The van Hiele Theory—Defining and Proving Within a Sketchpad Context

THE VAN HIELE THEORY

The van Hiele theory originated in the doctoral
dissertations of Dina van Hiele-Geldof and her husband
Pierre van Hiele at the University of Utrecht, Netherlands,
in 1957. While Pierre’s dissertation mainly tried to explain
why students experienced problems in geometry education
(in this respect it was explanatory and descriptive), Dina’s
dissertation was about a teaching experiment (in this sense
more prescriptive regarding the ordering of geometry
content and learning activities of students). The most
obvious characteristic of the theory is the distinction of
five discrete thought levels in the development of students’
understanding of geometry.

According to the van Hiele theory, the main reason
traditional geometry curriculum fails is that it is presented
at a higher level than those at which students are
operating; in other words, students cannot understand the
teacher nor can the teacher understand why they cannot
understand! Although the van Hiele theory distinguishes
between five different levels of thought, we shall only focus
on the first four levels, as they are the most pertinent ones
for secondary school geometry. The general characteristics
of the first four levels are described here.

Level 1: Recognition

Students visually recognize figures by their global

appearance. They recognize triangles, squares,

parallelograms, and so forth by their shape, but they do

not explicitly identify the properties of these figures.

Level 2: Analysis

Students start analyzing the properties of figures and learn

the appropriate technical terminology for describing them,

but they do not interrelate figures or properties of figures.

Level 3: Ordering

Students logically order the properties of figures by short

chains of deductions and understand the interrelationships

between figures (for example, class inclusions).

Level 4: Deduction

Students start developing longer sequences of statements

and begin to understand the significance of deduction, the

role of axioms, theorems, and proof.

The differences between the first three levels can be

summarized as shown in the table below in terms of the

objects and structure of thought at each level (see Fuys

etal., 1988, 6)

Level 1 Level 2 Level 3
Objects of thought Individual figures Classes of figures Definitions of classes of figures
Structure of thought | Visual recognition Recognizing properties as Noticing and formulating
Naming characteristics of classes logical relationships between
Visual sorting properties
Examples Parallelograms all go A parallelogram has Opposite sides equal

together because they
“look the same.”

Rectangles, squares,

and rhombuses are not
parallelograms because
they do “not look like one.”

four sides, opposite angles
equal, opposite sides equal,
opposite sides parallel,
bisecting diagonals, and

so on. A rectangle is not

a parallelogram since a
rectangle has 90° angles but
a parallelogram does not.

imply opposite sides parallel.

Opposite sides parallel imply

opposite sides equal.
Opposite angles equal imply
opposite sides equal.
Bisecting diagonals imply
half-turn symmetry.
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By using task-based interviews, Burger and Shaughnessy
(1986) identified what students do at the first four levels
more fully as follows:

Level 1

1. Often use irrelevant visual properties to identify
figures, to compare, to classify, and to describe.

2. Usually refer to visual prototypes of figures, and
are easily misled by the orientation of figures.

3. Are unable to think of an infinite variation of a
particular type of figure; for example, in terms
of orientation and shape.

4. Inconsistently classify figures; for example, use
non-common or irrelevant properties to sort figures.

5. Incompletely describe (define) figures by viewing
necessary (often visual) conditions as sufficient
conditions.

Level 2

1. Make an explicit comparison of figures in terms
of their underlying properties.

2. Avoid class inclusions between different classes
of figures; for example, squares and rectangles
are considered to be disjoint.

3. Sort figures only in terms of one property; for
example, properties of sides, while other properties
like symmetries, angles, and diagonals are ignored.

4. Exhibit an uneconomical use of the properties of
figures to describe (define) them, instead of just
using sufficient properties.

5. Explicitly reject definitions supplied by other people;
for example, a teacher or textbook, in favor of their
own personal definitions.

6. Approach the establishment of the truth of a statement
empirically; for example, use observation and
measurement on the basis of several sketches.
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Level 3

1. Formulate economical, correct definitions for figures.

2. Are able to transform incomplete definitions into
complete definitions and more spontaneously accept
and use definitions for new concepts.

3. Accept different equivalent definitions for the same
concept.

4. Classify figures hierarchically; for example,
quadrilaterals.

5. Explicitly use the logical form if. . . then to formulate
and handle conjectures, and implicitly use logical rules
such as modus ponens.

