,ACDR having the base
angle as 90° — a/2. Using 2.1, we have

P:(m+mﬂwmgﬂm—m)OHMJ%M@Nm—mj
2 ’ 2

(Ua+xu+cod%)b@—yd 0@+yu—coﬂ%)03—xu)
2 ’ 2

And given at the top vertices Q, T makes an angle 7 — a, so the two isosceles triangles ABCQ, ADAT having the base
angle as a/2. Hence, using 2.2, we have

’

((xg +x3)+tan (%) (y2—y3) (v2+ys)—tan(§) (x2 — x3)
2 2

)

e ((x4 +x1)+tan(§) (ya—y) (ya+y1)—tan (%) (xs—x1)

2 2
Now,
+¥2—y3—va)—cot(E)(x1—x2—x3+x4)) K,
slope of PR = bitye=ys-1) (i) O A =Y(let)
(Xx1+Xx2—x3—xg)+cot(§) i —y2—y3+ys)) Lo
+ys—ya—y1)-tan(%) (e —x3—x4+x1)\ M
slope of QT = (J’z V3= Y4 J’1) (2 2~ X3~ Xgt X1 :—”(let)
(x2+x3—x4—x1)+tan(% N,

)
) (2= ys—ya+y)
(
(

__Vm+m—m—nﬂmo Nm—m—m+mj Ly

t(3
(y1+y2—y3—ya) —cot(§) (x1 — x2 — X3+ Xx4)
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n Aubel's Line

Fig. 8.

Here, it is clear that (slope of PR)(slope of QT) = -1
=> MK, +L,N,=0 4)

Thatis PRLQT, Hence (a) is proved, Now for (b), Consider K, = (y1 +Yo—YyY3— y4) —cot (a/2) (x1—xp—x3+x4),Ly=
(X1+Xx2—x3—%x4) + cot (@/2) (\i—y2-ys+ya),My = (yo+ys—ya—y1) — tan (@/2) (xp—x3—x4+x1),N, =
(x2+x3—Xxg—x1) —tan (@/2) (y2—ys—ya+y1)

It is clear that K, = cot (a/2) Nyand L, = — cot (a/2) My,

From (4), it is clear that

M, L, L2+K2\ K, -L,
- —— = = =cot(a/2)
N, K, M*+N,?) Ny M,

Now
PR L, +K,? -L
_‘: "2—”2 =|=x :' “| = |cot (a/2)|
QT M,?+N, vl [ My

That is the ratio of two segments PR and QT doesn’'t depend on the quadrilateral. Hence (b) is proved.
Now for (c), we proceed as follows:
Since the base angles of isosceles triangles AABP, ACDR are 90° — a/2, So, using 2.3, we have

S _((x1+x2)+cota(y1—yg) (y1+y2)—cota(x1—x2))
1= y
2 2

and

G- ((X3 +x4) +cota(ys—ys) (y3+ya)—cota(xs —x4))
3= ’
2 2
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In the similar manner, since the base angles of isosceles triangles ABCQ,AD AT are a/2. So, using 2.3, we have

S ((xg +x3) —cota(y2—ys) (y2+y3)+cota(xz —Xg))
= ,

2 2

and

4=

(xg+x1) —cota(ya—y1) (ya+y)+cota(xg— xl))

2 2

Now, It is clear that, The mid point of S; S3 =The midpoint of S» S,

’

_((x1+x2+x3+x4)+cota(y1—y2+y3—y4) (y1+ Y2+ y3+ Y1) —cota (x; — X2 + X3 — X4)
- 4 4

Hence, the quadrilateral S; S, S35y is parallelogram, which completes the proof of (c).

Now for (d), Since the quadrilateral S;S,S3S, is parallelogram, Van Aubel’s point (Mg, s,s,s,) of quadrilateral
5152838, is the midpoint of the diagonals.

