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Abstract

Learners’ difficulties with proof have been ascribed to their lack of understanding of
functions that proof performs in mathematics, namely, verification, explanation,
communication, discovery, and systematization. However, the extant mathematics
education literature on validation of instruments designed to measure learners’ beliefs
about the functions of proof is scant. The purpose of this mixed methods study was to
use the Standards for Educational and Psychological Testing (as discussed by the
American Educational Research Association/American Psychological Association/
National Council on Measurement in Education (AERA/APA/NCME), 2014) as a
theoretical and methodological platform to support arguments for the validity of the
learners’ beliefs about the functions of proof (BAFP) instrument. Scale items were
generated from de Villiers’ model and a review of the literature, panel of experts, and
key informants. The resulting instrument, comprising 28 Likert-scale items and 5 open
questions that assessed the five functions of proof, was administered to 87 grade 11
learners in one high school in the Pinetown Education District, KwaZulu-Natal, South
Africa. The results put the validity of the scores on the BAFP instrument into question.
The study was an exploration of validity arguments based on the evidence from
various data sources. Confirmatory factor analysis with a larger sample in a different
context needs to be conducted to warrant the use of the BAFP instrument. The key
contribution of this study to the field is that it sheds light on the complexities of
instrument validation; the scope of the effort may explain why comprehensive valida-
tion efforts have not been documented extensively in literature.
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Mathematics education scholars (de Villiers, 1990; Knuth, 2002; Stylianides & Stylianides,
2018; Zaslavsky et al., 2012) and reform initiatives and curriculum documents (Common Core
State Standards Initiative (CCSSI), 2010; National Council of Teachers of Mathematics
(NCTM), 2000) highlight the centrality of proof in the learning of mathematics. However, a
perennial concern is that learners encounter difficulties in constructing proofs'. Some studies
suggest that the difficulties are related to the abrupt introduction of proof at the secondary level
(Ellis et al., 2019). Specifically, many learners continue to verify the truth of a mathematical
statement by means of one or several examples even after explicit instruction about the
generality of mathematical proof (Stylianides & Stylianides, 2018). Healy and Hoyles
(1998) found that learners who have some idea of the role of proof are less likely to choose
empirical arguments as proof than those who do not. To put the magnitude of this challenge
into perspective, Healy and Hoyles (1998) found that a little over 50% of all learners thought
that proof'is a means to verify the truth of a statement, 35% as a means to explain, only 1% as a
means to discover, and 28% had no idea at all about the roles and functions of proof.

Building on the work of Bell (1976), de Villiers (1990) underscores that proof functions as
a means to verify the truth of a proposition, explain why a proposition is true (or false),
communicate mathematical knowledge, discover new mathematical knowledge using deduc-
tion (the very foundation of proof), and systematize the results into a deductive system of
axioms. Making sense of learners’ beliefs about these functions was interesting. In emphasiz-
ing the importance of beliefs in the mathematics teaching and learning, Goldin et al. (2009)
point out that beliefs influence “the success or failure of massive curricular reform efforts
across entire countries” (p. 14). Yet, the extant mathematics education literature on validated
measurement instruments designed to capture learners’ beliefs about the functions of proof
(BAFP) in mathematics is scant. In fact, at present, no instruments exist to adequately measure
learners’ beliefs about the functions of proof in mathematics.

Given the ongoing nature of validation, Dickey (1996) criticizes particularly the sole
reliance on exploratory factor analysis (EFA), arguing that subsequent analyses with other
data sets may not reproduce the same factor structures. The purpose of this mixed methods
study was to fill this gap by presenting an argument that a network of empirical evidence
supports the interpretation of the scores of an instrument that assesses high school learners’
beliefs about the functions of proof, via an instrument, the BAFP. To this end, the modified
Standards for Educational and Psychological Testing (American Educational Research
Association/American Psychological Association/National Council on Measurement in Edu-
cation (AERA/APA/NCME), 2014)—hereafter Standards—provides a framework for think-
ing about validity as a unitary concept needed to support the inferences drawn from
measurement instrument scores.

A classical account of validity—one that is especially prevalent in educational and psy-
chological measurement agendas—treats validity as the degree to which an instrument mea-
sures what it purports to measure. Understood in this manner, validity is reduced to no more
nor less than a statistical property of the measurement tool (Kane, 2013). In this paper, a
contemporary definition of validity which places emphasis on scores as the basis of supporting
claims about the validity of the BAFP instrument is provided. The Standards defines validity

"I join Tall et al. (2012) in defining proof as an activity that “involves thinking about new situations, focusing on
significant aspects, using previous knowledge to put new ideas together in new ways, consider relationships,
make conjectures, formulate definitions as necessary and to build a valid argument” (p. 15).
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as “the degree to which evidence and theory support the interpretations of test scores for
proposed uses of tests” (p. 11). Validation can then be thought of as a process that focuses on
the interpretation of instrument scores for an intended use.

The paper begins with a description of the background to the problem. Then, the specific
validation framework is presented. A brief discussion of methods follows, highlighting the
design used to address the various validity questions underpinning this study. This is followed
by the heart of the paper, reviewing the evidence gathered to address the research questions,
ranging from content-based evidence through evidence based on internal structure. Next is the
judgment about the validity of the BAFP instrument scores and a discussion of the implica-
tions of the validation in other contexts. The paper concludes by setting a course for the future
research on the validation of the BAFP instrument.

1 Theoretical perspectives

Consistent with the advancement in validity theory and methodology in both education and
psychology, this study is grounded in the Standards’ framework which provided a lens
through which to analyze the data and ground the subsequent arguments on validity on
interpretation of scores on the BAFP instrument. This framework is premised on the notion
that “validation involves an evaluation of the credibility, or plausibility, of the proposed
interpretations and uses of test scores” (Kane, 2010, p. 180). The Standards specifies five
sources of validity evidence: (1) evidence based on measurement instrument content, (2)
evidence based on response processes, (3) evidence based on internal structure, (4) evidence
based on relations to other variables, and (5) consequences of testing. However, the limited
space in this paper prohibits full discussion of all the evidence gathered and only an outline of
the first three sources of evidence that provided the necessary and sufficient evidence on the
validity of the BAFP instrument scores is displayed in Table 1.