6. Are uncertain and lack understanding regarding the
functions of axioms, definitions, and proof.

Level 4

1. Understand the functions (roles) of axioms,
definitions, and proof.

2. Spontaneously make conjectures and self-initiate
efforts to deductively verify them.

According to the van Hiele theory, deductive reasoning
first occurs on Level 3, when the network of logical
relationships between properties is established. In other
words, when a proof for the equality of the diagonals of a
rectangle is developed, the meaning of such a proof lies in
making the logical relationships between the properties
explicit. A student at Level 1 or 2, who does not yet possess
this network of logical implications, can only experience
such a proof as an attempt at the verification of the result.
However, since such students do not doubt the validity of
their empirical observations, they tend to experience it as
meaningless, or “proving the obvious.” It should further be
noted that the transition from van Hiele Level 1 to Level 2
poses specific problems to second language learners, since
it involves acquiring technical terminology for describing
properties of figures.
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CONCEPTUAL STRUCTURING

An important aspect of the van Hiele theory is that it
emphasizes that informal activities at Levels 1 and 2 should
provide appropriate conceptual substructures for the formal
activities at the next level. Teachers often let their students
measure the angles of a triangle with a protractor, and then
let them add the angles to discover that they always add up
to 180° From a van Hiele perspective this is inappropriate
as it does not provide a suitable conceptual substructure in
which the eventual logical explanation (proof) is implicitly
embedded. In comparison, an activity with cardboard

tiles, or Sketchpad as shown below, provides such a
substructure. For example, translate a triangle ABC by
vector BC, and rotate triangle ABC around the midpoint
of AC. Let the students notice through dragging that the
three angles C, D, and E always form a straight line. Then
ask students what they can say about angles A and Bin
relation to angles D and E. Since angle B maps onto

angle E by the translation, and angle A maps onto angle D
by the half-turn, angles B and A are equal to angles D and
E, respectively. Clearly this provides an appropriate
conceptual structure for an eventual explanation (proof).

Similarly, the activity of measuring the base angles of
an isosceles triangle and dragging the triangle within
Sketchpad is conceptually inappropriate, but reflecting
it around its axis of symmetry lays the foundation for
a logical explanation (proof) later.

THE RECONSTRUCTIVE APPROACH

Early in this century the German mathematician Felix
Klein (1924) came out strongly against the practice of
presenting mathematical topics as completed axiomatic-
deductive systems and instead argued for the use of the
so-called bio-genetic principle in teaching. The genetic
approach has also been advocated by Wittmann (1973),
Polya (1981), Freudenthal (1973), and many others.
Essentially, the genetic approach argues that the learner
should either retrace (at least in part) the path followed by

the original discoverers or inventors, or retrace a path by
which mathematical content could have been discovered or
invented. In other words, learners should be exposed to or
engaged with the typical mathematical processes by which
new content in mathematics is discovered, invented, and
organized. Human (1978, 20) calls it the reconstructive
approach and contrasts it as follows with the so-called
direct axiomatic-deductive approach:

With this term we want to indicate that content is
not directly introduced to students (as finished
products of mathematical activity), but that the
content is newly reconstructed during teaching in a
typical mathematical manner by the teacher and/or
the students. (translation mine)

The didactical motivation for the reconstructive approach
includes, among others, the following two elements: that
it highlights the meaning of the content, and that it

allows students to actively participate in constructing

and developing the content. In recent times, the learning
theory of constructivism has provided a psychological
perspective which strongly supports such a teaching
approach. With different content (definitions, axiom
systems, propositions, proofs, algorithms, and so on)

one can of course distinguish different mathematical
processes for constructing that content. A genetic or
reconstructive approach is therefore characterized by

not presenting content as a finished, prefabricated
product, but rather focusing on the genuine mathematical
processes by which the content can be developed or
reconstructed. Note, however, that a reconstructive
approach does not necessarily imply learning by discovery,
for it may just be a reconstructive explanation by the
teacher or the textbook. It also does not mean that a
historical approach need be strictly followed, but simply
that the history of mathematics serves as useful guide.