Hence Van Aubel’s point (Mg, s,s,s,) of quadrilateral S; S»S3S4

((xl +Xxp+x3+xs) +eota(y1—y2+ys—ya) (y1+y2+ys+ys)—cota(x —x2+x3—x4))
Ms, 5,558, = ,
4 4
and Mid point of PR
M ((x1 + X2+ x3+X) +cot(§) (i —y2+ys—ya) (yi+y2+ys+ys)—cot(§)(x —x2+x3—x4))
PR = ,
4 4

Mid point of QT

)

. ((xl+x2+x3+x4)—tan(g)(y1—y2+y3—y4) (y1+y2+y3+y4)+tan(g)(xl—x2+x3—x4))
QT =
4 4

Consider A =x1+x2+ X3+ X4, B=Y1+ Yo+ Y3+ Va, Y =X1— X2+ Xx3—xgand 6 = y; — yo + ¥3 — Ja, then

A+cotad P-cotay
Ms, 5,555, = ,

4 4

’

MPF(“CT%” ﬁ—co:(%)y)

Mop = (A—taz(%)6’ﬁ+taz(%)y)

The midpoint of M Mpr and Mgt

_ (2/1+(cot(%)—tan(%))6 Zﬁ—(cot(%)—tan(%))?’)
8 ’ 8

([0t (%) - tan(£) ~2cotal

3 (/1+cota6 p—cotay

2 , 1 ) = Mg, 5,855,

Hence, the midpoint of PR (Mpg) and QT (Mgr) is the Van Aubel’s point S S253S4.
Now consider a line (2), that is 4yx + 40y = Ay + 0. Clearly, the three points lies on this line (2). Hence, the three
points Mg, s,s,s,, Mpr, Mgr are collinear. The line through these points is 4yx+46y = A1y + 6.

From Theorem 3.7, Cleatly, the line (2) is van aubel’s line (1). O

Theorem 3.12.

Let ABCD is a quadrilateral, suppose the triangles AABP', ACDR' , are isosceles with angle I§ at their top vertices,
and ABCQ', ADAT' are isosceles with angle m — a at their top vertices (all of them have same orientation) con-
structed on the sides of the quadrilateral which lie inwards and if S}, S,,S},S} the circumcenters of the triangles
AABP',ABCQ',ACDR’' and ADAT’, Then
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(a) P'R’is perpendicular to Q'T’
(b) The ratio of these two segements, PR’ and Q'T’, doesn’t depend from the quadrilateral.

(¢) Quadrilateral S}, S5, S}, S} is parallelogram

(d) The three points, the Van Aubel’s point (M’S, § g s’) of quadrilateral S|, S, S;, S, and mid points ofP’R’(Ml’J,R,)
175205374

and QT (M (i) are collinear and lie on the line Van Aubel’s Line given by

4(x) = Xo+ X3 — X)X+ 41— Yo + V3 — ya)y = (1 + x3)% — (X2 + %) + (1 + 13)° = (y2 + ya)°

And in particular the midpoint of P’R(M I’J, r) and QT (M’ ) is the Van Aubel’s point of S1, S2,S3,S4

Proof. Given at the top vertices P’, R’ makes an angle 1§, so the two isosceles triangles AABP’, ACDR’ having the base
angle as 90° — a/2. Using 2.1, we have

b ((xl +x3)—cot(§) (1 —y2) (1+y2)+cot(§)(x— xg))
2 ’ 2

B ((.X3 +x4)—cot($) (13— ya) (y3+ya)+cot(§)(xs— x4))
2 ’ 2

And given at the top vertices Q’, T’ makes an angle 7 — &, so the two isosceles triangles ABCQ', AD AT’ having the base
angle as a/2. Hence, using 2.2, we have

o= ((xg +x3)—tan(§) (y2—ys) (yo+ys)+tan(§) (x2— X3))
2 ' 2

- ((x4 +x1)—tan(§) (ya—y1) (ya+y)+tan($) (x4—x1))

2 ’ 2
Now
Slope of PR = (y1+y2—y3—ya) +cot(5) (x1— xp — x5 + x4) O
(x1+x2—x3—x4)—cot(§)1—y2—y3+ya)) L)