Table 1 Validity evidence used to assess the BAFP instrument scores (adapted from Gillespie & Perron, 2015)

Component Definition Evidence
Evidence based on A demonstration that items * Conducting conceptual analysis to
instrument content constituting the instrument are establish links between words used
relevant to and representative of the in the instrument and the construct
construct of beliefs about the of beliefs about the functions of
functions of proof. proof.

* Quantifying judgements about the
instrument elements using
formalized scales procedures with
three experts.

Evidence based on The fit between the concept of beliefs Using open questions to understand
response processes about the functions of proof and the how participants respond to or
detailed nature of response actually interpret items.

engaged in by respondents (e.g.,
respondents’ rating influenced by
cheating or social desirability).
Evidence based on A scaffold that shows the items and Using factor analytic and ordinal
internal structure subscales exhibit patterns of regression methods.
association consistent with
substantive theory.
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The purpose of this study was to validate the BAFP instrument by accumulating
evidence to support the inferences made from its scores. The following general research
question was posed to guide the accumulation of this evidence: What is the extent to which
the proposed interpretations and uses of the BAFP instrument scores validate it? In
validating the BAFP instrument scores, qualitative investigations accompanied quantitative
investigations. As a consequence, investigations into the following specific questions were
conducted:

*  Does the questionnaire cover the content of beliefs about the functions of proof?

* To what extent do responses on the questionnaire fit the construct of beliefs about the
functions of proof?

* To what extent do the relationships among the questionnaire items and subscales match the
operational definition of beliefs about the functions of proof?

2 Methods
2.1 Study design

The present study is underpinned by a pragmatic paradigm using a mixed methods design to
gather both numerical and verbal data in line with Creswell and Plano Clark’s (2011)
guidelines. This design was adopted, given that the Standards’ theoretical framework com-
prises two sources of validity evidence (internal structure and relationship of scores to other
variables) that have a focus on the statistical properties of an instrument, whereas the two
additional sources (measurement instrument content, response processes) seek qualitative
evidence.

2.2 Sampling

The data reported in this paper were collected as part of a larger study on the concept of
proof and its functions in mathematics and it took place during February of 2017. The
sample comprised 87 grade 11 learners conveniently recruited from one school in the
EThekwini metropolitan area, South Africa. This sample was part of the population of
high school learners in Dinaledi schools® for which I intended to make observations and
inferences. In its quest to increase the participation and performance in mathematics and
physical science by historically disadvantaged learners, the Department of Basic Educa-
tion established the Dinaledi School Project, in 2001 (Department of Basic Education
[DBE], 2009). These schools were provided with resources (e.g., textbooks, tablets,
projectors, and laboratories) to improve the teaching and learning of mathematics and
science.

Grade 11 learners in Dinaledi schools were deemed to be a good target population for the
present purpose because they have access to dynamic geometry software that can be used to
explore the functions of proof (Chazan & Yerushalmy, 1998; de Villiers, 2012). The validation

2 The word “Dinaledi” means “stars” in the Sesotho language, which is one of the indigenous languages, along
with IsiZulu, commonly spoken in South Africa.
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of the BAFP instrument could help teachers in these schools to make conclusions about the
learners’ knowledge of the various functions of proof; remedial lessons may then be conducted
to enhance meaningful learning of proof. The school participated because of interest in the
research topic and the results that were going to be shared in reciprocity for taking part in the
study.

All names of participants and school were anonymized to protect their identity as they
generously offered access to personal data. At the time of participation in this study, the ages of
the participants ranged from 16 to 20 years (M = 17.35, SD = 1.44), 62% were female and five
did not report their gender. In addition, the participants selected multiple ethnic/racial catego-
ries in which 46 identified themselves as Black, 28 as Asian, 8 as Colored’, and 5 as “Other.”
This sample was used to perform a factor analysis. Although the sample size was relatively
small, a sample of 50 is a reasonable absolute minimum to perform factor analysis (de Winter
et al., 2009).

2.3 Procedures

Ethical approval for this study was granted by the Ethics in Research Committee of the
University of KwaZulu-Natal as well as the KwaZulu-Natal Department of Education.
Once informed consent was received, the BAFP instrument was administered to the
participants in their classrooms during which time the purpose and instructions were read
and learners’ questions clarified. The administration of the instrument included collecting
demographic information from the participants included age, race/ethnicity, gender, and
home language.

The two teachers were asked to administer the instrument in their classes by handing out the
BAFP questionnaire to each participant and asking him or her to complete it by hand. They
received a detailed set of instructions specifying administration procedures in which, for
example, they were asked to give a short introduction highlighting the importance of the
results in relation to the specific outcomes outlined in the mathematics curriculum on proof,
completing the questionnaire as individuals, assuring learners that their identity will be kept
confidential. They were asked not to help learners or intervene in the completion of the survey.
The total time allocated for the administration of the completion of the survey was a maximum
of 60 min.

2.4 Development of the BAFP instrument
2.4.1 Defining the construct of beliefs about the functions of proof in mathematics

A precise measurement of a construct is impossible without having a clear idea about what
exactly it constitutes. In order to measure learners’ beliefs about the functions of proof'in a
valid way, it is important to have a clear definition of this construct. However, prior to
doing so, it is necessary to put the term “beliefs” into perspective. Like most common
language words drafted into mathematics education research, there is no commonly

3 The term “Colored” is used in the same sense as Isaacs-Martin and Petrus (2012) to identify a specific group in
South Africa, most often attributed to learners popularly perceived as being of mixed racial and ethnic descent
who, over time and due to specific historical, cultural, social, and other factors, have undergone various changes
in their perceptions of their identity as Colored.