DEFINING

The intrinsic value of mathematics is not only
contained in the products of mathematical activity
(i.e. polished concepts, definitions, structures and
axiomatic systems, but also and especially in the
processes of mathematical activity leading to such
products, e.g. generalization, recognition of pattern,
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defining, axiomatizing. The draft syllabi are
intended to reflect an increased emphasis on genuine
mathematical activity as opposed to the mere
assimilation of the finished products of such activity.
This emphasis is particularly reflected in the various
sections on geometry. (Mathematical Association
of South Africa 1978, 3)

Traditionally most teachers and textbook authors have
simply provided students with ready-made content
(definitions, theorems, proofs, classifications, and so on)
that they merely have to assimilate and regurgitate in tests
and exams. Traditional geometry education of this kind
can be compared to a cooking class where the teacher only
shows students cakes (or even worse, only pictures of
cakes) without showing them what goes into the cake and
how it is made. In addition, they’re not even allowed to try
their own hand at baking!

The direct teaching of geometry definitions with no
emphasis on the underlying process of defining has

often been criticized by mathematicians and mathematics
educators alike. For example, as early as 1908, Benchara
Blandford wrote (quoted in Griffiths and Howson 1974,
216-217):

To me it appears a radically vicious method,
certainly in geometry, if not in other subjects, to
supply a child with ready-made definitions, to be
subsequently memorized after being more or less
carefully explained. To do this is surely to throw
away deliberately one of the most valuable agents of
intellectual discipline. The evolving of a workable
definition by the child’s own activity stimulated by
appropriate questions, is both interesting and highly
educational. Let us try to discover the kind of
conception already existing in the child’s mind—
vague and crude it generally is, of course, otherwise
what need for education?—Ilet us note carefully its
defects, and then help the child himself to refashion
the conception . . .

The well-known mathematician Hans Freudenthal
(1973, 416—418) also strongly criticized the traditional
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practice of the direct provision of geometry definitions
as follows:

. .. the Socratic didactician would refuse to introduce
the geometrical objects by definitions, but wherever
the didactic inversion prevails, deductivity starts
with definitions. (In traditional geometry they even
define what is a definition—a still higher level in the
learning process.) The Socratic didactician rejects
such a procedure. How can you define a thing before
you know what you have to define?. . . most
definitions are not preconceived but the finishing
touch of the organizing activity. The child should
not be deprived of this privilege . . . Good geometry
instruction can mean much—Ilearning to organize
a subject matter and learning what is organizing,
learning to conceptualize and what is
conceptualizing, learning to define and what is a
definition. It means leading pupils to understand
why some organization, some concept, some
definition is better than another. Traditional
instruction is different. Rather than giving the child
the opportunity to organize spatial experiences, the
subject matter is offered as a preorganized structure.
All concepts, definitions, and deductions are
preconceived by the teacher, who knows what is

its use in every detail— or rather by the textbook
author who has carefully built all his secrets into
the structure.

Just knowing the definition of a concept does not at all
guarantee understanding of the concept. For example,
although students may have been taught, and be able to
recite, the standard definition of a parallelogram as a
quadrilateral with opposite sides parallel, the students
may still not consider rectangles, squares, and rhombuses
as parallelograms, since the students’ concept image of a
parallelogram is that not all angles or sides are allowed
to be equal. It would appear that in order to increase
students’ understanding of geometry definitions, and

of the concepts to which they relate, it is essential to
engage students at some stage in the process of defining
geometric concepts. Due to the inherent complexity
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of the process of defining, it would also appear to be
unreasonable to expect students to immediately come

up with formal definitions on their own, unless they have
been guided in a didactic fashion through some examples
of the process of defining that they can later use as models
for their own attempts.

Furthermore, constructing definitions is a mathematical
activity of no less importance than other mathematical
processes such as solving problems, making conjectures,
generalizing, specializing, proving, and so on, and it is
therefore strange that it has been neglected in most
mathematics teaching. In mathematics we can distinguish
between two different types of defining of concepts,
namely, descriptive (a posteriori) and constructive (a priori)
defining (for example, compare Krygowska 1971; Human
1978, 164—65; de Villiers 1998b).

Descriptive Defining

... the describing definition . . . outlines a known
object by singling out a few characteristic properties.
(Freudenthal 1973, 458)

Descriptive defining occurs after a concept and its
properties have already been known for some time (see
below). Descriptive defining is usually accomplished by
selecting an appropriate subset of the total set of properties
of the concept from which all the other properties can be
deduced. This subset then serves as the definition and the
other remaining properties are then logically derived from
it as theorems.