Slope of Q'T" = De+ys—ya-y)+tan(3) o - -xa+x)) M/
(ot+x3—xs—x1)—tan(4)(o—ys—ya+y1)) N
_ (x1+x2—x3—x4)—cot(%)(y1—yg—y3+y4) __L_l,’
(71 +y2—ys—ya) +cot($) (x1 — x2 — X3+ x4) K,/
It is clear that (slope of P'R)(slope of Q'T) = -1
> M,/K,/+L,/N,/ =0 (5)

That is P'R' 1L Q' T’ Hence (a) is proved.
Now for (b), Consider

Ky =(y1+y2—y3—ya) +cot(@/2) (x1 — X2 — X3+ x4), L) = (X1 + X — X3 — x4) — cot(a/2) (y1 — y2 — y3 + ya)
M) =(y2+ys—ya—y1)+tan(a/2) (xa — x3—xs+x1), Ny = (X2 + X3 — x4 — x1) + tan (a/2) (y2 — y3 = ya + y1)

It is clear that
K, =—cot(a/2) N,/

K, = —cot(a/2) N, and L, = cot(a/2) M,/, From (5), it is clear that

M) _ L _ ( L, + K, )_ K/ L/

= —————|=—=———=-cot(a/2
N,/ K/ M,2+N,2] N,/ M, @2
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Now

-
M

K/
TV

P'R'
Ql TI
That is the ratio of two segments P’R’and Q'T”’ doesn't depend from the quadrilateral. Hence (b) is proved.

Now for (c), we proceed as follows:
Since the base angles of isosceles triangles AABP',ACDR’ are 90° — a/2 So, using 2.3, we have

=|—cot(a/2)|

er + K’Z
( MIZ + NIZ)

g - ((xl +x2) —cota (y1 —y2) ()1 +y2)+cota(x —xz))
1 2 ’ 2
and

’

2 2

In the similar manner, since the base angles of isosceles triangles ABCQ',ADAT' are a/2. So using 2.3, we have

g - ((x3+x4)—cota(y3—y4) (y3+y4)+cota(x3—x4))
L=

g - ((x2+x3)+cota(y2—y3) (y2+y3)—cota(x2—x3))
2_ )
2 2

and

2 ' 2
Now, It is clear that, The mid point of S} S} =The midpoint of S, S, =

g - ((x4+x1) +cota(ys—y1) (y4+y1)—cota(x4—x1))
| =

’

4 4

Hence, the quadrilateral S| S, S5 S} is parallelogram, which completes the proof of (c).

(X1 + X2 + X3+ Xg) —cota (y1 — Y2+ y3— V1) (y1+y2+y3+y4)+cota(x1—x2+x3—x4))

47

Now for (d), Since the quadrilateral $}S,S;S) is parallelogram, Van Aubel’s point (MS/1 5,8, Sf;) of quadrilateral

855,558, is the midpoint of the diagonals. Hence, Van Aubel’s point (M 5,5, S;) of quadrilateral S S, S, S,

o _ (X1 +x2+x3+xg) —cota (y1—y2+y3—ya) (y1+y2+ys+ya)+cota(x;—x2+x3— Xa)
N 4 ’ 4
And midpoint of P'R' =
M- (X1 +x2+x3+x3) —cot(§) (yi—yo+y3—ya) (y1+ye+ys+ya)+cot(§)(x1—xo+x3—x4)
Mid point of Q' T’ =
M- ((x1 + X2 + X3+ Xg) +tan () (y1 - yo + y3— y4) (y1+y2+y3+y4)—tan(%)(x1—x2+x3—x4))

Consider A =x1+ X2+ X3+ X4, B=Y1+ Y2+ Y3+ Vs, Y =X1 — X2+ X3—X4,0 = y1 — y2 + y3 — ya, then

M :(A—cotaé ,B+cotay)
5155535, 4 7 4
o _(A—cot(%)6 ﬁ+cot(%)y)
P/R/_ 4 ’ 4
. _(/l+tan(%)(5 ,B—tan(%)y)
Q/T/ - 4 ) 4
The midpoint of M jD, rand M ZQ’T’
~ 21— (cot(§)—tan(%))6 2B+ (cot(§)—tan(%))y
B 8 ' 8
_(A-cotab B+cotay) ., N a ay
—( 1 ) " )_MS’IS’ZSQSQ ( (cot(g)—tan(i))—ZCota)

Hence, the midpoint of P'R’ (M, ,,) and Q' T’ (M’

o T,) is the Van Aubel’s point of S S, S} S

Now consider a line (2), that is 4yx + 40y = Ay + 0. Clearly, the three points lies on this line (2). Hence, the three

points Mg g 51 57, M. g M, 6, + are collinear. The line through these points is 4yx + 40y = 1y + 0.