@ Springer



508 Shongwe B.

accepted definition of the word “beliefs.” While the existing definitions vary, there one
common element present in virtually all of them is that the holder sees the statement of
belief as true. Hence, I join Goldin (2002) in defining beliefs as an individual learner’s
attribution of “truth value” to their ideas (p. 59). The purpose of administering the BAFP
instrument was to use scaled items to seek information about what learners thought as true
about the functions of proof in mathematics. Scaled items were used because “many of our
beliefs and opinions are thought of in terms of gradations” (McMillan & Schumacher,
2010, p. 198).

This study adopted a multidimensional approach, specifically de Villiers’ (1990)
model and a body of literature which formed a theoretical framework and perspectives
in guiding the development of the BAFP instrument. In the model, he understands proof
as playing five roles: verification, explanation, communication, discovery, and system-
atization. In this study, the descriptions (i.e., items) of the roles that proof plays are
referred to as the functions. Thus, learners’ beliefs about the functions of proof is a
phrase conceptualized as referring to the ideas that learners think are true about the roles
and functions of proof in mathematics. This was the working definition of the 30-item
BAFP instrument used in the current study.

2.4.2 Focus group

A purposive sample of five 11th grade learners—who met just once for focus group
participation—was recruited from the target population to identify parts of the BAFP
instrument that were unclear or difficult. The participants were chosen on the basis of
their willingness to answer the questions and their ability to give critical feedback. Their
age ranged from 16 to 20 years. The controlled group discussion* took place after school
hours and was audio-recorded and then transcribed verbatim. The duration of the
discussion was between approximately 40 and 60 min and continued until saturation
was reached.

Iinitiated the discussion by asking, “Thank you for completing the survey questionnaire.
Were the instructions clear?” Then, focusing on the items, I posed the question, “Were there
any statements that you couldn’t understand?” To probe a group participant’s comments, |
asked, “Can you say a bit more about that?” One participant who was uncharacteristically
silent during the discussion was asked, “How did your experience of completing the
questionnaire compare with what’s been said so far?” In the conversation, the viewpoints
that emerged and continued throughout the rest of the discussion were not strongly
challenged by the others. The group discussion led to minor modifications of grammar
and word choice of the items. Thus, respondents seemed to understand the items as
intended.

2.4.3 Panel of experts’ views on functions of proof
Items were then sent to experts and key informants, along with theoretical justifications, to

select those that reflect the five categories that are theoretically hypothesized to encompass the
concept of functions of proof. Miller et al.’s (2009) guidelines on development of a content

41 use the phrase “group discussion” as being synonymous with focus group.
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valid instrument were used to seek evidence based on the content of the BAFP instrument. A
team of three experts at the institution where I worked at the time of the study who were
familiar with the construct of proof functions reviewed and rated these new qualitative items
for relevancy (the item is essential or important, i.e., it must be included). They rated each item
as not relevant, somewhat relevant, quite relevant, or highly relevant, using a 4-point Likert-
type scale and provided content validity indices (CVIs). In this study, item content validity
indices (I-CVlIs) are reported.

An additional task was subsequently assigned to the experts and key informants using the
Q-sorting technique, a process in which the experts independently grouped the items about the
functions of proof according to their similarity. This technique also discriminates among items
that do not match the hypothesized structure. The items were randomly listed after which a
panel of three experts and two key informants were asked to sort them into the five functions of
proof: (1) verification, (2) explanation, (3) communication, (4) discovery, and (5) systemati-
zation. Q-sorting can be used to confirm the underlying structure of the BAFP instrument and
thus establish validity (Moore & Benbasat, 1991). According to Jarvenpaa (1989), agreement
scores greater than .65 are acceptable.

2.4.4 Pre-testing the BAFP instrument

The literature review, focus group interview, and feedback from experts were used to generate
the BAFP instrument. This instrument consisted of two parts. Part 1 asked for demographic
information (e.g., age, gender, and home language). Part 2 included 30 items reflecting the
functions that proof performs and five open questions that were tied to each function of proof.
Participants were asked to provide written responses on the spaces provided on the BAFP
instrument (see Appendix).

The items were presented to participants in a random order. The BAFP instrument consisted
of a Likert scale from 1 to 5 that ranged from strongly disagree (1) to strongly agree (5). This
Likert scale also contained items that needed to be reverse scored in order to be useful to
identify disagreement with a belief about the functions of proof. In addition, mixing of positive
and negative items helps to avoid acquiescence bias (Gillespie & Perron, 2015). Negatively
worded items “represent low levels or even the absence of the construct of interest,” whereas
“the more common positively worded items... represent its presence” (DeVellis, 1991, p. 59).
Additional to the Likert-scale items constituting the BAFP instrument were multiple opportu-
nities for written responses to five open questions designed to elicit respondents’ thinking on
each of the five functions of proof.

Pre-testing of the BAFP instrument was conducted with a convenient sample of 20
grade 11 learners whose background was similar to the target population of the final study.
The purpose of this testing was to assess whether the mechanics of compiling the
instrument had been adequate. To this end, respondents first completed the questionnaire,
and then commented on its length, wording, and instructions. The participants were
presented with a manually randomized list of items so that the order was different across
each survey questionnaire.

The one overriding comment was related to the length of the instrument; most respondents
indicated that it was long. With the benefit of hindsight, this comment was going to be
addressed during the validation process; the number of items was in all likelihood going to
be reduced. The next section presents the analysis and results of the 30-item BAFP instrument
used in this study.

@ Springer



510 Shongwe B.

3 Analysis and results of the validation process

The validation of the instrument involved a systematic evaluation of a range of sources of
evidence to support a validity of interpretation of scores and use of the BAFP instrument
through the Standards’ framework. Two of these forms of evidence are qualitative and the
third one quantitative in nature, poised to answer the three research questions that guided the
validation process. Noteworthy is that because the instrument scores can have multiple
possible interpretations and uses, validity of the interpretations of the scores and its use
depended on how well the evidence supports the interpretation. As Kane (2013) points out,
it is the interpretation and use that are validated, not the instrument itself or its scores.