Logically unrelated properties
of a known concept
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Constructive Defining

... the algorithmically constructive and creative
definition . . . models new objects out of familiar
ones. (Freudenthal 1973, 458)
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Constructive defining is done by changing a given
definition by excluding, generalizing, specializing,
replacing, or adding properties to the definition,

so that a new concept is constructed in the process
(see above). In other words, a new concept is defined
into being, and its further properties can then be
experimentally or logically explored. Whereas the
main purpose or function of descriptive defining is to
systematize existing knowledge, the main function of
constructive defining is to produce new knowledge.

From our preceding discussion of the van Hiele theory it
should be clear that understanding of formal, textbook
definitions only develops at Level 3 and that the direct
provision of such definitions to students at lower levels
would be doomed to failure. In fact, if we take the
constructivist theory of learning seriously (namely that
knowledge simply cannot be transferred directly from one
person to another and that meaningful knowledge needs
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to be actively constructed by the learner), we should
actually engage students in the activity of defining and
allow them to choose their own definitions at each level.
For example, to define a rectangle, this implies allowing
the following kinds of meaningful definitions at each
van Hiele level:

van Hiele Level 1

Visual definitions; for example, a rectangle that looks like
this (draws or identifies a quadrilateral with all angles 90°
and two long and two short sides).

van Hiele Level 2

Uneconomical definitions; for example, a rectangle is a
quadrilateral with opposite sides parallel and equal, all
angles 90° equal diagonals, half-turn-symmetry, two axes
of symmetry through opposite sides, two long and two
short sides, and so on.

van Hiele Level 3

Correct, economical definitions; for example, a rectangle
is a quadrilateral with two axes of symmetry though
opposite sides.

HIERARCHICAL VERSUS PARTITIONAL DEFINITIONS

As you can see above from the two examples at van Hiele
Levels 1 and 2, students’ spontaneous definitions would
also tend to be partitional, in other words, they would not
allow the inclusion of the squares among the rectangles
(by explicitly stating two long and two short sides). In
contrast, according to the van Hiele theory, definitions at
Level 3 are typically hierarchical, which means they allow
for the inclusion of the squares among the rectangles, and
would not be understood by students at lower levels.

Formal definitions in textbooks are often preceded by an
activity whereby students have to compare in tabular form
various properties of the quadrilaterals, for example, to
see that a square, rectangle, and rhombus have all the
properties of a parallelogram. The purpose clearly is to
prepare them for the formal definitions later on which
are hierarchical. (In other words, the given definitions
provide for the inclusion of special cases; for example, a
parallelogram is defined so as to include squares,
rhombuses, and rectangles.) However, research reported
in de Villiers (1994) shows that many students, even after
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doing tabular comparisons and other activities, if given
the opportunity, still prefer to define quadrilaterals in
partitions. (In other words, they would, for example, still
prefer to define a parallelogram as a quadrilateral with
both pairs of opposite sides parallel, but not all angles or
sides equal.)

For this reason, students should not simply be supplied
with ready-made definitions for the quadrilaterals, but
should be allowed to formulate their own definitions
irrespective of whether they are partitional or hierarchical.
By then discussing and comparing in class the relative
advantages and disadvantages of these two different ways of
classifying and defining quadrilaterals (both of which are
mathematically correct), students may be led to realize that
there are certain advantages in accepting a hierarchical
classification. For example, if students are asked to compare
the following two definitions for parallelogram, they might
realize that the former is more economical than the latter:

Hierarchical: A parallelogram is a quadrilateral with both
pairs of opposite sides parallel.

Partitional: A parallelogram is a quadrilateral with both
pairs of opposite sides parallel, but not all
angles or sides equal.

Clearly, in general, partitional definitions are longer since
they have to include additional properties to ensure the
exclusion of special cases. Another advantage of a
hierarchical definition for a concept is that all theorems
proved for that concept then apply automatically to its
special cases. For example, if we prove that the diagonals
of a parallelogram bisect each other, we can immediately
conclude that it is also true for rectangles, rhombuses,
and squares. If, however, we classified and defined them
partitionally, we would have to prove separately in each
case, for parallelograms, rectangles, rhombuses, and
squares, that their diagonals bisect each other. Clearly this
is very uneconomical. It seems clear that unless the role
and function of a hierarchical classification is meaningfully
discussed in class as described in de Villiers (1994), many
students will have difficulty in understanding why their
intuitive, partitional definitions are not used.