From Theorem 3.7, Clearly, the line (2) is van aubel’s line (L).

O
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Remark 3.4. 1. The Van Aubel’s point (M51525354) of quadrilateral S;S,S3S4 the Van Aubel’s point (M of

yyyy)

quadrilateral S| S, S5 S} and the four points Mpg, Mgr, M, oo M o are collinear lie on the Van Aubel’s Line.

2. Using 3.2, 3.3 it is clear that Van Aubel’s line contains 15 points, They are Van Aubel’s point (M) of the quadrilat-
eral ABCD, the points My, M, M3, My, M'y, M, M}, M, , the Van Abel’s point of quadrilateral S; S»S3S, the Van
Abel’s point of quadrilateral S| S, S, S, Mpr, Mor, MP,R,, Mb, -

Theorem 3.13.
The following statements are true.

(a) The Van Aubel’s point (M) of quadrilateral ABCD is the midpoint of (Van Aubel s points of the quadrilaterals

$18283S1 and 8,8, 84S} ), (Mpr, M} ) and (Mor, My, ) (see Fig. 9)
() MPRMIQ/T/ = M3152$354 M{g/ls/zsés/ MQTMP/R/

Fig. 9.

Proof. 'We have

A+cotad ,6 cotay

Ms, 5,835, = (

4 |
/1+cot(%)6 B- cot% Y
Mpp =
PR ( 1
Mo — A- tan(%)é‘ ﬁ+tan% Y
QT 4
M :(/1 cotad ,B+cotay)
5155555, 4
M= A—cot(§)6 B+cot(§)y
P’RI_ 4 ’ 4
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MZQ/T/ _ (/1+tan(%) 5 p-tan(%) y)

’

4 4

Now it is clear that the Van Aubel’s point (M) of quadrilateral ABCD is the midpoint of the (Van Aubel’s points of the
quadrilaterals S S,S3S; and S8, 55S)), (Mpr, M;),R,), (MQT, M’Q,T,) .

Hence (a) is proved.

Now for (b), Consider

,_|[cot(§)-tan(5) _|cota
MprM iy = (f \/ 02 +7y?2| = \/ 02 +y?
cota
Ms 5,555 M; 5,515, = | 5 ( ‘52”2)
,_|[cot(5)-tan (%) _|cota
Mor My = (f 52 +y2| = /0% +72
Hence

U — ! _ !
MPRMQrTr = ]\481525354]\45/1555/3551 = MQTMPrRr

3.2. Dao’s Generalization [1]

Theorem 3.14.

Let ABCD be a quadrilateral, let four points A1, By, C1, D) on the plane either interior or exterior to the quadrilateral such
that /A1AB=/DADy =«a, /B1BC = /ZABA; = ﬁ, /BCBy=/C,CD = Y, /ZCDCy=4D1DA=6 anda +y= ﬁ+§ = %
in the same

(a) A1B1C1 D is an orthodiagonal quadrilateral.

(b) The ratio of these two segments, A1C, and By D) doesn’t depend from the quadrilateral.

Fig. 10.