In seeking to cross-validate the results and thus improve accuracy, triangulation was used.
Specifically, since the results of quantitative factor analyses rely on guidelines and rules of
thumb with arbitrary values, a qualitative approach to discover a factor solution with relevant
factor labels that were grounded in respondents’ understanding of the items on the instrument
is necessary. Analysis and interpretation of results are organized around the three research
questions underpinning this study. Integration, that is, the point in the process of research
procedures at which quantitative and qualitative data are brought together (Creswell et al., 2004),
took place at the discussion stage of this study.

3.1 Qualitative evidence for validation
3.1.1 Evidence based on content of the instrument

In crafting the BAFP instrument, a group discussion did not change the meaning of the items.
Thus, the items seemed to align with the definition of beliefs about the functions of proof
derived from de Villiers’ model and literature: Learners’ beliefs about the functions of proof
refer to ideas that learners think are true about the roles and functions of proof in mathematics.
However, further evidence of content validity of the instrument was sought from experts in the
field of proof functions.

Item content validity indices (I-CVIs) were determined by dividing the number of experts
giving a rating of 3 or 4 to the relevance of each item by the total number of experts and ranged
from .62 to 1.00. The study used Yaghmale’s (2003) criteria that items with an I-CVI of .80 or
higher are relevant, between .70 and .79 require revisions, and below .70 are eliminated.
Expert validation suggested that two of the 30 items should be removed; “Proof shows that
there’s no need for further empirical testing” (.75) and “Proof communicates a mathematical
argument to the reader” (.62) were dropped because they had a lower value than the threshold
of .80. The 28 remaining items were deemed as capturing learners’ beliefs about the functions
of proof.

Q-sorting resulted in the categorization of the items on the BAFP instrument as shown in
Table 2. The level of agreement in categorizing items was measured using kappa (Cohen,
1960). The overall level of agreement of appropriate sorting across all experts and key
informants was 62%. Thus, the items seemed to exhibit consistent meaning across the panel
and were adopted as appropriate measurements of their associated roles of proof (i.e.,
categories). Given the results showing the alignment of the items on BAFP instrument with
the model and literature, content validity indices, and the Q-sorting results, it is reasonable to
assume that the content of the BAFP instrument is representative of the functions that proofs
perform in mathematics. However, further analyses were necessary for item refinement.
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Table 2 Categorization of items based on Q-sorting method

Label Function Category

Vi Proof makes sure that a maths statement is true. Verification

V2 Some maths statements are true without a proof. Verification

V3 Confidence in truth of statement is motivation for proof. Verification

V4 Few cases can ascertain truth of a maths statement. Verification

V5 All maths statements are true. Verification

V6 A generalization from repeated observations is proof. Verification

V7 I prefer just learning theorems. Verification

El Proof explains what a maths statement means. Explanation

E2 Proof hides how truth of statement was reached. Explanation

E3 Proof shows mathematical thinking. Explanation

E4 Proof improves understanding of mathematical thinking. Explanation

ES Proof shows process from given statements to conclusion. Explanation

Eo6 Proof shows connection of concepts and procedures. Explanation

Cl Proof communicates given statements and definitions. Communication
C2 Proof communicates results among learners themselves. Communication
C3 Proof restricts the learning of argument standards. Communication
C4 Proof can be used to debate the correctness of maths ideas. Communication
Cs Proof limits the learning maths language. Communication
D1 Proof shows connections between theorems. Discovery

D2 Proof may reveal completely new areas for investigation. Discovery

D3 Proof may lead to invention of new results. Discovery

D4 Proof limits possible inventing of new maths statements. Discovery

D5 Proof prevents invention things about geometry. Discovery

S1 Proof does not make you choose which statements to use. Systematization
S2 Proof may lead to replacement of a set of statements. Systematization
S3 Proof shows that theorems are essentially independent of one another. Systematization
S4 Proof in maths brings together and connects maths results. Systematization
S5 Proof is different from the rest of maths. Systematization

The letters ahead of the numbers represent the first letter of a particular function of proof. For example, V1
represents item 1 of the verification function and E1 means item 1 of the explanation function

3.1.2 Evidence based on response processes

Additional evidence to support the inferences made from scores obtained in the administration
of the BAFP instrument and to provide explanations for the variance of scores on this
questionnaire was sourced from participants’ response processes to the five open questions
accompanying the Likert-scale items. In seeking this evidence, the focus was on whether
respondents interpreted the Likert-scale items similar to the definition of beliefs about the
functions of proof. Although cognitive interviews, think aloud interviews, and self-report
measures of esteem and emotions are typical sources of response process evidence (Zumbo
& Hubley, 2017), for this study, examining written responses related to the beliefs about the
functions of proof was preferred. The reason is not only that ideas communicated in written
form allow for respondents to take their time to compose answers and thus provide meaning-
ful, decent responses but also that the quality of data does not depend on the ability of the
interviewer (Hair et al., 2014).