On the other hand, the dynamic nature of geometric figures
constructed in Sketchpad may also make the acceptance of a
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hierarchical classification of the quadrilaterals far easier. For
example, if students construct a quadrilateral with opposite
sides parallel, then they will notice that they could easily
drag it into the shape of a rectangle, thombus, or square as
shown below. In fact, it seems quite possible that students
would be able to accept and understand this even at van
Hiele Level 1 (visualization), but further research into this
particular area is needed.

D (] D C

\

A B A B

Dynamic transformation of parallelogram

CONSTRUCTION AND MEASUREMENT

It should first be pointed out that certain kinds of
construction activities (on Sketchpad or by pencil and
paper) are inappropriate at van Hiele Level 1. For example,
someone was recently overheard at a conference
commenting that she was unpleasantly dismayed at the
difficulty young children had with the task of constructing
a “dynamic” square with Sketchpad. However, if the
children were still at van Hiele Level 1, then it is not
surprising at all—how can they construct it if they do not
yet know its properties (Level 2) and that some properties
are sufficient and others not (that is, know the logical
relationships between the properties—Level 3)?

In fact, at van Hiele Level 1 it would appear to be far more
appropriate to provide children with ready-made sketches
of quadrilaterals in Sketchpad, which they can then easily
manipulate and first investigate visually. Next, they could
start using the measure features of the software to analyze
the properties (and learn the appropriate terminology)

to enable them to reach Level 2. Only then would it be
appropriate to challenge them to construct such dynamic

quadrilaterals themselves, thus assisting the transition
to Level 3.

In other words, students who are predominantly at

van Hiele Level 2 cannot yet be expected to logically check
their own descriptions (definitions) of quadrilaterals, but
they should be allowed to do so by accurate construction
and measurement. For example, students could evaluate
the following attempted descriptions (definitions) for a
rhombus by construction and measurement as shown in
the figure below:

1. A rhombus is a quadrilateral with all sides equal.

2. A rhombus is a quadrilateral with perpendicular,
bisecting diagonals.

3. A rhombus is a quadrilateral with bisecting diagonals.

4. A rhombus is a quadrilateral with one pair of adjacent
sides equal and both pairs of opposite sides parallel.

Construction and measurement

In the first example, students should construct a
quadrilateral so that all four sides are equal, and

then could notice that the diagonals always bisect

each other perpendicularly, irrespective of how they
drag the figure. This clearly shows that the property of
“perpendicular bisecting diagonals” is a consequence

of their constructing “all four sides equal.” On the other
hand, such testing also clearly shows when a description
(definition) is incomplete (contains insufficient
properties), as in the third example above.

Psychologically, constructions like these are extremely
important for assisting the transition from van Hiele Level 2
to van Hiele Level 3. It helps to develop an understanding
of the difference between a premise and a conclusion and
their causal relationship; in other words, of the logical
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structure of an if-then statement. For example, statement 4
could be rewritten by students as: “Ifa quadrilateral has one
pair of adjacent sides equal and both pairs of opposite sides
parallel, then it is a rhombus (that is, has all sides equal,
perpendicular bisecting diagonals, and so on).” Smith (1940)
reported marked improvement in students’ understanding
of if-then statements after letting them make constructions
to evaluate geometric statements as follows:

Pupils saw that when they did certain things in
making a figure, certain other things resulted. They
learned to feel the difference in category between the
relationships they put into a figure—the things over
which they had control—and the relationships which
resulted without any action on their part. Finally the
difference in these two categories was associated with
the difference between the given conditions and
conclusion, between the if-part and the then-part
of a sentence. (emphasis added)

PHASES IN GEOMETRY EDUCATION

According to the van Hiele theory, for learning to be
meaningful, students should become acquainted that,
and explore, geometry content in phases that correspond
to the van Hiele levels. A serious shortcoming of the

van Hiele theory, however, is that there is no explicit
distinction between different possible functions of proof.
For example, the development of deductive thinking
appears first within the context of systematization at van
Hiele Level 3 (ordering). Empirical research by de Villiers
(1991) and Mudaly (1998) seem to indicate, however,

that the functions of proof such as explanation, discovery,
and verification can be meaningful to students outside a
systematization context, in other words, at van Hiele levels
lower than van Hiele Level 3, provided the arguments are
of an intuitive or visual nature; for example, the use of
symmetry or dissection. From experience, it also seems
that a prolonged delay at van Hiele levels 1 and 2 before
introducing proof actually makes introducing proof later
as a meaningful activity even more difficult. The following
are four example activities sequenced to not only
correspond to the van Hiele levels, but also to incorporate
a distinction between some different functions of proof at
these levels.
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Activity 1: Exploration of Properties of a Kite

In this activity students use Sketchpad to first construct

a kite by using reflection and then explore its properties
(for example, angles, sides, diagonals, circum circle).