Proof. Without loss of generality let us consider the coordinates of vertices of the quadrilateral ABCD as A =
(x1, 1),B = (x2, ¥2),C = (x3, y3) and D = (x4, y4) and also given LA|AB = ZDAD; = a,ZB1BC = ZABA; =
B,£BCB; = ZC1CD =y = 90° — a, ZCDC; = ZDDA = § = 90° — B. So using 2.1, we have the coordinates of
A1, By, Cy, D; as follows

A ((xl cotf+xpcota) £ (y1—y2)  (yicotB+yscota)F (x; —xg))
- cota +cotf ’ cota +cotf

B - ( (x2coty+xszcotf) = (y2—y3)  (y2coty+yscotf)F (xz — )C3))
b cot §+ coty ’ cot+coty

B ((xg +xzcotacotf) +cota(y2—ys) (y2+yscotacotf)Fcota (xz —x3)

, since y=90° — «
1+cotacotf ) ( Y )

1+cotacotf
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)

- ( (x3cotd+xscoty) £ (ys—ya)  (yscotd+ yscoty)F (x3— x4) )
' coty +cotd coty +cotd

B ((x3cota+x4cotﬁ)icota’cotﬁ(yg—y4) (ygcota+y4c0tﬁ)icotacotﬁ(xg—x4))(since 90— a, & = 90°— )
B cota +cot 8 ' cota +cot 8 Y= U

D ((x4 cota+xycotd) £ (ya—y1)  (yacota+y;cotd)F (xs— xl))
1 =

cotd +cota ’ cotd +cota

’

~ ((x4cotacotﬁ+x1) +cotf(ya—y1) (yacotacotf+ yr)Fcotf(xg—x1)

= since 5 = 90° -
1+cotacotf 1+cotacotf ) ( h)

Now
cota(ys—y2)+cotfB(ys—y1) F [cotacotﬁ(X3 —Xg4) — (X1 — .X,'g)] K4
Slope of A;C; = -4
cota(xg — x2) +cotB(xy — x1) + [cotacotﬁ(yg -y — (1 - yz)] Ly
(y1—y2)+ (ya—y3)cotacotfF [cotﬁ(x4 —X1) —cota(xy —.X,'g)] My
Slope of B1D; = =—
(x1 — x2) + (x4 — x3) cotacot f + [cotﬁ(y4 —y1)—cota(ys — yg)] Ny
_[cotalxs—xp) +cotflxs —x1) £ [cotacotB(ys—ya) — (1 - y2)]\ _ La
cota(ys — y2) +cot f(ya — y1) F [cotacot f(xz — x4) — (x1 — X2) Ky

So, it is clear that (Slope of A; C;)(Slope of By D)= -1,
=> MizKz;+Li;N; =0 (6)

Hence A; Cy LBy D, that is quadrilateral A, C; B; D; is orthodiagonal quadrilateral. So, (a) is proved.
Now for (b), Consider

Ky = cota(ys — y2) +cot f(ya — y1) F [cota cot f(xs — x4) — (x1 — X2) ]
Ly = cota(xs — x2) + cot f(xs — x1) + [cotacot f(ys — ya) — ()1 — y2)]
Mg = (31— y2) + (ya— ys) cotacot ¥ [cot f(xs — x1) — cota(xz — x3)]

Ng = (x1 — X2) + (x4 — x3) cotacot f + [cot f(ya — y1) — cota(yz — y3)]

It is clear that K; = Ny and L; = —M_.
From (6), it is clear that

M, Lg ( Ld2+Kd2 ) Ky -Lg
Ta _ - _2d_"hd_y

Ni  Kg MZ2+Ng2) Ng My
Now
AC1| |cotacotf+1 ( L+ K42 ) _ (cotacotﬁ+ 1\ Ka| _ ‘_ (cotacotﬁ+ 1) La | _|cotacotf+1
BiD;| | cota+cotp M2+N;z2) |\ cota+cotf ) Ng| cota+cotp ) My| | cota+cotp
That is the ratio of two segments PR and QT doesn’t depend from the quadrilateral. Hence (b) is proved. O

3.3. Generalization of Kiepert Hyperbola

Suppose the diagonals of quadrilaterals ABCD are equal, suppose the triangles AABP,ACDR are isosceles with
angle v at their top vertices, and the triangles ABCQ,ADAT are isosceles with angle 7 — 1 at their top vertices (all
of them have the same orientation). Then intersection of PR and QT moves along an equilateral hyperbola passing
through the midpoints of diagonals and asymptotes midlines of the quadrilateral. For further generalizations refer [2].
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