As already mentioned, participants’ written responses to the roles of proof were gleaned
from their answer to the open questions. Each response was coded according to references that
showed understanding that proof is a means to verify, explain, communicate, discover, and
systematize as described in Table 3. The “No response” category means that the respondent
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Table 3 Coding scheme and distribution of open responses
Category Open question Sample response Frequency
Verify/truth With examples, explain why you L1: In maths its [sic] either the statement is 53
think verifying the truth of a wrong or right and therefore it needs
statement using several proof to conclude which one is it.
examples/cases constituted a  L2: It shows me that I have understood
proof OR did not constitute a how the/what statement meant and
proof. that T was able to use logic reason-
ing and followed the necessary
method.
Explain/justify With examples, explain why you L1: Theorems are always true. 12
think understanding the cause L2: A statement which says angles of a
for a statement to be true triangle sum up to 180° can be
deepens OR does not deepen proven and applied in different
existing conviction about its sketches to proof other maths
truth. statements. And therefore
understanding the cause of the
statement deepens the existing
conviction.
Communicate With examples, explain how you L2: You are able to argue your answers 6
think a proof facilitates OR how they came about e.g., If
limits an understanding of AB=BC and BC=DC then AB=DC.
what counts as justification
for claims in mathematics.
Discover/invent/new With examples, explain why you [None mentioned]. 0
knowledge think proof cannot be used to
invent mathematics OR how
new mathematical knowledge
can be invented.
Systematize/bring With examples, explain how the L2: They were dependant [sic] of one 3
together/record theorems you are asked to another. E.g., A sketch of a circle
prove were dependent OR with a tangent and quadrilaterals
independent of one another. where you are instructed to prove
angles are equal, in such a sketch
you need to use different theorems
simultaneously and therefore they
depent [sic] on each other to find the
solution.
Memorize L1: Idon [sic] know. I cram them... The 6
teacher comes to us with examples.
L3: My sister told me maths was created by
clever guys in the olden days. So,
yeah, ...I dot [sic] know.
Logic L4: Maths is to use logic. 1
Universal/without L5: I know that if I use many examples, 1
exception they usually show the prove is
correct. But it’s difficult to write that
for all numbers.
Other L6: Geometry is boring. I like numbers for 5
me.
L7: I’'m going to the class next door,

umama uvumile (IsiZulu for “my
mother agreed”) [The class next
door was solely meant for learners
taking mathematical literacy? rather
than pure mathematics].

The L letter ahead of the numbers represents learner

2 Mathematical literacy is a high school subject, in South Africa, that enables leamers to develop the ability and
confidence to think numerically and spatially in order to critically analyze and interpret everyday situations and to
solve problems (Brombacher, 2007)
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did not complete the question, stating that they did not know. The “Other” category
means that the response did not address the question or cannot be classified based on the
scheme. Any description which mentioned several roles of proof received multiple codes.
The most common response was that proof involved verification, a function mentioned
by a majority of the respondents (61%). Proof as a means to explain was mentioned by
14% of the respondents while none of the respondents mentioned the discovery role for
proof.

In relation to the verification function, participants appreciated the role of deductive reasoning
in ascertaining the truth of a statement. For the explanation function, the common theme was that
once a statement has been proven, it brings conviction. In the communication function, the
common theme was that the proof communicates some ideas. For example, L2 states the social
aspect of proof, “You are able to argue your answers how they came about.” For the discovery
function, it is clear that there were no opportunities for invention of mathematical knowledge by
learners. In the systematization function, the results were mixed. On the one hand, L.2’s response
that “... you need to use different theorems simultaneously...” suggests that she appreciates that
proving entails coordinating definitions and axioms. She views the many theorems that they have
been asked to prove as related by the underlying axiomatic structure (Knuth, 2002). On the other
hand, the frequency count of such important statements was disappointingly low (15%), which
seems to suggest that for most learners, mathematical statements are independent of one another.

The statement by L4 that “Maths is to use logic” could have been classified as systema-
tization were it not that if included “maths” rather than proof. In other words, it would have
been considered referring to exploring definitions and theorems for the purpose of coordinat-
ing them to produce a proof. L5’s response illustrates her understanding that a proof works for
all cases; she mentions that she usually seeks general statements that would lead to a proof.
The results also show that some of these respondents’ beliefs about the functions of proof
could not be categorized (e.g., L6 and L7).

It is reasonable to speculate that investigations with a view to conjecture and construct the
proof thereof were probably rare in the classroom. Evidence for this interpretation is found in
the phrases and terms “cram” (L1) and “My sister told me maths was created by clever guys”
(L3). Further evidence is suggested by the absence of responses on the discovery function.
Generally, this seems to suggest that these learners experience proofs as finished products
rather than as a process of engaging in conjecturing activities that lead to generalizations which
ultimately produce proofs. Given the few responses that were not classifiable, it is reasonable
to tentatively conclude that there is good evidence that respondents interpreted the items on the
BAFP instrument as intended.

The qualitative analysis which entailed rating and sorting the items suggests that the
instrument has an appropriate and comprehensive sample of items that tapped into func-
tions of proof. However, this finding needed evidence in support of the validity of the
instrument from quantitative perspectives. In the section that follows, such evidence is
analyzed.

3.2 Quantitative evidence for validation
3.2.1 Evidence based on internal structure of the BAFP instrument

Description of scoring Likert-scale items A total sub-score was obtained across all items in
each of the five subscales of the BAFP instrument. Low total scores were interpreted as
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indicating that participants held lower levels of belief about a particular function of proof;
high total scores were interpreted as indicating that participants held higher levels of belief
about a particular function of proof. The next section is intended to determine empirically
whether participants’ responses to the verification items are more similar to each other than
to their responses to the explanation items, and so on.

Exploratory factor analysis Exploratory factor analysis (EFA), rather than component anal-
ysis (CA) which is a statistical technique suitable for data reduction, was used because the goal
was to interpret the correlations among the items on the BAFP instrument arising from a
smaller set of factors (Hair et al., 2014). Hence, EFA was performed to examine both the
unidimensional structure of individual subscales and the multidimensionality of the BAFP
instrument (Smith & McCarthy, 1995). Items that loaded on more than one factor (cross loads)
were candidates for elimination. However, elimination of items based on cross loadings as a
criterion would have been premature because a final EFA solution could only be established
with a sample larger than the present.

Principal axis factoring (PAF) in SPSS (version 16.0) was used to examine the hypothe-
sized five-factor structure of the BAFP instrument. In particular, exploratory factor analysis
(EFA) was used to test the factor structure because BAFP instrument is in its early stage of
development (Byrne, 1994). Preliminary exploratory factor analysis (EFA) results in which the
KMO sampling adequacy = .56 and the significant Bartlett’s x2 = 396, p < .01 suggested that
the data might be only marginally suitable for factor analysis and factor analysis might be
appropriate for the correlation matrix, respectively. The correlation coefficient matrix provided
evidence that the dataset was factorable, given that the majority of the correlation coefficients
were in the moderate range (between .20 and .80) which also suggested absence of
multicollinearity (Watson, 2017).