By dragging, students also explore special cases (rhombus,
square).

This activity

« Involves van Hiele Level 1 (visualization) and
van Hiele Level 2 (analysis and formulation of
properties)

+ Asks students to explain (prove) properties of kites in
terms of reflective symmetry

Construct

1. Draw a line through two points, and then construct
any point not on the line.

2. Reflect the “outside” point in the line.

3. Connect corresponding points to obtain a
quadrilateral as shown above.

Investigate

1. Make conjectures regarding the following properties
of the above figures:
a. sides b. angles

c. diagonals  d. inscribed or circumscribed circle

2. Can the above figure sometimes be a parallelogram,
rectangle, rhombus, or square?

3. Logically explain your conjectures in Question 1 in
terms of symmetry.
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Activity 2: Constructing the Midpoints of
the Sides of a Kite

Students construct the midpoints of the sides of a dynamic
kite and explore the kind of figure formed (leading to the
conjecture that it is a rectangle).

This activity

+ Explains that midpoints form a rectangle in terms of
perpendicularity of diagonals, leading to the discovery
that this would be true for any quadrilateral with
perpendicular diagonals

Construct

Construct and connect the midpoints of the sides of a kite.

Investigate

1. Investigate the type of quadrilateral formed by the
midpoints of its sides.

2. Logically explain your conjecture.

3. From Question 2, can you find or construct another
more general type of quadrilateral that will have the
same midpoint property? (The result generalizes to
any quadrilateral with perpendicular diagonals.)

Activity 3: Describing a Kite

Students select different subsets of the properties of a

kite as possible descriptions (definitions) and first check
whether they are necessary and sufficient by using them in
a Sketchpad construction, and then by logical reasoning
(proof).

This activity

+ Involves van Hiele Level 3 (local ordering)

+ Makes explicit the function of proof as systematization
(that is, the deductive organization of the properties
of a kite)

+ Involves the mathematical process of descriptive defining

The kite has the following properties:

a. (At least) one line of symmetry through a pair of
opposite angles

b. Perpendicular diagonals (with at least one bisecting
the other)

c. (At least) one pair of opposite angles equal
d. Two (distinct) pairs of adjacent sides equal

e. (At least) one diagonal bisecting a pair of
opposite angles

f. Incircle

Investigate

1. How would you over the phone explain what “kites”
are to someone not yet acquainted with them? (Try to
keep your description as short as possible, but ensure
that the person has enough information to make a
correct drawing of the quadrilateral).

2. Try formulating two alternative descriptions. Which of
the three do you like best? Why?
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Activity 4: Generalizing or Specializing a Kite

Students generalize by leaving out some of the properties
and specialize by adding more properties. The properties
of the newly defined objects are then explored by
construction on Sketchpad and/or by deductive reasoning.

This activity
+ Involves van Hiele Level 4 (global ordering)

+ Involves the mathematical process of constructive
defining

Investigate

1. Generalize the concept “kite” in different ways by leaving
out, altering, or generalizing some of its properties.
(One possibility is to generalize to a 2n-gon; for
example, a polygon with at least one axis of symmetry
through a pair of opposite angles. Other possibilities
are to generalize to a quadrilateral with at least one
pair of adjacent sides equal, to one with one diagonal
bisected by the other, or to one circumscribed around
a circle—a circum quad).
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2. Specialize the concept “kite” in different ways by the
addition of more properties. (Possibilities to consider
are a kite inscribed in a circle, a kite with at least three
equal angles, or a kite with another axis of symmetry
through a pair of opposite angles—a rhombus).

These briefly described activities are intended as examples
of how students can be engaged in proof at levels lower
than van Hiele Level 3. The more fully developed activities
in this book resemble these four activities in structure

and are likewise intended to engage students operating at
various van Hiele levels. I hope they illustrate that the

van Hiele theory does not so much require us to avoid
proof as it requires us to engage students in proof’s

various functions.



