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86.50 Area of a quadrilateral

The area of any quadrilateral is /,/, sin® where [/, and [, are the
lengths of the diagonals and @ is an angle between them.

Case 1.

None of the interior angles of the
quadrilateral is a reflex angle.

Let the diagonals have lengths /;
and [, where [, = a + c and
[, = b + d, as shown.

Area of quadrilateral

= sum of the areas of the four
triangles

= kab sin @ + ibc sin(m — 0) + tcd sin@ + ida sin (7w - 6)
= %sinB{ab + bc + cd + da} since sin (m - 6) = sin 6

= d(a+ c)(b + d)siné

= %lllz sin 6.

Case 2.

One interior angle of the
quadrilateral is a reflex angle.

Let the diagonals have lengths /,
and [, where [, = p + g, as
shown.

Area of quadrilateral

=3l + r)psin( — 6) — Arpsin(w — 6) + 4 (I, + r)gsin@ — Lrgsiné
Lsino{lp + rp — rp + Lig + rq — rq}

= Lsin0{lyp + lig} = Lsin6l,(p + q)

= 41,1, sin 6.

An interesting third case occurs when two sides of the quadrilateral
cross, forming two triangles.
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NOTES 311

Using the lengths [, [, (for the diagonals) and A, B, C, D, E for areas,
the quantity 31/, sin® = 3(l; + x — x)(l + y — y) siné
=5l +x)(l; + y)sin€ + dxysin€ — §(I; + x)ysin — 5 (I, + y)xsinf
=A+B+C+D+E)Y+A-A+B+C)-(A+ B+ D)
= E - B =the difference in the area of the triangles
or E + (-B), as might seem reasonable in this case.
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