The oblique rotation method, specifically the direct oblimin method, was performed on
the data from a pool of 28 items. This rotation method was chosen on the basis of the
underlying assumption that at least moderate correlations were expected between the
subscales. For instance, it makes sense to assume that a learner whose beliefs about the
functions of proof as a means to communicate are consistent with those held by contem-
porary mathematicians also understands that proof is a means to discover new knowledge.
The eigenvalues of the first five subscales were more than 1 and the scree plot also indicated
a five-factor structure. The (requested) five subscales together accounted for 48% of the
total variance of scores.

Furthermore, communalities (i.e., the amount of variance accounted for by the factor
solution for each item) were examined to test the hypothesis that a relationship between items
and their underlying factor exists. Communalities (h2) were greater than Stevens’ (1992)
threshold of .40; loading of the items onto the component which were less than .40 were
suppressed to facilitate examination of cross loadings. Whereas the item “Analysis of proof
may lead to invention of new results” was the highest accounted for by the factor solution
(h?=.80), the item “Doing proof limits the learning maths language” was not adequately
accounted for by the factor solution (42 =.42).

Still, all factor loadings on each subscale were above .30 with no cross loading of
items above .40 which showed the discriminant evidence of the scores and, on the other
hand, eigenvalues above 1.00, items loadings of at least .40 on each of the five subscales
was an indication of convergent evidence among the items (Straub et al., 2004). In other
words, for example, BAFP instrument items posited to reflect the verification function of
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proof differ from those that are intended to reflect the explanation function of proof. The
study followed Worthington and Whittaker’s (2006) criterion of .15 as a cross loading
threshold. An examination of the items for cross loadings should result in the dropping
of the item “A generalization inferred from repeated observations is proof.” The item
cross loaded on three other factors and the differences across these loadings were less
than the threshold.

Similarly, the item “Few cases can be used to ascertain the truth of a maths statement” cross
loaded and the difference was below the threshold. Because cross loading indicates that the
item measures several factors, this was not a desirable outcome for this analysis. The loading
on the item “All maths statements are true” was relatively high, and it did not cross load and
showed sufficient explanation. However, it was similar to another item “Some maths state-
ments are true even if they have not been checked to be so by proof.” On a conceptual level,
both items underline the fact that the #ruth of a mathematical statement is verified by a proof.
The decision to delete the former and retain the latter item should be aided by considering
empirical information; both the loading and communality of the former item were lower than

Table 4 Loadings, communalities, and reliability estimates on the BAFP instrument (n = 87)

Item  Factor loading h*  Reliability
Factor1  Factor2  Factor 3 Factor 4  Factor 5 Corrected  aifitem o
verify explain ~ communicate  discover ~ systematize item total deleted

V1 .81 70 .18 43 .52
V2 .65 72 .10 .61

V3 .56 .34 58 .10 .83

v4r 55 47 65 .23 33

Vst 51 62 18 43

ve6r 45 34 37 33 5732 .63

V7 41 32 .68 .10 12

El .62 73 .04 44 34
E2* 57 .67 30 21

E3 55% .53 7317 .29

E4 52 75 26 22

ES 52 59 15 30

E6 40 76 13 32

Cl .69 .65 .10 28 .28
Cc2 33 .59 31 .66 .20 .16

C3” 48 .56 74 .07 30

Cc4 45 .54 .63 .08 29

Cs5” A6* 42 24 .14

D1 31 40 .60 7119 .60 75
D2 42 .50% 74 37 21

D3 40* .80 .05 93

D4* 40 520033 25

D5* 35 7712 .85

S1 32 .64# .66 40 41 .54
S2 ST .65 .30 49

S3* 51 g1 .19 .55

S4 .35 37 .63 45 .39

S5* 35 J1021 .53

*[tem was reverse coded

#Negative loading changed after promax rotation
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the latter item. The other six items with cross loads were to be retained after they were found to
be not similarly worded to other items and were critical in reflecting the underlying construct
of beliefs about the functions of proof. For instance, the item “A proof in maths brings together
and connects maths results” captures the essence of the systematization function of proof.
Loading and communality values are displayed in Table 4 with loadings less than .30 omitted
to also improve clarity.

Reliability of scores Closely tied to evidence from internal structure is an examination of
the reliability of the scores on the BAFP instrument. Two aspects of reliability were
investigated: the instrument itself and internal consistency (Cronbach’s alpha, «). Under
internal consistency, two correlation measures, corrected item-total correlation (also known
as the item-rest correlation) and alpha-if-item-deleted correlation, were preferred because
they provided evidence of reliability that was helpful in interpreting the scores on the BAFP
instrument. In assessing internal consistency of the scores to a set of subscale items, I used
Kline’s (2016) guideline that an alpha of .50 or above is tolerable in social sciences. The
item-test correlations were not requested from R (version 4.0) because they may not be
adequate to detect items that fit poorly which tend to distort validity of the scores (Nunnally
& Bernstein, 1994).

First, for the BAFP instrument itself, guessing behavior was controlled by adding the item
“leave blank” in two random places on the instrument. The addition of this item provided some
measure of confidence in the scores because it helped to check on respondents’ attentiveness
while completing the questionnaire (McMillan & Schumacher, 2010). Second, given the
multidimensionality of the instrument, correlations between the subscales and their items were
examined. As can be seen in Table 4, item-rest correlations varied from .04 to .45 and alpha-if-
item-deleted correlations from .12 to .93, with item sl (“Proof does not make you choose
which statements to use”) having the most favorable estimates and item v7 (“I prefer just
learning theorems”) the poorest performance.

The set of items of individual subscales are weakly related as a group; they are “inconsis-
tent” contributors to the measurement of learners’ beliefs about the functions of proof. For
example, item v6 “A generalization from repeated observations is proof” may not be measur-
ing verification as the other items; thus, deleting it would substantially increase alpha for this
subscale (a=.63). The low alpha values put the interpretation of the scores into question.
Because some of these items contributed to providing evidence based on the content of the
BAFP instrument, the final EFA solution needs to be replicated in an independent sample. In
Costello and Osborne’s (2005) opinion, replication of EFA structures is necessary because
EFA tends to be sample specific because by nature and design, it is exploratory.

Factor labels The naming of factors was guided not only by the factor-loading significance
and factor rotation, but also by the conceptual framework for the anticipated structure (Hair
et al., 2014). In factor 1, because the item “Proof is useful in making sure that a maths
statement is true” relates to achieving certainty and its factor loading was higher than the other
“clustering” items, factor 1 was labelled “verification.” In the next two loadings, words such as
“making sure,” “statements are true,” and “confidence” are related to verification. In addition,
these items loaded highly on this factor. It is considered reasonable to label factor 1 as
“verification.”

Factor 2 is loaded by six items. The highest loading tells us that proof is a means to explain
why a statement is true. The factor was interpreted as “explanation.” Factor 3 tells us that
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learners communicate their proofs to others and use these proofs as a way of presenting their
ideas. The item “Proof can be used to debate the correctness of maths ideas” shows that
mathematics is done in social contexts. The rest of the loadings in this factor are clearly
showing role of proof as means to learn mathematical standards. Therefore, these five items
were interpreted as “communication.” Factor 4 contains loadings that provide show that proof
construction provides opportunities for the creation of new mathematics. Hence, the factor was
labelled as “discovery.” Factor 5 was interpreted as “systematization” because the item with
the highest load is concerned about the bringing together of previously learnt definitions and
axioms to make a deductive argument.

Two of the loadings, however, have negative values. A negative loading means that the
item needs to be interpreted in the opposite direction from the way it is written for that factor.
For example, the negative loading on the item “Proving does not require one to decide which
statements may be chosen as true” indicates that participants scoring higher on this item hold
lower levels of beliefs about proof as a means to systematize. Negatively worded items were
reverse coded.’

In summary, the draft BAFP instrument initially comprised 30 Likert-scale items. On
the basis of qualitative evaluation, expert feedback led to the deletion of two items.
These 28 items were subjected to EFA. Quantitative assessment identified three prob-
lematic items arising from cross loadings and communalities. In addition, some items
correlated poorly with their factors; most probably on the basis of the small sample used
in this study.

4 Discussion

The purpose of this study was to provide validity arguments for the beliefs about the functions
of proof instrument. To achieve this, two parallel paths were used to determine if the goal of
seeing whether these paths lead to the same conclusions or to similar insights is present in the
end. However, the analyses provided limited support for the hypothesized five component
structure; future studies may allow us to confidently make inferences about learners’ knowl-
edge of the various functions of proof. The discussion is organized in terms of the three
research questions to underscore the discrepancy between the theoretical structure and the
empirical results.

4.1 The content of beliefs about the functions of proof in the questionnaire
Thirty items of the BAFP instrument were subjected to expert assessment. Two items were

deleted based on qualitative evaluation, resulting in the retention of 28 items. The retained
items exhibited consistent meaning across the panelists and were adopted as appropriate

31t is worth noting that after an EFA rerun, some of the items remained negatively loaded onto their factors.
However, changing the rotation method from oblimin to promax changed these loadings to positive. An
examination of item-rest correlations showed that these items correlated poorly with their factors. The source
of the problem could be that, despite group discussion, the participants found the items to be highly ambiguous
and confusing or that the data are inconsistent with the hypothesized factor structure. Cognitive interviews could
shed more light on this problem.
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indicators of their associated subscales. The relatively low expert rating of the relevance of the
items was corroborated by the subsequent deletion of three items on the basis of cross loading
and low communality. Thus, evidence based on the content of the BAFP instrument demon-
strated that items were relevant to and representative of the construct of beliefs about the roles
and functions of proof.

The Q-sorting method provided a foundation for talking about the categories that
constitute beliefs about the functions of proof in mathematics. The labels ascribed to
the items were related to the roles that proof performs in mathematics. Worthy to note is
that the experts categorized some items as either “conviction” or “verification.” This
categorization is consistent with de Villiers’ (1990) argument that “conviction is not
gained exclusively from proof alone nor is the only function of proof that of verifica-
tion/conviction” (p. 23).

4.2 The extent to which responses on the questionnaire fit the construct of beliefs
about the functions of proof

Response to open questions suggested that participants understood some of the functions of
proof. Specifically, additional to believing that a proof explains the truth of a mathematical
statement, most of the responses pointed to the prevalence of the belief that verification is the
sole function of proof in mathematics. Thus, the responses were related to construct of beliefs
about the functions of proof as conceptualized in the study.

One result that demonstrated the fit between my conceptualization of beliefs about the
functions of proof and the detailed nature of response was provided by L2. Her response
showed her understanding of the interconnectedness of mathematical theorems and by
extension, some understanding of the function of proof as a means to systematize
mathematical statements. This result suggested that she understood the question’s intent;
there was a shared understanding of the systematization function. However, cognitive
interviews could have allowed for probing; it would have revealed reasons for her
interesting response.

4.3 The extent to which the relationships among the items and subscales match
the operational definition of beliefs about the functions of proof

Factor analytic and ordinal regression methods provided inconclusive evidence about the
internal structure of the BAFP instrument. It was difficult to definitively ascertain that there
are indeed five factors that can be extracted from analysis. For instance, the results showed
that one item loaded on two or more other subscales thus suggested that there was overlap
among these functions of proof. This brings into question the choice of labeling attached to
the items.

Although the Barlett’s test of sphericity suggested that the correlation matrix could be
factor analyzed, the low KMO statistic signaled that the data might be only marginally
suitable for factor analysis (Worthington & Whittaker, 2006). On the basis of EFA results,
some items should be either deleted or replaced with related items because reverse coding
the negatively worded items did not remedy the low KMO value. However, results of an
EFA rerun are not reported here because the purpose of performing an EFA was to explore
the structure of the data, rather than to optimize the length of the instrument (Worthington
& Whittaker, 2006).
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Broadly put, the analyses revealed that some items should not be used and some were
difficult to categorize singly into one subscale, thus suggesting that these factors were
indistinct. Seemingly, the various divisions that de Villiers proposes need to be revised.
Perhaps it is for such a reason that in Healy and Hoyles’ (1998) analysis, the explanation
function encompassed both the functions of communication and explanation.

In sum, although the qualitative portion of the evidence suggests that the BAFP instrument
has content validity and that the panelists’ assessment (Q-sorting) almost reflected the pattern
of the loadings in the quantitative factor analysis technique, the quantitative evidence suggests
differently. This contradictory evidence leads to the suggestion that what the BAFP instrument
is measuring is unclear at the moment.

4.4 Limitations and suggestions for future research

The interpretation of these results needs to be considered in the context of the limitations of the
research study. The relatively small sample size hampered the validation process in that
inconclusive results were obtained. In general, when hypothesized models are complex and
samples are small, the model will be rejected too often (Bearden et al., 1982). A larger sample
may resolve the discrepancy between the theoretical structure and the empirical results in the
current study. Put another way, there is a realistic chance that a larger sample will yield useful
information that confirms the structure of the BAFP instrument. In particular, a confirmatory
factor analysis (CFA) with at least 500 participants may demonstrate that the scores are
interpretable. Given the overlaps, the larger study could follow Bell’s (1976) approach of
using the definition of proof to create a new structure with only three roles of proof (i.e.,
verification, explanation, and systematization).

Future implementation for this instrument might sharpen the language in the items to
increase validity and reduce cross loadings. I suggest that the 30 items be retained for a
larger study. If future research includes the communication function, the item “Doing proof
limits the learning maths language” may need to be reworded; it had the lowest
communality.

Because surveys, like all methods, have both strengths and weaknesses, cognitive
interviews need to be used as part of the process of designing and refining items on the
BAFP instrument. Cognitive interviews will focus on examining the validity of items and
identifying and controlling the root cause of the response errors (Ryan et al., 2012).
Mathematicians, undergraduate students, preservice teachers, or mathematics educators
are better positioned to participate in such interviews and thus reduce the noise (i.e.,
instability in the data).

5 Conclusion

The present concurrent study was situated within a theoretical framework of validity as
described in Standards, which takes multiple types of evidence related to validity into account.
Because the framework comprises both quantitative and qualitative aspects of validity evi-
dence, Creswell and Plano Clark’s (2011) guidelines on mixed methods research were adopted
to summarize the evidence and answer the three research questions posed. Although the results
suggest that the scores cannot be interpreted (the BAFP instrument is still at the exploratory
stage of development), one key contribution that this study makes is that this work
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demonstrates that instrument validation is complex. The scope of the effort may explain why
comprehensive validation efforts have not been documented extensively in the literature (Taut
et al., 2012).

Appendix

Beliefs about the functions of proof instrument

Code:
PART 1: Demographic information
Please, circle/tick one answer for each of the following.

Personal particulars
Class (e.g., 114)
Gender Female Male Other:
Age 14-15 16-17 18-19 20 and above
Race/Ethnicity Black White Asian Colored | Other:
Home Language IsiZulu English Afrikaans Other:
PART 2: Beliefs about the functions of proof (BAFP) instrument
«» «y» «3» gy w5

Strongly Disagree Disagree Undecided Agree Strongly Agree

Please, circle the number that best reflects your level of agreement with each statement. Then, explain your
thinking by writing everything you know in the spaces created:

V1 Proof makes sure that a maths statement is true. 1 2 4 5
V2 Some maths statements are true even if they have not been checked to 1 3 4 5
be so by proof.

V3  Confidence in truth of statement is motivation for proof.
V4  Few cases can ascertain truth of a maths statement.

V5  All maths statements are true.

V6 I prefer just learning theorems.

—_ e =
SIS RN SN SIS )
W W W W W
R e e
[V RV RNV B

V7 A generalization from repeated observations is proof.

With examples, explain why you think verifying the truth of a statement using several examples/cases
constituted a proof OR did not constitute a proof.

El Proof explains what a maths statement means. 1
E2  Proof hides how truth of statement was reached. 1
E3  Proof shows mathematical thinking 1
E4  Proof improves understanding of mathematical thinking. 1
E5 Proof shows process from given statements to conclusion. 1
E6  Proof shows connection of concepts and procedures. 1
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With examples, explain why you think understanding the cause for a statement to be true deepens OR does

not deepen existing conviction about its truth.

Cé

Proof communicates given statements and definitions.

Proof communicates results among learners themselves.

Proof restricts the learning of argument standards.

Proof can be used to debate the correctness of maths ideas.
Proof limits the learning maths language.

Proof communicates a mathematical argument to the reader.

— o e

NN NN

W W W W W W

With examples, explain how you think a proof facilitates OR limits an understanding of what counts as

Justification for claims in mathematics.

D3
D4
D5

With examples, explain why you think proof cannot be used to invent mathematics OR how new

Proof shows connections between theorems.

Proof may reveal completely new areas for investigation.
Leave this item blank

Proof may lead to invention of new results.

Proof limits possible inventing of new maths statements.
Proof prevents invention things about geometry.

mathematical knowledge can be invented.

S6

Proof does not make you choose which statements to use.
Proof may lead to replacement of a set of statements.

Proof shows that theorems are essentially independent of one another.

Proof in maths brings together and connects maths results.

Leave this item blank

Proof involves reasoning and argumentation that is different from the
rest of maths.

Proof shows that there’s no need for further empirical testing.

4 s

4 5

4 s

4 s

4 5

4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5
3 4 5

With examples, explain how the theorems you are asked to prove were dependent OR independent of one

another.

Note: Items that were later removed are in boldface.
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